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Mod 3 homotopy uniqueness of BF)

By

Antonio VIRUEL*

1. Introduction

Let F; be the exceptional compact Lie group of rank 4, and denote by BF)
its classifying space. Previous work about homotopy uniqueness of classifying
spaces of compact Lie groups by Dwyer-Miller-Wilkerson [6], and Notbohm
[16], shows that this classifying space is determined, up to completion, by its
mod p cohomology at primes greater than 3, that is, if X is a p-complete space
(p > 3) such that H*(X;F,) is isomorphic to H*(BFy;F,) as Ay,-algebras, then
X is homotopy equivalent to BF, up to p-completion. At the prime 3, BF}, has
torsion and its mod 3 cohomology was calculated by Toda [20]. As an algebra:

H*(BFy;F3) = Fslta, ts, too, tas, tse, tag] @ A, (to, ta1,t25)/R,

where R is an ideal generated by t4tg, tstg, tato1, totag + tsgtor, totog + tatos,
togta + torty, tstos, tasts — tasto, taotar, taotas, tastao — tartes and t3) — thtas —
t3ts6 + t3t2ts. In this note we prove that BF} is determined up to completion
by its cohomology at the torsion prime 3, as well.

Theorem 1.1.  Let X be a 3-complete space such that H*(X;F3) is iso-
morphic to H*(BFy;F3) as As-algebras. Then X is homotopy equivalent to
BF, up to 3-completion.

Proof. See Section 2. O

A different question is whether or not a compact Lie group or p-compact
group is N-determined (see [12] and [18]): Let X be a p-compact group and
j: N —— X its maximal torus normalizer. Then X is said to be N-determined
if any diagram
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where X’ is another p-compact group with isomorphic maximal torus normal-
izer j': N —— X', might be closed by an isomorphism of p-compact groups
X — X

This essentially means that X is determined by its maximal torus nor-
malizer in the sense that any other p-compact group with isomorphic maximal
torus normalizer is actually isomorphic to X.

For a p-compact group X we denote Out X the group of homotopy classes
of self homotopy equivalences of BX. Restriction to the maximal torus normal-
izer j: N —— X induces a homomorphism Out(X) — Out(N) (see [12]).
Then, a p-compact group X with maximal torus normalizer j: N —— X
has N-determined automorphisms if Out(X) —— Out(V) is injective. A
p-compact group is totally /N-determined if it is N-determined and has N-
determined automorphisms.

Mpgller and Notbohm have considered (although using a different language)
the torsion free case: [14]. Here we have considered again the case of Fy at the
prime 3. Our result is

Theorem 1.2.  The exceptional Lie group Fy is a totally N-determined
3-compact group.

Proof. Compact Lie groups are known to have N-determined automo-
morphisms, hence all we have to prove is that Fy is N-determined. See Section
7. |

Organization of the paper. The paper is organized as follows. In
Section 2, we prove Theorem 1.1. The gaps left open in that section are filled
in the following ones. In Section 3 we describe the 3-stubborn subgroups of
Fy. In Section 4 we construct an inclusion of the maximal torus of Fj, into
a 3-complete space X with nice properties, and extend that inclusion of the
maximal torus to an inclusion of the torus normalizer in Fy, into X. In Section
5, we calculate the homotopy type of some mapping spaces involving the 3-
stubborn subgroups of Fy. In Section 6, we contruct the mod 3 homotopy
equivalence between BF; and X. In the last section we prove Theorem 1.2.

Notation. Here A, is the mod p Steenrod algebra, all spaces are assumed
to have the homotopy type of CW-complexes, and completion means Bousfield-
Kan completion ([3]). Given a space Y, we write H*Y for H*(Y;F3), and Y,
for the B-K (Z/p)o-completion of the space Y. The symbol H*7 will denote
the cohomological category of spaces (see Section 2). The symbol Ap is used to
denote an exterior algebra over the coefficients field F. Given a group W, we
denote by H*(W; M) the group cohomology with coefficients in the W-module
M. Given a compact Lie group, the symbol Q,(G) denotes the Quillen category
of G at the prime p (see Section 7).

Acknowledgements. To finish the introduction, it is a pleasure to thank
C. Broto and D. Notbohm for useful conversations and interesting suggestions,
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2. Proof of Theorem 1.1

In what follows, we work in H*7, the cohomological category of spaces.
In this category, objects are topological spaces and morphisms are homomor-
phisms of their cohomological algebras over the Steenrod algebra. If a morphism
is induced by a homotopy class of maps, it is denoted by a solid arrow. Dotted
arrows denote morphisms which are not necessarily induced by a topological
map. We say that a diagram commutes (in H*7) if the subdiagram of solid
arrows commutes homotopically and the total diagram of homomorphisms of
cohomological algebras over the Steenrod algebra commutes.

Throughout this section, X is a 3-complete space with H*X = H*BF,
as Ags-algebras. The construction of the mod 3 equivalence f : BFy — X is
based on the mod p approximation of the classifying space BG of a compact
Lie group G via its p-stubborn subgroups that appears in [9].

Let p be a fixed prime. A p-toral group is a compact Lie group P whose
component of the unit, Py, is a torus and whose group of components P/ P, is
a finite p-group. Given a compact Lie group G, a p-toral subgroup P of G is
said to be p-stubborn if the quotient N(P)/P, where N(P) is the normalizer
of P in G, is finite and does not contain any nontrivial normal p-subgroup.

