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Geometric structure for OpST, i

By

Yang QIXIANG

Abstract

W ith a  symbol in  OpST . 1  o r  its kernel-distribution, one has a  great difficulty
to study the continuity or other properties, here one use the wavelets bases which
com e from  th e  Beylkin-Coifman-Rokhlin (B-C-R) a lgorithm  to  study  such
operators. Each operator in  OpS Z , corresponds to its wavelet coefficients; with
this idea, one characterizes OpST, 1 w ith a discrete space, and characterizes O p4, 1

with a kernel-distribution sp a c e . As an application, theorem 1 of chapter 9 in
tom e II of [8 ] is  a  corollary of two theorems of this paper.

1. Introduction and continuous representations

There was a long period, when one studied an operator, one used only derivation
and integration. Since 1950, the study of the operators split into two groups. One
side, K ohn, Nireberg and flkirmander consider pseudo-differential operators with
symbols systematically; another side, the Calderem-Zygmund (C-Z) school and
wavelets group afterwards show a lo t of interest for C-Z operators.

In  differential equations, one h as a  good knowledge of an  operator a(x, D)
which is defined by its symbol olx,

(1) cr(x, D)f(x)= (2n) - "Seix4olx, O f ( )4

In this paper, one considers that: a(x, D)e Op ST, , th a t is  to  say:

(2) ià10 10-(x, Cm4.13 I I "
 lal 15 ya, fleNn-

According to the theory of L. Schwartz, a linear operator, which is continuous
from S (R )  to  S'(R"), corresponds to  a kernel-distribution K(x, y) given by:

(3 ) Tf(x)= IK(x, y)f(y)dy.

In harmonic analysis, one considers generally the following C-Z operators.
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Definition 1. For 0<y< 1, T eF  if

(4) T: L 2 -  L 2  is continuous,

(5) IK(x,
lx-YI"

xci -x'17

K(x, K(x' K(y, Vix — x'lI y)— , y)I + 1K(y, x)— )01 ,
1

(6) -Ix — yl.
Ix—y1" 2

In particular, TEE y i f  TeFy a n d  Ti = T*1 =0.

In fifties, Calderón found the following formal relation between the symbol and
the kernel-distribution of an operator:

(7) K(x, y) = (2n) 'S e x  - 1 ) 4 0-(x, Ock.

(8) u(x, )= IK(x, y)ei(Y xgdy.

K(x,y) and olx, are two continuous representations for an operator. If one
applies only (7) o r (8), one has a  great difficulty to establish a n  internal relation
between the symbol and the kernel-distribution. In this paper, one applies a discrete
representation to characterize OpSTJ  in  wavelet coefficients and characterize OpS7.1

in kernel-distributions spaces.

2. History of the discrete representation

After appearing of wavelets, o n e  know s tha t som e w avele t bases are
unconditionals bases for most of functions spaces. Therefore, one hopes that the
representation of a  usual operator under such bases can reflect internal properties
of operator. In fact, one has applied such a  method, and has constructed a  useful
algebra of the C-Z operators where T1 = T*1 =0, c f [5], [6] and  [7]; Meyer has
established a very good relation between a sub-algebra of this algebra and a particular
group of operators in OpS7, 1 cf [8]. One calls this method a standard representation
o f  th e  operator, b u t  o n e  c a n  n o t  a n a ly se  a  C-Z operator where Ti  0 0 or
T*1 00. Afterwards, one has found, with the B- C- R algorithm, a characterization
of all the C-Z operators, cf [1], [4] and [10], one calls this algorithm a non-standard
representation for the operators.

One denotes first cp(x), the father of Meyer wavelets, t/i(x), the mother of Meyer
wavelet; one  denotes then 40 ) (x) = cp(x), (1)( 1 ) (x) = 111(x). V e e {0, 

1 } " ,
 V je Z ,  Vk e Z",

!Li "
VxeR", VeR", one denotes (1:13,(x)= 22 n voqix i( 1 1 " 4 ) (0 = 4)(4 0 .  One

denotes F = {e,e' ,j, k, 1): e, e {0, 1}" and lei + 0 0, j Z, k, l€ }. T h e n  one has that:
{(1)(11(x)01,;)(y)} ( ,,g, j ,k m e r  i s  a n  orthonormal basis in  L 2 (R" x R"), cf [8 ] .  As for an
operator T, which is continous from Schwartz space S (R ) to S'(R"), one denotes:
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(9) = < Tat; ) (x), 41(x )>.

