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Abstract
We classify binary self-similar sets, which are compact sets deter-
mined by two contractions on the plane, into four classes from the view-
point of functional equations. In this classification, we can not only show
close relationships among functions with self-similarity but also give so-
lutions to a few open problems in other field.

Introduction

In the history of mathematics, we have seen some discoveries of strange
functions, which gave us a strong impact; for examples, the Takagi function [19],
constructed as a simple example of a nowhere differentiable but continuous
function, the Von Koch curve [10], a continuous Jordan curve, which admits
no tangent line anywhere, and the Lévy curve [12], which is a continuous curve
but with positive area, and so on. Each of these curves was discovered inde-
pendently and initially, no relationships between them were known for a long
time.

However in 1984, Hata and Yamaguti showed the following beautiful rela-
tionship between the Takagi function T (x) and Lebesgue’s singular function
M} (z) (Figure 1), which is a monotone increasing continuous function whose
derivative is zero almost everywhere [22].

OM, (x)
1 2T (g) = o ,
(1) () 90 |oessa

where a is a real parameter with 0 < a < 1.
A generalization of this relation was considered by Sekiguchi-Shiota in
1991. They computed the k-th partial derivative of M} (x) with respect to the
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Figure 1. The Takagi function and Lebesgue’s singular function

real parameter a [16], and showed that it has a nice application to an open
problem about digital sums [18].

Also, Tasaki, Antoniou and Suchanecki pointed out Hata- Yamaguti’s result
has some valuable applications in physics [20].

The purpose of this paper is to extend Hata-Yamaguti’s results by finding
close relationships among other strange functions from the viewpoint of the
theory of fractal geometry.

Recall a definition of self-similar sets. We say that a set X is self-similar,
if it is a unique empty compact solution of the set equation X = 1o(X) U
P1(X)U -+ Uthy,—1(X) for some finite similarity contractions ¢o, 1, ..., ¥m—1
on R™. In this paper, we define binary self-similar sets as self-similar sets
defined by two similarity contractions on the plane and classify them into four
classes determined by the form of their functional equation. This leads to a
classification of self-similar sets that has not been studied yet. Although many
studies on the classification of self-similar sets have been investigated from
the viewpoint of connectedness (Exercise [5], [1]), it is still very difficult to
determine if a given self-similar set is connected.

Binary self-similar sets are the simplest case of self-similar sets; however,
they include many interesting special cases; for instance, the Lévy curve, the
Von Koch curve (Figure 2) and Pdlya’s space filling curve, which is a simiplified
version of the Peano curve. Also, we show that our main theorems have nice
applications to several open problems in other fields.

Section 1 gives a discussion about the classfication of binary self-similar
sets.

First, we introduce the following four functional equations.

1 <
@) thxv( ) = aGlow(2x)’ 0<z<1/2,
’ VGa,w(2$71)+(177)7 1/2§£B§1,
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(3) 2 ( ) _ {aGg,w(2$) 0<z< 1/2,
“r 7G2 (22 — 1) + (1 =), 1/2<z <1,

3 <
@ G- {@g;w(;x% - 05 <1/2
704,'7(1,7 )+( 77)7 / ST =

: <
6)  Gha) = {“g’r*?* b Sl
704,'7(1,7 )+( 77)7 / ST =

where « and 7y are complex parameters satisfying |a| < 1, |y| < 1.
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Figure 2. The Von Koch curve

It can be proved that there exists a unique bounded solution G, () (i =
1,2,3,4) for each functional equation. These solutions are complex-valued real
functions. The closure of their images are binary self-similar sets, because
each functional equation represents a pair of two similar contractions on the
plane. In addition, we see that any binary self-similar set can be determined
by contractions represented by these four functional equations. In other words,
any binary self-similar set can be expressed as the closure of the image of a
solution of one of these functional equations; therefore, any binary self-similar
set can be classified into one of four classes.

We also obtain explicit formulas for a unique bounded solution Gﬁ,w (x) (1=
1,2,3,4) by a number-theoretical expression. These are our main theorems (See
Theorems 1.2 through 1.6 below). Although G, . (z) (i =1,2,3,4) are discon-
tinuous functions except when v = 1 — «, their differentiability with respect to
the complex parameters o and v can be proved from main theorems.

In Section 2, as an extension of Hata-Yamaguti’s results, we find a rela-
tionship between G} (x) and the Takagi function, T*(z), as follows.

a,l—«a

a,l—a

(6) Im Ga1-a(r) =27 (2),

aO[] a=1/2



258 Kiko Kawamura

where a7 is the imaginary part of « satisfing || < 1.

Furthermore, we prove that the real part of G}, ;_,(2) can be expressed
in terms of the derivatives of even order of Lebesgue’s singular function, and
the imaginary part is expressed in terms of the derivatives of odd order of
Lebesgue’s singular function.

From (1) and (6), we know that G, (z) has a close relationship with a
nowhere differentiable function, 7' (z), and a singular function, M} (z). Then
a question arises: how about G2 |, (z), G3 |, (z) and G§ | _,(z)?

To provide an answer for this question, we introduce real-valued functions
T (z) and Mi(z) (i = 2, 3,4) satisfying equations analogous to (1) and (6). We
analyze the behavior of these functions. It is interesting to observe how the
behavior of T%(x) and M!(z) (i = 1,2,3,4) depends on the number of complex
conjugate terms of (2)—(5). In other words, these real functions clarify the
essential difference among four classes from the view point of real analysis.

In Section 3, we mention a relationship between the Cantor function and
binary self-similar sets. We define a generalized Cantor function, Fy p(x), hav-
ing two real parameters a and b satisfying |a| < 1 and |1 —a — b < 1
In case a = 1/3,b = 1/3, F,(x) is the Cantor function. Next, we define
E,p(x) = sup{y € [0,1]; F,»(y) = x}. This function is the generalized in-
verse function of F,p(x), and it is known that F, o(x) is Lebesgue’s singular
function [8], [9]. From the viewpoint of the functional equations, we have
Ea,b(x) = Gg,l—a—b(q")? (7’ =1,2,3,4).