Let G be a compact Lie group and R,(G) denote the (topological) orbit
category, whose objects are homogeneous spaces G/P with P C G p-stubborn,
and whose morphisms are given by G-equivariant maps. Then, if EG denotes
a free G-CW-complex, the Borel construction defines a (continous) functor

EG xg -1 Rp(G) — Top
G/P  — EGxgG/P

and because the category R,(G) is finite, it makes sense to consider
hocolimg ,(¢) EG X -
Jackowski, McClure and Oliver proved [9]
Theorem 2.1.  For any compact Lie group G, the map
hocolimg ¢y EG xG - — EG xg * ~ BG

is a p-local equivalence, that is, induces an isomorphism in cohomology with
Zp) -coefficients.

To apply this result, we follow a simplified version of the programme de-
veloped by the author in [21].

Actually, we choose, for simplicity, a skeletal subcategory of R3(Fy); that
is, a full subcategory containing just one represetative for each isomorphism
class of objects in R3(Fy). This election is described in Proposition 3.6.
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By abuse of language, we keep the same notation R3(Fy) for such subcat-
egory. In fact, since both categories are equivalent we can still write

hOCOlimRs(El) EF4 X Fy F4/P =3, BF4

where ~3 means homotopy equivalence up to 3-completion.

In order to get the desired map f : BFy — X, we construct a collection of
maps EFy xp, Fy/P ~ BP ~IP, X such that they fit together in a homotopy
commutative diagram

{BP}R.%(FZ) X,

and finally we check that the associated obstruction groups to extend the map
to the homotopy colimit vanish.
The proof is essentially divided in the following series of propositions.
Write ¢* : H*X —— H*BF), for the given isomorphism of Az-algebras,
which can be assumed to be the identity, and denote it by ¢ : (BFy)5 - -» X
in H*7. Let T —— F, be a maximal torus of Fy and N . F, be the
normalizer of the torus in Fy. Then:

Proposition 2.2.  There exist maps fr : BTy — X and fy : BN%
—— X such that they fit in the diagram

BT}

Biz/ BNT) \JT

N
(BEJ) — P - X
which commutes in H*T:
Proof. See Section 4. O

Now, note that for a given P, representative 3-stubborn subgroup of Fj,
the standard map
BP —— BFy

factors through BNT
BP -+ BNT —~ BF,,

so we have a diagram
{BP}ry(ry) —+ BNT
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that is probably non commutative. We prove that the composition with the
map fy constructed in Proposition 2.2 commutes again up to homotopy. Note

that the diagram
fnoh

{BP}R3(F4) - X
commutes in H*7 by construction.
Proposition 2.3.  The diagram
fnoh
(2.1) {BP}ry(ryy ——+ X
commutes up to homotopy.
Proof. See Section 6. O

The homotopy commutativity of the diagram (2.1) induces a map from
the 1-skeleton of the homotopy colimit of { BP}x,r,) to X. The obstruction
groups to extend this map to the total homotopy colimit are

hjfli Ty (map(BP, X)fp)v
Rg(F4)

where lim® is the i-th derived functor of the inverse limit functor (see [3] and
[23)).
To calculate those groups, we compare the functors
I T Ry (Fy) — Ab
defined as

HJX(FAL/P) : = mj(map(BP, X)),
H? (Fy/P) : = m;(map(BP, (BF1y)5)Bip)-

The category Ab is the category of abelian groups. These functors are
well defined for j > 2 and note that according to [9], I (F,/P) = 7, (BZ(P))
which is an abelian group and therefore the functor is well defined in this case
as well. The case of II5¥ is similar (see Section 6).

The relation between those functors is given by the following proposition.

Proposition 2.4.  There ezists a natural transformation
. F X
T 1" —— 1T

which is a natural equivalence.

Proof. See Section 6. 1
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So we have that:

lim’ 7 (map(BP, X)y,) = lim* 7;(map(BP, (BF4)3)pip),
R (Fy) Ra(Fa)
and by [9]:
lim’ 7;(map(BP, (BFy)3)pip) = 0.
R3(Fa)
Hence we have a map f : BFy —— X. To finish the proof we have to

check that the map induced by f on cohomology is an isomorphism. This
follows from the commutative diagram

BNT
Bi fn

BF, / - X

because both diagonal maps induce injective maps in cohomology, so f* is
injective too, and because H*X and H*BF, have the same Poincaré series,
which implies that f* is an isomorphism.

3. The 3-stubborn subgroups of Fj

In this section we deal with the theory relating to the 3-stubborn subgroups
of Fy. First we calculate the conjugacy classes of elements of order 3 in Fj.
The following lemma, that appears in [10], contains two general facts which are
very useful when making computations.

Lemma 3.1.  Let G be a compact connected Lie group.

(i) If G is simply connected, then the centralizer of any element in G is
connected.

(ii) Fiz a mazimal torus T C G and an element g € T. Let W = Ng(T)/T
and Wy = Neg)(T)/T be the Weyl groups of G and of the centralizer C(g),
respectively. Then the number of elements in T conjugate (in G) to g is just
the Weyl group index [W : W,].

Next proposition describes the conjugacy classes of elements of order 3 in
Fy, as well as their centralizers.

Proposition 3.2.  The group Fy contains exactly 3 conjugacy classes of
elements of order 3 listed below.

Class Centralizer NrinT
3A Az Ag 32
3B B3T, 24
3C C3Ty 24
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Proof. Because for any two elements in a simply connected compact Lie
group there exits a maximal torus containing both of them, it is enough to
calculate the conjugacy classes in a maximal torus 7.

