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Spectra of deranged Cantor set by weak local
dimensions
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Abstract
We decompose the most generalized Cantor set into a spectral class
using weak lower (upper) local dimension. Each member of the spectral
class is related to a quasi-self-similar measure, so the information of its
Hausdorff (packing) dimension can be obtained. In the end, we give
an example of the Cantor set having countable members composing the
spectral class.

1. Introduction

Many authors ([9], [11]) studied the multi-fractals of an irregular set in
Euclidean space using some measure. In particular, they used a self-similar
measure to analyze a self-similar Cantor set. The self-similar Cantor set is
decomposed into a spectral class from the measure and its lower (upper) local
dimensions. Using the strong law of large numbers, we can relate a member
of the spectral class from the local dimensions of the self-similar measure with
a distribution set ([7], [10]), which means that the spectral class by the self-
similar measure and its local dimensions is in fact the union of the distribution
sets. So a self-similar Cantor set has a spectral class of distribution sets. When
we consider a deranged Cantor set which is the most generalized Cantor set,
its spectral class by a measure and its local dimensions is hard to analyze and
so is to get the information of dimensions of the members of the spectral class.
Recently we ([2]) attempted such trial to find a spectral class using a quasi-
local dimension, which we call a weak local dimension which is a dimension
of a perturbed Cantor set ([1]) in local sense. We note that we got a spectral
class of a deranged Cantor set using weak local dimensions while Olsen or
Falconer did a spectral class of a self-similar set using a self-similar measure
and its local dimensions. In our case, we just considered only a weak local
dimension, a united concept of measure and local dimension like the distribution
set. In [2], we positively conjectured that in a spectral class of the deranged
Cantor set weak local dimension is related to the local dimension of a natural
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measure with respect to the weak local dimension. In this paper, we show
that such conjecture is right. We note that the natural measure is a quasi-self-
similar measure in the sense that it is a self-similar measure on a self-similar
Cantor set. From the relationship of the quasi-self-similar measure and the
subset composing the spectral class by weak local dimension, we obtain some
information of the dimensions of the member of the spectral class. As a result,
we have an interesting fact that a perturbed Cantor set ([1]) which is regular
in the sense that its Hausdorff and packing dimensions coincide has a natural
measure which has an exact dimension, and a non-regular perturbed Cantor
set has two natural measures which have a lower exact dimension and an upper
exact dimension respectively without the assumption of Cutler ([8]) of positive
exact lower dimensional Hausdorff measure or positive exact upper dimensional
packing measure. We will prove it using weak local measures ([2]).

2. Preliminaries

We recall the definition of the deranged Cantor set ([2]). Let I, = [0, 1].
Then we obtain the left subinterval I,; and the right subinterval I o of I,
by deleting the middle open subinterval of I inductively for each 7 € {1,2}",
where n = 0,1,2,.... Consider E, = Urc(1,2y»I;. Then {E,} is a decreasing
sequence of closed sets. For each n, weput | Ir1 | / | I; |= ¢r1 and | I; o |
/| Ir |= ¢ro for all 7 € {1,2}™ where | I | denotes the diameter of I. We call
F =", E, a deranged Cantor set. If z € I, where 7 € {1,2}", then c,(z)
denotes I, for each n =0,1,2,....

We note that if z € F, then there is o € {1,2}N such that (,—, Lo = {x}
(Here o|k = i1,42,...,1; where 0 = i1,42,...,0g,lg+1,-..). Hereafter, we use
o€ {1,2}N and z € F as the same identity freely.