O n e  calls {a(1,0} (,, ,i ,k m E r  t h e  representation o f  T  under th e  basis {4)(1,1(x)
ViE,;) 011/E,e,i,k, )cr- or the non-standard representation of T .  This representation comes
from the  B-C-R algorithm, cf [1].
There exist th e  following relations among th e  n on-standard representation, the
kernel-distribution and the symbol:

(10) K(x,y)=E4:184:0V(x)(1)(1:1)(y).

a(x , )= Ea (l'a4) (E)
(2 ix  —  k)ii)(E")(2

//.-- 2

Remark 1 . If one considers symbolic operators in  (2) with +1/31 finite, one use
often Daubechies wavelets; in this paper, one considers only the case w h e re  I +
is infinite, one has to use Meyer's wavelets to give a characterization in wavelets.

3. Main results

The first, one introduces a  definition:

Definition 2 . (i) One calls that T eO plr, if T  satisfies the following condition:

CN 2P"(12) < , VN> 0, V(E, e / ,k ,l)e f .
+1k-1)"

(ii) One calls that TeOpArn, if T eOpir, and T satisfies the following condition:

(13) E 1a(l i c7 =0, VcxeN", jeZ, k eZ", ce {0, 1}" \ {0}.

There exists a simple one-to-one relation between OpSZ i  a n d  O M '.

Theorem 1 . If  n+m >0, then one has TE OpS 1 TEOpAm.

If n+m > 0, and TeOpST, i , (9) can be defined.
If  TeOpAm, since T  has a  clear and simple structure, all of its properties can

be studied easily, such as its continuity. One proves this theorem in the sections
5 and 6.

Then one introduces another theorem.
F or all the cube Q, Vq > 0, Vf(x)e C6(Q), one denotes:

1_41(14) 11/.11 N =  I 0 2 (11f ± IQI ne g ) .



4. The proof of Theorem 2

In  this section, first one gives two propositions of Meyer's wavelets, then one
proves a  lemma, finally one proves Theorem 2.

If 60 0, let i, be the smallest index i, such that 6,0 0 and x, =(x l ,

x i +x ) ,  let 4:1
(
'' (x)=

1.4 1YN I Y 2
• • • ( I P ) ( x E)dy, • • .dyN ,  one introduces the first

- - -
two proposition for the Meyer wavelets.
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Definition 3. T  is called an  operator which has a  weak continuity if  there
exists an integer q such that:

(15) I<Tf, C,Ilf IIN?,11811N, V cube Q,Vf(x)eC6(Q) and g(x)eCt(Q).

Definition 4. (i) TeC co if Tsatisfies the condition (15) and the following condition:

(16) y)l  Va, fle N".
Ix _yin+ 1.1+ 11, 1'

T E B  if T e C  and T satisfies the following condition:

(17) TxŒ= 0, Va e N".

(iii) TEA T e B oo a n d  T*eB .

Then one can characterize the kernel-distribution space B a space OpA°, (which
is defined in Definition 2). In fact, one has:

Theorem 2. TeOpA °<.>TeBoo .

O ne proves this theorem  in section 4 , here one introduces a  corollary for
Theorem 1 and Theorem 2

Corollary 1. TeA<4.TeOpS7, 1 an d  T*E0pS?, i .

Meyer has given an elegant and sophistic proof in [8] for this famous theorem,
but here, it is an immediate deducation of the Theorem 1 and the Theorem 2.

Proposition 1. (i) If  E 0, then 1.0130)(x)dx -= 0, VaEN".
(ii) If  e -=- 0 , then Sx'0"(x)dx= 0, Va e N", and a0 O.

One can find the proof of this Proposition in [8].
In [3], I. Daubechies has constructed the following wavelets: VN> 0, there exists

a wavelet cI)
(°)

(x) such that (1)"(x )eCoq— M N, A I Nn, and E (D(0)(x — k)= 1. But one

c a n  n o t  use  Daubechies w avele ts to  ob ta in  a  characterization fo r  OpS"ro . i n
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wavelets. Fortunately one can divide each Meyer's wavelet into a series of functions
similar to Daubechies wavelets.

