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On the area of the complement of the invariant component
of certain b-groups and on sequences of terminal

regular b-groups

By
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Introduction

Let G be a finitely generated Fuchsian group of the first kind, and aT(G) the
Bers boundary of the Teichmiiller space of G .  Let x  be the canonical isomorphism
from G to  the b-group corresponding  to  e T G )  with suitable normalizations (cf.
Section 1.2), and A4, the invariant component of x (G ) .  We know that a n y  e 3T(G)
has a sequence {(p n ,},„= , corresponding to terminal regular b-groups in OT(G) such
that cp„, converges to  9 0  and tha t the area of C\A 4,n, tends to  zero (cf. Remark (2)
in Section 3.3). The main result of this paper is the following.

Theorem 1. Let {9}„'_, O R G )b e  a sequence corresponding to terminal regular
b-groups such that

(a) For any hyperbolic element geG , there ex ist c(g ), N (g )>0  such that for
n> N(g), if  4 ,(g ) is loxodronmic, then Itr2 (4 ,(g ))-41_E (g ), and

(b) The Euclidean area o f  C\A„,” tends to 0 as n co.
Then every accum ulation point of  the sequence corresponds to  a  totally degenerate
group.

This paper is organized as follows: In section 1, we fix our notations and recall
some basic definitions and facts. Section 2  deals w ith a  lower estimate of the
complement of the invariant component of a b-group which contains triangle groups
as component subgroups. This class of b-groups, by definition, involves the set of
term inal regular b-groups. In Section 3 , w e give the proof of Theorem  1 and
several remarks about our result.

The au thor w ould  like  to  express his hearty  gratitude to Professor Yoichi
Imayoshi for his constant encouragement. He would like to thank Professor Hiromi
Ohtake, Professor Hiroshige Shiga, and Professor Masahiko Taniguchi for their
useful advices and conversations. He also thanks Professor Y ohei K om ori for
useful and stimulating conversations.
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1. Preliminaries

1.1. For E  C, we denote by Miib(E) the group of Möbius transformations g
satisfying that g (E )=E .  T h ro u g h  th is  paper, all discrete groups in M613(C) are
torsion free. A finitely generated non-elementary Kleinian group F is called a b-group
if it has precisely one simply connected invariant component Ar  o f its region of
discontinuity 52(F). By Ahlfors' finiteness theorem, a b-group represents a finitely
many Riemann surfaces, each with a finite Poincaré a re a . B y  Bers' second area
inequality (cf.[18]), the total Poincaré area of S/(F)/F is at most twice the Poincaré area
of Ar / F .  If equality holds, F  is called regular.

Let F be a b-group. For an accidental parabolic transformation (A.P.T.)g e F, we
denote by Ag  the axis of g (cf. [14,p.611] and [14, Lemma 1]). Let {07= 1 be a basis
for A.P.T.s in F . (cf. [14, p.612]). Let I C  b e  a projection mapping from Ar  t o
R:= Ar  If .  Then, a system Cr  := {n(A g )} g :A . ,,.T . becomes a partition on A , th a t is,
Cr  is  the system of mutually disjoint simple closed geodesics (cf. [14, p.613]). The
system Cr  and a components of R\Cr  are called the partition w ith respect to  F
and a block  of  F  respectively.

For E c R, a stabilizer group of a component of 7r-  '(E) in F is called a covering
group of E in F (cf. [16, p.251]). A covering group of a block is called a structure
subgroup. We say that a set of structure subgroups WM, , of F is a basis of structure
subgroups of F if each H, are not mutually conjugate in F and every structure subgroup
is conjugate some H. in F .  A stabilizer subgroup of a component of S2(F)— Ar  in
F  is called a com ponent subgroup. We say that , a  Kleinian group F  is  a b-group
with no moduli if F is a b-group satisfying either S(F) is connected or each component
subgroup of F is a triangle group (cf. [7]), where a Kleinian group is called a triangle
group if it is conjugate in M613(e) to  the principal congruence subgroup of level 2:

z1(-2z+1)>.

A b-group F is called terminal regular if F is regular and has no moduli. A b-group
F is called totally degenerate if SWF) is connected.

