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Moduli of parabolic stable sheaves
on a projective sheme

By

Michi-aki INABA

Introduction

T he moduli spaces o f  parabolic vector bundles have been studied especially on
algebraic curves ([5]). M. Maruyama and K. Yokogawa have extended the concept
of parabolic sheaves to a higher dimensional case and constructed the moduli spaces
o f  parabolic stable sheaves o n  a  higher dim ensional sm ooth projective variety
([3]). M o re o v e r  K. Yokogawa has extended it to the  moduli space of parabolic
semi-stable sheaves o n  a  smooth projective variety and  show n that it is projective
under some boundedness conditions ([9]).

In  this paper we will remove the assumption of smoothness of the base scheme
from the  result i n  [ 3 ] .  Since one of strong tools to study m oduli spaces is the
variation of moduli spaces of parabolic sheaves in a degeneration of smooth varieties,
we do  not restrict ourselves to the case where the underlying space is reduced or
irreducible. W e even allow supports of parabolic sheaves to move around inside
the base scheme.

To construct the  moduli space o f parabolic sheaves, we will use almost the
same method as that o f  [3 ] . T h e  moduli space is obtained as a quotient space of
some subscheme of a product of Quot-schemes by an action of PGL( V). O ur task
will be done in  the  framework of the geometric invariant theory, and  hence our
problem  essentia lly  reduces to  t h e  s tu d y  o f  t h e  stab ility  o f  p o in ts  in  th e
Quot-schem e. Since the base scheme is not necessarily smooth, we can not use
the Gieseker space in  th e  calculation o f the  stability a s  in  [ 3 ] .  So w e w ill use
another method for calculating the stability which is based on  the  Simpson's idea
in the case of stable sheaves ([8]).

The author would like to thank Professor Masaki Maruyama, Akira Ishii and
Kôji Yokogawa for valuable suggetions and encouragement.

Notation and convention

Let X  be a projective scheme over a noetherian scheme S, Ox (1) an S-very ample
invertible sheaf and  E  a  coherent sheaf o n  X .  F o r  a n  integer m , E(m) denotes
E O C ,(m ). If s  is  a  po in t o f S , then Xs denotes the  fiber o f X  over s, E(s) does
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E  k (s), h i (E(s)) does dim 1--/i (Xs , E(s)) and x(E(s)) does >c1( —  h ( E ( s ) ) .  If V  is a
locally free sheaf on S , P( V) means Proj S(11 where S( I') is  the symmetric algebra
o f V  over e s . G r a s s r( V) denotes the Grassmannian of rank r quotient bundles of
V. For a polynomial H  and an integer m, H[m](x) denotes the polynomial H(x + m)
i n  x .  For a morphism  g :  T —■ S of schemes, ET denotes the  sheaf (1 x  x g)*(E) on
X x s  T.

1. Definition of parabolic sheaf

Let X  be a projective scheme over a field k, x (1) a  very ample invertible sheaf on
X  and D  an effective Cartier divisor on X.

Let E  be a  coherent sheaf on X .  The Hilbert polynomial of E  can be written
in the form

d (M+d— i
=

)

X1E1m1) E ai1E ) d1=0 —  i )

with a i(E) integers. W e use the positive  a 0 (E) instead of the rank of E.
We fix a positive integer d. E  is said to be of pure dimension d  if E0 0 and

fo r any  non  zero  coherent subsheaf E ' o f  E , dim  Supp(E )=d. I f  E  is  of pure
dimension d  and dim(DnSupp E)< dim SuppE, then the canonical homomorphism

: E(DO x ( D ) —■ E

i s  injective. Indeed  the restriction of z  t o  X \D  i s  an  isom orph ism . Hence
Supp(kert)c D n S u p p E  a n d  dim Supp(keri)< d. S ince  E ® 9 ( — D) is o f pu re
dimension d, we have ker t= O.

Definition 1.1. Let X , x (1) and D be as a b o v e . Let E be a purely d dimensional
coherent sheaf on  X  such that dim(DnSuppE)< dim Supp E.
Assume that there is a filtration of coherent sheaves

E = F 1(E) n F,(E) ••• nFi , 1(E) = E( — D)

a n d  a  sequence o f real numbers such that 0 < a, < Œ2  < • • • < a, < 1. Then we call
such a triple (E, {Fi(E)}, a.) a  parabolic sheaf on  X.

We call / the length of the parabolic sheaf. W e put G1 =F 1(E)1Fi + 1 (E), ai , , =1
and ao  = 1 .  F or a  real number a  take an  integer i such that ai _  <1 —[a] <a i

where [a] is the largest integer with a — [a] 0, and then put E,,  P (E )(  P O D ). We
denote the parabolic sheaf (E, F„ a.) simply by E. when it causes no confusion.

Definition 1.2. Let E. and F . be parabolic sheaves. An (9 k -homomorphism
f : E- +F is said to be a parabolic homomorphism iff(Ex ) c F„ for all real numbers a.

Definition 1.3. A  parabolic sheaf E. is sa id  to  be  a  parabolic subsheaf of F.
if E c  F and E ,,cF,, for all real numbers a.

