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On the associated graded module of an ideal generated by
an unconditioned strong d-sequence

By

K . K H A SH Y A R M A N E SH , SH . SA LA R IA N  and H. ZAKERI

O. Introduction

Throughout this paper, A  i s  a commutative ring w ith non-zero identity,
X i,. , x , is  a  sequence of elements of A  of length s > 0, ci is an ideal of A  and
M  is  an A-module. W e use N  (respectively No ) to denote the set of positive
(respectively non-negative) integers. For each i  (1 i s) , let q, = (x 1 , ,  x , ) ,
q = (x i , .  ,  x „ )  and q o =  (0 ) . I f  there is no confusion, the associated graded
r in g  Gq (A ) = ,O n , 0 qn/cin+1 a n d  t h e  associated graded m odule Gq (M ) =

a re  denoted by G  an d  G (M ) respectively. W e put hi =
x, mod q 2 (1  <  i < s), the initial forms of x ,'s  in  G.

The concept of a d-sequence is given by Huneke (see [5]) and it p lays an
important role in the theory of Buchsbaum modules and in the theory of Blow up
algebra, e.g. Ress Algebra. The sequence x l , ,  x ,  of elements of A  is called a
d-sequence on M if, for each i = 0, 1, ,s — 1, the equality

M  :m =
j= 1

) M  : m  X k

holds for all k  > i 1 (this is actually a slight weakening of Huneke's definition); it
is  an  unconditioned strong d-sequence (u.s.d-sequence) on M  if .4' , ,  x p  is  a
d-sequence in any order for all positive integers cu,... ,

It is well known that if A  is local, M  is finitely generated and x i , ,  x s  is  a
system of parameters for M , then Xi,... , xs is an u.s.d-sequence on M  if and only
if the natural homomorphism H,(q, M )  H q̀  (M ) is  surjective for a ll i < s . Al-
though these natural homomorphisms do provide a satisfactory characterization of
u.s.d-sequence, they have the disadvantage that their underlying ring is local and
the ideal q is a  parameter ideal of M.

In  [7 ], fo r a  sequence x  = x l , . . , x  o f  elements o f A , we established the
canonical homomorphisms it4 between the homology modules of the Koszul
complex K .(x , M ) and  the homology m odules of a complex C(.4 (x), M ) of
A-modules which involves modules of generalized fractions derived from M  and
the sequence x. Then we showed that these canonical homomorphisms do provide
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useful criteria for u.s.d-sequences without any restriction on A and M .  The purpose of
this paper is to show that our criteria for u.s.d-sequences is good help when we treat the
u.s.d-sequences in relation with associated graded modules. Indeed we shall prove,
among other things, the following two theorems.

Theorem A .  If  'ch ... ,x , is an u.s.d-sequence on M , then it is an unconditioned
g-f ilter regular sequence o n  M  an d  th e  sequence hi,—  ,h s constitu te  an u.s.d-
sequence on G q (M ) .  Moreover if  A  is Noetherian and M  is finitely generated, the
converse is also true.

The proof of Theorem A is divided in two parts. The proof of the first part of
the theorem is given in 2.3, while the second part of the theorem is a consequence
of 2.4. It is shown, in 2.5, that the result [3, 2.12] of Goto and Yamagishi can be
deduced from Theorem A.

Theorem B .  For an  ideal a  of  a N oetherian ring A , a f initely  generated A -
m odule M  and a positiv e integer s, the following statements are  equivalent:

(i) 111,(M) is f initely generated f o r all j < s,
(ii) There is an a-filter regular sequence x1,... on M  such that h i .................... hs is

an  unconditioned I-f ilter regular sequence on G q (M )  and  HIi (Gq (M )) is f initely
generated G-module for all j < s, w here I = E ;_ i h,G q (A).