1.2. Let G be a finitely generated Fuchsian group of the first kind acting on
E := {z e I z i  >  1 } .  Let B(G) be the complex Banach space of holomorphic functions
(P(z), z e E with norm II (P II = sup01 2 — 1 /2 1(P(z)I /4 < 00 which satisfy the functional
equation of quadratic differentials 9(g(z))g'(z) 2  = p(z), g e G .  It is well-known that
dim B(G)< co and that for every pe B(G), there exists the local univalent function
W p(z), z e E such that the Schwarzian derivative { , — } of Wq, is equal to rp and
th a t Wq, forms

OD

w , ( z ) = z +  E b„z - n
n = 1

near z = 00. For cp c B(G), we denote by x, the homomorphism from G into M813(e)
defined by the equation xl ,(g) ,  W,p =W „" g, g e G.
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The Teichmtiller space T(G) of G can be identified with a  bounded domain in
B (G ). W e know that for q) c aT(G), W 9  i s  univalent and G cp := 4,(G) is a  b-group
w ith the invariant component A 9  :=  Wv (E). W e call OT(G) the  B ers boundary of
7-(G) (see [7 ] , [9 ] , a n d  [12]). L et F  be  a  b-group and f  a  conformal mapping
from E to  Ar , if {f, — } e  O T (f Ff), F  is called a  boundary group.

1.3. Assume thatf(z)=z
inequality, called the Golusin's

c0
E  k

k = 1

+6 0 + E°_
inequality,

E
1=1

i bk Z- k  is univalent on E. Then the following
holds:

2 N
1,1112E , (1)

1

for any A, e C, (1= 1, 2, • • N), and

l o g f
(z)—f(C) = _ biz ' (z, e E).

z — k,I = 1

(cf. [3,p.91]). The coefficients Ibk i l = are called the Grunsky coefficients of f This
inequality induces the following:

2 ‹ 1/1/12 i1/1 112
.

1=1 / / = 1
(2)

for A  uk -eC (k= 1, 2, • • •) such that fk -  2  /11,1 IT- -  1  2  t Lk} e 12  .

2. The area of the complement of an invariant component

In  th is section, we will give a  lower estimate o f  th e  Euclidean area of the
complement of the invariant component of a b-group containing triangle groups as
component groups.

2.1. Let F<Mi5b(e) be a triangle group so that co e f2(F). Let {A, /3}  be a
generator of F such that A , B, and A B  are parabolic . Then, we have

Lemma 1. For g(z)=(az +b)1(cz + d), (ad — bc =1), let cg =-Ici. Then the Euclidian
area o f  th e  bounded inuariant component o f  F  is  m ore than  4746 -Fci+C1B) l•

P ro o f  The direct calculation gives that the interior of the circumscribing circle
of the triangle whose edges has lengths x,y, and z has the area

7r { 1 1 1 7 y 2z 2

2  ( +  2 ) — 2 2
+

 2  2
+  x

2
2
2

\ 1  - 1 .
X

2z z x  x y  y z ) f

00
E

k,I= 1

Let a, b and c be fixed points of A , B and A B  respectively. By Proposition 12.1
in  [11, p.571],
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21c — 1 '12 1 a  — cl2 1 b — a i 
CA  — CB= and C A RAB

=
lc la—bIlb—cl'

Therefore, we have the assertion.

2 .2 .  We have the following lemma (cf. [22, p.372, Section 4]).

Lemma 2. Let A  e Miib(E) with A (co ) co and 1\46b(C) a parabolic element.
Suppose that there ex ists a univalent function f  from  E into C' w ith norm alization
f (z )=z + 0(1) near z = co such that g  e f =f o  A . Then

c2 <4(1 — 1X(0 )1)/(r2 (A)1A'(0)13g — (3)

P ro o f  L e t  {bk,}6= 1 b e  t h e  Grunsky coefficient of f  By definition,

g(ce) —g - '(co)=f(A (co))— ./(A - 1 (co))

=(A ()—  A -  1 (00))expl—  E bk,A(cork(A 'coo» 11.•
k,I= 1

Since A(00)={A(0)}, 1A(0)1< 1, and 1A(0)1= IA - 1 (0)1, { k  ' 12 An k } ,
{1(- 1 1 2 A - 1 (0)k },T=1 a r e  contained in  12 . By (2), we have

Itr2(8)1 
= Ig( ) — g - 1 ( X ) I 2

c
2 

=IA (œ) —  A - 1 (09)12 expt — 2Re( bk iA(0)k(A - W V )}
k,I= 1

> tr2 (A)1X(0)1 1A(0)12" 1(0)12ky/2}exp 2
1 +1,4'(0)1 k= 1 k k = 1 k

0-2 (21)0'0)1 tr2(A)1A'(0)13
1 - 0'03)1

=  1 o r ) ,  exp {2 log(1 —1A(0)12 )}

Since g  is parabolic, we conclude (3).

2.3. F o r  a  Fuchsian group  G  ac ting  on  E  a n d  c>0, b y  th e  c-thick  part
thick(G) for G we mean that the set of points z  eE such that the hyperbolic distance
d(z,g(z)) between z  and g(z) is more than c for all parabolic g  e  G . For b-group F,
let f  be a  conformal mapping from E to A r . W e  d e fin e  the c-thick part thick(F)
for F by fithick,(f i Ff).

