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On existence of local solutions for differential equations on
Wiener space

By

Jai Heui KIM a n d  Yong Sik YIIN

Abstract

We consider a differential equation on the Wiener space. We obtain some inequalities for
capacity under the transform ations of the W iener space induced by the solutions of
differential equation and show the existence of local solutions by using the inequalities for
capacity.

1. Introduction

Let (X, H, IL) be an abstract Wiener space and A  a  vector field on X which is
a  mapping from X into H  smooth in the sense of Malliavin (cf. [5 1). W e consider
the following differential equation o n  X:

{

c it
d  ( U,(x)) =  A(U,(x)),

Uo (x) = x.

In [8], the second author constructed, under the condition of Theorem 2.1, a
solution U,(x) which satisfies (1.1) quasi everywhere (q.e.), i.e., for all x except in a
set of (r , p)-capacity 0, for all r > 0 and p > 1. Here the capacities are associated
with the Ornstein-Uhlenbeck operator on the W iener space (cf. [5], [61). B y  the
way of its construction, we see that this U,(x) is a quasi continuous modification of
a solution, in the sense o f  almost everywhere, of Cruzeiro [1].

In  the previous paper [9], Yun obtained further refinements o f this solution.
He chose a quasi continuous modification 4(x) of A(x) defined everywhere on X
and  constructed U,(x), t e R, x e X, s u c h  th a t  [t 1-4 U t (x)] c W (X ; C([—T. T] —>
X )) (cf. [61), X D X [t U , ( x ) ]  E  C ([— T ,T] —4 X ) is quasi continuous for every
T >  0  and satisfies

U,(x) = x + j o
t U  s (x))ds for quasi every (q.e.) x e X,
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fo r  all t e R . Furtherm ore, he chose  U ,(x ) so  th a t th e  mapping x —> U,(x)
preserves the class o f slim sets for every t  and the flow property

(1.2) o Us (x) = Ut+s(x),

holds q.e. for every t  and s.
Cruzeiro proved the  almost everywhere existence of local solutions of (1.1)

under some integrability condition ([31, Theorem 3.2). In  the  present paper, we
extend th e  almost everywhere existence to  the  quasi everywhere existence. In
other words, under the conditions described in Theorem 2.6, we show that for all
e > 0 and M >  0, there exist Z e ,m  c  X  and U ( x )  Vi (x) + x satisfying (1.1) for
all x e Z ,,m  and lt  <  M  such that Cr ,p (Z m ) < e f o r  a ll r 0  and q >  p >  1.
where Cr ,p  i s  (r, p)-capacity o n  X.

2. Inequality for capacities and existence of local solutions

Let (X, H, p) be an  abstract Wiener space introduced by G ro ss . L e t E be a
real separable Hilbert space. W e set

Wf (X; E) := (1 — L ) i 2 (LP (X , p; E))

for the Ornstein-Uhlenbeck operator L  (c f. [81). T h e n  W f (X; E) becomes a
Banach space and  we can define th e  Sobolev space W f(X ;E ) with th e  differ-
entiability index r  and  the  integrability index p  with a  norm

11f11,,, := Huh, for f =  (1  — L)_ r I2 u, u  E  LP (X , E ) .

We denote the space nr W f(X ;E ) by W cPc, (X ; E) for p  [1 , oo ) a n d  Woo'  (X: E) =
n pv (X ; E ).  W e  c a n  d e f in e  the g r a d i e n t  operator V : W f.+ 1 (X; E) --*
W rP (X; E ® H )  a n d  i t s  dual, the  d ivergence operator, (5: Wf.+ 1 (X; E (I) H) —>
W f (E) as usual (cf. [11).

Next le t u s  recall the  no tion  o f (r, p)-capacity. T h e  (r, p)-capacity C
defined as fo llow s: for an  open set 0  c  X,

Cr ,p (0 ) = :f c WP. (X; R), f  1 a.e. o n  Of

and  fo r an  arbitrary set B  X,

Cr ,p (B) = inf{C,., p (G) : G  is  open and G  B}.