1. Notations and preparatory results

W e say that a  sequence xl, , x  o f  elements o f A  is  an  a-filter regular
sequence on M  if X i,... , xs e  a and

Supp A x i)M  :,1 4 x i )
i= I

A x i ) M )  g  V (a)

for all i = I,. . . , s, where V(a) denotes the set of prime ideals containing a. When
such property holds in any order, we will say that the sequence x 1 , . . . , x s form an
unconditioned a-filter regular sequence on M .  The concept of an a-filter regular
sequence on M  is a generalization of the one of a filter regular sequence which has
been studied in  [9], [12], [13] and has led to some interesting results. Note that
both concepts coincide if A  is local, M  is finitely generated, and a is the maximal
ideal of A .  Also note that x, , x  i s  a  poor M-sequence [15, §2] if and only if
it is  an A-filter regular sequence on M . D-sequences are closely related to filter
regular sequences. It is easy to see that if xl,  x s is a d-sequence on M . then it
is  an ,s ] Ax i -filter regular sequence on  M .  For the converse, we have the
following

1.1. Remarks. Consider the special case in which A  is Noetherian and M  is
finitely generated.

(i) By slight modification in the arguments of [13, 2.1], one can show that if
is an a-filter regular sequence o n  M , then, fo r each k  > 0 , there exists
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a n  ascending sequence o f  integers k  < ri < •  •  < rs such  that x ir' , , xsr, i s  a
d-sequence on M.

(ii) [3 , 6 .1 2 1 L e t  A  be local with maximal ideal m  and let xl, , xs b e  an
unconditioned m-filter regular sequence on M .  Then the following conditions are
equivalent:

(a) xl, ,x s form  an u.s.d-sequence on M;
(b) xj + 111„,' ( M 19/ M ) = 0  for every 0 <  i + j < s.

Now we recall some facts about d-sequences which are needed for the proof of
the main results in this p a p e r . T h e  reader is referred to [4, 5.1.1] and [3, 1.3, 1.6
and 1.9(2)] for their proofs.

1 .2 . Proposition. (i) xl, , x s f o rm  a  d-sequence o n  M  if  an d  only  if  the
equality

[q1_ M : m  x i ]  n qM  = qi _ I M

holds f o r all  1 < i < s.
(ii) f  x i , , x s f o rm  a d-sequence on  M , then the equalities

M  n q "m = g iq n- IM  and xç"M n =  x 7 c in' M

hold f o r every  1 < i < s, m  > 0  and n E Z.
(iii) hi, . ,  h s f o rm  a  d-sequence o n  Gq (M )  if  and only  if  the  equality

M  n + 2 M  :m xil n q nm q n + i m

holds for all 1 < i < s and n > 0.
(iv) I f  x 1 ,. ,  x s f o rm  a  d-sequence on  M , then the equality

[q,M  x i + i] n q"M  = M

holds f o r every 0 < i < s  and n > 0 , where x s + 1 = 1.

F o r  a  system o f  elements x =  X1 , , xs o f  A , le t K .(x , M ) a n d  II„(x, M)
denote the Koszul complex generated by x  over M  and the homology module of
the Koszul complex, respectively. When discussing the Koszul complex, we shall
use the notation of [8]. In  particular, we shall abbreviate Kp (x , M ) to K ( M )
when no confusion is possib le . Also, in this paper, we shall use the concept of a
m odules of generalized fractions introduced in  [11 ]. T he  no ta tions and  termi-
nology concerning triangular subset of A " (for n E N) and modules of generalized
fractions w ill be th e  same a s  that used in  [7 , §21 . In  particu la r, C(d(x ), M )
denotes the associated complex of modules of generalized fractions derived from x
and M.

In  [7 , § 2 ] , we established the hom om orphism  Vf m  betw een the Koszul
homology module I I „ p (x , M ) and  the  p -th  homology m odule  o f the  complex
C (sz /(x ), M ). Let us recall briefly the construction of these morphisms and review
the m ain result of [7, §2] which play  a  significant role in  the  proof of the main
results o f this paper.
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Write the associated complex C (J i(x ) , M ) as

U U(X)-1 I M U (x )TM U(X)i—+Y M

For each integer p  with 0  <  p < s, we define

K5 (M ) — > U(x) p
- PM

as follows. T x%  is the identity map, Wxs, m (b) --- 
b

 , \ for all b e M and, for(x i , .. • , x )
each 1 < p < s - 1, TxP m  is defined by the rule

{
b 

Tx
P,m (be,, i y, )  = (x i, • . • • xp)

0 otherwise

for all b e  M .  It is easily seen that, for all 0 <  p < s, A l is an A-homomorphism
and that the diagram