For a parabolic A e Me3b(E) and 6 > 0 ,  the c- horocycle CA , ,  of A  is, by definition,
the circle C in E through the fixed point of A  such that for d(z, A(z))= c for zE C .  For
a  hyperbolic A e M6b(E), we denote by L A  the axis of A.

W e  sa y  th a t  a  closed curve in  E/G i s  th e  c- horocycle i f  there exists a
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Type (3,0) Type (2,1)

Figure 1. Pairs of Pants

primitive parabolic g € G so that the curve is the image of the c-horocycle of g by the
projection. For a rectifiable curve C in R:=EIG, we denote by /R (C) the hyperbolic
length of C on R .  In this paper, a bordered Riemann surface of finite type (0,j, 3—j)
whose borders consisting of geodesics is called the pair of  pants of  type (3 — j,j) (cf.
Figure 1.)

Let co =2arcsinh 1 and c<c o . Let P be a pair of pants of type (3— j,j). Then
there exist geodesics ly,V=- 1, ,  I d N = 1 c-horocycles fyil .T=3 _i + 1 , if j0  0, and
the point q  as in Figure 1.

The following lemma can be proved in the argument similar to that of Theorem
2.4.3 and  3.1.8 in  [8 ] a n d  Lemma 4.4 in  [2 0 ] . Hence we om it the p ro o f . The
author would like to thank Professor Toshihiro Nakanishi for teaching about the
joint work [20] with Professor Marjatta Nddtânen.

Lemma 3. L et P be a pair of  pants of  type (3 — j,j) . Let IY iV=1 ,  {OEi}=1
{diV= 1 ,  and q  as in  Figure 1 . L et d 3 b e  the shortest geodesic connegting y p

C(p. Let I . and 1(d,) be the lengths of  y , and di respectively. T h e n
(a) d , passes through q.
(b) L et L i =- cosh (4/2) (1 j  3 — j). then
(b-1) I f  P is of  type (3,0), then

c o s h (/ (d ) )—
(Li+ Li+ L i+2L ,L ,L 3-1)112

,  f o r  i =  1 , 2 , 3 .sinh(4/2)

and
and
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(b-2) I f  P  is of  type (2,1), then

j=  1, 2, and e l ( d 3 ) =sinh(ii /2)' f o r
cosh(l(di)) =  L  1  L 2L  +  L 2

sinh(E/ 2) .

(b-3) If  P  is of  type (1,2), then

cosh(/(d 1))
--

L 1 + 1

 a n d  edi)—  L
1

+  1

sinh(/, /2)s i n h ( c / 2 )
, f o r i = 2, 3.

2.4. Let F be a b-group which contains triangle groups as structure groups. W e
denote by

 { P k } ° = l  the blocks of F .  Let i t  i s  the projection from Ar  t o  R  and f
the a conformal mapping from E  to A r .

We may assume that for 1 Pk is a pair of pants of type (3 —jk ,jk ). Let
tyk ,X= I be boundary curves of thick,(G)/Gn P, W e assume tha t for 1 < j  3 —jk ,
yk d  is  a geodesic (see Figure 1).

Lemma 4 .  Fix  0 <  < c o so that oo E thick,(G). Then, f or k =1, • • •,s, there exist
a structure group rk corresponding to P k an d  generators {Ck } ,  of  H k := f - 1 1-

k f
such that
(i) For i = 1, 2, 3, if  Ck ,, is hyperbolic (resp. parabolic), the the axis (resp. e-horocycle)
of f  - 1  is m apped to yk ,i by  no f
(ii) Ck . 3  Ck , 2Ck , 1=  id
(iii) d(co, Lc k . ,) (resp. d(oo, L c k )) diam(thick,(G)/G)+ 6(k, i), w here (k , i) is  l(di) as
in Lemma 3 with respect to curves yi :=yk ,f , i=1, 2,3 and P:= Pk , and diam(E) is the
hyperbolically diameter of  E c R.

P ro o f  Fix Ice {1, ...,s}. W e  o n ly  show the case w here  Pk i s  of type
(3,0). Another cases are proved in the similar manner.

On Pk , let tyk ,g ,
 1 '

 lo ck , N =
 1 '

 and fclk ,1V = 1  be geodesics as in Lemma 3. Let
qk b e  a intersection point of dk ,, and d,, 2 . B y  L e m m a  3, /R (dk ,i) = 5(k, i). Take a
geodesic )3k in R connecting c o  := TC o  f(ox) and qk such that 1R (flk ) diam(thick e(G)/G).
W e  d e f in e  the c u rv e  fik ,i c fi k udk ,i co n n ec tin g  g o a n d  yk , i s o  t h a t  /R(/JkJ)
..diam(thick,(G)/G)+ (5(k, i). W e construct a loop ck', : B  v  B= k,i, k,b- k,11 with an initial
point q 0 . W e  g iv e  an orientation for c ,  such that [c 1 ][c 2 ][c 3 ] = 1, where [ —]
is an equivalence class in n i (R, go ), the fundamental group of R with the base point q0 .