W e say that a  property holds quasi-everywhere (q.e. in  abbreviation) i f  it
holds except o n  a  se t o f  capacity 0 for a ll r, p. We note that

1
(2.1) >

Here u is taken to be quasi-continuous. For the quasi-sure extension, we
need to consider the differential equation to be satisfied by LV,(x) where V,(x)
U,(x) — x and L  is  the Ornstein-Uhlenbeck operator. B ut since
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{

(dL V , dt)(x ) = L (A (V ,(x ) + x)),

L Vo (x ) = O.

and

L (A (V ,(x ) + x)) = (A (V ,(x) + x))

= LA (V ,(x) + x) +V A (V ,(x) + x) • LV ,(x)

VA ( V,(x) + x) • Of( x )  Of VI< (x)

+ 2 E  0; Vi A (V ,(x) + x) • 0 ; V ; (x),

we should consider the following system of differential equations to be satisfied by
[ V,(x), V V,(x), L V,(x)1:

(2.2) —
d  

V ,(x) = A (V ,(x) + x),
dt

(2.3) —
d  

V V ,(x) = V A (V ,(x) + x) • V  V ,(x) + V A (V ,(x) + x),
dt

(2.4) —
d  

L V,(x) L A (V ,(x ) + x ) + V A (V ,(x ) + x ) • L V ,(x )
dt

+  E  vA (vt(x) +x) • ai vi/(x) • oi vtk (x)

2 0; Vi A (V i (x) + x)

Vo(x) = V V o (x ) = L V 0 (x ) = O.

More generally, in addition to  (2.2) (2 .4 ), we consider the following system
of differential equations to be satisfied by

[L'"V" 171 (x) : ni = 0, 1 ........ N , n  = 0, 1.... , 2N, 2m + n < 2N]

V , = V A  • L"'V " V , + E""(L i Vi A, L IV'. V ,: i  =  0, 1, . ,  m,dt

j = 0,1, .. . , n, I = . , tn — 1,

r =0 ,1  ,. . . ,n , 2 i+ j <2 m +n ,

21 + r 2(m —  1) + n),

L"V " V o(x) = 0, nt = 0. 1 kn  =  0, 1, . . . , 2k,

2m + n < 2k k  = 2, 3, .  ,  N ,

where E "  is som e polynomial which can be obtained successively (cf. [81).
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Theorem 2.1 (Yun [8 ], Theorem 5.5). If  A  is a vector field on X  satisfying the
following conditions

(i) A  e  W I (X ; H ) and VA > 0, f x  exp(2 11A(x)11)(111(x) < +co,
(ii) V2 > 0, Vn = 1, 2, ... , fx  exp(211 V n A(x)11)dp(x) < +cc,
(iii) V A > 0, fx  exp(A16A (x)pd,u(x) < + oo ,

then Vi (x ) ex ists for all t E R, q.e.x and satisfy  the following differential equation

(2.5)
{

(dV ,1dt)(x) = A (V ,(x) +

Vo(x) = 0.

Furthermore, it can be shown (cf. [91) that we can modify the solution Ur (x)
so that it is defined for every t c R and x c X , satisfies (1.1)' for q.e. x E X  fo r  all
t c R and also has the quasi sure flow property, i.e., satisfies (1.2) for q.e. X c X ,
for a ll t ,s c  R  (cf. [91).

For the proof of Theorem 2.1, we first consider (1.1) in  a  finite dimensional
c a s e .  We show that for any k E N, (L k  Vt )  exists for all t E R„u-a.e.x and thereby
(V,) admits a quasi-continuous modification as a C([0, T] X)-valued function for
any T  > 0. In finite dimensional case, one point has a positive (r, p)-capacity for
sufficiently large r and p .  Therefore we can show that a solution to  (1.1) exists
fo r  every initial value x  c X .  T o  d e a l w ith  (LV ,), fo r  exam ple, we have  to
consider the above system of differential equations (2.2) ( 2 . 4 ) .  To proceed to the
infinite dimensional case, w e adopt a  finite dimensional approxim ation. To be
precise, we take a  sequence {A(") } converging to A such that A ( ")  depends only on
finite number of coordinates and takes values in a finite dimensional subspace of
H .  Denoting a solution for A ( ")  b y  ( V ' ), w e  show tha t ( VI

M
 )  converges quasi-

everywhere to the lim it  V ,(x) and U t(x) = V(x) + x satisfies (1.1).
For the existence of local solutions, consider another Sobolev space on

[-M , M ] x X  as follows:
For fixed M  > 0 and a Hilbert space E, the Sobolev space WI' on [-M . M ] x  X  is
defined by