Section 4 gives some applications of our main theorems.

First, we give a solution to the open problem of exponential sums in number
theory. Explicit formulas of exponential sums have been investigated by many
authors for a long time. In 1998, Muramoto et al. gave a part of this solution
using the representation of Lebesgue’s singular function [15]. We show how
their results can be generalized using a main theorem of Section 1.

Next, we solve an open problem in ergodic theory posed by Mizutani and

In{z) n{z)

Figure 3. The Levy curve and Dragon
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Tto in 1987 [14]. They investigated a set of four Dragons by using the algebraic
methods of Dekking and point out an interesting open problem about the Lévy
curve. We show that our main theorem is powerful for analyzing the Lévy curve,
and a relationship between the Lévy curve and Dragon (Figure 3) is clarified.

Lastly, we study Dragon from the viewpoint of the functional equation
again and compare with the Lévy curve. From Section 3, we recognized the Lévy
curve as the image of a complex-valued continuous function G%/2+i/2)1/2_i/2(x)
and characterized it by the Takagi function and Lebesgue’s singular function.
Similarly, Dragon can be viewed as the image of a discontinuous complex-valued
function Gi/2+i/2,1/2+z‘/2 (x), and we can characterize it in terms of Rademacher
series and self-affine dust.

Throughout this paper “singular function” means a monotone increasing
continuous function whose derivative is zero almost everywhere.

1. Classification of binary self-similar sets

The history of systematic mathematical research on self-similar sets dates
back to 1981, when Hutchinson considered the non-empty compact set X C R™
satisfying the following set equation.

(7) X =o(X) U (X)U - Uthy—1(X),

where g, 11, ..., ¥m,—_1 are similarity contractions on R™.

(Recall that a map ¢ : R™ — R"™ is a similarity contraction iff there exists a
constant number L(¢) € (0, 1) so that the equality ||¢(z)—(y)|| = L(¥)||z—yl|
holds for any z,y € R™).

Besides, Hutchinson proved essentially the following important theorem [7].

Theorem 1.1.  For any finite family of similarity contractions, there
exists a unique compact solution of (7).

If ¥o, 11, . . ., ¥m—1 satisfy with the open set condition; (there exists a non-
empty open set U such that ¢;(U) C U and ;(U) U;(U),% # j), then many
more properties of the set X can be determined. [3], [7].

In this paper, we say that a set X is self-similar, if X is a unique empty
compact solution of (7) and define binary self-similar sets as follows.

Definition 1.1. A set X is binary self-similar, if X is a non-empty
compact set X C C satisfying

X =1 (X) Upa(X),
where 11,19 are similarity contractions on C.

It is well known that any similarity contraction can be expressed as a com-
position of scaling maps, rotations and reflections. Two similarity contractions
11,12 : C — C can be normalized so that z = 0 is the fixed point of ¥, and
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z = 1 is the fixed point of i without loss of generality. This leads to four
different cases:

e
®) {w()
P1(2) = az,
) {wﬂ@=vi+ﬂ—7%
e
(10) {w(>
(=)
(

(11) {% z) = az,

where « and ~ are complex parameters satisfying |a| < 1, |y| < 1.

In other words, any binary self-similar set is determined by one of these
four pairs of contractions. For instance, the Lévy curve [12], a continuous curve
but with positive area, is obtained by (8), if « =1/2+i/2 and v =1/2 — i/2.
Also, the von Koch curve [10], a continuous Jordan curve admitting no tangent
line anywhere, and Pdlya’s space filling curve are obtained by (9); more exactly,
if o =1/24 (v/3/6)i and v = 1/2 — (/3/6)i, the von Koch curve is given, and
ifao=1/241i/2 and v=1/2 —i/2, Pélya’s space filling curve is given [23].

Now, we introduce the following four functional equations:

(12) Gl (5) = oGy, (22), 0<z<1/2,
o7 VGé,w(2$71)+(177)7 1/2§£L’§ 1;
(13) G2 (n) = aG? (2z), 0<z<1/2,
o VGi,w(2$71)+(177)7 1/2§£L’§ 1;
(14) G () = oGy (2x), 0<z<1/2,
o VG, (22 —1) + (1 =), 1/2<z<1,
(15) Gl () = aGy (27), 0<z<1/2,
o VGq,, (22 = 1) + (1 =), 1)2<2 <1,

where « and « are complex parameters satisfying |a| < 1, |y| < 1.
Note that these functional equations resemble the following general func-
tional equations G. de Rham studied in 1957 [4].

ﬂ@:{mwmmx 0<a<1/2,
ba(f2r 1), 1/2<x<],

where 91,15 are contractions on R2.

He showed that (16) has a unique continuous solution f(z) if and only if
Ya(p1) = 1¥1(p2), where p1, p2 are the unique fixed points of ¥; and 19, respec-
tively. This result was generalized to the case of finitely many contractions by
M. Hata in 1985 [5].

(16)
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If v = 1 — «, we can see that each functional equation of (12)—(15) has a
unique continuous solution from de Rham’s theorem. It is also clear that the
image of this solution is a compact set and coincides with the corresponding
binary self-similar set. However, what is the situation in the other cases? More
exactly, if v # 1 — «, does there exist a solution of (12)—(15)?

Before stating our result about this, some notations need to be introduced.
We let o and v denote complex parameters satisfying |a| < 1, |y| < 1.

The real part of v is denoted by a g, and the imaginary part of « is denoted
by «aj. Similarly, vg is the real part of v, and s is the imaginary part of ~.
Furthermore, the binary expansion of z € [0,1] and its quaternary expansion
are defined as follows.

