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Moduli of parabolic stable sheaves
on a projective sheme

By

Michi-aki INABA

Introduction

The moduli spaces of parabolic vector bundles have been studied especially on
algebraic curves ([5]). M. Maruyama and K. Yokogawa have extended the concept
of parabolic sheaves to a higher dimensional case and constructed the moduli spaces
of parabolic stable sheaves on a higher dimensional smooth projective variety
([3]). Moreover K. Yokogawa has extended it to the moduli space of parabolic
semi-stable sheaves on a smooth projective variety and shown that it is projective
under some boundedness conditions ([9]).

In this paper we will remove the assumption of smoothness of the base scheme
from the result in [3]. Since one of strong tools to study moduli spaces is the
variation of moduli spaces of parabolic sheaves in a degeneration of smooth varieties,
we do not restrict ourselves to the case where the underlying space is reduced or
irreducible. We even allow supports of parabolic sheaves to move around inside
the base scheme.

To construct the moduli space of parabolic sheaves, we will use almost the
same method as that of [3]. The moduli space is obtained as a quotient space of
some subscheme of a product of Quot-schemes by an action of PGL(¥). Our task
will be done in the framework of the geometric invariant theory, and hence our
problem essentially reduces to the study of the stability of points in the
Quot-scheme. Since the base scheme is not necessarily smooth, we can not use
the Gieseker space in the calculation of the stability as in [3]. So we will use
another method for calculating the stability which is based on the Simpson’s idea
in the case of stable sheaves ([8]).

The author would like to thank Professor Masaki Maruyama, Akira Ishii and
Kéji Yokogawa for valuable suggetions and encouragement.

Notation and convention

Let X be a projective scheme over a noetherian scheme S,0y(1) an S-very ample
invertible sheaf and E a coherent sheaf on X. For an integer m, E(m) denotes
E®0,(m). If s is a point of S, then X denotes the fiber of X over s, E(s) does
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120 Michi-aki Inaba

E®kK(s), h(E(s)) does dim H(X,, E(s)) and x(E(s)) does ¥ ;,o(—1)h(E(s). If Vis a
locally free sheaf on S, P(V) means Proj S(V) where S(V) is the symmetric algebra
of V over Os. Grass(V) denotes the Grassmannian of rank r quotient bundles of
V. For a polynomial H and an integer m, H[m](x) denotes the polynomial H(x + m)
in x. For a morphism g:T—S of schemes, E; denotes the sheaf (1, x g)*(E) on
XxgT.

1. Definition of parabolic sheaf

Let X be a projective scheme over a field k, Ox(1) a very ample invertible sheaf on
X and D an effective Cartier divisor on X.

Let E be a coherent sheaf on X. The Hilbert polynomial of E can be written
in the form

,, y
HEm)= Y. a(B) (’"+d ’)

i=o d—i

with a(F) integers. We use the positive ay(E) instead of the rank of E.

We fix a positive integer d. E is said to be of pure dimension d if E#0 and
for any non zero coherent subsheaf E' of E, dimSupp(E)=d. If E is of pure
dimension d and dim(DnSupp E)<dimSupp E, then the canonical homomorphism

1:EQOy(— D)~ E

is injective. Indeed the restriction of : to X\D is an isomorphism. Hence
Supp(keri)c DnSuppE and dimSupp(kerz)<d. Since EQOy(—D) is of pure
dimension d, we have ker 1=0.

Definition 1.1. Let X, Ox(1) and D be as above. Let E be a purely d dimensional
coherent sheaf on X such that dim(DnSuppE)< dimSuppFE.
Assume that there is a filtration of coherent sheaves

E=F\(E)>Fy(E)>-->F,(E)=E(-D)

and a sequence of real numbers such that 0<a, <a,<--<oy<1. Then we call
such a triple (E, {F(E)},a,) a parabolic sheaf on X.

We call [ the length of the parabolic sheaf. We put G;=F(E)/F;,(E), ;=1
and ag=0,—1. For a real number « take an integer i such that o, <a—[a]<o;
where [«] is the largest integer with o —[a] >0, and then put E,:= F(E)(—[«]D). We
denote the parabolic sheaf (E, F,,a,) simply by E, when it causes no confusion.

Definition 1.2. Let E, and F, be parabolic sheaves. An @y-homomorphism
f: E—Fis said to be a parabolic homomorphism if f(E,) = F, for all real numbers «.