0 K s (M )  — >  Ks-1(M) —> • • • (M ) K0(M )

1T ;Af
e - I e v - I

eL'+' U (x ) -
1

I M  --> —> U(x),77 1 M — > U(x) s
- s  M

is commutative. Therefore, f o r  all 0 < p < s - 1, T xPi i i  in d u c e s  a n  A-
ker

homomorphism Hs _p (x, M ) - >  which is denoted by Tx
P

m .
im M

1.3. Theorem. [ 7 ,  2 .4 ] .  The following conditions are  equivalent:
(i)
(ii)

x 1 ,... , x s  i s  an  u.s.d-sequence on M;
For any permutation o- of  the set {1, ... ,s}, the canonical homomorphism

ker eP

: Hs _p (a(x), M) -->  i m e ;_( 1) 'm

a(x),

is surjective for all p  w ith 0 p s - 1, where a(x) := x„. ( 1 ) , , xo .( s ) .

For an ideal b  of A and b c A , we shall denote the submodule

fin e  M : brm E  b M  for some r E  No}

o f M  b y  bM <b> . Assume that x], ••• , xs  fo rm  an  unconditioned a-filter
regular sequence on M  and that x s is  a non-zero-divisor on M .  Then, by using
the fact that (E ;j1  A x 7 )M  :A i <xi > = (E 11 1

1 A x ;')M <xs > for a ll 1 i s  and
c  N , we may apply the same arguments as in the proof [7 , 2 .3 ] to

obtain, for each 0  <  i < s, the exact sequence

0 —> U(x) -
i'M U(x)TIM U(x)71(M /x,M ) —> 0,

if (i1, is— p) = (p + 1, . . . ,
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w h e re  U(x)T i M U(x)i-i(M /xsM ) is t h e  natural homomorphism. Put
M  =  M / x ,M . Then the above exact sequence induces the exact sequence of
complexes

0 C(,91(x), M) C(.4(x), M) C(.4(x), M) 0

which, in turn, yields the exact complex

11 1 (C(d(x ), M )) 111(C(.4(x), M))

— > I (C (.4 (x), M)) ± >  P + 1 (C(d (x), M)) —> • • • ( . )

Throughout the paper, we shall appeal to such exact complexes without further
comments.

1.4. Rem ark. In this note we shall employ the notion of graded modules.
For an integer n  and a graded module X , we define X (n) as the module X whose
grading is given by  [X (fl)]m

 = X n + „,. Also it should be observed that, if X  is a
graded module over a  graded commutative ring R  (with identity) and U  is  a
triangular subset of I?"  (n E N) composed of homogeneous elements, then U - "X
has graded structure as R-module which is such that, for a homogeneous element

x c X  and (u], , un ) E  U , the degree of the fraction  is deg x
(ui ,. • • , un)

EP,' ] deg ui . H e n c e , fo r a  chain of graded triangular subsets ,& on R , every
homology module of the complex C( 07/, X ) has graded structure as R-module (see
[1]). When discussing such complexes, we shall use the above mentioned grading.

2. P r o o f  of the main results

It was shown in [12, Appendix 2(i)] that whenever A  is local (Noetherian) with
maximal ideal m , M  is finitely generated and s  is  a positive integer, then there
exists an m-filter regular sequence on M of length s. The following proposition
establishes a  similar result for unconditioned filter regular sequences.

2.1. Proposition. S uppose that A  is N oetherian and  that M  is f initely  gen-
erated. If  x i, , xr is  an  unconditioned a-filter regular sequence on M, then there
ex ists an  elem ent x r ± i e a  such that x l, , x r ± i i s  a n  unconditioned a-filter
regular sequence on M .

P ro o f  If r = 0 , then choose x] c a \ Up e Ass(M) \ V(a) arb itrary. So  suppose
that r > 1. Set

S := p : p c Ass ( M /
l e i

and let xr + , e a \ p e S\ V(a) p. L e t  y ] , , yr +  I be any permutation of x ] ..............
 