W e take Ck ,i f r f  corresponding to [ek ,i]  b y  the canonical isomorphism
between n1 (R,q 0 )  and f r f - 1 . Let z, e E be the end point of the lift of flk whose
initial point is  the point a t  oo. Let Fk b e  a structure group which stabilizes the
component of Ar \u g : A . p.,A g  containing f(z k ). Then, by definition, the system

1 generates Hk and satisfies the assertion of lemma.

2 .5 .  We prove the following theorem.
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Theorem 2 .  L e t F  b e  a  b-group such that co e Ar  a n d  that the  logarithmic
capacity of the limit set ofF is equal to 1. Take 0<E <  such that co E thick,(F). Let
{P,}s, , be blocks of F each of  which is a pair of  pants. T hen there ex ists A(Ar /F,
1/3 ,1r= , c ) > 0  s u c h  t h a t  t h e  E uclid ian  area Area(C\ Ar ) o f  C\Ar  i s  more
than A(Ar /F, {P kIP_ t , c). Furhermore, for M > 0 and some k, if  lengths of all closed
geodesics in the boundary of  Pk are less than M , then there exists A >0. depend only
on Ar /F, M , and c, so that Area(C\ Ar ) > A.

P ro o f  The direct calculations shows that if A elV1613(E) is hyperbolic,

IA '(0)1= 4/(tr2 (A)— 4tanh2 (d(co, L A )))cosh2 (d(co, L A )), (4)

and if A  is parabolic and  co e thick,(<A>),

IA '(0)1= 1/1 +sinh2 (e/2)e2 d . (5 )

Let f  be  the conformal mapping from E to  Ar  such  that f(z)= z + O W  near
z = oo (cf. [21, p.207, Corollary 9.9]). F or k  {1, Let H k  and {C k ,I} l  b e
a s  in  Lemma 4 .  Since co e thicke(<0 )  by Lemma 2, Lemma 4, and  (4) and  (5),
A(Ar /F, {P k}e= 1 ,6)= 64nEkA(Ar /F, Pk , c) where

3

AA(Ai/F,Pk,c):={ E Sk (sinh2 (4, i/2), diam(thick,(G)/G)+ 6(1c,
i =

and

(x — 4)cosh 2 d((x - 4)cosh 2 d+ 4)2 /x, if 1 3 —jk

Sk jx ,d ):=

16cinh2 (c/2)e2 d (1 + sinh2 (c/2)e212 , otherwise,

(k =1, • ••,s0 ), satisfies the assertion.

Corollary I. F o r a  b- group F, let f  be a conformal mapping from E to A1 . T h e n
3

II{f,
2  

{1 — A(Ar/r, {Pk}r= 6 0 )/n11/2 , where each Pk is  a block  of  F which is

a pair of pants.

P ro o f  L e t  G := f -
1 1- f  S ince  G  is to rs io n  f re e , fo r  cpeB(G), it h o ld s

11(P11= suP{(1z12 — 1 )2 1(P(z)1/4 1 z e thick,,,(G)} (cf. [23, Lemma 1] and [4, p.198,Exercise
8.2]). H ence by  an argum ent s im ila r  to  th a t o f  Lemma 6.7 i n  [9, p.151](the
Nehari-Kraus theorem), we conclude the assertion.

3. Sequences of terminal regular b-groups

} -

I n  th is  section, by using Theorem  2, w e study  a  behavior o f  a  sequence
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corresponding to terminal regular b-groups contained in a Bers boundary. Theorem
1 is proved in Section 3.2.

3.1. Let G be a  finitely generated Fuchsian group of the first kind acting on
E  F or cpeeT(G), we denote by Cv  the  partition  with respect to  Gq,. W e show
the following lemma.

Lemma 5. Let {9„,}„,= 1 c OT(G) be a sequence corresponding to terminal regular
b-groups. Then there ex ist a subsequence {yo„, J }T 1 , a maximal partition { C k }:? -, 3 +"
on  R :=E IG , a number k o  {0, 1, • • 3p — 3 + n}, and homeomorphisms { f i }7=1 o f  R
onto itself  such that

(1) For C,={ 4(Ck )} E-13+n,

(2) If  k o > 0, then ldf iCk n — ' as j c o  f or 1<k  <k o , and

(3) If  k 0 <3p — 3 +n, then f i(Ck)---Ck f or k >k o

If  in addition, Area(C\ —> 0 as j -+ co, then it also holds that

(4) N o component o f  R \u k > k o Ck is  a pair of  pants, and hence k o  > 0.