Definition 1.3. A parabolic sheaf E, is said to be a parabolic subsheaf of F,
if EcF and E,cF, for all real numbers a.
Let F, be a parabolic sheaf and E' be a non-zero coherent subsheaf F’ such
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that F'/E' is of pure dimension d. If we put E,:=F,nE, then E, is a parabolic
sheaf. We call it the induced parabolic subsheaf of F..

Definition 1.4. Let f:E,—F, be a parabolic homomorphism. We call F, a
quotient parabolic sheaf of E, if f is surjective.

Let E, be a parabolic sheaf and f:E'—>G be a surjective homomorphism such
that G is of pure dimension d. If we put G,:=f(E,), then G, is a parabolic sheaf. We
call it the induced parabolic quotient sheaf.

Definition 1.5. Let (E, F(E),a,) be a parabolic sheaf. Then we put

1
par-y(E,(m)):= x(E(— D)m)) + Z 6 x(G{m)) (meZ).

i=1

Writing down the Hilbert polynomial of E in the form

WEm)= Y alE) <m;dfi) ,
i=0 —1
we put

par-Pg,(m) = par-y(E,(m))/ ao(E).

We can easily check the following equation.
1
par-y(E(m))= j AEm))da.
0

Definition 1.6. Let E, be a parabolic sheaf on X. E, is said to be parabolic
stable if for every parabolic subsheaf F, of E, with 0 <ay(F) <a(E),

par-Pg(m) <par-Pg,(m)

for all sufficiently large integers m.

Remark 1.7. In the above definition we may assume that E/F is of pure
dimension d. Indeed let F, be any parabolic subsheaf of E, and T be the coherent
subsheaf of E containing F such that dim Supp(T/F)<d and E/T is of pure dimension
d. Let T, be the induced parabolic sheaf for 7. Then for sufficiently large integers
m, we have

1
par-Pg(m)= f X(F (m))do/ao(F)
o

SJ T (m)d/ao(T)

[}

=par-Pr,(m).
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Hence we may check the inequality in Definition 1.6 for T.,.

We will often use the following lemma in the sequel whose proof we refer to
[9, Proposition 2.2].

Lemma 1.8. Let f:X—S be a proper morphism of noetherian schemes and
@:I->F be an Ox-homomorphism of coherent Ox-modules with F flat over S. Then
there exists a unique closed subscheme Z of S such that for all morphisms
g:T—-S, g¥(@)=0 if and only if g factors through Z.

Let f:X—S be a projective and flat morphism of noetherian schemes, Dc X
be an effective relative Cartier divisor with respect to f and (4(1) be an f-very
ample invertible sheaf. Let E be a coherent ¢y-module, flat over S. Assume that
E(s) is of pure dimension d on every geometric fiber X, of f and that dim
dim(D,nSupp E(s)) <dimSupp E(s). Then the canonical homomorphism E® Oy
(— D)—E is injective (EGA IV, Proposition (11.3.7)).

Definition 1.9. Let X,S,D and 04(1) be as above. Let (Z.A".Fc4/S) be the
category of locally noetherian schemes over S. Let H,H,,---,H; be numerical
polymials such that degH=d and degH,<d for any i. We fix a sequence of
rational numbers o, =(x, a5, -, o) such that 0<oa, <a,<---<a;<1. Let T be a
locally noetherian scheme over S. We call (E, F(E),o,) a flat family of parabolic
sheaves on Xp over T if E is a T-flat coherent Oy _module such that for every
geometric point ¢ of T, E(f) is of pure dimension d, dim(D,nSupp E(¢)) <dim Supp E(¢)
and E=F(F)>---oF,, (E)y=E(—D) is a filtration by coherent sheaves such that
each E/F(E) is flat over T.

Definition 1.10. For Te(Z.N .Fc4/S) we set

(E,F(E),a,) is a flat family
par-y 5i(T):= { (E,F(E),a,)|of parabolic sheaves on Xp/T ~
with the property (i) below

where ~ is the equivalence relation defined by (ii).

(i) for every geometric point ¢ of T, (E(f), F(E)?),a,) is parabolic stable and
WE@(n) = Hn), x(E/F;+ (EN)Yn)=H{n) (i=1,---,]) for all integers n.

(i) (E F(E),0,)~(E,F(E),a,) if there exists an invertible sheaf L on T such that
(E,F(E), 0.)®0, L=(E, F|(E),0,).

