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Structure of group (C*-algebras of the
generalized Mautner groups

By

Takahiro Sunpo*

Abstract
We construct finite composition series of group C*-algebras of the
generalized Mautner groups whose subquotients are tensor products of
commutative C*-algebras, noncommutative tori and the C*-algebra of
compact operators. As an application, we estimate the stable rank and
connected stable rank of the C*-algebras of generalized real Mautner
groups.

Introduction

We first define the generalized Mautner groups M, ,,, by the semi-direct
products C" x, R™ where the actions a of R™ on C” are defined by the
multiplication of the matrices

z1 0
oy = , t=(ty) eR™ z; €eT(1<j<n)

0 Zn

with z; = €27 2k=1 ¢irtk with ¢j, € R. Then they are simply connected solvable
Lie groups. The Mautner group is a special case of M3 such as ¢;; = 1 and
co1 an irrational number. Note that this definition is different from that of the
extended Mautner groups of [AM, p. 138].

In this paper we will investigate the algebraic structure of the C*-algebras
of My, . In the cases of either n > 2, m = 1, or n = 1, they are studied in
[Sd2], [Sd4]. In what follows we assume that n,m > 2. We emphasize that it
would be the first step for the cases with m > 2.

Notation. Let C*(G) be the (full) group C*-algebra of a Lie group G
(cf. [Dx, Part IT]). For a locally compact Hausdorff space X, we denote by Cy(X)
the C*-algebra of all complex-valued continuous functions on X vanishing at
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infinity, and let C'(X) = Cp(X) when X is compact. Let K = K(H) be the
C*-algebra of all compact operators on a countably infinite dimensional Hilbert
space H.

1. Structure of the group C*-algebra of M,, ,,

Let C*(M,,m) be the group C*-algebra of M, ,,, = C™ x, R™. Then via
Fourier transform we have that

O (M) 2= C*(C") 314 R™ 2 Cy(C") x4 R™,

where the right hand side means the C*-crossed product of Cp(C™) by R™ with
the action & defined by the complex conjugate action &; = ;. If z; = 1 for
some j, then Cp(C") x5 R™ = Cp(C) ® (Co(C™1) x5 R™). So we may assume
that z; # 1 for all j in the following. If ¢;; =0 (1 < j <n)forsome 1l <k <m,
then Cp(C™) x4 R™ = Cp(R) ® (Co(C™) x5 R™71). So we may also assume that
for any k, c;i # 0 for some j in our setting.

Since the origin 0,, of C™ is fixed under &, we have the following exact
sequence:

0— OO(C” \ {On}) A& R™ — CO((C”) A& R™ — Co(Rm) — 0.

By the assumption of « in the introduction, the above ideal have a finite com-
position series {£;}7_, whose subquotients are given by

S i1/ Lok 2 M CH((C\ {01 )F) xq R™

for 1 < k < n, where EB(k) is the combination (Z) times direct sum, and
L = Co(Xg) ¥ R™ with X\ Xj—1 the disjoint union l_I( n )((C\{Ol})"+1_k

n+l—=k
obtained from considering &-invariant direct factors of the form (C\ {0 })"*+*=*
in Xj. Moreover, since & is trivial in the radius direction of each direct factor
C\ {01} of (C\ {01})*, we have the following decomposition:

Co((C\ {01 })F) x5 R™ = Co(RF) @ (C(T) x4 R™).
By the above argument we obtain that

Proposition 1.1.  Let M, (n,m > 2) be the generalized Mautner
groups. Then C*(M,,.,) has no nontrivial projections.

Proof. The statement follows from that the above subquotients of
C*(M,, ) have no nontrivial projections. O

Remark. The above proposition is also true in the cases of either m = 1
or n = 1. The first case is implicitly obtained in [Sd2], and the second one in
[Sd4]. However, it is not true in general cases for n = 1 if actions are not
multi-rotations. See [Sd1], [Sd3] for other results on the projection problem.
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By the above reduction, it suffices to analyze the crossed product C(T*) x4
R™.

We now suppose that the action & is transitive on T¥. In this case we have
k < m. Then we obtain by [Gr, Corollary 2.10] that

C(T*) x4 R™ 2 C(R™/RT') x R™ = C*(RT") @ K(L*(T*)),
where RY" is the stabilizer of 1, = (1,...,1) € T*. Since R} is a closed
subgroup of R™ and R™ /Ry, = T*, it is isomorphic to R™~* x Z*. In fact, by
Pontryagin duality we have an exact sequence 1 — ZF — R™ — (R’l’}C)A — 1 of
abelian groups of characters so that (R} )" = R™~* x T*. Hence

C*(RT") = C*(R™ % x ZF) = Co(R™ % x T).