X l+ 1

and suppose th a t yj = xr+1 for som e 1 < / < r + 1. T o  co m p le te  the proof,
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it is now sufficient to show  that, fo r  each i 1 ,... ,r + 1 , y i p  fo r  a ll p c
A ss(M /(E i 'l l  Ayi )M ) \V ( a ) .  To do  this assume contrary. Then there exist an
integer i, with / 1 < i < r + 1 , and p  E Ass(M/(E)= 1

1 A yi )M A V (a) such that
y, c p. It is easy to see that y,, y i is an a-filter regular sequence on
M , where the  character with - means that it is deleted. N ow , by slight modi-

fication in the arguments of [9, 2.2], one can show that L e pAp1 ' ' • • ' •••' 1 .1
Y Yi Yiis  a n  Mr -sequence. Hence, by [8 , p. 127], .. .  —

1 
forms a n  M r

sequence too. Therefore pA p Ass(Mp /  E 1=1 y ,111), which is impossible by the
choice of p.

2.2. Lem m a. L et x 1 , ,x  b e  an u.s.d-sequence on M . T hen , f o r all a c N,

O :G(M) h =  (0  :Ai xi)( 0 ).

P ro o f  L e t  g c 0 :G (m) liti  ̀ b e  a  homogeneous element o f  degree n(> 0).
Choose a n  element y  o f  cr M  such that g = y  mod qn+ 1 M  in [G ( M ) ] .  Then

y n cr+Œ- Fi m . Hence, by 1.2(ii), y e xNn+1 M .  Therefore, it is the
case that y  = u mod q M  for some u E 0 :A i .xT if  n = 0, but y e  qn+IM if n > 0.
Hence the inclusion g holds. As the opposite inclusion is trivially true, the result
follows.

Next, we show that the  result [3, 2.10] of Goto and Yamagishi is quickely
derived from our criteria 1.3 for u.s.d-sequences.

2.3. Theorem. Let x i , , x, be an u.s.d-sequence o n  M .  Then h1,... ,h, form
an u.s.d-sequence on  G q (M).

P ro o f  Let I  = > I It follows from  1.2 (ii) (iii) (iv) that every per-
mutation of h1, , hs  is  a  d-sequence o n  G ( M ) . Hence, in particular,

0 :G(m) h  —  0 :G( v) (1)

for a ll 1 < i < s. Let h = h , . . . , l 's . I n  order to prove the  result, it suffices, in
view of 1.3, to show that K G (m ) is  surjective for all integer p  with 0 < p < s —  I.
We prove this by induction on p .  By (1) it is clear that the  canonical homo-

ker e°
—o h,G (M ) .morphism n ,G ( M )  : H s (I , G(M)) -->  is surjective. L e t  p  be a n  integer

im h,G(M)
with 1 < p < s —  1 and suppose that the  result has been proved for p — 1. Set
6 := G(M)/ (0 :G (m) hs ). In  view of (1), it is easy to see that U(h )p

- P (0 :G(M) hs)
= 0  for all p  > 1. Therefore the exact sequence

(0 :G (m ) h, s.) G(M)
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ker h, G(M) 
yields an exact complex similar to (*) which in  turn implies that  —

1 —eP-
h,G(M)

ker
 f o r  all p  >  1. O n  the  other hand, it follows from (1) that, the Koszul
lm ehh, G
homology module H s _p (h, 0 : G (m ) h s )  is a direct sum of copies of 0 :G(m) hs  fo r  all
p  =  1, . . . , s. N ow , using the elementrary fact on the K oszul complex together
with 1.2(i), we may deduce that the map H s _p (h, 0 : G (m ) h s ) H s_p(h, G (M )) is
injective for a ll p  =  1, . . . ,s. Therefore, fo r a ll p 1, . .. ,s — 1 , we obtain the
commutative diagram

H s _p (h, G(M )) Hs_p(h, — > 0

inp  G( M)

ker eh

ir il eP- 1
h,G(M)

in  which the  upper row is exact and the lower row is the  natural isomorphism.
Hence we may assume, without loss of generality, that h s is  a  non-zero-divisor on
G ( M ) .  Put A ' =  A lx s

2 A, M  = M  I x s
2  ,  q '  =  0 '  and G (M ')  = G q

, (M 1 ). Then,
using the exact sequence

0 — > G (M )( - 2) G (M ) G (M ')  — 4 0,

we obtain, for all integer p , the commutative diagram
h 2

11,_( p _ i )(h , G (M  ')) — + H s _p (h, G(M )( — 2 ) )  = >  H s _p (h, G(M ))