We can identify T = T'(Fy) = R* with the usual inner product such that
the set of roots of Fy is (see [2])

1
R = {:l:.fﬁz(l << 4),:|:a:i ﬂ:dfj(l <7 <j < 4), 5(:|:3:1 + 2o+ 23 :|:£E4)}
c (1"

Given § € T, and g = exp(g), by Lemma 3.1 (i), Cr,(g) is connected (and
it clearly has maximal torus T'). The roots of Cr,(g) are precisely those roots
of F, which take integral values on g, hence we can know the group type of
CF4 (g) : R

Set g1 = (1/3,1/3,1/3,1) € T and let g1 = exp(g1). Then g; has order 3
and Cp,(g1) is a compact connected Lie group of rank 4 with roots

1
R, = {:I:(CL‘Z —xj)(l <i<g< 3),:|:5L‘4,:|:§(:L‘1 + T2 + I3 :|:5L'4)},

hence CF,(g1) has type AsAs. In fact Cr,(g1) = SU(3,3) (see [10]). Call 34
the conjugacy class of g;.

Set go = (0,0,0,1/3) € T and let gy = exp(gz). Then g has order 3 and
CF,(g2) is a compact connected Lie group of rank 4 with roots

Ro={+z(1<i<3),+z;+a;(1<i<j<3)},
hence Cr, (g2) has type B3T1. Call 3B the conjugacy class of ga.
Set g3 = (1/3,1/3,0,0) € T and let g3 = exp(gs). Then g3 has order 3
and Cp,(g3) is a compact connected Lie group of rank 4 with roots

1
R3 = {:l:l‘3, :|:1‘4,:|:$3 + IE4,:|:(£E1 — ZEQ), 5(:&(1‘1 — 132) + I3 + 1174)} s

hence Cr,(g3) has type C5T7. Call 3C the conjugacy class of gs.

Now, by Lemma 3.1 (ii), we know that the number of elements in 7" which
are in the class

e 3Ais [Wg, : WC(gl)] = 32,

e 3B is [VVF4 : WC(gz)} = 24,

e 3C is [WF4 : WC(gg)} =24.

Because there are only 80 elements of order 3 in T, this means that those
three classes are all the conjugacy classes of elements of order 3 in 7' O

If an elementary abelian 3-subgroup V' C Fj has all its elements (but the
unit) in the conjugacy class 3X, that is V — {1} C 3X, we will say that V is
3X-pure.

Because every element of order three in Fy is (up to conjugation) in
SU(3,3), we are also interested in the conjugacy classes of elements of order 3
in SU(3,3).
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Consider the following elements of SU(3),

w 0 0 1 0 0
A=10 w 0], B=10 w 0],

0 0 w 0 0 w?

0 0 1 E 0 0
cC=11 0 0}, and D=0 & 0],

0 1 0 0 0 ¢w

where ¢, w € C such that w® =1, w # 1 and £ = w.

Note that the class (4,1) = (1, A) € SU(3, 3) is the generator of the center
of SU(3,3) and the group generated by (A4, 1), (B, B) and (C, C) is the unique
(up to conjugation) non toral elementary abelian 3-subgroup of SU(3, 3).

The conjugacy classes of elements of order three in SU(3,3) are described
in the following proposition.

Proposition 3.3.  SU(3,3) contains exactly 11 conjugacy classes of el-
ements of order three listed below,

Class Centralizer Nr in T
3a,i=1,2 SU(3,3) 1
3ag (T, (C,C)) 12
361 (51)2 Xz/g SU(g) 6
3ﬁ2 SU(3) X7/3 (51)2 6
3, k=1,...,6 S(StxU(2)) xz/3 S(S* x U(2)) 9

Proof. As SU(3,3) is a small group, the proof is done by a routine calcu-
lation. Note that B, B?, AB, A2B, AB? and A?B? are conjugate each other
in SU(3) as well as D, ABD and AB?D, therefore the representatives can be
chosen:

At 1) for 3oy, i = 1,2,
B, B) for 3as,

B, 1) for 304,

1, B) for 3035 and

e (A°D",D") where s =0,1,2 and r = 1,2 for 3va54,.

The centralizers are easily calculated and the number of elements in T
which are in each class can be calculated by Lemma 3.1. 1

Remark 3.4.  According to Rector ([19], Proposition 7.5), the Weyl
group of Vo = ((A,1),(B,B)) in Fy is GL2(F3), hence all the elements of
this subgroup are in the same conjugacy class of Fy, that is, 3a; C 3A for
all i = 1,2,3. Moreover 33; ¢ 3A for any i« = 1,2 because in that case
#13A — (U;3c; U 30;)| = 12 and 12 can not be expressed as a sum of 9’s and
just one 6.

The class 34 in Fy has a special role, as the following proposition shows.
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Proposition 3.5.  F, contains exactly 3 conjugacy classes of elemen-
tary abelian 3A-pure subgroups, with representatives Vi, Vo and V3 as listed
below. They are all presented as subgroups of SU(3,3) C Fy where the matrices
A, B and C are those of above.

Vi Cr(V) Np(Cr(V))/Cr(V)
V1 =((4,1)) SU(3,3) Z7]2
Vo = <(Aa 1)7 (B’ B)> <Ta (Cv C)> GL2(IF3)
V3 = <(A,1),(B,B),(C,C)> V3 SL?)(F?))

Proof. Let V; an elementary abelian 3A-pure subgroup of Fy with rkV; =
i. The case V; appears in [10] Lemma 3.3 (v).

Consider the case V2. We can assume that V3 is generated by (A4, 1) and a
second generator named X . If X is (up to conjugation) (B, B), that is, X is in
the class 3az C SU(3,3), then by the remark above we are finished. Suppose
now that X ¢ 3as, in that case we use again the remark above and X € 3v;
for some j, but because Vs is 3A-pure, X"(A,1)° € 3A for all r, s € Z, that is,
3v; C 3A for all j. This is impossible because 54 = 6§|3v;| £ #|3A| = 32, hence
V4 is (up to conjugation) ((A,1), (B, B)) and we are finished in this case.