Next suppose that the action & is not transitive on T¥, which occurs for
either any k > m or some k < m. We note that the crossed product C(T*) x4
R™ can be decomposed into the successive crossed products

(- ((C(T*) 341 R) 52 R)---) xgm R,
where &y = (OAftll>~~~ ,&;" ) for t = (t;) € R™. Then we deduce that

C(TF 1 @ (O(T) x4 R), or

C(TF) x4 R =
(%) {O(’H‘k‘kl)@(C(Tkl)xle), 2<k <k,

where the stabilizers of &; on either T or each direct factor of T*! are not R.
Moreover, in the first case, we obtain by [Gr, Corollary 2.10] that

O(T) 341 R O(R/Z) 3141 R 2 O(T) ® K,

where C(Ty) =2 C*(Z), T; = T and Z is the stabilizer of &;. In the second case
we note that the stabilizers of &' on T* are {0} or Z, hence discrete, so that
C(T*1) 341 R is regarded as a foliation C*-algebra C*(T*, §) with the foliation
T consisting of all orbits in T** by é;. Since (T*%, §) is a foliated T**~!-bundle
over T with § transversal to each fibers T¥1~1 we obtain that (cf. [Cn, IL§],
MS))
C(TF) xg R C*(TH,3) = (C(T" 1) xq1 Z) @ K
where the action &' of Z is a suitable restriction to the transversal T*1~!, and
the crossed product C(T**~1) x41 Z is a special case of noncommutative tori,
say T’éll with ©1 = (¢j,1,. .- ’Cjkl—ll) and 1 < j; < -+ < jg;—1 < n. (Note
that the similar argument as above was first shown in [Sd2].)
Therefore, we have that

Lemma 1.2.  Let C(T*) x4 R be the subalgebra of C(TF) x4 R™ as
above. Then

TF) ®K, or
T ) @ Tg ®K, for2 <k <k.
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Remark. If the stabilizers of &; on each direct factor of T* is not R,
we deduce that
CMeK ifk=1,

C(T*) g1 R =
(%) "ae {’]I‘&@K it k> 2.

Next we consider the crossed product (C(T*) x4 R) x42 R. By using
Lemma 1.2 we obtain that

) Xg2 R = {(O(Tk_l xT1) ®@K) xg2 R, () or

(C(Tk) Mar R (C(’H‘k*kl) Q (C(’H‘kl*l) Xat Z) @ K) x42 R, (II).

In the case (I) we have that

(O(Tkil) & C(Tl) RK® Co(RQ), (Il) or

(C(T* ' x T1) ® K) x52 R {(C(Tkl) Xa: R) @ C(T) @ K (1)

since 4?2 is trivial on C(T;) ® K in the case (Iz), and for the case (I;) we note
that
C(T1) ® K® Co(Ra) = C(T) X (ay,45) R?,

where Ry = R. By the same observation with the case for &', and since
K®K = K, we deduce that (C(T*!) x42 R) ® C(T;) ® K is isomorphic to one
of the following:
C(Tk_Q X TQ)@C(T1)®K, or
C(TF-17k2) @ (C(T*271) 342 Z) ® C(T1) ® K,  or
C(kakg) ® (C(Tkz*z) Xgz 2) @ C(T;) @ K.
for 2 < ko < k—1, where Ty = T as T, and the stabilizers of &2 on each direct
factor of T*2 are not R, and for the third case, we obtain that
(C(T* 1) %42 R) @ C(T) @ K 2 (C(T*%2 x TF271 x T) 341 R) 342 R
&~ (C(TF k2 x TF271 x T1) @ K) %42 R
> C(TF%2) @ (C(T*72) %42 Z) ® C(T1) @ K
because the stabilizers of Gs on each direct factor of TF2~1! are discrete.
In the case (II) we conclude that
(C(TF 1) @ (C(TF 1) %41 Z) ®K) X2 R
~ (C(TF M x TF=2) x50 Z) @ K® O(Ty), (II) or
T ((C(TF R x TF=1) xz2 R) g1 Z) @ K (1)
since the actions &' and &* commute in the case (II,), and for the case (II;),
(C(TF1) %41 Z) @ K) 352 R 2 (C(TF) 341 R) 342 R
> (C(TF =1 X T) %42 R) 41 R
> (C(TH" 1) ® C(T2) @ K) xg1 R
> (C(TF 1) x4 R) ® C(Ty) ® K

~

~ o~ ~
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where the stabilizers of & on T of TF¥1~1 x T = T*1 are Z and R on elsewhere.
Moreover, using Lemma 1.2 for &s we have that