1q-"hP,G(INI, ) whPG(m)(_2) 171,PG(u)

ker e P - 1
h,G (M )

ir l l  e P - 2
h,G(M')

ker ePh, G(M)( -2)
p -1i m  e 1 G(M)( -2)

ker ePh,G (M )

im eP- 1
h,G(M)

in  which th e  rows a re  ex ac t an d , b y  inductive hypothesis, th e  m ap Ph
P

G (
i
m ,)

is  surjective. Therefore in  order to complete the inductive step it is enough
ker ePh,G (M )(-2)

= 0. N o w , le t  Y E  O. Then,
im eP- I

h, G (M )(-2)
by employing a  method of proof which is similar to that used in [14, 2.3(ii)], there
exists t E N  such that 11,', Y  = 0. I f  t > 2 , then, using th e  above diagram, there
exists Z  E H s _p (h, G(M )( —2)) such that V,„/"G ( m ) ( _ 2) (Z )  — kf - 2  Y; which implies that
h st-1  y O, s in ce hs Z  = O. Now, one can repeat the  same arguments to achieve
that hs

2 Y  =  0 as required.

By the example (1) of [3, 1.12] we know that x,'s do not necessarily form an
u.s.d-sequence on M  even though the h,'s form an u.s.d-sequence on G ( M ) .  In
the following theorem we discuss about this fact.

to  show that hs2 
(ker ePh,G (M )(-2)

im h, G(M )(-2)
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2.4. Theorem. Suppose that A  is Noetherian and that M is f initely generated.
Let x 1 ,... , x , be an unconditioned q-filter regular sequence on M  such that . . . .h s'
form s an u.s.d-sequence on Gq (M ) for some t e N .  Then ,x  f orm s an u.s.d-
sequence on M  for 1 = st —  s +1.

P ro o f  Let 1= st — s + 1 and let x i = x Ç ,.. . ,x .  I n  view of 1.3, we have to
show that A4 is surjective for all integer p  with 0 < p < s — 1. To do this, first
we claim that

s

(o :m xl) n ( E Axf)m = 0 for every 1 < i < s. (2)
i=1

L et r e (0 :m xi) f l (E ;  A x l)M  for some i  with 1 i s .  L et g  be a  homog-
enous element of degree / of Gq (M ) such that g = r mod q i +1 M  in [Gq (M)] / . So g e
0 : Gq ( m )  h i,. As h: is a d-sequence on Gq  (M ) and / t we have that g e 0 : Gq (m ) h:.
Also it is easy to see that g e Gq(A )h;)Gq(M ). Hence, by 1.2 (i), g = 0; i.e.
r e qi+I M .  N ow , one can repeat the  same arguments to achieve that r e
for all )6 > I. O n the other hand, by 1.1 (i), there exist n1, ,n, e N  such that

, ,x '  is  a  d-sequence on M .  Therefore r E (E ;_ i Ax71 )M ; hence, by 1.2 (i),
we have r = 0  and  the  claim follows.

Now, let 1 < i < s and let r e 0 :A / x;d fo r  some integer a  with a > 2. Then,
by (2), r E 0 :m xf. Therefore 0 :m x71 = 0 :m  4 .  Hence, using th e  assumption
that x1,... , x s form a n  unconditioned q-filter regular sequence o n  M , we have

( sO:m E  A x ? = 0  : m  4 1f o r  all i= 1 , ... , s and  a e N. (3)1
1=1

Thus the  canonical homomorphism

ker e°
,m: 11„.(x l , M)

•
.

e;1
1
 m

is surjective. Next, consider the exact sequence

0 (0 :m  x i
s ) M (M/(0 : m  4 ) ) 0

to deduce the long exact sequence

• • • —> Hp (x / ,0  :m  x .,1 ) Hp(xl , M)

-->  H p (x l , M / (0 :A i x s
1 )) Hp_i(xl ,0 x s

i )

It follows, in  view of (3), that Hp (x l , O : m x,i )  is a direct sum of some copies of
0 : m  x s

i fo r  all p  = 0, 1, , s. Therefore, using (2), it is easy to see that the map

Hp (x l , O : m xs
i ) Hp(xi, M)
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is injective. S o , fo r  all 1 < p < s —  1, we have the commutative diagram

s_p (x l  M ) Il5—p(X1 M 1(0  : M X s
1) )  — >  0

t i
ker ef ,A 4

k e r  eP

ime irn eP-
M/(0.mX‘)

in which the upper row is exact and the lower row is the natural isomorphism.
Therefore we may assume, without loss of generality, that x s is non-zero-divisor on
M .  Now, by the same arguments as in the proof of 2.3 we can complete the
proof.