Definition 1.2.  The binary expansion of z € [0,1] is denoted by
oo
T = an2_", wn = wp(z) € {0,1}.
n=1

For these x € [0, 1] which have two binary expansions we choose the ex-
pansion which is even tually all zeroes. However, fix w, = 1 for every n if
z=1.

Let g(z,n) = >_}_, wk; in other words, ¢(x,n) is the number of 1’s occur-
ring in the first n binary digits of x. By convention, ¢(x,0) = 0.

Definition 1.3.  The quaternary expansion of z € [0,1] is denoted by

r=3 &l e =6alr) €{0,1,2,3}.

n=1

For these x € [0,1] which have two quaternary expansions we choose the
expansion which is even tually all zeroes. However, fix £, = 3 for every n if
r=1.

Let pr (k =0,1,2,3) be the number of k’s occurring in the first n quater-
nary digits of x.

First, we consider an explicit formula for a solution of (12).

Theorem 1.2. There exists a unique bounded solution of (12), and it
has the following expression

(17) Gho(@)=(1=7)) wyar tmalen=haalen=h g < g <1,
Proof. First, we show that (17) is a solution of (12). Note that w; = 0 and

q2z,n—1) =q(z,n)if0 <z < 1/2,and w; = 1 and ¢(2z—1,n—1) = ¢(z,n)—1
if 1/2 <2 < 1. It is now an easy exercise to prove that (17) satisfies (12).
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Suppose f is bounded solution of (12). Then by induction of k, we have
the following equation uniquely.

(18) f (Z an—n> _ ak—l—q(x,k—l),yq(x,k—nf (Z w,ﬂ‘”)
n=1

n=k
k-1
+(1—7) wpat T a@n=1) g(@n=1)

n=1

Since |a| < 1 and || < 1, we can take the limit on both sides of (18) to
obtain f = G, .. |

Example 1.1. In 1934, Z. Lomnicki and S. Ulam showed that Lebesgue’s
singular function M} (z) has the following representation [13].

1 —a Z Wna aten) a)q(m,n)’

where 0 < a <1 and a # 1/2.
Since

0 o)
anan—q(z,n—l)(l _ a)q(z,n—l) — anan+1—q(m,n)(1 _ a)q(z,n)—l’
n=1

n=1

(19) M, (x)

we have
M;( ) Gal a(x)

Corollary 1.2.1.  Ify #1—a, G} (z) is discontiunuous at x = 1/2",
for every 1 <k and1<1<2F—1.

Proof. Ify =1—a, it is clear that G}, () is continuous from de Rham’s
results.
From Theorem 1.2, we have

G, (1-0)= i

n=1
From (12),
1 1
Goq(1/2-0) =aG, ,(1-0)=a,
1 _
Ga,w(1/2) =1- Y

Recursively, from (12), G}, ~(z) is discontinuous at z € {1/2%}emr1<i<or 1
O

It induces an interesting problem to suppose a solution of (12) is un-
bounded.
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Theorem 1.3.  There are 2° unbounded solutions of (12).

Proof. Let

2 0< 1/2
T(z) = x, <x<1/2
2r — 1, 1/2<z<1.

A completely invarient set S C [0, 1] has the property that if z € S,T(x) € S
and T~ 1(z) C S. For any = € [0, 1], there is a smallest completely invarient set
containing x.

Let P be the family of smallest completely invarient sets. Each set in P is
countable. Note if 51,5, € P and S1 NSy # ¢, then S; = S5. Therefore, P is
a partition [0, 1].

Since T has only countably many periodic points, only the countably many
elements of P contains a periodic point.

Let ¢ be the cardinal of 2%, For each a < ¢, let X, € S,. For each «,
choose a value for f(X,) if f satisfies the equation (12). This determines the
value of f on S,. Note that since S, does not contain a periodic point we
choose any value for f(X,) that we wish. Also the value of f on S, has no
influence on the value of f anywhere else.

Thus, there are as many solutions of (12) as there are functions ¢ into R.
(i.e. there are 2° solutions of (12).) O

Next, we give an explicit formula for a solution of (20).

Theorem 1.4.  There exists a unique bounded solution of (13), and it
has the following expression.
(20)
G2 — Z (€ns1) apo+p1( yPotp2p2tps (7)171-0-173’ 0<z<l1,

where

0, gn =0,

oo+ ), &n =1,

) = LM ’
(a + ﬁ), gn = 2a

(I—a=p)(a+p)+(a+p), §n =3

Proof. Note that (13) is equivalent to the following.

(21)

‘OL|2G3{,7(4I‘), 0<z< 1/4,
G2 (2) = a7Gy (dr — 1) + a(l - v), 1/4 << 1/2,
A Gl (4 —2) + (1 —7), 1/2 <x < 3/4,

VPG, (4x = 3) + (1 =) + (1 =), 3/4<az <L
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It is straighforward that (20) satisfies (21). Therefore, (20) is a solution of
(13).

It can be proved that (20) is a unique bounded soluion in the same way as
the proof of Theorem 1.2. O

Third, we derive an explicit formula for a solution of (14): G‘;’w(x). To
do this, it is helpful to consider the real and imaginary part of G _ (). Define
the vector-valued function

- (156

Then Y(x) is the unique solution of the following functional equation.

- 0
AR o Y(Qx)+<>, 0<z<1/2,
ar QR 0
Y(z) = -
TR ) y(or — 1) + LN 1/2<z<1.
YT —IR -1

Hence, we can obtain the following theorem.

Theorem 1.5.  There exists a unique bounded solution of (14) and it
has the following expression.

(e’

0o n—1—q(z,n— x,n—
(S w <aR —ay ) « 1)(73 V1 >q( Y < 1—73)
"\ ar ag YT IR =1 ’

n=1
where x € [0, 1].
In the same way, we can also obtain an explicit formula for Gi,,y(x).