Let F  b e  a  parabolic sheaf and  E ' be  a non-zero coherent subsheaf F ' such
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that F' 1E' is of pure dimension d. If we pu t E : = F E ',  then E: is  a  parabolic
sheaf. W e call it the induced parabolic subsheaf of

Definition 1.4. Let f : E, — F, b e  a  parabolic homomorphism. W e call F. a
quotient parabolic sheaf of E. if f  is surjective.

Let E: be a  parabolic sheaf and f :E ' —■G be a surjective homomorphism such
that G is of pure dimension d. If we put GOE:= f(E), then G. is a parabolic sheaf. We
call it the induced parabolic quotient sheaf.

Definition 1.5. Let (E,F.(E),ot.) be a  parabolic sheaf. Then we put

par - x(E,(m)):= x(E( — D)(m))+ aix(Gi(m )) (me Z).
=  1

Writing down the Hilbert polynomial of E in  the  form

d ( I n  d —
X(Rin))= E ai(E)

i=o d—i

we put

par-PE*(m)= Par - X(E.OnWao(E).

We can easily check the following equation.

par-x(E.(m)).= x(Ex(m))da.
Jo

Definition 1.6. Let E. be a  parabolic sheaf on  X . E . is said to be parabolic
stable if for every parabolic subsheaf F. of E . with 0 <a o (F)<a o (E),

par-PF .(m)<par-PE .(m)

for all sufficiently large integers m.

R em ark 1.7. In  th e  above definition we may assume th a t E IF is  of pure
dimension d. Indeed let F. be any parabolic subsheaf of E. and T be the coherent
subsheaf of E containing F such that dim Supp(T/F)<d and El T is of pure dimension
d. Let T. be the induced parabolic sheaf for T .  Then for sufficiently large integers
m, we have

par-PF.(m)= f  X(F.(10doc 1 ao(F)

<  x(TŒ (m))da/a0 (7)
Jo

= par-Pr.(m).
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Hence we may check the inequality in Definition 1.6 for T..

We will often use the following lemma in the sequel whose proof we refer to
[9, Proposition 2.2].

Lemma 1.8. Let f :X — *S b e  a  proper m orphism  of  noetherian schem es and
cp:I—,F be an  e x -homomorphism of coherent (9 g -m odules w ith F f lat over S. Then
there  ex ists a u n iq u e  closed subschem e Z  o f  S  su ch  th at f o r  all morph isms

g*(q))=0 if  and only  if  g factors through Z.

Let f :X --*S  be  a projective and flat morphism of noetherian schemes, D c X
be  an effective relative Cartier divisor with respect to f  and  e x (1) b e  an f-very
ample invertible sheaf. Let E  be a coherent e x -module, flat over S. A ssum e that
E(s) i s  of pure dimension d  o n  every geom etric fiber X , of f  a n d  that dim
dim(D snSuppE(s))<dim SuppE(s). Then th e  canonical hom om orphism  E 0 x 0 x

(—D) —E  is injective (EGA IV, Proposition (11.3.7)).

Definition 1.9. Let X, S, D and e x (l) be as a b o v e . Let (.2  / .,9 9 zA  S ) be the
category o f  locally noetherian schemes over S. L et H,11 1 ,•••, H 1 be num erical
polym ials such that degH =d and degH i < d  for any  i. W e fix  a  sequence of
rational numbers a * =(a 1,a 2 ,•••,o( i) such that 0  . oc i <oc 2 <••• <cc<  1. L et T  b e  a
locally noetherian scheme over S. W e call (E, F.(E),(x.) a flat family of parabolic
sheaves on  X ,  over T  if E  is  a  T-flat coherent e x r m odule such that for every
geometric point t of T, E(t) is of pure dimension d, dim(D t nSuppE(t))<dimSuppE(t)
and E=F,(E) D  •  •  •  D  F, ,(E)= E( — D) is  a filtration by coherent sheaves such that
each EIF,(E) is flat over T.

Definition 1 .1 0 .  F or T e (Y .. i l f .Y cA lS )  we set

    

par- (T) := (E,F.(E),a.)
(E, F.(E), a.) is a flat family
of parabolic sheaves on X i ./ T
with the property (i) below

/-

        

where —  is the equivalence relation defined by (ii).

(i) for every geometric point t  o f T, (E(t), F.(E)(t), cx„) is parabolic  stable and
x(E(t)(n))=H(n), x((E I F i , i (E))(t)(n))=H i(n) (i =1, ...,0 for all integers n.

(ii) (E, EXE), oc.) —(E' , n E ') ,a.)  if there exists an invertible sheaf L  on T  such that
(E,F.(E),oc.)(:), T L  (E ',

If g: T' —>T  is a  morphism of noetherian schemes, then g  induces a  canonical map
by pull-back:

g*: par- 75 (T)p a r - D i a l / (T)

which makes par- 7 s  a  contravariant functor of (.T .X  ,c A  I S) to  (.9'€i)  where
(YelJ) denotes the category of sets.
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2. Boundedness and Openness

Let f : X -+S  be a projective morphism of noetherian schemes, 0,(1) an f-very ample
invertible sheaf o n  X  and  D  an effective relative Cartier divisor w ith respect to
f  Let H, HI, 112, • HI be numerical polynomials such that degH=d and degH,<d
f o r  a l l  i a n d  ot,,=(cx 1 ,a 2 , ...,(;) b e  a  sequence o f  rea l n u m b ers  su ch  th a t
0 _<_oti <oc2 <••• <a t < 1. Put ei := —oci for i=1, •••, /, where a, 1 = 1.