Consider the case of V; for ¢ > 3. If V; is toral, similar arguments to those
of above show that, (V; — 1) C U;3«;, which is impossible because 3" — 1 =
8lVi — {1}| £ 8| U; 3ej| = 14 for i > 3. Hence V; can not be toral. In this case
i =3, and V3 has to be (up to conjugation) ((A4,1), (B, B), (C,C)), and by [19]
7.4, we are finished. O

Now we have enough information to calculate the 3-stubborn subgroups of
Fy.

Proposition 3.6.  The group Fy contains exactly 7 conjugacy classes of
3-stubborn subgroups, with representatives Py, ..., P;. They are all presented
as subgroups of SU(3,3) C Fy. Also Q@ C N C SU(3) are the subgroups
Q = (A, B,C) (the non abelian 3-group of order 27 and exponent 3) and N =
(St x 8. C).

p N(P)/P

Py =N xz/3 N = N3(T) (Z)2 x Z]2) xZ]2
PQZNXZ/gQ (Z/2XSp2(F3)))4Z/2

=Q xz/3N (Spa(F3) x Z/2) X Z/2
Py =Q Xz/30Q (Spa(F3) x Spa(F3)) x Z/2
P = <(Sl) xz/3 (81)%,(C,C)) =T xZ/3 GL(Fs3)
Ps = ((A,1),(B,B),(C,0)) = (Z/3)* SLs3(Fs3)
P, =T Wg,

Proof. Fix a 3-stubborn subgroup P C Fy, and let Z(P)3 be the 3-torsion
subgroup of its center. Because every 3-stubborn subgroup of Fj has a repre-
sentative in SU(3,3) and CF,(P) C Z(P), we have that there exists at least
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one element in Z(P)s which is in the conjugacy class 3A. We consider the
following cases.

If rk Z(P)s = 1, say Z(P)3 = (g) C 3A. Then Np,(P) = N¢(g)(P) x Z/2,
and so P is also 3-stubborn in C'(g) = SU(3,3). By [9] Proposition 1.6, the 3-
stubborn subgroups of SU(3, 3) are precisely the groups of the form P’ xz,3 P
where P’ and P” are 3-stubborn in SU(3). Also, the only 3-stubborn subgroups
of SU(3) are @ and N. Conversely, if P = P’ xz,3 P" where P’ and P" are
3-stubborn in SU(3), then

N, (P)/P = ((Nsu) (P")/P') x (Nsy) (P")/P")) x Z/2,

and so P is a 3-stubborn subgroup of Fj. Note that the subgroups N xz/3 Q
and @ xz/3 N are not conjugate in Fy, since the action of Z/2 on each factor
of C(g) = SU(3,3) is via complex conjugation.

If tk Z(P)3 = 2, say Z(P)s = (g, h) where (g) C 3A. In this case, we have
two possibilities: if A € 3y; fori=1,...,6, orif h € 38; for j = 1,2.

If h €3y forany ¢t =1,...,6, then

P C C(g,h) = S(S" x U(2)) xz/3 S(S' x U(2)),

and since P is 3-toral, P C T. The only possible 3-stubborn subgroup P C T
of Fyis T and 1k Z(T)3 = 4 # 2.
If h € 36; (the case h € 3035 is similar) then

P C C(g,h) = (8Y)? xz/5 SU(3)

and the only possible 3-stubborn subgroups are P’ = (S')? x5 Q and P =
(8Y)% xz/3 N. But Np,(P")/P" = (£3 x SP,(F3)) x Z/2 and Ng,(P")/P" =
Y3 % Z/2 which are not 3-reduced and therefore P’ and P” are not 3-stubborn
subgroups of Fy. Therefore, the only chance is that h € 3as, that is, Z(P)3 =
(g, h) is an elementary abelian 3A-pure subgroup of Fy, in that case we have a
new 3-stubborn subgroup of Fy, P = C(g,h) = (T, (C,C)).

Ifrk Z(P)3 = 3, and Z(P)s is not 3A-pure, then is toral and P C C(Z(P)3)
= T which again produces no 3-stubborn subgroup P C Fj such that rk Z(P)s
= 3. Hence if tk Z(P); = 3, Z(P)3 has to be 3A-pure and therefore P =
C(Z(P)3) = Vs.

Finally, if rk Z(P)3 = 4, then P =T, because W, is 3-reduced. O

Note that,

Remark 3.7. Given P a 3-stubborn subgroup of Fy, define Py := PNT.
Then can be easily checked that the short exact sequence

Pr—P5 P/Pp
has a section. Therefore we have that Br* : H*B(P/Pr) — H*BP.

Finally, two technical lemmas.
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Lemma 3.8.  The cohomology group H*(Z/3; (LTpy(s))s) is trivial.

Proof. In [16], proof of Proposition 6.7, we see that H?(Z/3; (LTys))s) =
0. To finish the proof, we consider the exact sequence of Z/3-modules:

0 — Zy — (LTys))s — (LTpus))s — 0. O

Lemma 3.9. Let P C SU(3) be N or Q, and let T be the standard torus
of SU(3). Then, given the canonical inclusion Bi : BPp —— BSU(3), there
exists only one extension to a map Bi : BP —— BSU(3) up to homotopy, that
is, there exists only one possible extension i : P —— SU(3) up to conjugation.

Proof. The number of those extensions are calculated by the obstruction
groups

H(P) Py map(BPrs BSU(3)) 1) = HA(Z)3: (LTpus))2)

(notice that Cgys)(Pr) = T) and by Lemma 3.8 this group is trivial, hence
we are finished. |

Now, we can prove the next proposition which describes some properties
of the 3-stubborn subgroups of Fy that we need.

Proposition 3.10.  The representatives i : P < Np,(T) — Fy defined
in Proposition 3.6 satisfy the following conditions:

(1) Pr is a 3-toral group.

(2) Z(SU(3,3)) C Pr.