Wf([- M , M] x X; E) :-= (1 -  -  L ) ' 2 (LP ([-  M  M ] x  X  ,dt12M  dp; E)),

where A = is Laplacian o n  [- M , A I] andat=

L P([-M ,M ] x  X ,d t12M  dgE )

dt 
:= { u :[-M , x X  E; r„it „u(t,x) 0

2 M  
<  ' 3°1

The Sobolev space WrP([-M , M] x  X ; E) becom es a  Banach space with a  norm

:=  Huhn for f  ( 1  -  d - L) - 1 1 2 u,

u c LP ( [ - M , Al] x  X .dt12M  (DdgE).
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The (r, p)-capacity Cr ,p  on  [—M, M] x X  is defined as fo llow s. For [O. co]-valued
lower semicontinuous (1.s.c. in  abbreviation) function h , define r ,p (h) by

Cr ,p (h):= inf { ilge p ; g E W rP([—M .M ] x X : E), g  > h ,d t12M  0p-a.e.}

and for an arbitrary [—oo, co]-valued function f  (not assum ed to be d t 1 2 M  p-

measurable),

C r ,p (f )  := inf{C r ,p (h); h  is  I.s.c. and h(t, x) >_ (t, x)i, V  (t x) E [— M . M ] x XI.

For a set G, we define Cr ,p (G) =  Cr,p(1G), where 1G  denotes the indicator function
of G.

Since the above norm  llfll r, p is equivalent to the norm

(JA 4-114 I X  0<i+j<r ( a ) /
(Ti

 '

V' t i

lPd t
i n

E 2 M

by Meyer's equivalence, we use only the latter in this paper.

Proposition 2.2. If  A  satisfies the hypothesis o f  Theorem 2.1, then f o r every
e > 0, there exists F c [ M, M] x  X  with C r ,p (Fc) <  e for every r, p an d  V (x )
V ,(x ) uniformly on F. Here V ,( n ) a re  defined as  above.

P ro o f  Since

+ t .

0 A ( n ) (V,Y1) (x) + x) — A ( ' ( V,(m ) (x) + x)ds

< 1A(")( (x) + x) — A ( '") (17 ,(m) (x) + x)Ids) P

0

< IP • .11 I A ( n )  (X )  +
0

ds_ A ( m ) (1/,'" ) (x) + x) 1 P 7

we have

111 7 (n )V ( m )  LP (di 12M 0 d p)

1 p
G  t • f— M X

A ( P )  ( F, n )  (X )  + X ) — A ( m ) ( Vs(") (x) + x)1 P  c i s  41
t 2 M )

di' 

Om_m t.1 0 1 A (n )(1 ")(x ) + X) — A ( m) ( V,sYn ) (X) +x ) tip  d i  ) 1/12

t 2M

0 as n, m oo uniformly

(see also the proof of Theorem 5.5 (cf. [8] )).
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And by the facts

= A (n) ( V ? I )  (X ) + X) and

O n )  (X ) = (VA ( n )  ( V f l )  (X ) ± X )  V V6Y? ) (X ) ± VA (n) ( VY1) (X ) X))dS,
0

we have

 

v" )a v t ( m)

      

at at

       

= (E[121 (") ( Vt
( n ) (x) + — A ( m) ( Vfm )  (X ) + X)I P D1 /I)

< (E[IA ( n )  ( V i111) (X ) + X ) — A( m )  ( V t( n )  (X ) + x)I P D1  P

(E[IA( m )  (17 ,( n )  (X ) + X ) — A (m ) (17 m )  (X ) + X)I P D1/  P

—* 0 as n,m oo uniformly

and

On ) — V 17 ,( m ) 11P  dp

tP f IVA ( ) ( V 4P )  ( X )  + X )  • V V + VA( n )  (17
,

n )  (X ) + X)
X 0

ds—VA ("1) (1/s

('n) (x) + x) • V 11" ) (x) —VA ("' ) ( V (m) (X ) + X)I P  7  dp

—> 0 as n,m co  uniformly.

Thus we have

11 0 ") — 0 ° 11 wP
Similarly, we can prove that

O n ) — 
0 °

11 WP °

as n, m

as n, m oo for a ll r,p.

Adopting a finite dimensional approximation used in the proof of Theorem 5.5 (cf.
[81), we can prove the existence of F.