Let .°F(11,„ oz.) be the family of classes of parabolic sheaves on  the  fibers of X
over S  such that fo r  a  parabolic sheaf E , o n  a  geometric fiber o f X IS , E . is  in
ff; (H., a.) if and only if E. is parabolic stable, x(E(m))= H(m) and x (E E„, i (m))= H i(m)
for all

For any E.e.cF(H., oc.), we have

par-x(E.(m)).--- E Eim m ) .
1=1

Definition 2.1. Let X  be a projective scheme over a field k, Ox (1) a very ample
invertible sheaf o n  X  and D  an effective Cartier divisor on  X.

(1) Let E  b e  a  coherent sheaf o n  X .  Take a n  integer e. E  is  sa id  to  be  of
c-type e  if for general members D 1 ,D 2 , of I!2 (l)I, fo r  Y =D 1 nD 2

n•••nD d _ „ El y  i s  of pure dim ension 1 a n d  fo r  every non-zero coherent
subsheaf E ' of El y ,  1.15(E'). tt s (E)+ e, where ps (E)= a i (E)I ao (E) and ,uS(E)=
a i (E )la o (E').

(2) Let E . be a  parabolic sheaf on  X .  E .  is said to be parabolic e-stable if E.
is parabolic stable and E  is of c-type e.

Let ,Fe(H.,a,) b e  the subfamily of F(H.,oc.) such that for any member E . of
..F(H.,cx.), E . is  in  .97 e(H„ at.) if and only if E . is parabolic e-stable.

We can easily see the following as in  [4, Proposition 3.6].

Proposition 2.2. The family .Fe(H.,oc.) is bounded.

We can see the following proposition by  [3 ] Proposition 2.5.

Proposition 2.3. There exists an integer mo  such that for E.e.Fe(H.,a.), and for
every parabolic subsheaf F. of  E. w ith 0<  ao (F)<a o (E),

I.1 h0 (FOE(mDchlao(n< h ° (E.(0)dalao(E) f o r every m> mo•

The following proposition can be proven similarly a s  [3, Proposition 2.8].

Proposition 2.4. A ssume that X  is f lat over S  and H i(X „(9,(1)0k(t))=0 f o r all
i> 0 and a l l  t e S .  Let (E.,oc.) be a f lat fam ily  of  parabolic sheaves on X IS . T hen
there exist open sets SS and Se of S such that for all algebraically closed fields k, we have
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Ss(k)= fie S(k)IE,,Ok(t) is parabolic stable).

Se(k)= fteS(k)1F,Ok(t) is parabolic e-stable}.

3. Construction of moduli spaces of parabolic stable sheaves

Let S  be a  noetherian scheme and f:X—>S be a projective and flat morphism. Let
D c X  be an effective relative Cartier divisor with respect to f  and (9x (1) be an f-very
ample invertible sheaf such that MA's,(0xs(1))=0 fo r  all SES  a n d  a ll i> 0 .  Let
H,11,,— ,11, be num erical polynom ials such that degH =d, degii i < d  and the
leading coefficients of all these polynomials a re  positive . L e t a.=-(1„--,a,) b e  a
sequence o f  rational numbers such  tha t 0<a, <••• <a l < 1. P u t  g,:= a,, — ;  fo r
i = 1, • • We fix a positive integer e. Since ,Fe(H„ a.) is bounded, there exists an
integer mo s u c h  th a t  fo r  every E .e ,e ( H a . )  w e h a v e  th e  following properties
(Proposition 2.3):

(a) Ea (m) and (El EG,)(m) are generated by global sections for all 0  a and for
all m .m o .

(b) I l i(E„(m))= 0 and I l i (E I E„(m))= 0 for all i> 0, in m o a n d  0 1.
(c) For any m> m o  and for any parabolic subsheaf F. of E. with 0 <a o (F)<a o (E),

we have

h°(Fcc(rn))da I ao (F)< f h° (EOE(m))da 1 ao(E)-
o 

W e fix a n  integer m L e t V„, be  a  free  (95 -module o f rank  H (m ). Let
Q:= QuotRmote x ix i s  be the Quot-scheme and q :  V„,0(0 x ,2 -- E be the universal quotient
sheaf. P u t Q,:= Quot IM Q fo r  i =  1, •••,/ and le t (pi : .e()(9 É ,  be  the universal
quotient sheaves.

We define a  sequence of morphisms of schemes

Ri—>R2—•••—>R1—Q

and surjec tions of coherent sheaves E f± , O x R ,,,(9 x ,, , — ,E, a s  follow s: First put

R,:= Q 1 =Quotnnj /Q a n d  E ,  := El . By descending induc tion  on  i, w e p u t  R,:—
Quot ikt,Ini ll x ,, , t o z ,, a n d  le t  Ei ,, O x R , , ,e x „, —+Ei b e  th e  universal quotient sheaf.