As we mentioned in the introduction, Theorem A  is  an  immediate conse-
quence of 2.3 and 2.4. Let us now indicate how the result [3, 2.12] of Goto and
Yamagishi can be deduced from Theorems 2.3 and 2.4.

2.5. Consequence. Consider the special case in which A  is Noetherian, M  is
finitely generated and x i , . .  ,  x 5 is contained in the Jacobson radical of A Then,
using 1.2 (iii), it is straightforward to see that xl, , x 5 forms an unconditioned q-
filter regular sequence on M  if h 1 , h , is an u.s.d-sequence on Gq (M ) .  Hence,
in view of 2.3 and 2.4, the following conditions are equivalent:

(i) xl, , x 5 i s  an u.s.d-sequence on M;
(ii) h 1 , . . . h , is  an u.s.d-sequence on Gq (M).

2.6. Rem ark. Suppose that A  is Noetherian and M  is finitely generated.
Then the existance of u.s.d-sequence on M  in a are closely related to the finiteness
properties of H ( M ) .  In fact if X I , ,  x n is an u.s.d-sequence on M , then, in view
of [14, 2.41, [7, 2.4] and [2, Lemma 3], it is easy to see that (M ) is finite
for all 0 < i < n —  1. If, in addition, xl, , xn is  an a-filter regular sequence on
M  then, by [7, 1.3001, H a

i (M )  is finite for all 0 < i < n — 1.

Proof  o f  Theorem B. (ii) By [6, Theorem], there exists k  e N such that
every a-filter regular sequence on M  of length s is an a'-weak M-sequence. Now
suppose that x 1 , . . . , x ,  is  an unconditioned a-filter regular sequence on M  in i l k .

(Note that the existence of such a sequence is guaranteed by 2.1.) Then x 1 , .. • ,
is  an  u.s.d-sequence on M .  H ence, by 2 .3 ,  h 1 ,. h ,  is  an  u.s.d-sequence on
G ( M ) . Thus, for 0 < i s  — 1, 111(G (M )) is finitely generated, as required.

(ii) (i) First of all, using [6, Theorem], we may deduce that g , ..... g  is an
u.s.d-sequence on G (M ) for some a e N . Hence, by 2.4, 4 , , 4  i s  an u.s.d-
sequence on M  for some fi e N . Moreover, by our assumption, x i ,  x ,  is an
a-filter regular sequence on M .  Therefore, by 2.6, 1-1Z(M )  is finitely generated
for all 0 < j  < s — 1.

2.7. Corollary. [10 , 4 .2 ]. Suppose that A  is  local with m axim al ideal m and
that M  is f initely  generated of  dim ension s (>0). Then the following conditions are
equivalent:
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(i) IL ,(M ) is f initely generated f o r all 0 < i s  -  1 ;
(ii) There is a system of parameters xi, , xs f or M  such that H irn

i .(G q (M )) is
finitely generated for 0 i s  -  1 , w h e re  g = E;LI A x , and m* is the unique graded
m axim al ideal o f  Gq (A).

P ro o f  In  view  o f  Theorem B  ((i) (ii)) it is  en o ugh  to  p ro ve the
implication (ii) (i). To do this, note that, by the assumption, h 1 . . . . . h  i s  a
system of parameters for Gq (M ) and that, since .(G q (M )) is finitely generated
for all i = 0, 1, ,s  -  1 , there exists t e N such that hf, , , hs

i is an u.s.d-sequence
on Gq (M ) .  Let y 1 ,..  ,  ys be any permutation of xi, , x s . Then, by applying
1.2, it is easy to check that the equality

E  y ig nm  c r +t+I m  :A4 y n crim E  yjci n_, m  + ( I n+, m
1=1

(4)

holds for a ll 1 < i  < s  and n  > s t -  s  -  1. Since the sequence x], , xs is con-
tained in the Jacobson radical of A , we can deduce from (4) that x ] , ,x  is  an
unconditioned g-filter regular sequence on M .  Now the assertion follows from the
implication (ii) (i) of Theorem B.