Theorem 1.6.  There exists a unique bounded solution of (15), and it
has the following expression.

(i)

o) n—1—q(z,n—1 xr,n—1
_ Z w R  Of « ) YR I al ) 1—9r
— "\ ar -—agr Y OVR =1 ’

For comparision, we give expressions for the real and imaginary part of
G}, . (z) and G _ ().
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Remark 1.6.1. G} (z) and G7,_ (x) also have the following expres-
sions.

ReG1 ()
ImG1 (;v)
Z . ap —of n—1—q(z,n—1) R =1 g(z,n—1) 1— VR
"\ ar agr YT YR -1 ’
ReG2 ()
ImG2 (;v)
Zw (aR or )nlq(z’nl) ( YR I )q(x’nl) <1—WR)
" —Qp VI IR - )

Recall that G7, _ (2) (i = 1,2,3,4) are discontinuous functions except when
v =1 — a; therefore, it is clear they are not differentiable if v # 1 — «.

However, using Theorems 1.2 through 1.6, we obtain the following result
concering the differentiability with respect to o and ~.

Corollary 1.6.1.  For each fired z € [0,1], G}, ., (x) is an analytic func-
tion with respect to a, v in a complex domain E = {(a,v) € C%;|a| < 1,]v| <
1}, but the other GY, _ (x), (i = 2,3,4) are not analytic.

Consider the closure of the image of a unique bounded solution G, ., (), (i =
1,2,3,4). It is clearly a binary self-similar set. Furthermore, we can see that
any binary self-similar set can be determined by contractions represented by
four functional equations (12)—(15) and be classified into one of four classes
completely.

2. An extension of Hata and Yamaguti’s result

In 1903, T. Takagi discovered an example of a nowhere differentiable con-
tinuous function that was much simpler than a well-known example discovered
by K. Weierstrass. It is called the Takagi function.

The Takagi function T (x) is defined by

n=1 2n
where

2z, 0<z<1/2,
22 T) = -
(22) #(@) {ﬂl—@, 1/2<a<1,

and ¢™ is the n-fold iteration of ¢. It is known that ¢(z) is a typical chaotic
dynamical system.
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On the other hand, G. de Rham studied the following functional equations:

aM}(2z), 0<z<1/2,

(23) M‘%(x){(l_a)M;(Zx—l)-i-a, 1/2§x§1,

where a # 1/2 and 0 < a < 1. He showed that the unique continuous solu-
tion M} (x) of (23) is Lebesgue’s singular function. It is well-known that M} (z)
is a strictly increasing function whose derivative is zero almost everywhere.

In 1984, Hata-Yamaguti studied T*(z) and M} (x) and discovered the fol-
lowing interesting connection [22].

_ OM,(x)
- da _1 '

a=3

2T (z)

The functional equation having T (x) as a unique continuous solution is
as follows. [22]

) - {(1/2>T1<2x> +a, 0<2<1/2,

(24) (1/2)T (22 — 1) + (1 — =), 1/2<x<1.

This discovery came as a big surprise, because each function had been
discovered independently and initially and no relationships between them were
known for a long time. Furthermore, T. Sekiguchi and Y. Shiota considered a
generalization of this result in 1991. They computed the k-th partial derivative
of M, (z) with respect to a. More precisely, they defined Talk(x) by

1 oM} (x)
1 _ - a
(25) Ta,k(x) - L! Qak )
where 0 < a < 1 and a # 1/2 and proved that Talk(x) is a nowhere differen-
tiable but continuous function [16]. Besides, they found that (25) has a nice

application to an open problem concerning digital sums in number theory [18].
Now, we study the relationship between T} () and G{, ;_, ().

(k=1,2,...),

Lemma 2.1.  The function G (x) is related to T, () by

a,l—a
8/{?01
I aA=QR

Proof. From Corollary 1.6.1,

0 .0 . d
T”Gi,ka(ﬂf) = Z%Gi,ka(fﬂ) = Z%Gi,ka(ﬂc)
Since (G}, ;_,(x))/de is also an analytic function with respect to a, we

have

i i 1 _ i .0 1 B i i 1
Oag (8&[Ga’1_a(x)) N ZaozR (ZaaRGa’l_a(x)> B Zda <ZdaGa,1—a(x)> .
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Tterating gives

8kGa1 a( ) 6kC:al a( )

=k
k
8041 oa’fy

If ay =0, then G}, |, (z) = M} _(x).
Hence, for ag € (0 1),

9" G 1—a(2) ROGhaa(r)
T Za1-ol®) I ey :
dak ' oak, ! o (7)
A=OR I:‘
Example 2.1. Ifk=1,
8Go¢ 1— a(x) .l
a=1/2

Since T (x) is a real valued function, we obtain the following relationship
between the Takagi function and G, ;_, ().

aCT‘ozl oc( )

I
m 8041

= 2T (2).

a=1/2

Furthermore, we can see the difference between the real part and imaginary
part of G}, () from Lemma 2.1.

Proposition 2.2.  We have

Re Ga 1— a( ) + Z a2n nTolcR,Qn(x)

oo

ImGa 1— a Z 2n+1 nT(iR,Qn-&-l( ) 0 <z< 1.

Proof. From Corollary 1.6.1, G, ; () is analytic with respect to a €
W={ze€C;lz| <1,]1 —z| < 1}. Therefore, it has the Taylor expansion with
a=agr € (0,1).