If g: T'>T is a morphism of noetherian schemes, then g induces a canonical map
by pull-back:

g* par-THHT) — par-THHT)

which makes par-) pr¢s a contravariant functor of (£.AN".&Lc4/S) to (¥ efs) where
(S efs) denotes the category of sets.
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2. Boundedness and Openness

Let f: X—S be a projective morphism of noetherian schemes, (x(1) an f-very ample
invertible sheaf on X and D an effective relative Cartier divisor with respect to
f. Let H H,,H,,---, H, be numerical polynomials such that degHH =d and degH,<d
for all i and o,=(x;,a,-,0) be a sequence of real numbers such that
O<a;<a,<--<oy<l. Put g:=o;,y—o; for i=1,.-- ], where o, ,=1.

Let #(H,,o,) be the family of classes of parabolic sheaves on the fibers of X
over § such that for a parabolic sheaf E, on a geometric fiber of X/S, E, is in
F(H,, o) if and only if E, is parabolic stable, y(E(m))= H(m) and y(E/E,,, (m))= H{m)
for all i

For any E,e#(H,,a,), we have

it+t1

!
par-y(E(m))=H(m)— }, &H(m).

i=1

Definition 2.1. Let X be a projective scheme over a field k, Ox(1) a very ample
invertible sheaf on X and D an effective Cartier divisor on X.

(1) Let E be a coherent sheaf on X. Take an integer e. E is said to be of
c-type e if for general members Dy, D,,---,D,_; of |Ox(1)|, for Y=D,nD,
n--nDy_y, Ely is of pure dimension 1 and for every non-zero coherent
subsheaf E' of Ely, pS(E)<uS(E)+e, where pS(E)=a,(E)/ay(E) and pS(E)=
a,(E)/ao(E).

(2) Let E, be a parabolic sheaf on X. E, is said to be parabolic e-stable if E,
is parabolic stable and E is of c-type e.

Let #°H,,a,) be the subfamily of %#(H,,«,) such that for any member E, of
F(H, o), E, is in F°H,,a,) if and only if E, is parabolic e-stable.
We can easily see the following as in [4, Proposition 3.6].

Proposition 2.2. The family #%H,,a,) is bounded.
We can see the following proposition by [3] Proposition 2.5.

Proposition 2.3.  There exists an integer m, such that for E,e #(H,,a,), and for
every parabolic subsheaf F, of E, with 0<ay(F)<ay(E),

1
o o

J 1 ho(Fa(m))daz/ao(F)<J~ hO(E(m))da/ao(E) for every m>my,.

The following proposition can be proven similarly as [3, Proposition 2.8].

Proposition 2.4. Assume that X is flat over S and H'(X,, Ox(1)®k(t))=0 for all
i>0 and all teS. Let (E,0,) be a flat family of parabolic sheaves on X/S. Then
there exist open sets S°* and S° of S such that for all algebraically closed fields k, we have
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S%(k) = {te S(k)| E,®k(1) is parabolic stable}.
S¢(k)={teS(k)|E,®k(t) is parabolic e-stable}.

3. Construction of moduli spaces of parabolic stable sheaves

Let S be a noetherian scheme and f: X— S be a projective and flat morphism. Let
D c X be an effective relative Cartier divisor with respect to f and Oy(1) be an f-very
ample invertible sheaf such that H(X,, 0x(1))=0 for all seS and all i>0. Let
H,H,,---,H, be numerical polynomials such that degH=d, degH;<d and the
leading coefficients of all these polynomials are positive. Let o,=(ay, -+, ;) be a
sequence of rational numbers such that 0<a, <---<ao;<1. Put g:=o;,,—a; for
i=1,---,. We fix a positive integer e. Since F°H,, a,) is bounded, there exists an
integer m, such that for every E,e#°H, o) we have the following properties
(Proposition 2.3):

(a) E/m) and (E/E,)m) are generated by global sections for all 0<a<1 and for
all m>m,,.

(b) H(E(m))=0 and H'(E/E/m))=0 for all i>0, m>m, and 0<a<].

(c) For any m>m, and for any parabolic subsheaf F, of E, with 0 <a,(F)<a,(E),
we have

1 1
f h°(Fa(m))da/ao(F)<J hO(E(m))de/ ao(E).

0 0o

We fix an integer m>m,. Let V, be a free Og-module of rank H(m). Let
0:=Quoty"d, x5 be the Quot-scheme and ¢ : V,,® O, — E be the universal quotient
sheaf. Put Q;:=Quotfifg for i=1,---,/ and let ¢;: EQ Oy, —E; be the universal
quotient sheaves.