Then, we have the following sequence of surjections of (9x ,, , -modules, which are flat

over R,

d'sV
m

0 0
X

Y12
- - + E O — ).E IOY C Y  — 3 1 • • •, x

- -4E 2C)xE2(0x.,--iE,--0.

R , represents the functor
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T 1—* {(g ,, • • • , g n Q 1(T)
i= t

el (CP 1 iker92) —  °5 • • • , gi - 1.(Q/ - 1 Ikervi) = o1

 

and R 1 i s  a closed subscheme of lQi (Lemma 1.8).
Put 44: f( "4,4 R, C) Then there exists a closed subscheme

f  of R 1 such  tha t for any morphism g :T -41? 1 , g  factors through r  if and only if
g*(0 )= 0  (Lem m a 1.8). Let P i , 1(E) be the kernel of the composition

(ki°0f.1-1°•• .°0/:E0x Q ex,--- ' EiOxR ,Oxi

for i= 1, ••., / and put F,(E):=E0 x Q e x i ,..
By the openness of pure dimensionality, Chevalley's theorem and the upper

semi-continuity of cohomologies, there exists an open subscheme Q
°
 of Q such that

for any algebraically closed field K,

E(x) is  of pure dimension
dim(D x nSupp f(x))< d,

V „, k (x ) -
-
+ (E (x ) )  and

Hi(E(x))= 0  for j> 0

The homomorphism E'06 x (2 0(—D)LE0e x e  i s  injective and its cokernel is flat
o v e r  Q

°
, since dim(D x nS uppE (x))< d  fo r  a ll x E Q

°
 ( E G A  IV, Proposition

(11.3.7)). Put

   

Ui := Q0

fli(kerycl i(x)) =0, Hi(E f(x))= 0
for 1, kenp i(x) is generated
by global sections and
V„,(8)k(x)-4H°(Ei(x)) is surjective.

   

Then U, is an open subset of Q .  and ( fu1
),,(Ri O x . ,0x , ) is a locally free Ou : module

of rank H i(m).
Let F  be the open subscheme of f x U1) such that for a point s of

f x
1
O r pi = 1 Ui ), s is in F  if and only if x((coker/)(s)(n))=H i [m](n).

Consider the injection

E0 xr-exr( Fi+i(E).

Since the Hilbert polynomials on each fiber of the above sheaves are the same to
each other, we have E0x,-6x,-.(—D ) =  + 1(E).

Let Fs be the open subscheme of F  such that a geometric point x  of f  is in
Fs if and only if (E( —m)O x Q (.9x ,, F.(4 —m), oc.)0k(x) is parabolic e-stable.

Fix an integer i su c h  th a t 0 < i<  / . For a noetherian scheme T  over S and a
T-valued point E00,—+El of U ,  (f,),(E 1)  is a locally free sheaf of rank H i(m) and
( fT ).(ROC T )—■(fT ).(Ei) is surjective. S o  ( fT ) , (E ) defines a  T-valued point of

tVD(K ) = X E Q(K)
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Z ,:=Grass H ,,„0 ((f(20).(4 0 ) ) .  Thus we have a Q°
- morphism

U. - *GrassH ,0 0 ((f(20).(EQ0)).

Proposition 3.1. Ui - +GrassH o o ((f2 0).(4 0 )) is an immersion.

P ro o f  Let ( fQ 0),(4 , ) , , - , -N  be the universal quotient bundle on Zi =GrassH o o

((f2 o).(4 0 )) and J  b e  its  k e rn e l. W e  have the following exact sequence:

0-+,7,-)(fQ 0).(40 )) z ,-/s7-0,

which leads us another commutative diagram:

0  - 4  (fz i )*( j i )  -4  Vz,)*((fQ0).(B.20)z,) (fz,)* (N)

Ez, cokerh.

L e t  Wi b e  th e  stra tum  w ith  H ilbert polynom ial 11,[m ] o f  th e  flattening
stratification of coker h. Let F be the kernel of Ez i --,cokerh. L et W; be the open
subscheme o f  Wi such that

{
Hi(X„, Fix)) = 0, Hi(X x , cokerh(x))= 0 for

W i(k )= XE Wi(k) j_>: 1, F(x) is generated by global sections
a n d  VmOk(x)->cokerh(x) is  surjective

for all algebraically closed fields k.
ei

Then w e h a v e  a  factorization Ui -14f; qGrass f f ,( „)(fd).(4 ° ) ) .  W e w ill show
that 0 , is an isomorphism. Since coker(h0 is flat o v e r  In  w e  have a morphism
02 : W; ->Q uotii IQ  s u c h  th a t  (02)*(É1) coker(h)w ; a s  q u o tie n ts  o f  Ew i . B y  the
definition of U. a n d  K, this morphism factors through LI,:

01
Quo d it l iQ .

Take a  T-valued point g  o f U,. 0 1 (g) corresponds to  the quotient bundle

(fT).(R) - (fT).((1 x gr(Ei)).

We have the following exact commutative diagram.