G —a
Gal a( ) Gl 1— aR(l‘)—i—Oé]L

xR,

A= R
03 9°GL, (@)
2! da?

af 7t 0MIG (o)
(n—l)! 8&? 1
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From Lemma 2.1,

Goal) = My, (@) +iar Ty, 3 (@) + (1)o7 Ty, o () + (=i T, 5(x) + -

aR,2 AR,

_ Ml + Z a27L nTl ( )

aR,2

+i Z a" T (=1)"T) o ().
Ll

Proposition 2.2 shows that the real part of Ga 1—o(7) can be expressed
in terms of the derivatives of even order of Lebesgue s singular function, and
the imaginary part is expressed in terms of the derivatives of odd order of
Lebesgue’s singular function.

From Example 2.1, we know that the first class of complex-valued functions
{G? 1_.(2)} has a connection with the Takagi function T (x).

Next, we investigate the other classes {G%, | ()} (i = 2,3,4) in a similar
way. Based on the relationship between T (x ) and G, ;_,(x), we can define
each function T%(x) (i = 2,3,4) as follows:

1 aG -«
T’(x):%l ai()

3

Oay a=1/2

since each G, , _,(x) is differentiable with respect to a;.
First, we analyze T?(x). T2(x) is the unique solution of the following
functlonal equation.

(=1/2)T?(2z) + =, 0<a<1/2,

(26) T%(x) = {(_1/2)T2(2x—1)+(1—$)7 1/2<z<1.

Because from (13),

9G3 1_o(2)
8041 1

S 18G 1—a(22)
2 9 a e < 1/2

ZGal a(x) 3a1 71, O_IE< /7

) . 10GE, (22-1)

TP 2% — 1 @, T ] 1/2<z<1.

G g D i s
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WAV WAV

Figure 4. T?(z)

Since G%/z,o(x) =z,

10G3 1 _,(22) .
SR + 2z, 0<z<1/2,
8(;3’1,&(93) _ . ar a:%
oo 10G 2z — 1
! a=1 3 a’laaa(, ) 1 +2i(1 — z), 1/2<z<1.
a=3

Therefore, (26) can be obtained.
Recall the following three theorems.

Theorem 2.1 (Yamaguti-Hata [21]).  Let (t,z) € (—1,1) x [0,1], ¢ :
[0,1] — [0,1] and g : [0,1] — R.

The functional equation F(t,x) = tF(t,¥(x))+g(x) has an unique solution
F(t,z), which is given by F(t,z) =Y 0" t"g(¢"(z)).

Theorem 2.2 (Hata-Yamaguti [22]).  The series f(z) = > ooy cn™(z)
with f(0) = f(1) =0, is defines a continuous function, if > - |cn| < co.

Theorem 2.3 (Kono [11]).  The series f(z) =Y, ca™(x) with f(0) =
f(1) =0, has no finite derivative at any point, if lim,,_ . sup 2"|c,| > 0.

Applying the above theorems gives the following proposition.

Proposition 2.3.  T?(x) is a nowhere differentiable but continuous func-
tion having the following expression.

(27) T?(z) = i(—l)"—l%@, x €[0,1].

n=1
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Proof. In Theorem 2.1, let

2x, 0<x<1/2,
Y(z) = p(z) = {2(1_@7 1/2<z<1,

9(x) = p(x)/2, and t = —1/2.
We have the following equation which corresponds to (26).

P(he) = e (L) 4 22

Therefore, we haVe
2 _ E
] (x) F(__)x) (__> r 7,

From Theorems 2.2 and 2.3, it is clear that T2 (z) is a nowhere differentiable
but continuous function. O

Figures 1 and 4 show the graphs of 7" (z) and T?(x). Although both T (z)
and T?(x) are symmetric, continuous and nowhere differentiable, their graphs
are quite different. Observe that the graph of T?(x) appears to be somewhat
similar to the Von Koch curve, a binary self-similar set, given as the image of
G2 o(@), (= 1/2+ (V3/6)i).

This is not surprising. Figure 5 shows how the graph of T2(z) can be
constructed step by step from (27). Figure 6 shows the first five steps of the
construction of the Von Koch curve. The analogy between the two constructions
is evident.

Thus, T?(x) is a real valued function whose graph has essentially the
same geometric structure as the binary self-similar sets, given as the image

Of Ga,lfa(x)'
Notice, however, that the graph of T2(z) is not itself a binary self-similar
set.
Y Yy Y
11 > 11 — 1
2 2 2
T T 11 T
Il 8 Il Il 1 1
0 1 1 0 1 3 1 0 1 3 5 71
2 4 4 8 8 8 8

Figure 5. Construction of T?(x)
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[ : /\ [ /\ |
1 0 1 1 0
2

2 1
3

1
3

0 1 2 1 0 1 2 1

Figure 6. Construction of the Von Koch curve

Similarly, we study T3(z).
T3(z) is the unique solution of the following functional equation.

/213 (22) + 0<z<1/2,
(28) T = {(—1/2)T3(2x )+ (1—a), 1/2<z<1.

Since (28) was not studied in Theorem 2.1, we must consider finding an

expression of T3(x) directly from (28).

Before stating this result, some notations need to be introduced. The
binary expansion of j € N is denoted by j = > >/ j,2" with j, € {0,1}, and
[x] denotes the greatest integer less than or equal to x.

Define

(29 5= (10
where s(j) = Y07 jn-

Lemma 2.4. T3(x) has the following eract expression.

S " (x)
(30) T3(x) = spn-ig) oo wE[0.1].
n=1
Proof. Note that sjgny] = —Sjgng_gn-1] if 1/2 <o < 1. It is straightfor-
ward to prove that (30) satisfies (28). O

Applying Theorems 2.2 and 2.3 to (30) gives the following theorem.

Theorem 2.4. T3(z) is a nowhere differentiable but continuous func-
tion.



272 Kiko Kawamura

Figure 7. T3(z) and T%(x)

Figure 7 shows the graph of T3(x). The graph of T°(z) is not symmetric,
because the coefficient of 7°(x) depends on not only n but also on .