We ([2]) recall the local Hausdorff dimension f(o) of o in F

f(o) =1inf{s > 0: h¥(c) =0} = sup{s > 0: h¥(0) = o0}

where the s-dimensional local Hausdorfl measure or the s-dimensional weak
lower local measure of o

h*(o) = likrr_lgf(c‘f +e3)(copn + o) (Coan T Co22)  (Copt T Cop2)s

and dually the local packing dimension ¢g(o) of ¢ in F’
g(o) =inf{s > 0:¢°(c) =0} =sup{s > 0: ¢°(0) = oo}
where the s-dimensional local packing measure or the s-dimensional weak upper

local measure of o

q*(o) = hin sup(e] + ¢3) (o1 + Co1,2)(Co2n + Cojz2) - (o + o)
—00
We call the local Hausdorff (packing) dimension of o in F as the weak
lower (upper) local dimension of ¢ in F' compared with a lower (upper) local
dimension of ¢ in F’ with respect to some mass distribution.
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We recall the s-dimensional Hausdorff measure of F':
H* (F) = lim H3(F),

where H§(F) = inf{> "7, | U, |*: {U,}32, is a §-cover of F'}, and the Haus-
dorff dimension ([9]) of F:

dimpy(F) =sup{s > 0: H*(F) = co}(=inf{s > 0: H*(F) = 0}).

Also we recall the s-dimensional packing measure of F:

p°(F) = inf{z Pi(F,): | Fo= F} ,

n=1

where P*(E) = lims_o P§(E) and P§(E) = sup{d>_—; | U, |*: {U,}32, is a
d-packing of E }, and the packing dimension ([9]) of F:

dim,(F) = sup{s > 0: p°(F) = oo} (= inf{s > 0: p°(F) = 0}).

We note that a deranged Cantor set satisfying ¢, 1 = an4+1 and cr 2 = byt
for all 7 € {1,2}", for each n = 0,1,2, ... is called a perturbed Cantor set ([1]).
We recall the lower and upper local dimension of a Borel probability mea-

LogulBe(@) and dimyeep(z) =

sure p at x are given by dimy,.u(x) = lim inf, o ==

limsup,._,g W where B,.(x) is the closed ball with center « and radius
r >0 ([9]). We also recall that a measure p has exact lower (upper) dimension
s if dimy, pu(x) = s (dimgeepe(x) = s) for p-almost all x ([9]).

We are now ready to study the ratio geometry of the deranged Cantor set.

3. Main results

In this section, F' means a deranged Cantor set determined by {c,} with
7 € {1,2}" where n = 1,2,.... Hereafter we only consider a deranged Cantor
set whose contraction ratios {c.} and gap ratios {d-(=1— (¢;1 + ¢;2))} are
uniformly bounded away from 0.

Lemma 3.1.  Given a Borel probability measure p on F, for all x € F,
lim inf 28HBr@) g 108 e (@)
r—0 logr n—oo log|c, ()]
and
B, . 1 n
limsup 8B @) o 108 (@)
r—0 logr n—oo 10g |cn(z)]

Proof. Tt is obvious from the uniform boundedness of {c; } and {d,} away
from 0. O



496 In-Soo Baek

Theorem 3.1.  Let us be the Borel probability measure on F satisfying

ws(Ir) = Ll
S T
(cf+ Ca)(cflJ 051,2) e (cfl,ig,‘..,in_l,l Cfl,ig,‘..,in_lﬂ)

for each T =1i1,49,...,in_1,in, where i; € {1,2} for 1 <j<mn andn € N.
We have for s > 0

(1) if h*(0) > 0, then dim,, us(z)

(2) if ¢*(0) > 0, then dimyoeps(z)

(3) if h*(0) < oo, then dim,, pus(z

(4) if ¢*(0) < oo, then dimyyeps(x

Proof. If h*(c) > 0, then Hz;é(cff‘k,l + C5p2) = Aforalln € N and
some A > 0. Then we have

-1
. log [Tx=o (Ci|k,1 + cz—\k,Q)
——— 2~ = s —limsup > s.
n—oo log |Cn($)| n— oo IOg |Cn(.’£)|

Therefore (1) follows from Lemma 3.1. The similar arguments give (2).
If h*(o) < oo, then Hz;é(cfflk 1 Cjp0) < B for infinitely many n € N
and some B < oo. Then we have

-1
log 115 (cy, log [Tho(ctpq +
lim inf M = s — limsup Hio! Lt ““2) <s.
n—oo  log|c, ()] n—oo log [en (2)]
Therefore (3) follows from Lemma 3.1. The similar arguments give (4). |

Remark 1. The Borel probability measure in the above Theorem is
called a quasi-self-similar measure ([5]) on F' since it turns out to be a self-
similar measure on F' if F' is a self-similar Cantor set.