Proposition 2 .  For every integer N, there exists a sequence of numbers { a '} Z E Z

and a sequence of functions (10(e'N (x)ECI ([—AIN , M N ]n) such that:

(18) 4,(0(x)= E  4 ,N)0(E,N,z)(x _  z ),

zeZ^

where a(p N ) satisf ies the following condition:

(19) idp n CN

(1 +

A nd if  E 00, one has also:

+ co
(20)

f
x e c i V E , N , z )(x)dx= 0, VoceNn and 0 locI

P ro o f  (i) If  6=0, ow ing  to  tha t (1)( ° ) (x)eS(R"), it is  ev iden t for the  above
proposition.
(ii) If s50, one proves first (1)(" ) (x )eS (R "). In fact, one has:

+co v iu i )  -1+G_
11)( " ) (X) = CE

N  7 , 7 (D(EV i )  f l 4)- (Ed(oeix'd.
1=1 i= i+ i,

Then one has: Vac, fleNn,

Xa a/10(E 'N )(X) 
( 4)(1)( ))  -1+

= C c,N,Œ ,p J.+ cc  

in= i  àgf'cb. ( c') (0) (gVi»eix4cg.
- co

( i i ) ( 1 )
(

G ) ) - 1 + G
A ccording  to  th e  property  o f  M eyer's wavelets (c f [8 ]), aai, .  , n

-i. 
i V E'V  i)) a n d  n azgpo(gog i» belong to S(1?"). Hence ea,/,',0" )(x)eLoe, that

i= +G
is to say: (1)(8 'N ) (x )ES (R "). Therefore, there exists a sequence a(p N ) which satisfies the

condition (19) a n d  ii, ( E.N 'z)(x)e ce,N( [ — M N, M N] n ), s u c h  t h a t  41(" )(x )= E az
( ''N )

ii)(E.N .2 )(x  — z). L et 41)(e'N 'z)(x) = OZ0:1)(e'N '' )(x ), th en  one h a s  th a t  d z
e 'N ) a n d  41)(''N'')(x)
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satisfy all the conditions in Proposition 2.
Then one proves a  lemma.

Lemma 1. Te OpB°4t-Te C co .
P ro o f  (i) First, one proves that: TeOpB °

 implies that T satisfies the condition
(15). For all the cube Q, there exists an integer j c, such that 2 - n i°

 < I Q I  < 2
- nuc)-1 ) .

Vg>n, f(x)e g ( x ) e  C 6 ( Q ) ,  one has:

I<Tf(x), ex)> I = I E <0(1,1(x), g(x)><0(1;)(y),f(y)>1

E a(1;ce? <0(11(x), g(x)> <0(12(y), f(y)>I
<Jo

+I E a(1,42 <01,1(x), g(x)> <0(12(y), f(y)>
e* 0

+I E a(A2 <0 (1,1(x), g(x)> <0 1261,f(Y)> I
E = 0

=/, +12+1 3 .

As for I I , one has:

C E Ia(PkE:211 <4)(13,(x), g(x) > 121
 ilf11.)1Q1

j<J0

< c E EEEEK(1)(11(4 g (x )> I 2111.fil I QI
j < i o ( 1  + Ik — /1)"+ q cc'

cq E 2 n i<E E 10(.)(2ix — ig(x)i > Ilf II .010j<joo  k

Cq E r i llg11.1Q111f11.1Q1
j< Jo

1 1
cg1Q12 11f11.01Q12 11g
cg lIf II N ?, •

As for / 2 ,  one has:
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12 ^ E Ia f I  <011(x),g(x)> II<0(1,1101,f(yDI
Eoo

One use the integration by parts for x, one gets:

E 4012 - fizi <11.(110 (x),ô g(x)> II <01:,)(y),f(y)>
c#0

< c E laSEP12 -  j(q- S1 <010(x), at exp 111fIlcolQ1

< c E idiT,212-j(q-u) <10 " ) (2i  X — 01, latex)1> lIfIl.IQI
E#0

E<IvemPix—oi, g(x)I>
^ C q E E   11f11.IQI

+ik— ilrq

<c g E E 2 - m- n) Ilatg1101Q111f11.1Q1j, Jo E*0
1.,

_cq 1Q12 11f11.1Q12 *nlIglle.