Lemma 2.3. For any  1 < p  p i an d  r > 0, if  g G
{g o U } a bounded  set in  W /'([— M ,x  X ; R).
there  ex ists  a co n stan t C I s u c h  t h a t  g  °  0 ° 11,4 , CI •
g E Wt (X; R). Here U n (x) = V ,(n) (x) +

(X : R), then the family
T o be m ore precise,

f O r a l l  n  and

a r4n )

at



P d t
+ (9 ° V ts n )11) 41

2 M
)

a(g  0  On))
at

3( g  o n ) )
at

P d t ) 1 IP  ( f A l , I I p
t(n) II

2 M
)

di' 
2M +  _ 114 ) ( MVO 0  V )11P d
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P ro o f  W e prove only  the case r = 1. The general case can be proved
similarly. Since g e W r

P ' (X ; R), g (  0 (x )  +  x ) e LP (d t1 2 M  0  d p ) . Note that

I f  w e  p u t e' ) (x) = (d( Uin ) ).11/4 ) ( x ) ,  t h e n  fo r  all p  >  1 , su lln a k i n ) Hp+
IILV < co ,  and suPnp  < (cf. [81). Since

= HA(n ) ( Vt(n ) (x) + x )lip 11/4n)112p • MA ( n ) 112p,

    

Hvv,(n)(x)iip=

 

VA ( n ) (v.sçn )  (X )  + X )  • V f/ n ) (X)dS V A ( n ) (v,,rn ) (x) + X )
0

    

we have

    

ag( On ) (x) + x
at

  

= II(vg)( vt(n)(x) +x) • fl (n) ( Vt(n) (X ) .X)11,7

IWO( V ( x )  412p • 11A( V ( x )
 X)I12p

11V g114p • 112 1 (" ) 114p • 2 11/4n) 114p

and

 

II v ( a(  vfm (x) + x))11,

a On)
at

(V g)(V t( n )  (X ) ± X)V vsçn )  (X ) +V A ( n ) ( V.
n )  (X ) ± X)C1S

II vg114p • IIW )114,

 

0 vA(n)(v$n)(x)+x).vv(n)(x)ds
2 p

   

II vg114p • Ilkn) 114pt • (fo
r ilicn ) 11 • IIVA(n ) W, • ilV11 1) 1124 613) 1 / 2 P ,

we can find a constant C1 such that ligo ut( n) 11r,p c1 • 11g11 r, P i •
W e define U :[— M ,M ]x X  9 (t, X) 1—* U, (x) e X.

L em m a  2 .4 . F o r a n y  1 < p < P i  a n d  r 0, i f  g e Wr
P ( X ; R ) ,  then

go  U e  WI" ([—M, M] x X ; R ); more precisely , there exists a  constant C  such that
Hg ° UHt,p C Hgdr, pc
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P ro o f  B y L em m a 2.3, g o  U ( n ) iir,p C1 . 11011 f o r  som e constant C1.
T hus th e  proof is com plete i f  w e  p ro v e  th a t g o U(") converges t o  g o U in
Wf([—M, M ]x  X; R ) .  N ote that

ilg o U (n) — g o Ull w r

a(g(V,(n ) (x) + x)) a(g(V,(x) + x)) 
at at

    

Pd t   ) 1 IP

+ 11V (9( 14 n ) (x) + x)) — V (g(V i (x) + x))11) dit2 m

a(g(14") (x) + x)) a(g(V,(x) + x))
at at

P  d  "   d t )

I I P

2M

 

dt P

+ (1 .
x liV(g(Vt(n ) (x) + x)) — V (g(V i (x) + x))11 P  d,u

2M )

W e can complete the  proof since the last two integrals are  calculated by

a(g(V t
(n ) (x) + x)) a(g(V,(x) + x)) 

at at

g)( 14(x) + x) • (A n (V,(n ) (x) + — A(V,(x) + x))11

+ MA(Vt(x) + x)((V g)(V i
(n ) (x) + — (V g)(V1(x) + x))1ip

Ilkin)114p• Vg  4 p • MA n( 17 t( " )  (X) ± — A (VV, (x) + 412 p

+ MA P/  (X) + 412 p • 11( V  g) ( V jn ) (X) + .X) — (Vg)( V t (X) + X )I12 p

and

II V(9( 14" ) (x) + x)) — V (g(V,(x) + p

11(V g)(I4n ) (x) + x) • V V n ) (x) — (V g)(V" ) (x) + x) V  V t (x)11 p

+ 11(V g)(V,(n ) (x) + x) • V V,(x) — (V g)(V,(x) + x) • VV(x)II p

Ilkin lap •IVgM4p • 11V V i
(n ) (x) — V Vr(x)112p

+ HV Vt(x)112p • IRV g)(V,(n ) (x) + x) — (V g)(Vt(x) + 412p•
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Theorem 2.5. Fo r 1 < p  < p l an d  r > 0, there ex ists a  constant C  > 0 such
that

C  p( U - 1  (B)) C • (C,., p ,(B))Pi P' , V B  OE X.