(C(T* k1 5 TF=1) 442 R) g1 Z) @ K

o J(C(TFR= x TR~ @ C(Ty) © K) a1 Z) 9K, or
T ([C(TF=kitar x Thi=1=le2) @ (C(T*2=1) 342 Z)] 341 Z) O K,

where 2 < ko = ly1 + loo < k — 1. Summing up the above argument we obtain
that

Lemma 1.3.  Let (C(TF)x41R) x42R be the subalgebra of C(T*) x4 R™
as above. Then it is isomorphic to one of the following types:

C(TF 1) @ Co(Ty x Ro) ® K,

C(T*2)® C(Ty x T2) ® K,

(TE=17F2) @ (C(T*271) x42 Z) ® C(Ty) ® K,

(TE=k2) @ (O(T*272) %42 Z) @ O(Ty) @ K,

(T41) @ (C(T42) %51 2) ® Co(Tz) O K,

(TFF1=1) @ (C(T* 1) x41 Z) @ C(T2) ® K,

(Th—ki—la1) @ ([C(TF —1=b2) ® (C(T*2~1) x42 Z)] xa1 Z) @ K

Qaaaaa

for 2 < ko =ly1 +1la0 <k —1. These cases can be rewritten by

Co(T* x ]R) oK,

(T @

(T*= kz)@T’“z ®K,
(Th—F241) @ Tk22 '®K,
(Tk k1+1) Tkl_l ®K,
(
(

QQ

(C(T*) 41 R) xg2 R C

TF#1) @ Tg, ®K

TR ST 0

Q Q Q

where T?é“élz) = C(Thitla-2) X (al,a2) 7?2 is a noncommutative torus.

Remark. If the stabilizers of & = (&', &%) on each direct factor of T*
are not R?, and k; > 1 for (j = 1,2), then we have that

Co(T x R) ® K, k=1,

C(Ty xTy) @K, k=2,
(C(T*) xa1 R) xa2 R2 { TG ® C(T1) ® K,

T, ® C(T2) ® K,

’Jl"(“@hez) ®K,

where & is transitive in the above cases for k =1, 2.
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In the general case, we obtain by the similar computation that

Theorem 1.4.  Let C(T*)x4R™ be the crossed product cited above with
the stabilizers of & on each direct factor of T* not equal to R™, and k;j > 1 for
any 1 < j < m as in the above remark. If & is transitive on T, then we deduce
that

C(TF) xqg R™ =2 CoR™ F x TM @K, k<m,

and in other cases, we obtain that

Co(T* x Rm) ® K,

Co(TFb x Rh2) @ Tg]l_ oK,

CO(']I‘k_lhz X Rh3) X T(jéjl,sz) R K,
C’(Tk) Mg RM S e
_1 L. (e
Co(Tk ly1...(m_2) % Rhm—l) ® ’]I‘(él’FT”(;:n_Q) [ K,

k-1
CMeTe,. e, K

k
Tlo,... 0.) ®K,

where RM (0 < hj <m —j) are subspaces of Rm, and

are noncommutative tori, and if 1 <s<m—1,thenl <j1 <jo < -+ <js<m
for Té@jl,em..q@js), where ©;, = (Cqpy -+ 1 Cq_.p) With 1 < qp < -+ < q_s <
n for1 <p<s.

Proof. We have shown the transitive case after Proposition 1.1. In other
cases, by induction on m we deduce that

C(TF) x4 R™ 22 Co(TF ! x RM) @ Té%w 0,)®K

for some 0 <1< kand 0 <h <m—s—1. Then (C(T*) x4 R™) xgm+1 R is
isomorphic to one of the following types:

((C(Tk_l_k/) ® Tl(@jlw @js)) @K CO(Rh_h/)
® (C(Tk ) X(q,am+1) RM+F R)7

(CM N @ Tg,, .. 0,,)) Xam+1 R) @K @ Co(R),

)

where C(T*) x4 R? T¥" 2 Oy (T x R") @ K. For the first case, we obtain that
C(T*) 3 (q.amery REHF x R 2 Cp(TF x RM+1) @ K.
For the second case, we note that
Tlo,,.....0,,) Xam+t R (C(T'™%) x4 Z°) Xam+1 R
= (C(T'%) xgm+1 R) xg Z°.
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Therefore we have that
(O(Tkil) & Tl(@jl,“_ 163'5)) Xgm+1 R =2 (C(Tkil X Tlis) Xgm+1 R) x4 Z°.