Finally, we should mention 7% (z). Since the following relationship between
T3(x) and T*(x) holds

Th(a) = T3(1 - ),
it follows easily from (30) that

40N - _1yn—1 ©"(z)
T(x)—;( D" sneiny g, @€ (0,1,

Obviously, 7% (z) is also a nowhere differentiable but continuous function,
and it is a unique continuous solution of the following functional equation.

(—1/2)T*(2z) + =, 0<x<1/2,

The graph of T%(x) (i = 1,2,3,4) can be expressed as a compact set Y
satisfying the set equation Y = ¢1(Y) U ¢(Y"), where

’L/Jl(Z):)\lz-i-)\QE, 1f i=1
Pa(z) = Az + Aoz + (1 = A1 = Xa), ’
¥1(z) = ozt iz, _ it =2,
’L/JQ(Z) = Xoz+ MZ+ (1 — A — )\2),
Uale) =zt hez, - if Q=3
’L/JQ(Z) =Xz + MZ+ (1 — A — )\2),
¥1(2) = bzt iz, — i i—4,
wg(z) = A1% + )\22+ (]. — )\1 — )\2),
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with Ay = 1/2+ /4, Ay = i /4.

Note that 1, and 9 are contractions but not similar maps.

Next, based on the relationship between T (z) and M} (x), given by Hata-
Yamaguti, we find singular functions M () such that

_ OM(x)

ori(@) = 2|
a=1/2

(i=2,3,4).
We let a denote a real parameter satisying 0 < a < 1 and a # 1/2.
First, we define a real function M2(z) as follows.

Definition 2.1.  M2(x) is the unique continuous solution of the follow-
ing infinitely many difference equations.

(820)- (oo D))
+{%+(_1)’f @-%)}Mf (j;f),

where 0 < j<2F -1, (k=0,1,2,...).
The boundary conditions are M2(0) = 0 and M2(1) = 1.

Note that Lebesgue’s singular function M!(z) also can be expressed as the
unique continuous solution of the following difference equations.

25 +1 J Jj+1
1 _ 1 1
(i) =t () + vt (357).

where 0 < j < 2F—1,(k=0,1,2,...). The boundary conditions are M_}(0) = 0
and M1(1) =1.
It may be interesting to compare the difference between M} (z) and M2 (z).
From this definition, an exact expression of M2(x) is given by the same
idea as in Theorem 1.4.

Lemma 2.5. M2(z) can be expressed in terms of the quaternary expan-
sion of x as follows.

MZ(LL‘) — c(wl) + Z c(wn+1)apo+2p1+103(1 _ a])po-l‘Ql)z-‘rpg7 0<z<1,
n=1
where
0, wn =0,
a(l —a), wp =1,
c(wp) = ( )
a, wn = 2,

1—a(l—a), wp, = 3.
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Recall Definition 1.3. From this lemma, it can be proved that M2(x) is a
singular function. Moreover, for fixed x, M2(z) is differentiable with respect
to a.

On the other hand, for T?(x), the corresponding difference equations are
obtained from (26).

Lemma 2.6. T?(x) is the unique solution of the following infinitely
many difference equations.

2j+1 1 J Jj+1 (—1)*

2 _ 2 2

o (%) (e (5) e ()

where 0 < j <28 —1, (k = 0,1,2,...). The boundary condition is T?(0) =
T2(1) =0.

Proof. We can prove that T?(z) satisfies (32) by (26) and the mathemat-
ical induction. |

Theorem 2.5. We have
_ OMZ(x)

2
2T%(x) 5

a=1/2

Proof. From Definition 2.1, we see Mf/Q (z) = x. Therefore,

OM? (2j+1 1 OMZ [
da \ 201 J{ 2 Oa \2F

a=1/2
1 oM? (j+1 —1)*
+35 5 (5 e
2 Oa 2 a=1/2 2
where
IM2(0) OM?2(1)
= =0.
da a=1/2 da a=1/2
Applying Lemma 2.6 completes the proof. O

In the same way, we study M3(x).

Definition 2.2.  M2(z) is the unique solution of the following infinitely
many difference equations.

45 +1 1 1 i
3 _ 3
e () = o (0 2) e ()
1 1
+ §+5j (1—5
45+ 3 1 1 2j +1
3 _ 3
w2 (o) = {5 o (o) p (B
)




On the classification of self-similar sets determined by two contractions on the plane 275

where 0 < j <2F —1, (k=0,1,2,...) and s; is given by (29). The boundary
conditions are M3(0) = 0, M2(1) =1 and M2(1/2) = a.

Lemma 2.7.  M32(x) can be expressed in terms of the binary expansion
of x as follows.

M3(z) = anaa(z’")(l —a)P@n) 0<z<l1.
n=1

Here, a(x,n) and B(x,n) are defined by
(1) a(x,1) =1,8(x,1) = 0.
(2) Forn > 2,

(Tl — 1) + 22;11 S[2kg]
2 ?

(n—1) = 332 Sjokay
2 b

a(z,n) = p/ (z,1) +

Bla,n) =q (z,1) +
where

, 1, 0<z<1/2
P (1) = /
0, 1/2<z <1

’ 0, OSIE<12,
J(2,1) = /
1, 1/2<z<L.

From this Lemma, we see that M2 (z) is also singular. Also, for fixed ,
M3 (x) is differentiable with respect to a.
From (28), the following difference equations can be derived.

Lemma 2.8. T°3(z) is the unique continuous solution of the following
infinitely many difference equations.

o (45 +1 1 j 227+ 1 S5
3 _ 3 3 J
r (G ) =3 () o (5 ) ot

45+ 3 1 27 +1 j+1 S
3 _ 3 3 J
T (2k+2)_§{T (2k+1>+T ( ok )}_2k+2'

where 0 < j <28 -1, (k=0,1,2,...).
The boundary conditions are T3(0) = T3(1) =0 and T3(1/2) = 1/2.