P ro o f  L et 0  be an  open  se t in  X .  Then by Lemma 2.4,

Cr . ( U - I (0))

= 111-1) : f e  14q([—M,M] x X ; R), f  >  1 a.e. on U ' ( 0 )}

= inf{11.f 111i-3, p  f  e M , M 1 x X; R), f  o >  1 a.e. o n  01

inf{ g o t I e W f ( [— M ,M ix X ;R ) ,  g >  1 a.e. o n  01

<  C : g e W r"i(X ; R), g 1  a.e. o n  01

=  C  (Cr ,p ,(0))P/P'.

F or an  arbitrary set B c  X , we take an  open  se t G D B .  Then

C r ,p ( U - 1 (B)) Cr,p( U - 1  ( G )) C • (Cr , p i ( G ) ) ' .

Taking the infimum for a ll open sets G D  B , we have

C,, p ( U - I (B)) C • (Cr ,p ,(B))PIP'.

Theorem 2.6. Suppose that a  vector f ield A  c W 1,(X ; H )  satisfies

E J (v n A (x )rw .), , + Ivn6A(x)r,i„.
) 0 )d p < + 0 0

n> 0  X

f or some g > 2 and A > O . T hen f o r all E > 0 and M  > 0 , we can f ind 4 .A 1  X
with Cr ,p (Z : <  e f o r  all r > 0 and 1 <p  <q such  that there  ex ists Vt (x) f o r all
x  e Z e ,m  a n d  t  <  M  which satisfies (2.5).

Proof Let f A (x) — En>0(11v"A(x)1 ( H. ) . „ + Ilv",5A (x)14 . ) .,0 2 " •  Then
fA  E Wrq/2 f o r  a ll r  (cf. [3]). L et 11, R —At be 101 < I  a n d  Cc° with compact
support such that

{ 1, if It I ,
=

0, if  1t1 > 2.

Define 4/(x) = A (x) • 0 1 ( fA ( x ) )  where 0 / (t) = iii(t//). Then 4 ,(x )  satisfies the
hypothesis of Theorem 2.1. In  fact, since

V 41(x) = V A (x) • 1/1 t(f  A (x)) + A (x) • i(fA (x)) V  1.f ,41x)),

V (fA (x ) )= 2(7" A ,V "A )2" 2V"(jA  •V" + 1 6A  • 2",
n >0
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E(V n A ,V n A ))," E llynA ilA n•Ivi+ JA vn
n>0 n>0

1/2
<  A - 1 / 2  ( E ( v n A ) 2 A n ) ( E ( v n + 1 A ) 2 A n + 1

n>0 \n >O

A - 1 / 2  (f A  ( x ) )

and

Â  =  (A • tIJ 1 ) = 6A • tp, — <A,VfA> • (ili(fA(x)),

w e have

C • 114 /1i C • / and 116 4 /11 C • 1.

W e  c a n  have a sim ilar proof to obtain estim ate G • /  for all
n. Thus the solution V 1(x) V (x) of (2.5) with respect to  the vector field 41
exists q.e. x.

By definition of 41, the solutions 17, with respect to  the vector field A  exist
for all t  < M  o n  Z1 {x c X  : Vt [ — M, (r7r(x) + x)1 / 1 .  L et S21 =
{x c X  : (x)I / }  and r i  = {(t, x) c [— M  M I x  X  : A ( (x ) +  x )I >  11 . Then
0  1  (0 ) = r i  and Cr, p (Z ;) C2 • Cr+14, (T1) for some constant C 2 (Cf. [5]). Thus
by Theorem 2.5 and (2.1),

c r,p(z 1c) C2 .  c r + i ,p (r i )

< C1 • (Cr+1,p, (f2i)) P l " I

C /P I • (i.fAl e _ ) P/PI

for some constant C .  Taking / sufficiently large, we can complete the proof.
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