m—+1

By assumption of &, if k — 1 > 1, then the stabilizers of & on each direct

factor of T*~! are not R. Then

C(Tm+1)®K ifk—s= 1,

C Tk_s ><]d'm 1 R =
(T772) sagms {(C(T’H—l) Mami1 Z) @K ifk—s>2,

where T,,41 = T. In particular, if ¥k — = 1 and @™*+! trivial on T!~*%, then

the crossed product in the left hand side is isomorphic to C(T x T!~*) ® K.
Finally, note that

(C(T**71) Xgmer Z) xq Z° = T](Cejl,...,ejs,e

js+1)’

where ©;

.4, corresponds to ™! on Tk—s—1, |

Summing up the arrangement discussed above we obtain that

Theorem 1.5.  Let My, = C" xo, R™ be the generalized Mautner
group. Then there exists a finite composition series {J; }JK:1 of C*(My, m) whose
subquotients are given by

_ ot xRrR™) j=K,
j]'/‘ijlz i k. ks m .
Co(C' xR%) @ (C(TF) xgR™) 1<j<K-1,

for some 0 <1 <nandl <k;j <kj_1 <n, and the crossed product C(Tk3) x4
R™ s isomorphic to one of the C*-tensor products appeared in Theorem 1.4.

Remark. We note that the product space C! x R™ is homeomorphic
to the space of all 1-dimensional representations of M, ,,. The composition
series {J;}, is a refinement of {£;}}_, constructed before Proposition 1.1.
The algebraic structure of group C*-algebras of simply connected, solvable Lie
groups in more general cases would be examined in another paper elsewhere.

2. Application
As an application of Theorem 1.5, we obtain that

Theorem 2.1. Let H = R" xg R"™ be the subgroup of the generalized
Mautner group G = C" x4 R™ with o = 8+ 8. Then C*(H) has a finite
composition series {D; }le whose subquotients are given by

Co(RH™) j=1L,
Qj/Qj_lg {Co(X])®K, or

I<j<L-1
Co(Y;) @B 9K
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for some 0 < d < n, where B is isomorphic to either a suitable Tl(j@_ ;)
J1or s

or its quotient, and X;, Y; are suitable quotient spaces of the product spaces
Cl! x RFithi x Tkl as in Theorems 1.4 and 1.5.

Proof. Note that C*(H) is a quotient of C*(@) by assumption. Then we
can construct a finite composition series of C*(H) by taking quotients of the
composition series of C*(G) in Theorem 1.5. Also note that the noncommuta-

tive tori ’]I‘l(’éj o,.) are simple or not according to whether the action on the
1 ? s

yeoen

corresponding restriction is free. O

We now denote by G1 the space of all 1-dimensional representations of a
Lie group G. As a corollary of Theorems 1.5 and 2.1, using some formulas of
the stable rank and connected stable rank for C*-algebras we obtain that

Corollary 2.2.  Let G be the generalized Mautner group. Then we have
that

st(C*(@)) =2V dime Gy,  if dim Gy is even,
2V dime Gy < sr(C*(G)) < dimg¢ Gy +1, ifdirnél s odd,
esr(C*(@)) < 2V esr(Co(Gy)) = [(dim Gy +1)/2] + 1,

where sr(+), csr(-) respectively mean the stable rank and connected stable rank
of C*-algebras, dim¢ = [dim(+)/2] 4+ 1, and V is the maxzimum.

Proof. We apply the following formulas by [Rf, Theorems 3.6, 4.3, 4.4,
4.11 and 6.4] and [Sh, Theorems 3.9 and 3.10] to the composition series obtained
in Theorem 1.5 (or Theorem 2.1 for C*(H)) inductively:

st(T)Vvsr(A/T) < sr(A) < sr(T)Vsr(~A/T)Vesr(A/T),  csr(A) < esr(T)Vesr(A/T)
for an exact sequence 0 — J — A — A/T — 0 of C*-algebras, and

str(ARK) <2, csr(AQK) < 2.
By [Rf, Proposition 1.7] and [Sh, p. 381] (cf. [Ns]), we know that

st(Co(X)) = dime X+, csr(Co(R)) = 2,
est(Co(R?) =1, csr(Co(RY)) =[(d+1)/2] +1 for d > 3,

where X means the one-point compactification of a locally compact T2-space
X. Moreover, we note that sr(C*(G)) > 2 by [ST2, Lemma 3.7]. These imply
the conclusion. O

Remark. The above corollary partially answers Rieffel’s question [Rf,
p. 313] describing the stable rank of group C*-algebras in terms of groups. See
[Sd2], [Sd3], [ST1], [ST2] for some results related to this question. If Kj-group
of C*(G) is nontrivial, in other words, if dim G is odd (cf. [Cn, I1.C]), then we
obtain that csr(C*(G)) > 2 by [Eh, Corollary 1.6].
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