0 -> UrAfT).(ker(q)dr) (fT) VT).(ÊT) (fr)(fT).((Êl)T) -> 0

(ker9i)T ET( R i ) T
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Since the leftmost down-arrow is surjective, we have (Éi)T  coker(h) T  as quotients
of E T .  Therefore we have 02 .0 1 = id.

Conversely take a  T-valued point g  of 02(g) corresponds to  the quotient
sheaf coker(h) T  o f  E T .  We have the following commutative diagram:

( f T ) * i ) T )  — )  VTAfT).(ÊT) —) VTAR T) 0

hT
T coker(h) T.

From this we obtain the following commutative diagram.

( fT ) * (Ê T )  — ) T

id

T )* (R  T )  — ) (JT)*(coker(h)0.

Since th e  homomorphism ( f T ).(Ê T ) - - ( f T ).(coker(h)
T ) i s  surjective and b o th  ( f T ).

(coker(h) T )  and N T  a r e  locally f re e  a n d  h a v e  th e  sa m e  ra n k  H i (m ), w e  have
fs,7T  (fT )*(coker(h) T ) as quotients of E T .  Hence we have 0 1 002  =id  from which we

0,
conclude that 0 1 : ( 11—>W; is an isomorphism. Hence Ui —■ W; c  Z. is an immersion.

W e  s e t  G(n):= Grass m „,3(fl) ( f , ( V 0
5 (9x (n))) f o r  sufficiently large n  and

G i :=Grass„, 0 0 ( V.). Then we have an isomorphism

Grass„, („)((fQ 0),,(E))—■ Gi x s Q
°
.

Hence we have an immersion

F q 11Q . Uf q  1-1Q 0Zi q G(n) x s fl Gi.
i=1i  = I 1=1

G(n) and Gi(i=1,•••,1) have the very ample invertible sheaves 0
G ( n )

(1), Coal) respectively
determined by Plücker embeddings. For a positive rational numbers 100 , fl,, • •,
take the Q-invertible sheaf

L ®  cofli).
i = I

For a T-valued point (g, (F, F 1 , • • • , F 1)) of GL( V„,) x (G(n) x FE= 1 G1 ) , we have surjections

V„, OP0 x(11)) (9 T. —* Vm ® f, ( (9 ( ' ) )®  0 r  F ,
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that define a  T-valued point of G(n) x Fu_ l Gi.  W e denote it by (g*F,g*F„•••,g*Fi).
The functorial morphism

GL( V,„)(T) x (G(n) x {11= i G i)(T)—> G(n)(T) x  
f l , .  1G1(7)

(g ,(F,F,,•••,F1))i . (g * F,g * F,,••• ,g * F i)

defines a n  a c t io n  o f  GL(V,„) o n  G(n) x 11 1 Gi . By definition, F  a n d  F s  are
GL(V„,)-stable subschemes of G(n) x Fu= 1 G1.

We have the canonical GL(V„)-linearization o n  CG („)(1)1G („) induced by that of
e)

P(A(f (2)*(17.00xQ(0)(1)*  Similarly we have a GL( V„,)- linearization on CG ,(1)IG , induced

b y  ep ( Av„, ) (1).
linearization on  O a .

Proposition 3 .2 .  L et K  be an  algebraically  closed f ield. L et V , W o ,•••, W , be
K -v ector spaces w ith dim V= n, d i m  YVi =m i. L e t  r0 ,•••,r 1,(30 ,•••,13, b e  positive
in tegers. Set

X : = G 0 X K G 1 X K - •  X K G r i

where G. := Grass,( V® K W 1 ) f o r  i = 0, • • •, 1. W e consider th e  canonical PGL( V)-
linearization on some pow er of  L =C G 0 (130 )0-••C )0 0 1 (A ) .  Then f o r a K-valued point
x =(E 0 , E 1 ,•••,E 1) of X , x  is a properly stable point (resp. semi-stable point) of X  with
respect to L  if  and only  if  for all proper non-zero vector subspaces V ' of  V ,

dim V( E fif iim„Fi ) > dim V'( E /3; dimK E; )
i=o i=o

(resp.

where F i  is  the image of  the composition V 'O K IVi q V C 4 W i —>Ei .

P ro o f  Since there is a  canonical isogeny SL( V)—"PGL( V), we may prove the
proposition for the stability with respect to  the  SL(V)-linearization instead of the
PGL( V)-linearization.

Take any one parameter subgroup A of SL( V). F o r  a  suitable basis e 1 ,•••,e„
of V, the dual action of A is represented by e ii—qu'ei , where u < • • • <up, and E7=  0  u i = O.

T ake  a  basis Ai ) , • • •,P,i,j
)  o f  W .  F o r p =m i (i - 1 ) + k ,  p u t  W :=e,C)f ici)  fo r

i = 1, • •, n  and k = 1 , • • • , m i . The dual action of A o n  V® W i  is represented by

(hr, •• •,h (Xi n )i—(tu'h ( j )
1 , • • •,tuile r t"2 111;'?3 ,„ • • •,tu.h;,J.,)i ,,).