The following theorem clarify the structure of the homology modules of the
complex C  (h ) , G (M ))  of G(A)-modules which involves modules of generalized
fractions derived from G (M ) and the u.s.d-sequence h h i , . . . , hs on G ( M ) .  It
follows from this theorem in conjunction with [14, 2.4] that if A  is Noetherian,
then i - th  local cohom ology module H q

i (M ) ( i)  and  H b(G (M )), where Q =
I hi G , are isomorphic. Thus, under Noetherian hypothesis on A , the next

theorem provide an alternative proof of [3, 4.2].

2.8. Theorem. L et x i, , x s b e  an  u.s.d-sequence on  M .  Then

ker e i
h,G(M)k e r  e i

x m 
(i)im = i-1 (t)

h,G(M)

f o r all i = 0,1, ... ,s - 1.

P ro o f  We prove this by induction on s. If s  = 1, by 2.2, we have noting to
do any more. So, suppose, inductively, that s >  1  and that the result has been
proved for smaller values of s. In order to prove the assertion for s  we use

ker e°
G(Mk e r  ex

°
 mh ) induction on i. By 2.2, it is trivial in case i = 0 , i.e.

im e- 
,

] e  
'= _1 (0).

h,G(M) x, M

Now, suppose that 1 < i < s  -  1 and that the result holds for smaller values of i.
Put M  = M /(0 : m  x s )  and G = G q (M ) .  Consider the exact sequences

- )  ( 0  :A i X s ) M M  - *

and

O — > (0 :G(m) G(M) G —+ 0
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and apply 2.3 to obtain

ker et ker e t  -m x, m and
ker e

I
'
;, G ( M )

k e r  e
h

i

,  G

1111.e i - 1 i m e i - 'h,G(M) h,G

 

im  e " im  ei-'x, M x, M

for all i = 0,1, ... ,s — 1. Thus, without loss of generality, we may assume that x,
(respectively I-15 ) is a non-zero-divisor on M  (respectively G (M )) . Let A ' = A N A ,

= M ' = M  N M  a n d  G(M ') = G q , (M ') .  Consider the exact sequences

0 G(M )( - 1) G(M) G(M1) 0 (5)

and

0 M M M ' 0. (6)

S in c e , b y  2.3, h 1 , . . .  , h5 i s  a n  u.s.d-sequence o n  G ( M ) , w e  h a v e  that
ker ei

h

sh

., G(M )(-1) 0  f o r  a l l  i = 0, 1, ,s — 1. N ow , from  (5), we obtain the
h, G(M )(-1)

induced exact sequence

ker ker ei-1 kereih,G(M ) h,G (M ') h,G (M )(-1)0 —4 —> 0
im ei-

,G
2i m  e i - 2

h ( m )  h,G(M ') h,G(M )(-1)

which in  turn yields, by applying inductive hypothesis on  the  m odule  G(M '),
ker e l

h, Goo _ i )  _[

hi:GI n 
0 for all n 0 —  i + 1.

ilri e ( m )( _ i )  

sequence

Similarly, from (6), we obtain the exact

ker ei-'x  m0 .
imez-2x, M

ker ker ex, m0 .
im ei-2' imei-1x,m x, m

Now, using inductive hypothesis, we may obtain a  diagram

0
[ker e;,-A m )

im e i- 2  Nh,G (M  ) -i+1

Tso

ker exi7,4

[ker eli,-, (m ,)
ime1-2h ,G (M ')  _ i ± i

.k'

ker e ,

rer e
l
i
t ,  G ( M ) ( - 1 )

h,G(M )(-1)
0

o

 

ker e m

 

— >  0

          

imes„-j,

  

iM x, M'

  

im x , M

 

with exact rows in  which q and yo' are isomorphisms. Moreover the diagram is
commutative because the injections are naturally induced by M  M ' .  We are
therefore able to complete the inductive step; and the result follows by induction.

N ote that, although the  proof of the  above theorem relies on the ideas of
Schenzel's proof o f [10, 4.1], bu t his theorem is a  particular case of ours.
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