We define a sequence of morphisms of schemes

R,»R,—-->R—>Q
and surjections of coherent sheaves E,-+,®me@xRi—>Ei as follows: First put
R;:=Q,=Quotf{, and E;:=FE, By descending induction on i, we put R;:=
QuotFy .. /ri, and let Ei\\®xg,, ,Oxe,~E: be the universal quotient sheaf.
Then, we have the following sequence of surjections of Oy, -modules, which are flat

over R,

V"'®COXR, ﬂE‘@xQ@leﬁE’®xn,(9¢Ynl¢'__’l
ﬂEz@szcf)le?-gEl —-)0.

R, represents the functor
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T {(gl’ ...’gl)e'l:[l Q,(T)

gi(‘/’l'kenpz):o’ : “’g;— 1((/)1— !lker(pz):()}

and R, is a closed subscheme of [[!_;Q; (Lemma 1.8).
Put ¢;: E(— D)® x o Ox,, = Er, 3 Ei®Cy, . Then there exists a closed subscheme

[ of R, such that for any morphism g:T—R,, g factors through T if and only if
gX#)=0 (Lemma 1.8). Let F, ,(E) be the kernel of the composition

iodirioody: E®XQ(9XE_’Ei®XR‘(9XF

for i=1,---,/ and put F,(E):= EQx,Ox;

By the openness of pure dimensionality, Chevalley’s theorem and the upper
semi-continuity of cohomologies, there exists an open subscheme Q° of Q such that
for any algebraically closed field K,

E(x) is of pure dimension d,
dim(D,nSupp E(x)) < d,

Q°%K)= | x€Q(K) | V,\®k(x)>H°(E(x)) and
Hi(E(x))=0 for j>0

The homomorphism E@@xqo(—D)—l)E®(9xQo is injective and its cokernel is flat
over Q° since dim(D,NSuppE(x))<d for all xeQ° (EGA IV, Proposition
(11.3.7). Put
Hi(kerg(x))=0, H(E{x))=0
for j>1, kero(x) is generated
Uii= | xeQ; x ,Q° | by global sections and
V,.®k(x)— H°(E{x)) is surjective.

Then U, is an open subset of Q; and (fy).(E;® xr 0x,) is a locally free Oy -module
of rank H{m).

Let I' be the open subscheme of fxﬂ;=1Q j(l_[j.=1Uj) such that for a point s of
x n§=.Q,»(l_ﬁ=1Uj)s s is in T if and only if y((cokeri)(s)r))=H,[m](n).

Consider the injection

E®Xr(9Xr(_D)qFl+l(E)'

Since the Hilbert polynomials on each fiber of the above sheaves are the same to
each other, we have EQy, Oy (—D)=F,, (E).

Let I be the open subscheme of I" such that a geometric point x of I" is in
I if and only if (E(—m)®yx,Ox,. FAEX—m), a,)®k(x) is parabolic e-stable.

Fix an integer i such that 0<i</ For a noetherian scheme T over S and a
T-valued point EQO;—E; of U, (f7).(E) is a locally free sheaf of rank Hm) and
DERO)-(fr)(E) is surjective. So (fy).E;) defines a T-valued point of
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Z, :=Grass,,i(m,((foo),(EQo)). Thus we have a Q°-morphism
U,~—>GrassHi(m)((fQo),(E‘Qo)).
Proposition 3.1.  U;—>Grassy,((fgo)(Ego)) is an immersion.

Proof. Let (fgo)(Ego)z,— N be the universal quotient bundle on Z;=Grassy,,
(fgo)(Ego)) and J; be its kernel. We have the following exact sequence:

0-J;=(foo)(Ego))z,—~ N0,

which leads us another commutative diagram:

0 - (fZ()‘(fi) - (fzi)*((fQO).(EQO)z,) - (fzi)‘(N) -0

~. ! l

h E, ——  cokerh.

Let W, be the stratum with Hilbert polynomial H[m] of the flattening
stratification of coker h. Let F be the kernel of E;—cokerh.. Let W] be the open
subscheme of W; such that

Hi(X,, F(x))=0, H(X,,cokerh(x))=0 for
Wik)= {xeWk) | j>1,Fx) is generated by global sections
and V,,®k(x)—cokerh(x) is surjective

for all algebraically closed fields k.

.. (23} .
Then we have a factorization U,—» W; qGrass,,‘(,,,)(fQ"),(EQ")). We will show
that 6, is an isomorphism. Since coker(hy,) is flat over Wi, we have a morphism

0,: Wi—»>Quot§{, such that (0,)(E)=coker(h)y, as quotients of Ey, By the
definition of U; and W, this morphism factors through U
01
W: hd Ui [« Quotgli)[("‘;]/c.
Take a T-valued point g of U, 0,(g) corresponds to the quotient bundle

DB~ x g )(E )

We have the following exact commutative diagram.