Lemma 3.2. Fix x € F. Then dim;, us(x) is a continuous function
for s > 0. Similarly dimyeps(x) is a continuous function for s > 0.

n—1/s s .
Proof. Fix x = o € {1,2}N. Let §,(s) = longTSg(TZ'k(‘;)T ele2), Clearly

for each s > 0, {,,(s)} are bounded for all n € N. We note that contraction
ratios are uniformly bounded away from 0, which means that there exist B;

and Bg such that 0 < By < ¢ojp—1,1,Cok—1,2 < B2 < 1 for all k € N. From the

mean value theorem we easily see that |C§""’1’1IC§""’1’2 -1 < “OgBBll |s —t| for
Colk—1,1TC|k—1,2 1
all k € N. Hence
Kls —t
J —0,(t)] € ———
|0 (s) n()] < log Bs|
for all n € N where 0 < K < oo which is from B; and independent of n.
Putting @ = C, we have [0,,(s) — d,(t)] < Cls —t| all n € N. Writing
d(s) = limsup,,_, . dn(s) for every s > 0, we only need to show that d(s)
is continuous for s > 0. Fix s > 0 and suppose that lim;_,; () # 6(s).
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Then there is € > 0 and a sequence {t,,} of positive real numbers such that
tym — s satisfying 8(t,,) > 6(s) + € or §(t,,) < §(s) — e. Consider m satisfying
Clty — s| < 5. Then [6,(tm) — dn(s)| < § for all n € N.

Suppose that d(t,) > J(s) + €. There is a sequence {my} of natural
numbers such that 6,,, (tm) — 6(tm) and [0, (tn) — 0m, ()| < § for all my,.
We have a contradiction since lim supy,_, o 6, (s) > 6(s) + 3.

Now assume that 0(¢,,) < d(s)—e. There is a natural number N,, such that
On(tm) < d(s) —efor all n > Ny, and |6, (tm) — 6, ()| < § for such n. We have
a contradiction since limsup,, . 0,(s) < d(s) — % . Similarly liminf, o 6, (s)
is also a continuous function for s. |

Theorem 3.2.  dimy, i) (z) = f(0) and dimyeepyr)(z) = g(o) for
every o € {1,2}N.

Proof. If s < f(o), then h®(c) > 0. By Theorem 3.1, dim;, ps(x) > s. If
s > f(o), then h®(c) < co. By Theorem 3.1, dim;, .us(z) < s. It follows from
the intermediate value theorem since dim; .us(x) is a continuous function for
s for fixed € F' by the above Lemma. Similar arguments hold for g. O

Now we ([2]) can think of a multifractal structure E;, G5 on F using weak
local dimensions,

B, ={o€F: f(o) = s},

Gs={o € F:g(o) =s}.

Then F' is classified as ' = |Jy.,oq Fs and F' = |Jj.,.; Gs. From the
above Theorem, we get the relation between Es(Gs) and the set having lower
(upper) local dimension s of ji.

___Corollary 3.1. Es = {z € F : dim,.pus(x) = s} and Gs = {z € I :
dimyeeps(z) = s} for every s € (0,1).

Proof. It is immediate from the above Theorem. 1

Corollary 3.2.  Let F be a perturbed Cantor set. Then there exist sq
and sy such that f(o) = s1 and g(o) = so for all o € {1,2}N. Further us, has
exact lower dimension s; which is the Hausdorff dimension of F', and ps, has
exact upper dimension so which is the packing dimension of F .

Proof. Tt is immediate from the definitions. O

To get informations of the dimensions of E (C R) we need the following
Proposition.

Proposition 3.1 ([9]). Let E C R be a Borel set and let u be a finite
measure.