We define integers s r  < • • • < 4 )
j ,  by putting s (1 ) :=u , for p =(i — 1)m i + k  with

L et oci : VC) K  TV; —>E;  b e  th e  g iv en  surjections for j=  0, •••,/. L e t U(/)  b e  the
vector subspace o f  V O K  IV;  generated by 1/(in, •••,h (

pi ) . W e put U= O . F o r  each

Therefore f o r  a  suitable la rge  integer a ,  w e  h a v e  a  PGL(V„,)



Moduli of parabolic stable sheaves 129

1 < i< r i , let 0 )  be  the unique integer such that dimoc„(0,i'?j ,)= i and dima„(040 _,)=
i- 1 .  Then we have 0 <ttr<p (i ) <  • < p;.i.) <m i n and lai (h(4 )), • • •, a.(huli ) )} is a  basisJ
of E . W e consider the  Plücker embedding

I r
H G iq H  P (A (vo

j  = 0 j=  0

Put P*,... j .) :=Œ; (10 )A  ••• A V W )) for l <  < ..• < < mi n. We have the follow-

ing immersion defined by L

r i

P  ( W ,))q P 0 (5(13-AA( Wi))))i=o j=o

where VAAri(VO W i )) is the A -th symmetric product of Ari(VOW„) over K .  Let
{AP,Pi (P( i) )1„„, b e  th e  s e t  o f  monomials i n  1/10) ,...,0 ) }  o f  degree A i . T h e n  the
homogeneous coordinates of

p((s(P0)(A(vo r4/0 )))0 • o(soi)(A( kv1)))

can be represented by a - B= 0 gi,Di (Pu) ))„,i . Write the action of  a s

)(t)- llf (4(Pu ) )= ta( m*P" ) ) ) 04(Pw ).

Precisely writing for

•( 1 ( p ( .0 ) =
11

(p Ç )), i(j)) v f(1i) ir

.(J) .(0
Ev0 ,•••, rt ) =/3jj

we have
r

/1•0 1 (4 P (i))) = E volp, • • •, rj

AD AD P = 1 -
Ev0 , • •.,g ) = fl j

We use the one parameter criterion for the stability of x ([6]):

p(x, 2)> O (resp. tz(x,),) 0) for all
•=•x is a  properly stable point (resp. semi-stable point).

For the definition of pL(x, 2), see ([6]). From [6] Proposition 2.3, we have

p(x, 2) = — min f l a p i r , ; ,(p(i)
O

11 04 (P(i)(x) 0}.
i= o
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If for some k , we have P A  (D = O. T hereforeit
I r i

E  E
j= 0  p = 1

min
=  —  E f3. E sv)(dimcquv))—dima;(0,11,))

.fro q = 1

m,-,
= E r E (4)+1 -4i)dim oci (UV )))

J=  0q 1

n - 1
= E SA — yi n +  E Odim oci (U14;i )).

For u,, • •• u,„ there exist non-negative rational numbers 6 1 , •••,6 1 such that

n - 1 n - 1
E  (-0 0 +  E  (n—q)5q  f o r  i= 1, •••,n.

q=1q = n —  i + 1

Indeed we may put 6 = (41, 1 —ui )In for i= 1, • • • n — 1. Hence we have
n - 1 n - 1

A )-=  
E SA— r  E  q 6 . _ E  n 6

n — q

 d i m  a .( U u )  ) )
qmJ

j=  0 q=1 q = 1

n - 1 1
= E E ,q; (—ri q + n dim a n  q .

q = 1  .i=()

If ndim a i ( UPm
.),)) > 0 (resp. 0) for all i, then we have p i (x, A) > 0

(resp. 0).
Conversely suppose tha t pi (x , A)>0 (resp. A)> 0) for any one-parameter

subgroup A of SL( V). If we put u 1 =•••=u ; =i— n, u i + , =•••=u n =i with 1 < i <n— 1,
then we have 6 = 1 and 6q -=0 for q0n — 1, and hence we have

E i •(— ri i+ ndim aci (0 4 ))=p L(x, A)> 0 (resp. 0).
o

If we put V' := Ke, + • • • + Ke,g V, then U = V 'O K  Wi . By the above arguments
we have

p(x, A)>0 (resp._0) for a ll one parameter subgroups A

• ,q—ridim V' +n dim cx,( V' O K  W i )  > 0  (resp._0)

for all proper non-zero subspaces V ' o f  V

ickVi).— 
dim V'• flidim V'O

71 .
= dim V i L _,0 13; climEi > 0 (resp. >0)

J  „ p
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for all proper non-zero subspaces V ' o f V.

Recall the immersion

rs c Grass ( V„,(:)f((Ox (n))) x s liGrass H i
(

n )( V„).

We have set G,:= GrassH i ( n ) ( V„,), G(n):=Grass m „,,,,,,(V„,011(9,c(n))) for i =1,•-•,1.

Proposition 3 . 3 .  Putting ,60 :=(H(m )— E=, e;  H i(m))IH[m](n), ,6 i :=c i f o r  i =
1,•••,1, we take L= e G4)6 o)0 0!= 1 (9 GO Then there exists an integer no such that

for any n> no and for any k-valued geometric point (E, E 1 , • • E i) offs, the corresponding
k-valued point y  of  Fs c  G(n)x111= 1 G, is a properly stable point.