0 - (fryU.ker(e)r) — (fr)‘(fr).(Er) - (.fT)‘(fT):((Ei)T) - 0

l ! !
0— (kerg)r - E; - (E)r —0.
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Since the leftmost down-arrow is surjective, we have (E;)r=coker(h); as quotients
of E;. Therefore we have 0,00, =id.

Conversely take a T-valued point g of W;. 0,(g) corresponds to the quotient
sheaf coker(h); of E;. We have the following commutative diagram:

0 - (fT)‘((j'i)T) - (fr)‘(fr).(Er) I (fr)*(ﬂ  —0
1 1
}‘ Er ——  coker(h).

From this we obtain the following commutative diagram.

(fr)*(Er) - N T
idl l
(IMET) = (f).(coker(h)y).
Since the homomorphism (f7),(E7)—(f7).(coker(h);) is surjective and both (fy),

(coker(h);) and N; are locally free and have the same rank H/(m), we have

Nr=(fr)(coker(h);) as quotients of E;. Hence we have 0,00, =id from which we
~ 01
conclude that 0, : U;— W/ is an isomorphism. Hence U;,— W} s Z; is an immersion.

We set G(n):=Grassgp, .y (f(V.®s0x(n) for sufficiently large n and
G;:=Grassy,,(V,). Then we have an isomorphism

Grassy, (/oo E) = G; x 50°.
Hence we have an immersion
1 1 !
FG l—[QOUlq I—[QOZlGG(n) X sl_l Gi'
i=1 i=1 i=1
G(n) and G(i=1, ---,/) have the very ample invertible sheaves O,,(1), O (1) respectively

determined by Pliicker embeddings. For a positive rational numbers B, 8;, -, B,
take the Q-invertible sheaf

1
L:=05,(Bo)® ® U (B)).
i=1
For a T-valued point (g, (F, Fy, ---, F))) of GL(V,,)) x (G(n) x [ |} - ; G,), we have surjections

V@ (Ox()® 01 V@ (Oxm)® Oy —F,

g
Vm®COT_’ Vm®COT_’Fi
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that define a T-valued point of G(n)x []'_,G. We denote it by (g'F,g'F,,---,g'F).
The functorial morphism

GL(V, D) x (Gn) x [ [i= 1GXT)»GnXT) x [ [i- ,GAT)
(g’(F’Fl""’Fl)) — (g*Fag*Fla""g'Fl)

defines an action of GL(V,) on G(n)x[[!-,G. By definition, I' and T are
GL(V,,)-stable subschemes of G(n)x [[i-,G.

We have the canonical GL(V,,)-linearization on Og,(1)lg. induced by that of
Opar QM,,m‘X,MQ(,,”)(I). Similarly we have a GL(V,,)- linearization on 0 (1)|¢, induced
by Opny,,(1). Therefore for a suitable large integer a, we have a PGL(V,)
linearization on L®°

Proposition 3.2. Let K be an algebraically closed field. Let V,W,,---, W, be
K-vector spaces with dimV=n, dimW;=m, Let ry, -1, -, P be positive
integers. Set

X=GyxxGyxg- xgG,

where G;:=Grass,(VQxW;) for i=0,---,I. We consider the canonical PGL(V)-
linearization on some power of L=0;(Bo)®--®0O;(f). Then for a K-valued point
x=(EyE,,-,E) of X, x is a properly stable point (resp. semi-stable point) of X with
respect to L if and only if for all proper non-zero vector subspaces V' of V,

1 ]
dmW Y BdimgF) > dimV(Y BdimgE)
j=0 =

j=0
(resp. >)

where F; is the image of the composition V'@ xW;5 V@xW,;—E;

Proof. Since there is a canonical isogeny SL(V)-»>PGL(V), we may prove the
proposition for the stability with respect to the SL(})-linearization instead of the
PGL(¥V)-linearization.

Take any one parameter subgroup 4 of SL(V). For a suitable basis e,,--, e,
of V, the dual action of 4 is represented by e/~ "¢, where u; <--- <u,and Y 7_u;=0.