P ro o f . Since the number of graphs induced by the maximal partition on R
is finite (cf.[2],[1 1]), w e m ay assume that all graphs induced from  { C „ ,} _  are
th e  s a m e . L e t  u s  denote = {Ck'} P_-

1
3 + ". Then, there  exist homemorphisms

0 X , ,  of R onto itslf such that th„,(C,)}P=-, (cf.[8, Appendix]). By taking
the subsequence o f th„,}  and  renumbering the curves {Ck'}P1- 1

3 + " if necessary,
w e m ay suppose that there exist ko  E {0, 1, • • 3p — 3 + n} and M > 0  su c h  th a t if
ko > 0, then /R (h„,(Ck')) -+ co as m  co for 1 <k  <k o  , and that if ko <3p — 3+n, then
/R (h„,(Ck')) <M  for k 0 < k  3p — 3 +n  and m  1.

Since the  number of closed geodesics in  R  whose hyperbolic length a re  less
than M  is finite (cf.[2]), there exists a subsequence {9,,,i }7_ 1 such that hm i (Ck )=h„,,(Ck)
for j, /> 1 and k 0 <k <3p — 3 +n.

Let f i =h n i . (h„i ) - 1  a n d  Ck= hn i (C )  for 1 a n d  1 k  3p—  3 + n .  Then, by
definition, t h e  subsequence  { q ' m , } = i

 t h e  p a r t i t i o n  {Ck}:L 'T  '" o n  R ,  the
number k o  a n d  homemorphisms 1  satisfy (1)—(3) in  this lemma.

From now on, we assume that Area(C\ 0  as j  —> cc. S u p p o se  that there
exists a  component P i o f  R\U k > k o Ck s u c h  t h a t  P i i s  a  p a ir  o f  pants. Since

{COI, >ko C  for each j  and P i does not contain the simple closed geodesic
which is not homotopic to boundary components of 13

1 ,  P i i s  a block of  G .;,, for
every j>  1. Hence each c o n t a i n s  a  tr iang le  g roup  a s  a  s tru c tu re  group
corresponding to P i .

Take 6>0 so  that co E thick,(G). Since the lengths of all closed geodesics in
the boundary of P i a re  less than M , by Theorem 2, there exists A >0, depend only
on R, M, a n d  such that Area(C\4,,,,,, i )< A for j>  1. This contradicts the assumption.



Certain b-Groups 429

3.2. T o p rove  T heorem  1 , it su ffices to  sh o w  th e  following proposition.

Proposition 6 . L e t {(p„,) _ ,  be a  sequence corresponding to terminal regular
b-groups in OT(G) satisfying (1)—(3) in Lemma 5 with respect to a partition {Ck } ' " ,
a number k 0 , and homeomorphisms {f„,},,,=, of  R:--= E/G o n to  its e lf  Suppose that
the sequence satisfies (a) in  Theorem 1 and converges to cpo  e ar(G). Then G9,0 i s  a
b-group w ith no  m oduli such that C4,0 -=fC 1iok>ko • Especially, if  n o  component of
R \u k , k o Ck is  a pair of  pants, then G4,0 is  a  totally degenerate group.

P ro o f  W e prove the case k o  <3p —3 + n .  T he case where ko  = 3p —3 +n  is
proved by the similar manner.

L e t  gk e G  b e  prim itive  hyperbo lic  e lem ents corresponding  to  Ck f o r
1 <k <3p— 3 + n .  W e  d e n o te  b y  { P r  1 t h e  components o f  R \ uk>k o Ck each of
which is not a pair of p a n ts .  Let {P1}711 be components of R Vu k > k o Ck uuM 1 P1).
Fix a stabilizer group H i corresponding to Pi in G .  Let Gi ,„,=x 4,„,(111) for O. For
m> 1, since G  is  a term inal regular b-group and, Pi is  n o t  a  pa ir  o f pants for
1 < i <s o . Gi ,„, is a ls o  a  te rm in a l regural b-group such  tha t  i s
homeomorphic to Pi if 1 < i <s o (cf.[11]). By definition, for i>s o  is a triangle group.

We first show th a t {Go } 7 . is  a  basis of the structure groups of Gq,.. It is
clear that for k >k o , x,,,,,(gk ) is an  A.P.T. in  G4,0 . Since Go  = 4,0(H,), it suffices to
show that x4,0(g) is loxodromic for any hyperbolic element g e G which is not conjugate
to  a power of gk fo r  any k.