<c,11f11 N11g11 N?, •

As for 13 , making the same calculation as / 2 , one gets:

/3 C,,11/11411g1IN.r!, •

So one has (15).
(ii) T h e n  o n e  proves (16). Vol, f leN ", o n e  estimates / a ,fl =ia'x q,K(x,y)I. Let
Arc o =2(n+1)+Ial V x ,y eR ", x 0y , there  ex ists a n  integer j o  s u c h  th a t
2 - -i0 <lx—yl<2 1 - 3 0 . Hence, one has:

1'
2 , 13 < E 2i(n + al ± i n  I ciliE ? II (al

x
(1)(E )X2i x — k) II (q 1)(0 ')X2 iY

cOE E
r (l +lk — /I)N " (1 + 12-ix —kl)N ' ,fl (1 + IVY

2fin + IQ» 1 1
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As for /1 , one has:

1 1
11 ^ C ,p E 2fin+1.1+IpoE 

j <Jo k (1 +I2 j  X k 1 (1  +IVY —1 I)N"

E 2-0+1.1 - Fiflo
< Jo

ct,fl 

—  Ix y in  + ki +1131

As for 12 , one applies the following inequality:

1 <   ,
(1+1k-11X1+12-ix—kl)(1+ 125,

 —  /I) In —
 2

-
1Y1

then one has:

E
j o

1
xE . E

k ( 1 + In -1 d r+ ci +12iy-11)"+1

<c„, fi E 2fin+m+IPI +2n+ 1— N., fil x  y i— n + 1

ix Ifil •

(iii) Finally, one proves Te C TE Op13° . In fact, one has:

likx,# 1)(1,;)01411,1(x)dxdy

= ff2 - -iK(2- -i(x+ k), 2 - i(y+ k + I— k))(1)"(y)(1)(')(x)dxdy



(e',N)+E E (,NE )az
z  lk - l+ z - z 'l> 1 6
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= fik k(x, y +1— k)0(e kywo(x)dxdy.

Each Ki ,k(x, y) defines an operator TiA , and Tid, satisfies the estimations in (15) and
(16). For N >N '+3n+1 , using Proposition 2, one has:

= E E dzE,N)a (zE",N)
K j ,k ( X ,  + k)(1)(E' ,N,E')/ _l.Y —  z)dxdy.z z,

If lk - 11 one has:

1 1  <  CC N E
+ IZON ( 1 +lee

If k-11 >64 and E 0 0 , one has:

n (, ,e)

 

E
z 516

(E,N)az
(t' N)ay , f fkk(x, y + 1— k)

     

x
_ z,),:ve,N,z)

(x  —  z )d x d y

f fkk(x, y + 1— k)

x ei(e ,N ,z 1 / -  _ z)41)( e.N •z)(x—  z)dxdy

=I I + /2 .

As for /1 ,  using (15), one gets:

(E',N)ay
,

z  lk - l+ z - z 1 5 1 6

. cNE Ez -HoN
CN' 

(1 + lk

, ( t , ' )

1
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As for /2 , denoting 0(E,N,N,o(x)=.fx,. 'yN Y2

J
f

(D(E,N,z)(x )dy  d y  N a n d  using the

integration by parts, one gets:
-

1/21. E E k k (x, y +1— k)
z lk-l+z-z 'l>16

x _ z')(19(8'N (x — z)dxdy

Using (16), one gets:

1 1 [104' 'N  '' )(Y — Z)1 z kx — z11
 d x d y11 21 C N E E

z 1k -el> 16 ( 1 +  IZI)N ( 1 +  VON JJ lx — Y +k-11" ± N

. c N E E
z + +Iz'ir iz—z' +k-11"+N

<  CN
(1 ± ik -1+zE- el >16 (1 I Z I r  1(1 +1Z7+1

1<  c N  

(1 + —

If lk — /I > 64 and E =0, since that e' 0, by the same calculation as the case where
lk—/I >64 and E 0, one gets the same calculation.

Finally, one turns back to the proof of Theorem 2.
In fact, VoceN", one has:

fTx' = E aVP:1:0q(x)(1) (1:1)(y)yrndy
r  

=  D - ilaidiVolic(x)04)(2iy—r+ Om dySr

= fE2--11"14):243,(11(x)ECV"-P(2iy-041,t;)(y)dy
r p

According to the properties of the Meyer wavelets, one has:
(i) If E 0, then SyPil)(E)(y)dy=0, 0eNn.
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(ii) If a 0 0, then ly'1130 ) (y)dy =0.
(ii) If o =0, then ily2(1)( ° ) (y)dy= 1.
That is to say that one has formally the following equality:

Tx' =  E 2- i(i'l +311241:13,(x).
rn(E, --. 0)

Since that T GC c„, the above equality is true in the sense of distribution. Hence
one has that:

Tx' = 0, Va EN"-4.›E 1a 0 ? = 0, Va e N.