P r o o f  Let (E, E,,•••,E) be the universal family on X x s Fs. Let k t — m ) be
the corresponding parabolic sheaf. Let y be a geometric point of Ts over a geometirc
point s  of S. Let V ' be a vector subspace of V.Ok(y). Let E (r)  be the coherent
subsheaf o f -Ay) generated by the image of

V' - Ir(X y , AO).

Let .97  b e  the family of classes of coherent sheaves on the fibers of X  over S
such that

2,7 :={ E(V )
y is a geometric point of Fs and V' is a non
zero proper vector subspace of V,„Ok(y)

 

Since the set of all V ' are parameterized by Grassmannians, .9"; is bounded. Hence
there exists an integer it, such that for any n >n ,  and for any E 'E F with E ' on a
geometric fiber X y ,

11° (Xy ,  V ' 0 Co x (n)(y)).-4 Ir(Xy , E'(n))

is surjective and dimir(X„ E'(n))=x(E'(n)).
For E 'E ,F, put :=E 'n F t(E)(y). Let F ' b e  the coherent subsheaf o f E(y)

containing E ' such that E(y )IF' is  of pure dimension d  and dim  Supp(F'/E)<d.
Then by the choice of m ((c)), we have

ho(E')— E 00E)— ho(E,„ ,))_ ho(F')— E ei(ho(F')— how„

<
ao(E') 

( H ( m ) — E H  i(m ))
a0 (H) = 1

where F: has the induced parabolic structure and a°(H) is  the leading coefficient
of H(m)Id!.
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Since Fis bounded, there exists a positive real number e <1 such  that for any
E ' .

7
5r
,
 w ith  E '  B(y), we have

ho(E')— E ei(h
°
(E')— h

°
(E, i)) < a

0 ( E )

  (H(m)— E E,H i (m))(1— e).
adII) i=

Moreover there exists an integer n2 such that for any n >n 2 and for any E 'E F,
we have

X(E (a)) 
 >

a o(E)
 (1  e ) .

H [al](a)  a o(H)

There exists a n  integer n ,  such that for any n > n ,  we have a  canonical closed
immersion Q q Grassm ,„lin g ( V,„ x (n))).

We put no :=maxtri i , n2 , n31 and take a n  integer n_>no . Take a non-zero
vector subspace V' of V,,,C) k(y) such that E '  Ay), where E ' is the subsheaf of B(y)
generated by V'. We put U: = HAX ,„ An)(y)) and W := f0 x (n)) k (y ) . Let U' be
the image of V'0 W by the linear map oc: V„, By the choice of n1, we
have = H

°
(X y, E'(n)). Let W be the image of V' by the linear map

a : V„,® k(y) = H
°
(Xy,"E(y))—■11

°
(Xy,(E' Pi+ i (E))(y))

and V, be the kernel of V ' W .  T h e n , we have

dim V,,,(fio dim cic(V' W)+ E Adimot,(V))

—dim r (po dime(E0, 0 ) ) +  AhVE/(Fi, IM O)))
i = 1

=  H ( m )
(11(m)e i l  i ( m )  

d i m  I f  +  c i d i m  W i )Il[m](n) i=

—  dim V' ( 1
-
1 (1 1 1 )

—
E i = i ( m )   Il[m ](n)+ E EiH i (m ))

H[m](n)

= H o n /  Mal) — Ei EiH AO ho w  (0

H[m](n)

+ E Ei(dim V' — dim Vi) —  dim V ')
1=1

1> m m ) (H(m) —H E[rni _]( nr(m )i h o (E
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+ E e,V P(E')-0(E',,))— h 0(E'))

> m m ) (H (n )-E i 1 H (m)
 a ( E

,
) ( 1 —  8 )a0 (H)

+ E Ei o ° (E )-h ° (4 , i ))-h0(E))

> H(m)(h °(E')— E ei(h
°(E')—h°(E  ,) )

i=t

+ E e,0°(E')—h°(E'„, i ))-1P(E'))

=0

Hence by Proposition 3.2, we see that every geometric point y of P  is a  properly
stable point.

By Proposition 3.3, there exists a  geometric quotient

of P  by the action of PGL(V„,) ([7]). For a positive integer e, put

par-Drge(T):={Eepar-Eg7Z1(7)1E.(t) is parabolic e-stable}

for any locally noetherian scheme T  over S .  Then p a r - rEi,r g e  is a  subfunctor of
par-D r s .

Theorem 3 .4 .  M e is a  coarse moduli scheme of par-D r g e  Namely,

(j )

 

there ex ists a  morphism of functors tr:par- D i;c7ge—Me such that f o r every
geometric point s  of  S,

Te(Speck(s)) : par- (S peck(s)) Me(k(s))

is bijective and

(ii) if  M ' is  a  locally  noetherian scheme over S  an d  if  tr:par- D r s —>Mr is  a
morphism o f  functors, then  there  ex ists a u n iq u e  S-morphism
such that hog" = tr.