Proof. Note s; = —sj_on if 2" < j < 27+ — 1. Use (28) and induction.
O

From Lemma 2.8 and Definition 2.2, then we obtain the following theorem.
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A class of Cantor’s type singular functions

{Fap(z)}

t
Eqp(x) =sup{y € [0,1]; Fup(y) = =}

'

A class of discontinuous singular functions
Eop(x)

f

Extend a,b € R to a,y € C

' ' ! !

Four complex valued functions whose images are binary self-similar sets

Goy () G () G () G (@)

t f f f

G 1_o (=)
dag

Im = 2T%(z), (i=1,2,3,4)

a=1/2
' ' ! '

Four nowhere differential continuous functions
t f f f

2T (z) = 2a®) (i=1,2,3,4)

a=1/2’
' | | }

Four singular functions

Figure 8. Relationships between functions in this paper
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Theorem 2.6. We have

M3
273y = 2hal2))
da |, /2
Proof. Analogous to the proof of Theorem 2.5. O

Lastly, we define M2(z) as the unique continuous solution of the following
difference equations.

4541 1 1
M, (W) = {5 +(=1)Fs; (a ~3

4743 1 1
4 _ kg . _Z
M, <—2k+2 ) = {5—(—1) s; (a 5

where 0 < j < 2F—1(k=0,1,...), and the boundary condition are M2(0) = 0,
M2(1) =1 and M2(1/2) = a.

Since T4(x) = T3(1 — x), it is clear from Theorem 2.6 that M (x) has the
following relationship with 7% (z).

4
o7 (z) = PMal®) .
da |o—1/2

3. Relationship between Cantor’s function and binary self-similar
sets

In this section, we mention a close relationship between the Cantor function
C(x) and binary self-similar sets.

First, we introduce a function Fy ;(x) with two real parameters a and b as
the unique solution of the following functional equation. (See Figure 9)

1
SFas (2), 0<z<a,
2 a
1
Fop(z) = > a<z<a-+b,
1 r—a—2>b 1
Fop | ——— = b<zx<1,
2 ’b<1—a—b>+2 arb=w

where 0 <a<1,0<b<land0<a+b<1.
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a = 0.100000, b = 0, 700000

142

Figure 9. F, ()

This function was studied in [8] and [9]. In these papers, it was proved
that F, ;(z) is singular, and the following relationships were obtained:

F(;é(x)le(:c), 0<z<1,

a

where a # 1/2, and
Fiy31/3(7) = C(w), 0<z<1
Next, define E, ,(z) as the generalized inverse function of F, ;(z).

Eqp(z) :=sup{y € [0,1]; Fy 1 (y) = z}.

Since E, () satisfies the functional equation:

(33) Ea b (.TC) =

s

aEqp(27), 0<z<1/2,
(I—a-bEap@o—1)+(a+h),  1/2<z<1,

it follows that Eqp(z) = Gg71_a_b(x), (i1=1,2,3,4).

Theorem 3.1.  E,(z) is singular function. If b > 0, Eqp(x) is dis-
continuous at x = l/2k, for every1 <k and1<1<2F—1.

Proof. From Corollary 1.2.1, the discontinuity of Eq () is clear.

We prove the singularity of E, ,(z). If b = 0, E, () is Lebesgue’s singular
function. Since F, ;(x) is a monotone increasing function, it follows that E, (z)
is a strictly increasing function. Therefore, E,;(x) is of bounded variation.
In short, E,p(z) is differentiable at almost everywhere. We show that its
derivative is zero.

Suppose that E,,(z), (b # 0), is differentiable at a point x¢ in interval
[0, 1].
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Then, for each k, there exists [} satisfying

and

Since E,p(x) = G;yl_a_b(x), i=1,2,3,4), from Theorem 1.2, we have

2 2k 2
92—k - 92—k

Eop(BH) — Eqap(L) < Eao(%H) — Eao(3)

Since E, o(x) is Lebesgue’s singular function,

lim Ea,O(le-ltl) - Ea,()(%)

Jim >R =0.

From the above inequality, we see that its derivative is zero almost every-
where. This completes the proof. 1

4. Applications

In this section, we give three applications of our main theorems.
The first application is to solve an open problem of an exponential sum in
number theory. An exponential sum is defined by

N—-1
F(E,N) =) e*0),  NeN, ¢eC,
j=0

where j = Y07 1 jn2", jn € {0,1}, and s(j) = D07 jn-
The explicit formula of exponential sum gives several applications to other
fields. For instance,

=z
L

F(log2,N) = 2507)
J

Il
=]

represents the number of odd numbers appearing in the first N lines of Pascal’s
triangle. It has been applied in computer science.

Although many authors tried to find simpler representations of F'(¢, N),
this problem remained open for about 60 years. Finally, in 1998, Muramoto
et al. found the following direct relationship with Lebesgue’s singular function
M}(z) (See Example 1.1).

Theorem 4.1 (Muramoto-Okada-Sekiguchi-Shiota [15]). Lett =log, N.
Let [t] and {t} denote the integer and decimal part of t, respectively. Evidently
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2l <« N < 241 gnd 1/2 < N/2l+1 = 1/21={F < 1. For every real number
§£#0,

1 (1
F(€7N) = a[t]+1Ma (21{t}> i N € N7

where a = 1/(1 + €%).

Note M}(x) = GL,_,(z). It follows that Theorem 4.1 can be generalized

a,l—a

by using Theorem 1.2.

Theorem 4.2.  Let ¢ be a complexr number, and let o = 1/(1 +ef). If
lal <1 and |1 —a| < 1, then

1, 1
F(&N) = =7 Ghia (—21_{t}> ,  NEeN.