(3) CF4 (PzT) =T fOT‘ all 1 75 6. CF4 (P6T) = P5.

(4) The canonical map

mo(map(BP, (BF,)3) pa|ppr—pi) — hom (H*(BFy;Fs), H*(BP;F3))
is an injection.

Remark 3.11.  Note that by (2), every element in Cp, (Pr) centralizes
Z(SU(3,3)), so the statement (3) can be proved by calculating the centralizers
in SU(3,3).

Remark 3.12. By map(BP, (BF4)§\)Boz\BPT=Bi we denote the compo-
nents of the mapping space map(BP, (BF,)%) given by maps Ba : BP —
(BFy)%, such that Ba|gp, ~ Bi. Hence (4) can be reformulated as “the ex-
tensions of the canonical inclusion Bi|gp, : BPr — (BFy)3 to maps Ba :
BP — (BFy)4 are controlled by cohomology”.

Proof. The proof of the statements (1) to (3) is a straight forward calcu-
lation.

Let o, : P — F4 be two homomorphisms, such that Ba* = BfS* and
Ba|gpy, ~ BB|pp,, we see that Ba ~ B. That is trivial in the case of Ps by
Lannes’ theory, but the other cases are more complicated and will be done in
several steps.
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Step 1. Both maps factor through BSU (3, 3)5.
Consider the induced map between mapping spaces:
Ba, B3 : map(BZ(SU(3,3)), BP)g; — map(BZ(SU(3,3)), (BF})35) -

According to [8] and [15], and by (2), we get that map(BZ(SU(3,3)),
BP)p; ~ BP} and map(BZ(SU(3,3)), (BFy)})ps ~ BSU(3,3)} and the
evaluation map allows us to reconstruct the original map. Hence we have two
maps:

Ba, B3 : BP — BSU(3,3)5,

which when composed with the standard inclusion of BSU(3,3) in BFy, give
the original ones. Moreover, by Lannes’ T functor, we get that Ba™* = B*.

Step 2. B(x)(a(z))~t € Z(SU(3,3)) for all z € P.

Let a, 8 : P — SU(3,3) be two homomorphisms, such that Ba|pp, =~
Bf|gpy, we see that there exists v : P/Pr — Z(SU(3,3)) such that § is
conjugate in SU(3,3) to the homomorphism:

PAPxP'" pxP/Pr % SUB,3) x Z(SU(3,3)) % SU(3,3),

where p is the multiplication in SU(3, 3).

Proving the existence of «y is equivalent to proving that the induced map
between the quotients by the center of SU(3,3) are conjugate in PU(3)%2. We
consider two different cases: when P/Pr has rank 1 or 2.

The first one is the case of Ps. In that case, we are interested in extensions
of the standard inclusion of the torus Bi : BT — (BPU(3)?)% to maps Ba :
BPs; — (BPU(3)%)%, where Ps := P5/Z/3. The uniqueness of these extensions
are classified by:

H*(Ps/Psr; me map(BPsr; (BPU(3)%)3)5i) = H*(Z/3; (LTpy(3)2)5),

where the action is diagonal. To prove that this group is trivial, we apply
Lemma 3.8 and the exact sequence of Z/3 modules:

(LTPU(?)))Q - (LTPU(3)2)Q - (LTPU(s))Q-

This finishes the proof of Step 2 for Ps.

The second case is the case of P = Py xz/3 P> where P; is 3-stubborn
in SU(3). Denote by P; the quotient of P; by the center of SU(3). Then,
the quotient of P by Z(SU(3,3) is P = P, x P,, and therefore, any induced
map @ : P —— PU(3)? can be expressed as a matrix @ = (@; ;) where the
morphism @; ; appears as the quotient by the center of the composition

P;— P -+ SU(3,3) —» PU(3);.
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By construction, @;; and BH lift to di,i,@-,i : P, —— SU(3); which
are extensions of the canonical inclusion (P;)r — SU(3), so by Lemma 3.9
By ; ~ BB” ~ Bi, and therefore Ba; ; ~ BE”

Now, because the inclusion of P; — P commutes with the inclusion Py —

P, it forces to @; ; = Bza and both are trivial. That implies Ba ~ Bf3, which

finishes the proof of Step 2.
Step 3.  Different extensions are detected by cohomology.

We see that if Ba* = BS* then the homomorphism v : P/Pr — Z(SU(3,
3)) defined in Step 2 is trivial. By Lannes’ theory it is enough to prove that
By* = 0. Assume that it is non trivial, then By* : H*BZ(SU(3,3)) —
H*B(P/Pr). Note that also Br* : H* B(P/Pr) — H*BP by Remark 3.7.

For x4 € H*BSU(3,3) (see [22]) we then have that:

Ba*(z4) = BB*(24)
= Ba*(x4) + Ba™(x9)(B7* o By*)(v) + Ba*(x3)(Bn™* o By*)(u),
where H*BZ(SU(3,3)) = F3[v] ® Ap, (u).

An easy analysis of the low dimensional cohomology of those 3-toral sub-
groups of SU(3,3) shows that this equation cannot hold because, as we noted,
(Br* o By*)(u) # 0 and (Bn* o By*)(v) # 0.

So « has to be trivial and therefore Ba ~ Bg. O

4. The normalizer of the maximal torus
In this section, we prove Proposition 2.2, that is, we construct maps
A fr
BTy — X

and
BNT) ¥ x

such that it fits in the following commutative diagram in H*7:

BT}

First we fix some notation:
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e Vr is the maximal toral elementary abelian subgroup of Fy, i.e. Vp =
(2/3)",

e SU(3,3) is the central product SU(3) xz/3 SU(3), which appears as a
maximal connected subgroup of maximal rank in Fy ([9]),

o Vg is the center of SU(3,3), Vs = Z/3, and it is identified as a subgroup
of VT, o

e BV is a model of the classifyiggipace of Vp such that the natural action
of Wg, on Vr induces an action on BVr with a fixed-point.