If  the  geodesic corresponding to g  meets Ck fo r some k > k ,  then x4,0(g ) is
loxodromic. Hence we can take e(g), N(g) satisfying (a) for g in this theorem. Thus
we assume tha t the geodesic corresponding to g  is contained in  some P k .  By (2)
in  Lemma 5, there exists N (g)>0 so  that xv o (g) is  loxodromie for m N ( g ) .  By
assumption (a), there exist f(g)> 0 such that for m -N (g), inequalities

Itr2 (x4,,n(g))-41_>_6(g)

h o ld .  Since xo,,n(g) —> 4, 0(g) as m co, we have tha t tr 2 (4, 0( g ) )  4 .  Since xv o  is
an isomophism and G  is torsion free, x4,0(g) is loxodromic.

Thus, if 1 <i<s 0 , Gi 0  is either a  quasi-Fuchsian group o r  a  totally degenerate
group without A.P.T.s (cf1[15], [17, p.225, Theorem D.21], and [17, p.268, Theorem
C .25]). We assume that Go  is a quasi-Fuchsian group for some i. By the arguments
above, for m > 1, the isomorphism xg,n,  4 -

0
1 from  Go  o n to  Gi ,„, is allowable in the

sense of Bers (cf. [5 , p .574]). Since xg,„, 4 ,- 0
1 converges to  the identity on  Go  by

the quasiconformally stability for quasi-Fuchsian groups (cf. [5, Proposition 6]),
is quasi-Fuchsian for sufficiently la rge  m . T h is is  contradiction. Thus, G o  i s  a
totally degenerate group without A.P.T.s for i=1,•••,s 0 . Thus, G9 0  i s  a  b-group
with no moduli such that C 4,0 = {C k }k > k o  •

3.3. Remark. (1) A ny sequence corresponding to terminal regular b-groups
which conveges to  tp0 e0T(G) corresponding to totally degenerate group without



430 H idek i M iyach i

A.P.T.s satisfies (a) and (b) in  Theorem 1.
(2) For any yo e T (G ), there exists {gom },„', i n  T(G) corresponding to terminal

regular b-groups su ch  th a t (2-i) Area(C\A ip „,) tends to  ze ro , and  (2-ii) {(p„,} = ,
converges to  (p0 •

(3) Any totally degenerate group GQ,o with A.P.T.s h a s  {(p.}„,,, in  a T(G)
corresponding to terminal regular b-groups which converges to  9 0  such  tha t (3-i)
Area(C\A,,,n ) tends to  zero, and (3-ii) it does not satisfy (a) in  Theorem I.

(4) If  d im  T(G)> 1, there exists {cp„,} ,  corresponding to terminal regular
b-groups in  a T(G) satisfying (a) in Theorem 1 such that {G,„} 1 converges to  a
b-group but not a  totally degenerate group.

P ro o f  Before proving (1)—(4) above, we note tha t {9,„} 1 corresponding to
terminal regular b-groups in aT(G) which converges to  tp 0  e aT(G) corresponding to
a  to tally  degenerate  group w ithout A.P.T.s sa tisfies tha t Area(C\A i,,,n ) —* 0 as
m  co. In d e e d , it  fo llo w  f ro m  th e  following two facts: (1) T h e  m easure of
CO39 0 =A(G ip .) is zero by Thurston's theorem (cf.[18], and (2) { } = , converges
to A (pc in  the sense of kernel convergence with respect to  oo (cf. [21, Theorem 1.8]).

Let us prove Remark (1)—(4).
(1) By the argument above, the sequence satisfies (a) in  Theorem  I. Since

G rpo  h a s  no  A.P.T.s, that also satisfies (a) in Theorem 1.
(2) Since the set of differentials corresponding to terminal regular b-groups

and the set of those corresponding to totally degenerate groups with-out A.P.T.s
are dense in a T(G) (cf.[19] and [5, Theorem 14]), by the standard arguments and
Remark (1), we find a  sequence satisfying (2-i) and (2-ii). This remark was pointed
out to  the author by Professor Hiroshige Shiga.

(3) Let Ig k Isk , ,  be hyperbolic elements in  G so  that tx,p o (g ,)} ,
1
 i s  a  basis of

A.P.T.s of GT o . Take L0 > 0  so that 2 cosh (L0 /2):=max r  „ , s ltr(g,)1. By applying
the argument in Lemma 5 for {0„,}=, corresponding to totally degenerate groups
without A.P.T.s in  a T(G ) which converges to  (p0 ,  there exists a  terminal regular
b-group G , that 1,1 G (C)>mL 0  fo r  each C 11(P m — mil < 1 1 and  that
Area(C\A ip „,)< 1/m for m _>_1. By the definition o f L0 ,  Lp ,„(g,c )  is  loxodromic for
each m >1 and k= 1, • • • , s. Since z ip o (gk ) is parabolic, {yo,„} , satisfies (3-i) and (3-ii).