(a) If diInlocN(m) Z
(b) If @locu(x) <
(C) If di—mloc:u/(x) =
(d) ]f di7Inlocu('/1") <

for all x € E and p(E) > 0 then dimy(E) > s.
for all x € E then dimy (E) < s.
for allx € E and p(E) > 0 then dim,(E) > s.
for all x € E then dim,(E) < s.

n ® »n ®»
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Theorem 3.3.

inf o) <dimg(F) < sup o
L JE) S dmy(F) S s f(0)

and

inf o) <dim,(F) < sup o).
1 9(0) S dmy(F) < sp_g(0)

Proof. 1f s < inf,cqy oy f(0), then s < f(o) for all o € {1,2}N. By
Theorem 3.1, dim,, pus(z) > s for all € F. Since ps(F) = 1 > 0, by the
above Proposition, dimy (F) > s. If s > sup,c(y o3~ f(0), then s > f(o) for
all o € {1,2}N. By Theorem 3.1, dim,,.us(x) < s for all x € F, which gives
dimg (F) < s by the above Proposition. Similar arguments hold for packing
case. O

We have a better estimation of dimensions of a deranged Cantor set from
the followings.

Theorem 3.4. If u,({z : f(o) > s}) > 0 for some s > 0 then
dimgy({z : f(o) > s}) > s. Similarly if ps({z : g(o) > s}) > 0 for some
s> 0 then dim,({z : g(o) > s}) > s.

Proof. By Theorem 3.2, dim;,.us(x) > s for f(o) = s since dim, .15 (2)
s. By Theorem 3.1, if f(o) > s then dim,;, pus(z) > s. Hence dimy ({z : f(0)
s}) > s by the above Proposition. Similarly it holds for packing case.

v

Corollary 3.3.
dimg (F) > sup{s > 0: us({z : f(o) > s}) > 0},
and
dim,,(F) > sup{s > 0: pus({z : g(o0) > s}) > 0}.
Proof. It is immediate from the above Theorem. O

Remark 2. Perturbed Cantor set has a measure which has exact lower
dimension of its Hausdorff dimension and exact upper dimension of its packing
dimension without Cutler’s assumption ([8]) of positive exact lower dimensional
Hausdorff measure or positive exact upper dimensional packing measure. A
regular perturbed Cantor set has a measure having an exact dimension of its
Hausdorff and packing dimension (cf. [4]).

Example 3.1.  Consider a deranged Cantor set with ¢; -1 = any2 and
C1,72 = bpg2 and c21,.1 = ay, 5 and ¢21.72 = b, 3 and 2211 = a4 and
c22,1,7,2 = b 4, ..., for all 7 € {1,2}", for each n =0,1,2,.... Then we have
at most countable disjoint non-empty E, whose Hausdorff dimension is s and
G5 whose packing dimension is s. Clearly dimpy (F') = sup{s : Es # ¢} and
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dim,(F) = sup{s : G5 # ¢} from Theorem 3.3 and Corollary 3.3. We note that
if there is only one E,,, which means F,, = F, then the Hausdorff dimension
of F'is s;. Similarly if there is only one Gs,, which means G, = F, then the
packing dimension of F' is sp. But such an example of a deranged Cantor set
is quite different from the perturbed Cantor set.

Remark 3.  f(o) = liminf, . Yo and g(o) = limsup,,_, ., Yo, Where

n

[Tcelr + ey =1 ([6).

=0

Remark 4. If a deranged Cantor set is given, naturally all the uncount-
able elements have their own weak lower(upper) local dimensions. If ys(FE;) > 0
(1s(Gs) > 0), then dimpy(E;) = s (dimy(Gs) = s). However if ps(Es) = 0
(1s(Gs) = 0), then we get no information of its dimension except for the fact
that dimpy (Fs) < s (dim,(Gs) < s).

Remark 5. We conjecture that the theorems above hold for the de-
ranged Cantor set without the uniform boundedness conditions of contraction
ratios {c,;} away from 0 (cf. [3]).
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