Proof. From Theorem 1.2, we have

1 N
1 yalt
Ga,lfoz <21{t}) - Goz,lfa (2[t]+1>
-1
_ 1 n+1 1 n
= {Ga’la <2[t]+1) - Ga’lfoz (2[15]+1 )}

Z 3
)

Q=3 (1 _ g)5(m)

Il
o

n

N-1
— ol Z e£s(n)
n=0
= oltH1p(e N). 0

Remark 4.2.1. If £ = i,

N—

(34) F(ri,N)= Y (~1)*0).

0

—

<

We observe that (34) seems to be similar to the explicit expresion (30) for
T3(x).

Next, as the second application of our main theorem, we give a solution to
an open problem raised by Mizutani and Ito in 1987.

Before stating this problem, their results need to be introduced.

Mizutani-Ito showed the following [14]. They defined

W = {(61,0,03,...) € {0,1,—1,4, —i}\'},
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as the set of sequences satisfying the revolving condition: For all k, dx41 = 0,
or 0k41 = (—1%)d;,, where jo = max{j € N;0; # 0,5 < k}.
A set X was defined as follows.

X = {Z(gk(l +i)_k; ((51,(52,53,...) € W}
k=1

Recall that Dragon is a binary self-similar set, constructed by the pair of
similar contractions (8) if & = 1/2 +i/2 and v = 1/2 4+ i/2. The Hausdorff
dimension is 2, and its parallel translations fill the plane. Dragon was regarded
as completely unrelated things with the Lévy curve.

In their paper, Mizutani and Ito showed that the set X is a union of four
Dragon X; (¢ = 0,1,2,3) by using the algebraic method of Dekking [2]. In
addition, they pointed out the following interesting problem.

Define a set X* as follows.

X — {Zﬁ(l +4i)7%(61,02,03,...) € W},
k=1

Obviously, the set {(&1,02,03,...);(d1,02,83,...) € W} satisfies the inverse
revolving condition. Figure 10 shows a computer simulation of X*. The shape
of this figure led Mizutani and Ito to conjecture that X* is a collection of the
Lévy curves.

We give a proof of their conjecture. It can be obtained from our main
theorem.

Let X* be the complex conjugate of the set X*. Then we have

X — {Z 6k(1+14) %% (61,00,03,...) € W} ,

k=1

In(z)

Figure 10. X*
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Also, we define

Ly = {ikGi/2+i/2,1/2—i/2(m)éx € [0, 1]}, (k=0,1,2,3).
Recall that the image of G1/2+z/2 1/2— i/2(2) is the Lévy curve.
Theorem 4.3.

(35) X* = Uk=0,1,2,3L%,
where each Li(k =0,1,2,3) denotes the Lévy curve.

Proof. By Theorem 1.2, we have

G1/2+2/2 1/2— 2/2 —Zzwn<
:ian(
no:ol
:ian(
—szn 1—|—z)

) (14 iyn-atem) (1 _ jyaten)

N | =

) 1 +Z n q(x, n)( (1 +,L~))q(x,n)

| =

) (1+4)"(1 4 4) " (—i)9=™)

N =

Here, we put &, = iw,(—i)?®™. Then we see that &, € {0,1,—1,4, —i}
satisfies the revolving condition.
Hence, this completes the proof. O

Lastly, as the third application, we study a discontinuous complex-valued
function G}, , () and compare with G, ; (). Note that Dragon can be given
as the image of Gl (2), (a=1/2+ 1/2) and the Levy curve is given as the
image of G}, | a(f), (a=1/2+41/2).

First, recall the property of Ga 1—o (). It is a continuous complex-valued
function having the following relatlonshlp with the the Takagi function T (x)
and Lebesgue’s singular function M} (z).

aGal a( )

8041

OM, (x)

(36) Im -

=27 (z) =
a=1/2

a=1/2

Then a question arises: how about G}, ,(x)?

Although G}, ,(z) is a discontinuous complex-valued function, it is analytic
with respect to a« € D = {z € C; |z| < 1}.

Define a real-valued function K*'(z) by

1. 0GL (x) 109G, (2)
Kl N o, QR,XR
(37) (IIJ) o 21 8a1 2 8043
a=1/2 ar=1/2
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It is surprising that self-affine dust, which is a well-known self-similar set,

appears as the graph of K!(z) (See Figure 11), and also the Rademacher series
appear as the graph of GaR ap (7). More exactly,

oo

1—0[3
Gopan () = > wnok
R R aR —~
1 l-ap<=~ ,
=5- Sam ;aR¢n(m‘), agr € (—1,1),

where ¢, (x) is a Rademacher function and ¢, (z) = (=1)*" =1 — 2w,.
Next, compare T! (x) and K!(z). Although T*(x) is continuous and K!(z)

is not, both functions have the following similar representations.

Proposition 4.1.  T'(x) and K'(x) can be expressed by

B
27’L
Z p(a,n +{2qn(zzcn)—2}7 0<e<l,

where p(x,n) =n — q(z,n).

Figure 11. K'(z)
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Proof. From Example 1.1 and Theorem 1.2, we have

o0

Z wnan_Q(w’n)(l _ a)‘](xf”’)’

n=1

a

M) = -

o0
GiR’aR(x) = an(l —ag)ay .
n=1

From (36) and (37), it follows

OM} (x) > " 1\
R {<p<x,n> s(3)  +a-awm)(3)
:iw p(x,n)—q(x,n)+2
— n on—1 ’
8Gé N (ZE) o) 1 n—1 1 n—1
o] | S0 ()
R 1/2  n=1
o - p(x,n)—i—q(x,n)—?
- an gn—1 :
n=1
This completes the proof. d

Note that K!(x) is the unique solution of the following functional equation.

Kl = 4 /2K (22) + o, 0<az<1/2,
)= (1/2)K'(2z — 1) — (1 — z), 1/2<z<1.

We observe that this functional equation is similar to (24), (26), (28) and
(31).
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