Take a basis [, f9 of W, For p=myi—1)+k, put hY:=e,®f for
i=1,--,n and k=1,---,m;. The dual action of 1 on V® W is represented by

(h(li), ) hinj)jn)'_'(tulh%i)’ Ty tulh:r'g’ tuzh:rj;)j+ 1775 tu"hgnjin)'
We define integers s’ < --- < s,
1<k<m;

Let a;: V®g W;—~E; be the given surjections for j=0,---,l. Let UY be the
vector subspace of V®gW,; generated by h{, .- hY. We put UP=0. For each

by putting s :=w; for p=(i—1)m;+k with
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1<i<r let uf be the unique integer such that dimoc,(U"?,))—i and dima (U, _,)=
i—1. Then we have 0 <puP <y < - < u”)<m n and {o (h(’{,,) j(hf{g,j,)} is a basis
of E, We consider the Pliicker embeddmg

ry

] ]
1165 [T PAvew)

Put P{f), .. .»: =) A A a(h‘{,,) for 1<if?< - <i?<mp. We have the follow-
ing 1mmers1jon defined by L

r

1 j ) ry
[TPAVRW)sP ( ® (SANV® W,.)))) ,
j=0 j=0

where S®A\"(V® W))) is the B;-th symmetric product of A\ (V® W)) over K. Let
{MQ(PV)},, be the set of monomials in {P{) . ,u,} of degree B; Then the
homogeneous coordinates of

P((S‘”")(}o\( Ve Wo))>® ~@(SMAVS W,)))

can be represented by ([[}-o MY(PY),, Write the action of 1 as
A1) MYYPP) = (M PO A i),

Precisely writing for

M J;(P( )= l_[ (Pf( ;u))v(i(nj)""’i('jf),

v (t(.li) 'U)) ﬂj
we have
- - o o r‘, -
AMGPN= L i) Y
)Y D p=1 7
vy, ’ ) By

We use the one parameter criterion for the stability of x ([6]):

u(x, 2)>0 (resp. p(x,4)>0) for all 1
<>x is a properly stable point (resp. semi-stable point).

For the definition of u%(x, A), see ([6]). From [6] Proposition 2.3, we have

]
wx,4)=—min< []
Y

1
MP (P‘f’)(x);éO}.
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If i, <u for some k, we have Pﬁ{},,.,.,i(,j,=0. Therefore
1
A== % 5 g5
j=0 p=1

=— i B; Z s9(dim a(UY)—dim a (U ,))

! mjn—

1
= Z —r}sf,’,i,,+ Z (sq+ 1 —sgj’)dim af(USIj)))

Bt Y, (s — )i 2 U,

i=1

Il
it~

J

For u,,---,u,, there exist non-negative rational numbers 6,,---,d,_,; such that

u—Z( q6,)+ Z (n—q), fori=1,--n

q=n—i+1

Indeed we may put §,_;=(u;,,—u;)/n for i=1,--,n—1. Hence we have

] n—1 n—1
#L(xa'l)= Z ﬂj(_rjz qén—q+ Z nan—q dlm“{prL,))
j=0 q=1 q=1

_Z Zﬂl( q+ndlma( qm,)
q=1 j=0

If Y% o B{(—r;i+ndimafUs ) >0 (resp. >0) for all i, then we have pu'(x, 1)>0
(resp. =0).

Conversely suppose that uX(x, )>0 (resp. uX(x, A)>0) for any one-parameter
subgroup A of SL(V). Ifweputu,=---=u;=i—n, u;, ,=--=u,=i with 1<i<n—1,
then we have d,_;=1 and §,=0 for g#n—1, and hence we have

1
Z BA—rji+ndimo (U )= pu"(x,1)>0 (resp. >0).

If we put V':=Ke, +---+ Ke;< V, then US{,{j= V'®kW,. By the above arguments

we have

u(x, A)>0 (resp.>0) for all one parameter subgroups A
1
<Y B{—r;dim V' +ndima (V' ®xW)>0 (resp.>0)
j=o

for all proper non-zero subspaces V' of V

ol
@Z Bdima (V'@ W, d'mV Z  dim E;>0 (resp. >0)
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for all proper non-zero subspaces V' of V.
Recall the immersion
I Grass (V,,®/(0x(n) x s| [Grassgigm(V,m)-
We have set G; :=Grass,,i(m)(V,,,), G(n) 1= Grass g V@S (Ox(n)) for i=1,---, 1
Proposition 3.3. Putting Bo:=(H(m)—Y_, ¢ H(m)/H[m](n), p;:=¢; for i=
1,--+,1, we take L= 04, (Bo)®®!-,0,B). Then there exists an integer ny, such that

for any n>ng, and for any k-valued geometric point (E, E, ---, E}) of T, the corresponding
k-valued point y of T°c G(n)x [ |'=,G; is a properly stable point.