(4) Let R =  /G  and C = { C ,} ,  a maximal partition on R .  Let { P } 1  b e
the components of R\u,,,C k such  that C, P 1 . S in c e  d=dim T(G )>1, we may
suppose that s  >  1 and tha t P 2  is a pair of p a n ts .  Let R , be the infinite Nielsen
extension of P, (cf[6]), f 1 th e  Fuchsian group of R , and ( f , )  a  totally degenerate
group without A.P.T.s such  tha t 0 0 e aT(F i ). W e define {go,„} , ,  o f  a  sequence
corresponding to terminal gerular b-groups and (he OT(G) satisfying the conditions
(a), (b), (c), and (d) in  Theorem 3  in Section 3.4 for the partition C, so = 1, and
F, =(F,),p o . Then {cp„,} ,  satisfies the assertion.

If dim T(G)= 1, then GI, has an  A.P.T. if and only if Gi p  i s  a  terminal regular
b-group. By Remark (1) and the proof of Proposition 6, we have
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Corollary 2. Suppose that dim T(G)=  1. F o r  a  sequence (I) corresponding to
terminal regular b-groups in aT(G) which converges to (po e aTG), the following three
conditions are equivalent:

(1) G„,0 is  a  totally degenerate group.
(2) 0:1) contains a subsequence with (a) and (b) in  Theorem 1.
(3) 4:13 contains a subsequence consisting of mutually distinct elements and satisfies

(a) in  Theorem 1.

3 .4 .  To complete the proof of Remark (4) in the previous subsection, we will
show the following theorem.

Theorem 3 .  L e t G  b e  a f initely  generated Fuchsian group of  the f irst k ind
acting on E and R=E/ G. L e t  C={C,}:°=, be a partition on R  and {P s } ,  the
components of  R\u:°_,C, each of  which is not a pair of  p an ts .  For i =1,•••,so , let
Fi b e  a boundary group such that  A F / FI is  homeomorphic to  P i . T hen there ex ist
T o canG ) and corresponding to terminal regular b-groups such that

(a) cp —) T o  as  m  o o ,

(b) C c: C ip „, f o r m and

(c) A  covering group of  P . G i p °  i s  quasiconformally conjugate to F i , If , in
addition, each F i is  a  totally degenerate group without A.P.T.s, then

(d) (I) satisfies (a) in  Theorem 1.

This theorem is proved in Section 3.6.

3 .5 .  The following lemma is well-known. However, the author has never seen
what is stated in this form.

Lemma 7. L et R and S be a hyperbolic Riemann surface of type  (p, n). L e t  P
be a domain in R such that P  is homeomorphic to R and that the inclusion mapping
i f rom  P  to  R  is  homotopic to  a  homeomorphism o f  P  o n to  R .  Then, for K >  1,
there ex ists K0 = K0  (K ,P ,p ,n )>1  such that i f  a  K-quasiconformal(q.c.) mapping h
f rom  P  into S which is homo topic to a homeomorphism f rom  P  onto S exists, there
exists a K 0 -q.c.mapping g f rom  R  to S so that g o i is homotopic to h.

P ro o f  Let T(R) be  a Teichmiiller space of R  (cf. [9 , p .120]). Let M  b e  a
Riemann surface of type (p, n). If there exists a K-q.c.mapping hm  from  P  to  M
homotopic t o  a  homeomorphism of P  on to  M , then there exists a q.c.mapping
fip,„,,,,o  f ro m  R  onto  S  such that Ap," ) . i is  homotopic to  hm . We denote by
X(P, K) the closure of the set of such [ M, in A R ) .  Let î be a homeomorphism
form P  to  R homotopic to  i. Let {yi} g._ , be a system of simple closed geodesics
fill up  R  (cf. [10, p .249]). B y the decreasing property for the hyperbolic metric
and Wolpert's Theorem (cf. [8, p.153]), El'i=1 /s (Apx ,m )(y,)) <EP'., 'G O ). Hence
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X (P,K) is compact (cf. [10, Lemma 3.1]). Let do  b e  the diameter of X (P,K ) with
respect to  the Teichmiiller distance of T(R) (cf. [9, p.125]). Then, Ko :=ed ° satisfies
the assertion.

3 .6 .  Let us prove Theorem 3. We only show the case where s o  = 1 .  Another
cases are proved by the similar manner.