Now, Lannes’ theory provides a map 1/3_\7; f—VT> X such that the following
diagram is commutative in H*7:

BVr
/ y
(BF4)é\ ______ (ES ——————— - X .

Moreover, Lannes’ T functor shows that map(l?l\/;, X)fy, =~ BT§. Evalu-

ation at the fixed-point of the Wg,-action on ?V? , provides a Wg,-equivariant

map

BT} ~ map(E\V?,X)fVT I x

with respect to the trivial Wig,-action on X (moreover, Bi* = f7 by con-
struction as we assumed ¢* = ly«pp,). Therefore it produces a well defined

map on the associated Borel construction ¥ := (map(f?T/;, X) fv, Jnwy, and an
extension:

BT
f fr

(4.2) Y

BWr, .

We prove that Y is homotopy equivalent to (BNT)3, the fibrewise com-
pletion (see [3]) of BNT via the fibration:

(4.3) BT — BNT — BWk,.

Fibrations of the form BT% — Z — BWJ, are determined (up to equiva-
lence) by
e the Wpg,-action
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e and a cohomological class in H3(Wg,; (LTF,)%).

According to [17], there is just one possible lift of the Wg,-action on Vr to
the Wpg,-action on T4, hence fibrations (4.2) and (4.3) induce the same Wpg,-
action on BT}'. Therefore both fibrations are equivalent if and only if they are
represented by the same cohomological class in H?(Wg,; (LTF,)3). According
to [1], this latest cohomology group is trivial, so fibrations (4.2) and (4.3) are
equivalents. Hence Y ~ (BNT)3.

Finally, notice that

HB(W&; (LTF4)§) = Hg(W&; 2 maP(BngAa (BF4)§)Bi)

does also classify the possible extensions of the natural map BT§ — (BFy)%
to maps (BNT)§ — (BF}y)%, thus there is just one possible extension to the
natural inclusion and it makes commutative:

BT}
(4.4) Bi/ BNT) \JT
f
(BFy)3 X

To obtain diagram (4.1), we need to show that it is possible to close diagram
(4.4) (in H*T) with ¢. Consider i : Vg C Vp, then applying map(BVs, -) io_
to diagram 4.4, and noting that:

e map(BVg, BT{')p; ~ BTY{, map(BVs, BNT{)p; ~ (BNgT)4 (where
NsT = Ngys,3)T), and map(BVs, (BFy)3)pi ~ BSU(3,3)% by [8], and

o H*map(BVs, X)piof, = H*BSU(3,3) by Lannes’ T functor, thus ac-
cording to [22], map(BVs, X)pios, ~ BSU(3,3)5,
we obtain a new diagram:

BT

(4.5) Bi/ (BNsT)} \JT#

BSU(3,3)) BSU(3,3)} .
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According to [4] and [22], BSU(3,3) is a totally N-determined 3-compact

group, hence there exists a map BSU(3,3)% AN BSU(3,3)% closing the dia-
gram (4.5) and (together with the evaluation maps) giving rise to the commu-
tative diagram in H*7:

BSU(3,3)) BSU(3,3))
BNsu 3,315
BNT}
fr
(BE)) X

where all the cohomological maps induced by the arrows are injective, and qz*
is just the restriction of g*. It is trivial that ¢ close diagram (4.4), hence all we
have to prove is that ¢* = ¢*. It follows from the fact that Bi* = f}. and:

Lemma 4.1.  There exists just one unstable map H* BF), o, H*BF,
such that the following diagram is commutative:

H*BT
Bi* Bi*

¢*

H*BF, H*BF; .

Proof. Recall that from [20], as an algebra:
H*BFy =3[ty ts, t20, tag, t36, tag) @ Ary(te,ta1,t25)/ R,

where R is an ideal generated by t4tg, tstg, tato1, totag + tsgta1, totog + tatos,
tagta + ta1lo, tstas, tagts — tasto, taotar, taotas, tagtao — t21t2s and t3, — thtss —
t3t3e + t3t3ty.

Also in [20] it is shown that

ker Bi* = {tg, ta1, tas, tag, taoto, ta1te, tasto, tastao tFs[tae, tae, tas)

thus ¢*(t;) = t; for i = 4,8,20,36, and 48. Now
° ﬁ(tg) = tg thus (b*(tg) = ﬁ((ﬁ*(tg)) = tg,
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o P3(tg) = tag — tita, hence ¢*(tag) = P3(¢*(ts)) — ¢* (t3ts) = t20,

® B(y20) = yo1, thus ¢*(ta1) = B(¢*(t20)) = ta1,

o Pl(ta1) = tos, hence ¢*(ta5) = P (¢*(t20)) = t25, and

® B(tas) = toe, thus ¢*(tas) = B(¢" (t25)) = tos.

Therefore ¢* = 1g«pF,. []

5. Some mapping spaces

In this section we determine the homotopy type of some mapping spaces
relating the toral part of the 3-stubborn subgroups of Fy and a 3-complete
space whose mod 3 cohomology equals to that of BF}.

Let X be a 3-complete space such that H*X = H*Fy as algebras over the

mod 3 Steenrod algebra. Let BT T X the map constructed in Section 4.
Given P a 3-stubborn subgroup of Fj, we can consider Py := PN T, the toral

part of P and we have a well defined map BPr Bi, BT I, X. We prove,
Proposition 5.1.  If P # Ps, then the natural map
map(BPr, BTBA)Bi — map(BPr, X) ¢, Bis
is a mod 3 equivalence. Therefore map(BPr, X) . pi ~ BT4 .