This completes the proof of Theorem 2.

5. From symbol to non- standard representation

According to the definition of the symbol and the non-standard representation,
one has:

(1(1,0=11c:4x, 0 0 6 ) (2i x — k)■$(6")(2- )
e o- 2 -")4CbCd

=110 (E )(X)0(2 i (X  k),
o e i ( x +  k  - 1 g ( f ) ( E '

VWX/k.

According to the estimation of (2), one has:

14:4? 4:0(r)(X)12i1 " 14) ( 8 A Oldxck.

Since that n+m >0, one has: 4?<C„,2fr". Furthermore, for aeN", one has:
(k -

== 11(x+ k — 1 — x)" (1)(E)(x)o- (2 x + k),
( x  -  k  - 1 ) 4 4 1 ( e

)(0dXCk

E clissx71o()000-(2 - i(x+k), 2-10al
e i ( x +  k  - 1 ) 4 4 ) ( E '

)(0dXd
71-1-Ft=ct

= E c-7,1,Œz2i17211pc71(1)(E)( f /p2a)(2 i ( x  k), 2-10
71+72+73=7

x e
i (x  +  k  - 1 ) 4 ( a

,i'3 4 )
. ( e

)xodxck.

For 8' 00, one applies (2), one gets:

l(k—/)1 4,01

< E c : ,,Œ220.21ssixœ,o (c)(x)ii v ,.._ .1(avi)(0)(01c/xd
.0-72+73-7

<C„,2im.
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f  x  Ç Y j.Y2

For E' = 0 , one has that E = , • • • , E n ) 0 O. Let (1)("m (x)= • • • .4
-

(1)
(
c
)
(xe)dy, • • • dy 8 , then one has:

(k — I)$a(10 =

E C z I s , a 2 , s 1  2 j ( l a 2 I  - 52)11 (E.Gti. )(x )(asx2 axe -API -
° A B  i ( x  k),

ce1 + c e v f a 3 = a
S i+ $ 2 = $

x s 2 i . e i ( x  k  -  
1)4(aFii)(e

)(0dxck.

According to (2), one has:

(k — 0'40

E 'Ifilcc21
z -s2)151(1)("1"s)(X)112ilm -

1821 4- s2gIst

al + 2 2+ 8 3= 8

si+s2=s

x l(013(b( e ) )( )Idxd

E 1821 + s (a134) ( e ) )(01dxd
8 1 + 8 2 + 8 3 = 8

S j  + s 2 = s

<

Then one proves (13). In fact, one has:

E Pah
°
1,

=E 1sjoe)(x-oe-40-(2 - Jx, 2-1 )40(°)(0 e -a4dxd

=E c8sso(E)(x-oe1x40-(2 - -ix, 2i)4) (°)(0 e - dxck.

One applies the integration by parts for one gets:
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C:1 4 2  2 i 8 2 I SIX8 4V 1 ) (X — k)e i X 4 (3 2a)(2  x ,2i )

81+ 82  ÷ 83 = cc

X if3̀ 34)(°V )e  t i 4 dxd

= E 82 2i18 2 i f f X  I VAX — 0 e 1 8 4 (ar7)(2 — i X, 2 )
81+62+63-8

X apil ( ° ) (0Ee - u 4 c/xd.

Since that :E e - ii =6(0, one has: jaVii)mg)Ee - i l d  =0, Va3 elsin,a3 O .  H e n c e  one

gets:

E  rd,E0=

E nila21 f VAX — Oe'X  4 (a'V 2i0P °)( 06( OdX(k
8 1 + 8 2 = 8

L et seZ,s>1m— IŒ 1 a n d  (13 8.1)(x)=
f Y. Y2

• • • Xtœ(D(E)(.; — k)dy i •••dy s . Using

the integration by parts for x, one gets:

= E c t''81's)(x)c1.1 eix42Al 8 21 — 82)

6 1+8 2=8

81+ 62= 1

x ( 2o-)(2 - ix ,2 i0 i (° ) (06 (0dxd .