Proof. Let (E, E,,--- E) be the universal family on X xsI'*. Let E*(—m) be
the corresponding parabolic sheaf. Let y be a geometric point of I'* over a geometirc
point s of S. Let V' be a vector subspace of V,,®k(y). Let E(}V') be the coherent
subsheaf of E(y) generated by the image of

V'S V,®@k(y) > HX,, Ey).

Let # be the family of classes of coherent sheaves on the fibers of X over S
such that

F = {E( )

y is a geometric point of [*and V' is a non}
zero proper vector subspace of V,,®k(y)

Since the set of all V' are parameterized by Grassmannians, & is bounded. Hence
there exists an integer n, such that for any n>n, and for any E'e# with E on a
geometric fiber X,

HO(X,, V'@0x(n)\y))—>H’(X,, En)

is surjective and dimH°(X,, E'(n))=x(E'(n)).

For Ee#, put E, :=EnF(E)Xy). Let F' be the coherent subsheaf of E(y)
containing E' such that E(y)/F’ is of pure dimension d and dim Supp(F'/E)<d.
Then by the choice of m ((c)), we have

HE) = 3, s(hE)—HO(E,, N<HEF) = T ehE)—"(F, )
i=1

i=1

ao(E) d
ao(H) (H(m)— .;1 e:H (m))

<

where F. has the induced parabolic structure and a®(H) is the leading coefficient
of H(m)/d..
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Since #is bounded, there exists a positive real number ¢ <1 such that for any
E'e# with E #E{(y), we have

o( : o( o( aO(EI) l
h(E)~ Y. e(h*(E)—h(E,,, )< o (H(m)— Y, eH{m))(1—e).

i=1 ag i=1

Moreover there exists an integer n, such that for any n>n, and for any E'c %,
we have

HEC) _aE) |

H[m](n) ao(H)
There exists an integer n; such that for any n>n; we have a canonical closed
immersion QG Grass gy m(fi V@ Ox(n))).

We put ny:=max{n,, n,, ny} and take an integer n>n,. Take a non-zero
vector subspace V' of V,,®k(y) such that E'# F(y), where E is the subsheaf of E(y)
generated by V. We put U:=H(X,, E(n)(y)) and W:=f(0x(n) ®k(y). Let U be
the image of V'® W by the linear map a:V, @ W—U. By the choice of n,, we
have U =H°(X,, E(n)). Let W, be the image of V' by the linear map

o;: Vu®k(y) = HO(X,, E(y)—» H(X,, (E/ F; 4 ,(E))())
and V; be the kernel of V'— W,. Then, we have

dim Vm(ﬂodim WV'RW)+ i pidimo( V’))
i=1

]
—dim V'(ﬁodim hAEp)m) + .Zl Bh°((E/(F.+ 1((5))()’)))

Hm)—Y 1, &;H{m) dimU + Zl: ¢dim Wi)

H[m](n) i=1

—dim V’(H (m)— Zi:’ 1 &:H{(m)
H[m](n)
H(m)— Z;=’ 1 &H (m)
H[m](n)

= H(m)(

I
H[m](n)+ .;1 &H i(m))

h%(E (n))

o)

!

+ Y g(dim V' —dim V;)—dim V’)
i=1

H(m)_zii 1 &:H {(m)

o/
Homlo) h(E'(n)

> H(m)<
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21: (h°(E) hO(E;m))—hO(E’))

HOm) = 3 elHim) g

> Hm ’( ao(H)
1)

J1—¢)

i {(h°(E") h°(E;..H))—h°(E/))

>H(M)<h°(E’)~ i e(h°(E)—h(E,,., )

i=1

]
+ X olhE) -, )~ h°(E'>)

i

=0

Hence by Proposition 3.2, we see that every geometric point y of I'* is a properly
stable point.

By Proposition 3.3, there exists a geometric quotient

ETs - M
of I'* by the action of PGL(V,,) ([7]). For a positive integer e, put
par-y pusee(T):={E,epar-) nigis(TIEL1) is parabolic e-stable}

for any locally noetherian scheme T over S. Then par-) Br%¢ is a subfunctor of
par-) 5iis:

Theorem 3.4. M° is a coarse moduli scheme of par-y pis®  Namely,

(i) there exists a morphism of functors We:par-y nrZue—M® such that for every
geometric point s of S,

We(Speck(s)): par-zg;,g‘;‘s(Speck(s)):M ¢(k(s))

is bijective and

(i) if M’ is a locally noetherian scheme over S and if W' par-y aiis—M' is a
morphism of functors, then there exists a unique S-morphism h:M°®—M'
such that ho\Pe=Y'.