The rest of this section is devoted to the proof of this proposition. In what
follows, P is a 3-stubborn subgroup of F different from P,

We start introducing some notation. Denote by Ay C Pr the finite sub-
group of Pr of elements of order 3. Define A, := U Ay, then the natural
map BA. — BPr is a mod 3 equivalence, which implies that map(BA, X) ~
holim map(BAg, X) and map(BPr, BT4") ~ holim map(BAy, BT3). Therefore,
Proposition 5.1 follows from,

Proposition 5.2.  Let A C Pr be any 3-subgroup of Pr such that Ay C
A, and let map(BA,Y)a‘BM:BZ- denote the components of the mapping space
map(BA,Y) given by maps o : BA — Y, such that a|ga, ~ Bi. Then the
natural map

map(BA, BTY) Bi — map(BA, BX)

OC‘BAlz alBAlszBi’

is a homotopy equivalence and therefore map(BA, X) ¢, p; ~ BT} .

Proof. The proof is done by induction on the order of A. For A = A; the
proof is an easy application of the Lannes’ T functor (note that A; is always a
rank 3 elementary abelian 3-group) and [§].

Let A C Pr be any 3-subgroup of Pr such that A; C A. We can choose a
subgroup A’ C A of index 3 and get the exact sequence

O—)A’—)A—>Z/3—>O.
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Define BA’ := EA/A' ~ BA' and consider,
MX := map(BA, BX)aIBAlszBiv
MXO = map(BA )OC‘BAI =fr B>
MT := map(BA, BT3 )oz\BA =DBi>
MTy = map(BA’ BT} )a\BA —Bi-

Therefore MX ~ (M X)"*/3 and MT ~ (MTy)"*/3.

Now assume that the natural map MTy, — M X is a homotopy equivalence
and MTy ~ M Xy ~ BT4. Because that map is induced by fr, which is Z/3-
equivariant (the action on BT4' and X is trivial), we have a Z/3-equivariant
mod 3 equivalence between 1l-connected spaces. Therefore it induces also a
mod 3 equivalence between the homotopy fixed-point set, that is,

MT ~ (MTy)"%3 5 (M Xo)"/? ~ MX,

which finishes the proof. ]

6. The map BF; — X

In this section we prove Propositions 2.3 and 2.4. It is here where we
need the precise description of the 3-stubborn subgroups of Fy computed in
3.6. Recall the situation:

Given a 3-complete space X with H*X =4, H*BFy, in Section 4, we
constructed a diagram:

BNT}

Bint I

(BF4);/3\ --------------- - X

that commutes in H*7. For any conjugacy class of 3-stubborn subgroups of

Fy, we have a representative P included in the normalizer of the torus P %
NT — Fy (see Proposition 3.6). Composition with the map fx, produces a
collection of maps:

fp:=fnyoBip: BP —- BNT — X,
that give us a diagram:
f
{BPryr) = X

such that the induced diagram in cohomology commutes by construction. We
prove that it commutes up to homotopy.

Proof of Proposition 2.3. As every morphism in R3(Fy) is composition of
one induced by an inclusion and one induced by conjugation in Fy, it is enough
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to consider those induced by conjugation. Let ¢4 : Fy/P — F4/P be a map of
Rs(Fy) given by conjugation. We have to prove that the diagram:

B
gp B gyt IV |«
Bcg

B
gp B gy IV %

commutes up to homotopy. Without loss of generality, we can assume that
the subgroup P is the representative of the conjugacy class that appears in
Proposition 3.6. Now define a := ip o ¢4, we can reformulate the problem in
the following way: given a homomorphism « such that (fyoBa)* = (fyoBip)*
and « is conjugate to ip in Fy, then show that fy o Ba~ fn o Bip.

The group Pr = PN T is a 3-toral subgroup as we quoted in Proposition
3.10 (1). The restrictions «|p, and ip|p, are conjugated in Fy, and hence by
Proposition 4.1 in [14], they are also conjugate in NT', that is, fx o Ba|gp, =~
fn o Bip|gp,. The following proposition shows that the extensions of fx o
Bip|pp, to maps BP — X are classified by cohomology, which finishes the
proof. O

Proposition 6.1.  For any representative 3-stubborn subgroup P of Fy,
the canonical map

Wo(map(BP,X)Ba‘BpTszBiP) —_— hOHlK(H*X, H*BP)

is an injection.

Proof. The case of Py is trivial by Lannes’ theory as soon as it is an
elementary abelian group. Here we consider the case P # Pg.

The quotient Q := P/Pr acts on E\/PT := EP/Pp ~ BPr and therefore on
map(EVPT, _) =~ map(BPr, _), such that map(BP,_) ~ map(E\/PT, )"Q. Define
ipy :=ip|py, and consider the induced maps

map(BPT, BNTg,A)BiPT

In

map(BPr, (BFy)}) piy Bir, map(BPr, X) fy pip,

We show that the both maps are Q-equivariant homotopy equivalences.

First consider the case of the left one. By Proposition 3.10 (1), and [15],
both mapping spaces are homotopy equivalent (up to 3-completion) to the
classifying space of the centralizer in N7 and Fy, of Pr via the indicated maps.
From 3.10 (3), we get that both mapping spaces are homotopy equivalent to
BTY.
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The case of the right one follows from Proposition 5.1.

Both maps are (Q-equivariant as soon as the action of Q on Pr is via
conjugation by elements in NT'.