Let b e  the infinite N ielsen extension of 13
1 . S ince  R, :=A , 1/ F ,  is

homeomorphic t o  P 1 , there  ex ists a Kr q.c.mapping ho  f ro m  f i ,  onto  R 1 . Let
Q:=h 0 (P 1),i an inclusion mapping from Q to R , .  Then, by definition, i is homotopic
to  a homemorfphism from Q  onto R , .  Let f  be a conformal mapping from E  to
and AFI and F, = f - 'F , f .  W e take {iP„,}„,°°_= , in T(F,) corresponding to terminal
regular b-groups which conveges to (fr o  := {f, —}  e  T (F ,) . Let Co n  ={ C„} tL  ,  and
C o n the geodesic in P , (and hence in R) such that io ho (C,,„,) is homotopic to  Ck „,
for k =1, • • •,k, . Then, Cm  := , . . . ,k  1 , . . . , k 0  is a maximal partition on R
for m  1. Take the terminal regular b-group G  s o  t h a t  Cv m  = C„, (cf.[1, Theorem
6]). We may suppose that(I):= {q } 1 converges to some cpo  e OT (G). By definition,
and satisfy (a) and (b) in this Theorem.

W e prove that satisfies (c). Let i t  be the projection from E  t o  R  and P, a
component of rr - l (P,). W e m ay assume th a t  oo e P, . Let H , be  the stabilizer
subgroup of P, in G and G„,:=x 4,,n(H ,) for m Then for m  1, Gm  is  a covering
group of P , in G,,,,,, and is a terminal regular b-group (cf[11]).

Let Sm =4 Gm /Gm and Tr,,, the projection from AG,,, t o  S m . T hen  there  ex ists
the injective holomorphic mapping h„, from P , to Sm such that h,,, , n113 , = 7r.°  W IF
By definition, hm is homotopic to a homeomorphism from P , to Sm (cf. [1 4 ]) . Hence,
by Lemma 7, there exist K 0 = K0  (K ,,Q ,p ,n)>O , and the K 0 -q.c.mapping gm  from
R , to  Sm so  tha t gm ,  i is homotopic to  hm °

Fix the lift Fo of 
i o h o l p ,

 from  P , in to  E . Fo defines the isomorphism f r o m
H , to  F , b y  (h). rio =go . h for he H , .  By definition, hm  induces the isomorphism

. Since for m > 1, gm oh' holp, is homotopic to  h,„, there exists the lift k.,„ of
gm f r o m  E  o n to  As „ , s o  t h a t  the isomorphism Jim  f r o m  F ,  t o  G„, defined by

satisfies that fi Y. m
°
 , , ( p IH i •

Let wm = g .  W 1 .  T h e n  W m i s  a K 0 -q.c.mapping from  Ao m  o n to  AG„ , and
defines the isomorphism rim  from  Go m  to  Gm  b y  ri (g)=w mgw„,- '. Then, gm satisfies
that 01X9,„ ° Since g , i is homotopic to  hm , rim  i s  type preserving.
Since Go m  and Gm  are terminal regular, by the rigidity of triangle groups, W m  can
be extended to the K 0 -q.c.mapping on C' compatible with This extension
denoted by the same symbol w„, for short.

To prove (c) in Theorem 3, it suffices to show that the family { ivm } __ , contains
a  subsequence which converges t o  a K 0 -q.c.mapping w o  o n  C'. Indeed, since
wm Gw ,;, 1 =n,,,(Go r n )=G m  for m >1, w o G,,w 0

- 1 = Go  .
Take primitive hyperbolic g, ,g ,e H , so that g ,  is not conjugate to g ,  in H,

and tha t °to :, := x l m (g1)  and ifs',,0 :=  x . ( g 1)  are loxodromic. Let a i m , = x,,,m (g i)  and
131,m :=x 0 m

, (g 1). Then there exists N, > 0  such  tha t for rir N 1 , cx,,,„ and fl,,m are
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loxodromic. F o r m  N 1 ,  let a2i,„,} a n d  {b„._ , be th e  se t o f the
fixed points of ai ,,„ and fii ,„, respectively. By discreteness, the cardinality of lai ,„r  1

and {b j m } j a r e  equal to 4 for m o r m =O. Since  Œi ,„, — ; , o an d  fl ,m fl1,o,
we may suppose that there exist N ,  N 1 and d> 0 such that k(ai ,„, , a .0 ),
for j=  1, ..., 4 and m  N , and that k(ai ,„ , a i3O ), ;,0)> 4d for where k(—, —)
is  th e  spherical d is ta n c e  o n  C . L e t  B,= {z E e' 11c(z, 0 )  <d } .  Since w„,({a,,„,}1,1,)
-= by applying an argum ent sim ilar to  that of Theorem 4.2 in  [13, p.70]
for domains {C\B,u there exists a subsequence and a K0 -q.c.mapping
wo  so  th a t converges uniformly to w 0 .

It is  easy  to  observe  tha t if  each Fi i s  a  totally degenerate group without
A.P.T.s, then , satisfies (d).
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