Proof. Let T be a locally noetherian sheme over S and take a T-valued point
x=(E(m), E\(m),---, E(m)) of T*. Let E, be the corresponding parabolic sheaf. Then
we have a morphism of functors
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0:hp,—par-y pree
by sending x to E,. Take a T-valued point ge PGL(V,)T). Giving g is equivalent

to giving an invertible sheaf .# on T and an isomorphism o: V,,,®(OT: V,.® M.
We obtain surjections

Vm®50x7_’ Vm®s@x1® 1M = Em)@ M

Va®sO0xr = Vu®s0x, @ 1M = EM)@ 1M — E(mM)@ .M.

This corresponds to the T-valued point gx of I">. Therefore we have 6(gx)=0(x). Let
hrs/hpGLw,, be the functor T—I"(T)/PGL(V,XT). 0 induces a morphism of functors
0 hr</hpLiy,) = PAT-) Biis"

If O(EV)=0(E?Y) for EIV, EPel(T), then there exists an invertible sheaf .# on T
such that EV~E®® .#. Composing the following isomorphisms

Vu®O 5 f(EV(m)

|

Vu® M S (EXm)@ M) f(EPm) @M,

we obtain an isomorphism V,,,®G71:> V,.® # and this gives a T-valued point
gePGL(V,)T). By definition g-E{"’=E?®. Hence 0 is injective.

Take any T-valued point E, of par-Y p5&s*(T). There exists an open covering
T=uU; and surjections V,,®@s0x, —Ey(m). With respect to this surjection we can
consider (E(m)y,, (E/E,)m)y, ---,(E/E,,, )m)y) as an U;-valued point of I'*. Sending
it by 0, we obtain (Ey), Hence the sheaves associated to the presheaves Ar:/hpgL(v,,
and par-) pis® for Zariski topology equal to each other. Since ¢ is a geometric
quotient, we have a morphism of functors Ar./hpgry,,—hme. Thus we have a

morphism
We:par-Y it —hye.

For every geometric point s of S,

O(k(s

(k(s))
T¥(k(s))/ PGL(V,)(k(s)) — par-Y 55 (k(s))
is bijective and since & is a geometric quotient,

To(k(s))/ PGL(V u)k(s)) = M“(k(s))
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is also bijective. Hence

We(k(s)): par-Y 5 (k(s)) > M°(k(s))
is bijective.
For any locally noetherian scheme M’ over S and for any morphism of functors
V' par-) prie oM

I*—>pary g —M

is PGL(V,)-equivariant, where the action of PGL(V,,) on M’ is trivial. Since M*
is a categorical quotient, there exists a unique morphism h:M*—M' such that
ho& =Y on hr./hpgLy,, Since the sheaves associated to Ars/hpgyv,, and par-y prise
are the same to each other, we have hoW*=Y'. The uniquess of 4 is obvious.

Theorem 3.5. There exists a coarse moduli scheme of par-y pu

Proof. For positive integers e, e’ with e<e’, we have a canonical morphism of
functors

\'le
Has,ax, Hx,axe’
par-) pxis°S Par'zo/)i‘/se —hper.

By the universality of M®, there exists a unique morphism j*¢: M*— M® such that

Jee o We=e| and j*¢ is an open immersion. Set

)
par — EH*a*e

D/X/S

M=1

e>0

Me.

=

l

For any locally noetherian sheme T over S and for any Eepar-y piis(T), there
exists an open covering {U;} of T such that each U; is noetherian. For each (Ey),,
there exists an integer e; such that for any geometric point ¢ of U,
Ey(f). is parabolic e-stable. We have (Ey).epar-y pifs® (U). We obtain a
morphism W*((Ey,).,): Ui=M*c M. By the functoriality we have W(Ey).)ly,~v,=
W(Ey))ly,nv, By gluing these morphisms we obtain a morphism W(E,): T-M
such that W(E)|y,=Y*((Ey,).) for all i Then we obtain a morphism of functors

W :par-y petc — hy.
For every geometric point s of S,

W (k(s)

par- Biis(k(s) — Mik(s)

is bijective because each W(k(s)) is bijective.
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For any locally noetherian scheme M’ over S and for any morphism of functors
V' :par-) piis— M, there exists a morphism h,: M°—M’ such that h,o¥*=Y¥ on

Ha,ax,e

par-) putee. By the functoriality and the universality of M®, h,=h,oj>¢ for

e<e. Then we obtain a morphism h:M—-M' such that h|y.=h, By the
construction we have W' =ho¥. The uniqueness of such 4 is obvious.
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