One applies (2), one gets: l 7.12i(l821-82)(asx10120)(2-iX, VOI < I s — 1821 . Hence one has:

iC e i x 4 2 - i ( l 8 2 1 - s 2 ) (asx„(3 12a—  -Az  ix,ziociev)aock=o. Hence one has got: E18dpk??=0.
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6. From non-standard representation to symbol

Denotes a,,,,(x, E e ' 8 1 4:0 ) (2ix — k)41('')(2-i0e-
i ( x -  2  -

j,k,1 Let us prove that
j,k,1

each satisfies the condition (2). In fact, one has:

aœxilo-E,e(x,

=a.x  E E 2 - iii321 C d iV IP )(2ix k)(01 242i)( e ) (2 - i )
j,k ,1 P i + fi2=- 11

x (x —  2-il)fl1e-
i ( x -  2  -  f i g

_ E E a (.c,e) ( .24 ,(0) (2 ix  _ k ) a3a,P J,k,1 x
j,k ,1  fl1+ P 2= P

al+ a2+ a3 =a

x (0124)(e)(2 - .1 )(x — 2
2

= E E 1131) ral,a2,P1 C1(1.;:.?(2i  X — k + k —
j ,k ,1  fl +132= fi

al-1-a2+a3=ce

e
- k)2 i(k -1)2 - i 4 (0120 (8 1(2 i X — k)(2 - i)"(ô1 24)(8 ') )(2

= E 2filal I Pi) 14(2,fi .133 Ofi3e- i(k -1)2 -
—  kr 4

.:1>ka Pt +fi2=fi
ce1-1-azi-a3=a

/33+fi4 - P I  - al

(actx 2 0 ( ) )(2ix— k)e - t( 2 i x  k ) 2  j 4 (2 - - 1 )- (012 4 0 )(2

Denotes N c o = l m l +  + ifli+ n . One considers two cases: (i) c' 00, (ii) =  O. For
E'  0 0 ,  one has:

I a'xala (x,

2fim+1.1-ipi) c ip ix _ k r 4 0 0204V:ix
j ,k  1«2 1 + 1a31+1P21+1/3415.4N0

x  - i0-3(o2.$(0(2- i ) 1

<E iPi) C
a d 3 1(2 — ) a3  (ag 2 4 1 ( 1 )( 2 —

j 4N.,P
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Since that E' 00, then for each there exists maximum a finite number of
integer j  such that ( 2 ') ) (2 - ) O. One applies then 1(2- joavg4 ( 0 )(2- joi

one gets then: 10a
x 0lo.,,, , (x, Ol< C2

+161- IPI•

"

,(E,o
'

) , - i(k- 04,

l then one has:

a;,a10-,,o (x,

For e' = 0, denoting FV,( )= E (k -0 1

=E E 2/(181 -  Ifi» c c,cy c a l , P3 2 (2 - i0(2-ix—k) 4

j,k F #2= fi
6 1 l - 2 2 + 8 3 = 2
fi34- P4 - fii

( a xŒ 2 0 ) ) ( 2 i x — k ) e -
i(2fx- k)2 .14(2 - J).3(a12,:b(E)(2 - i ) .

Let us prove first a  property of FV,( ).

Lemma 2. VcceN",

P ro o f  In fact, one has that:

FIVO =(— 08 1 ( k  i )8+ ce (V i e -  ((k lg .

Since 1401<C,,,,,p2im(1+11c—/1) - 9 N .,0 , then for all oceN", oc'eN" and loci +14
one has:

(21)

Furthermore, one has : E dpko,?= 0, VoceN", loc1 Then one has: E (k -0 8

C1(1.0 = 0, VoceN", locl<N8
,13. Hence, one has:

(22) aff3;(014- 0 =0.

Using (21) and (22), one gets the conclusion.

One returns to the proof of Theorem 1. Using the above lemma, one has:

laaxagae,dx,
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E 2i(lal - 1P1)1 CŒ,0 111 1132(2 — J011(2:ix — 1064(aa.2 0 4 ) )(2 ix — 101
P Pi= P

OEl + a2 - i- Ct3=Cf
0 3 + P 4 -«1

x 1(2 - i)a3(0124$( ° ) X2

2 i(m + - 101)1 CŒ,fl — (3 ;2 0 )( 2 i  x —
j,k la21+1Œ31+1P21+1134154 N.,p

X 1(2 II (2 - i)"01 24)(0 )x2

There exists a constant C>0 such that 430 ) (0 = 0 , for 1 1 > C . Then one has:

i5 0- „dx,

E l io n -E l I- 1P1)12- .V .,0
log2141 —C

E  2 P - +  IPI N " l e "
10(32141- C
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