The next step of the proof is to take homotopy fixed-points. We get that

(6.1)
map(EVIDT, BNT:{\)%?PT

In
— h o5 vk
map(BPr, (BF4)£’»\)B?NBiPT map(BPr, X)ngipT~

are again mod 3 equivalences because every equivariant mod 3 equivalence
between 1-connected spaces induces a mod 3 equivalence between the homotopy
fixed-point sets. Recall that:

1) The components of map(Eﬁ;, (BF4)§)}]L3?NBZ-PT are distinguished by

mod 3 cohomology by Proposition 3.10 (4).
2) The diagram

BNT}

commutes in mod 3 cohomology.
3) Any map in map(BPr, X)19 has a lift to BNTY.

fNnBipp
4) The obstruction group which classifies the extensions up to homotopy
is isomorphic to that associated to (BFy)%, for:

H2(Q: my map(BPr, X) gy pip, ) = H*(Q; m2BTY)
2 H(Q; ma map(BPr, (BF3)}) piy Bir, ).
All this together implies that the components of
map(@'?,X)?ﬁgipT ~ map(BP, X)po|BPr~fyBip
are also distinguished by mod 3 cohomology. O
We finish the section by proving the Proposition 2.4.

Proof of Proposition 2.4. For any 3-stubborn subgroup P of F}, we define
an isomorphism
I (Fy/P) =TI (Fy/ P)
which is compatible with the maps in R3(Fy). In order to do that we use that
the maps in (6.1) induce the homotopy equivalences
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map(BP, BNT}) gi,

In

map(BP, (BF4)§)BZ-P map(BP, X) ¢,

which depend on the chosen lift BP 2% BNT) of BP 25 (BE,)).
Two lifts differ by a conjugation c,4, hence we have to prove that the diagram

map(BP, BNT') BipBc,

S e

map(BP, (BFy)%) i, ~— map(BP, BNT})p;, — map(BP,X)y,

commutes. It follows from the fact that the commutative diagram

BCF4(P) BCNT(P)

=3

map(BP, (BFy)%) i, ~—— map(BP,BNT})pi,

map(BP, (BF4)§/3\)Bichg «~ map(BP, BNT?:\)Bichg

BCr,(gPg™") BCn1(9Pg™")

can be glued to the similar one that can be obtained from Proposition 2.3
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BCnr(P) BCF,(P)

12

~

—=3

map(BP, BNT} )i, — map(BP,X)¢\Bip

H Beg |~
map(BP, BNTY ) gip e, — map(BP, X) ¢\ BipBe,
23‘ =3
BC’NT(ng_l) BC’F4(ng_1).

7. The group F, is a N-determined 3-compact group

Here we prove Theorem 1.2. To make it so, we obtain some properties of
the Quillen category of Fj at the prime 3. Recall that the Quillen category
of a group G at a prime p, in what follow denoted by Q,(G), is defined as
the category whose objects are pairs (V,«a) € Ab x Mono(V, G) such that V
is a nontrivial elementary abelian p-group (sometimes, we will not distinguish
between a group morphisms « : V' — G and its class a € Mono(V,G)), and
with morphisms Morg () ((Vl, aq), (Va, ag)), the set of group homomorphism
f: Vi — Vs such that (Vi,a1) = (V1, @2 f). The automorphism group of (V, a)
in Q,(G), Morg () ((V, @), (V,)), is denoted by Q,(G)((V,a)).

If N —» G is the maximal torus normalizer of G, and object (V,v) €

Q,(N) is called a preferred lift of (V,a) € Q,(G) if jv = a and Cn(v) S
Cg (o) is the maximal torus normalizer of Ci(ar). The set of preferred lifts of
a € 9,(G) is denoted by SPL(«).

An element o € Q,(G) is called oversized if for any v € SPL(«) the induced

morphism V' s N — Wea has kernel with nontrivial codimension. This
is equivalent to say that « is oversized if it is non toral.

Indeed, we are interested in the full subcategory of Qs(Fj), namely
Q5*(Fy), whose objects are (V,a) with rkV < 2.

Lemma 7.1.  For any object (V,«) € QSSZ(F4) the following hold:
1. The centralizer Cr,(«) is totally N-determined.
2. « is not oversized.

Proof. Let (V,«) be an element of Q3(Fy) such that tkV =1. AstkV =
1, and Fjy is connected then « verifies 7.1.2. Again, as tkV = 1, then «
represents a conjugacy class of elements of order 3 in Fy thus Cp, () is (up to
3-completion) one of the following 3-compact groups that appear in Proposition
3.2:
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o Cr, (o) =3 SU(3,3) which is totally N-determined by [4] and [22].

o Cr,(a) =23 SO(7) x S which is totally N-determined by [14].

e Cp,(a) 225 Sp(3) x S which is totally N-determined by [14].

Therefore o always verifies 7.1.1.

Now, let (V, @) be an object in of Q3(Fy) such that rkV = 2. By Propo-
sition 3.5 we know that (V) «) represents a conjugacy class of toral elementary
abelian p-subgroups of Fy, thus (V, «) is not oversized. To finish with the proof,
we have to prove the centralizer of (V, «) is totally N-determined. We consider
two cases:

o If (V') has an element g € a(V') such that g is not in the conjugacy class
34, then Cp,(a) = Ccy, ((9))(@) and as Cp,({g)) has no torsion (Proposition
3.2), and as (V) is toral CF,(a) has no torsion as well (see [5]). According
to [14], torion free compact Lie groups are N-determined, and therefore totally
N-determined.

o If every element in «(V) is in the class 3A, then by Proposition 3.5
Cr,(a) =T x Z/3 which is clearly totally N-determined. O

As a direct consequence of Lemma 7.1 we obtain

Proposition 7.2.  Let X be a 3-compact group with the same normal-
izer as F3. Then H*BX = H*BF}, as algebras over the Steenrod algebra.

Proof. Acording to Lemma 7.1, X and F} fit the conditions of Lemma
3.3 in [12]. Hence H*BX = H*BF), as algebras over the Steenrod algebra. [

Therefore Theorem 1.2 is a direct consequence of Theorem 1.1 and the
proposition above.
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