P ro o f  Let T be a locally noetherian sheme over S  and take a  T-valued point
x=(E(m), E,(m), • • • , E,(m)) o f P . L e t E, be the corresponding parabolic sheaf. Then
we have a morphism of functors



134 Michi-aki Inaba

0: hr p a r - 7 j

by sending x to E. T a k e  a  T-valued point gePG L(V )(7). Giving g  is equivalent

to giving an invertible sheaf .1/ o n  T  and an isomorphism cr: V „,00;:>V m a i l .
W e obtain surjections

a

Vm ®  x 7 .—  V m 0  Se XT.® —)E(11)0 T j t

a

Vm ®  x 7 .—  Vm ®  x T O pi& — OE(M)0 T j t  Ei(M)0 'nit •

This corresponds to the T-valued point gx o f  P .  Therefore we have 0(gx)= 0(x). Let
h r s/hpG L ( v ,n) be the functor 71—d - s(T )1 PG L(V „,)(7). 0  induces a morphism of functors

(7: hr s I hpGL( y , „ ) —par-E ILI,Vg e

If 0(E11 ) ) = 0(E 2 ) )  for El l ) , EI*2 )  GP M , then there exists an  invertible sheaf I/  o n  T
such that E(

* ' ) =E 2 ) (i) A '.  Composing the following isomorphisms

v„,o(9T=Y:(P 1 )(m))

1
v.0.41 ;M E (2 )(00.44')'='f*(P2 )(m ))0

w e obta in  a n  isomorphism Vm C r -0 / .0 .4 /  a n d  th is g ives a  T-valued point
gePGL(Vm)(7). By definition g • El l )  = EV)  . Hence D is injective.

Take any T-valued point E* o f  par-Egrge(7). There exists an open covering
T = u U i and surjections V„,0 s 0 x u  --+Eu i (m ) .  With respect to this surjection we can
consider (E(m), (E I E ,c2 )(m) u  • • • ,(E' E  , ) (m ) u 1) as an Ui - valued p o in t  o f  P . Sending

it by 0, we obtain (4 ) .  Hence the sheaves associated to the presheaves h r s/hp G , ( ,,n)

and par-E7,7ae for Zariski topology equal to each other. Since  i s  a  geometric

quotient, w e h a v e  a  morphism o f functors 11,-./hpG ",„, ) --4zw . T hus w e have a

morphism

T e
 :  par-Egrge--4hm ..

For every geometric point s of S,

O(k(s))
Fs(k(s))1 PGL( Vm )(k(s)) par-Eg;rge(k(s))

is bijective and since is a  geometric quotient,

Fs(k(s))IPGL( V „,)(k(s))—■ Me(k(s))
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is also bijective. Hence

Te(k(s)): par-E7,7i7ge(k(s)))—>Me(k(s))

is bijective.
For any locally noetherian scheme M ' over S  and for any morphism of functors

: par-EI
D

173(7ge—)M'

Fs -4 parE7,74ge

is PGL(V„,)-equivariant, where the action of PGL(V„,) o n  M ' is  trivial. Since Me
i s  a  categorical quotient, there exists a  un ique  morphism h: -4  M  such that
ho =g 1 ' on hr s/hpG L ( v ) . Since the sheaves associated to li r s/hpG " v o  and  p a r - 7

are the same to each other, we have h o  = I r .  The uniquess of h  is obvious.

Theorem 3.5. There exists a  coarse moduli scheme of  par- 7

P ro o f  For positive integers e, e' w ith e <e', we have a canonical morphism of
functors

H  a  epar-E .

m itg  gP a r-E n * .a *
'
e ' —>hDIXIS • .14..'•

By the universality of Me, there exists a unique morphism je•e': Me— Me' such that
pe'04" = Te'l and f e '  is an open immersion. Set

par –ED ;V s

M:= lim
e> 0

F o r  any locally noetherian sheme T  over S  an d  fo r  any  Eepar-Eg7 (T), there
exists an open covering of T  such that each U, is noetherian. For each
th e re  e x is ts  a n  in teg e r e i s u c h  t h a t  f o r  a n y  g e o m e tr ic  p o in t  t o f  U,
E ( t ) .  is  pa rabo lic  e ,-s tab le . W e  h av e  (Eu ,).epar-E7,73i7ge. (Uf). W e  o b ta in  a
morphism Te((E u )): U 1 Me' q M .  By the functoriality we have t Pe VEu).)1 =
gj e lE u i Mi . By gluing these morphisms w e obtain a  morphism T(E.): T— >Al
such that T(E.),=Tel(Eu ) j  f o r  a ll i. Then w e obtain a  morphism of functors

: par-r i a 7 s  h m .

For every geometric point s  of S,

‘F(k(s))

p ar-E g rs (k(s)) M(k(s))

is bijective because each (k(s)) is bijective.
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For any locally noetherian scheme M ' over S  and for any morphism of functors
7:par-Ebi r s —>M% there exists a  morphism he :M e - 1  such that he oT e = 7  on
par-E7,734*,e. B y  th e  functoriality a n d  th e  universality o f  A l', he =h e ,oje'e . fo r
e < e '.  T hen  w e  ob ta in  a  morphism su c h  th a t  lijk v =h e . B y  the
construction we have 7 = ho 'P. The uniqueness of such h i s  obvious.
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