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Differential equations for Hilbert modular forms

of Q(v/2)

By

Toshiyuki MANO

Abstract
We construct a system of non-linear differential equations from
the uniformizing differential equations of an orbifold attached to cer-
tain Hilbert modular surface. Generic solutions of this system can be
given by the logarithmic derivatives of Hilbert modular forms.

1. Introduction

The theory of modular forms has a long history. It relates to many branches
of mathematics. In this paper, we shall study modular forms from an analytic
view points. Namely we shall construct a holonomic system of nonlinear differ-
ential equations which characterize symmetric Hilbert modular forms of Q(v/2).

It is known that modular forms of one complex variable satisfy algebraic
ordinary differential equations. Algebraic differential equations are convenient
to study analytic properties of their solutions. Therefore, it is an interesting
problem to find algebraic differential equations satisfied by modular forms. The
first successful attempt was done by Jacobi, who gave a differential equation
for theta constants of genus one ([5]).

For certain modular forms, their logarithmic derivatives satisfy a system of
differential equations. Halphen first found such a system ([2]) and his method
was analyzed and generalized by several authors ([9], [3], [7]). Note that
Halphen’s systems is equivalent to Jacobi’s equation.

For modular forms of several variables, M. Sato showed that logarithmic
derivatives of theta constants of genus two satisfy a holonomic system of partial
differential equations ([12], [8]).

In the present paper we shall construct a holonomic system of partial dif-
ferential equations satisfied by logarithmic derivatives of Hilbert modular forms
of Q(v/2). There are several approaches to find such holonomic systems. Sato
obtained his results by using differential relations of theta constants and the
heat equation satisfied by theta functions. Here, modular forms are regarded
as functions on the moduli spaces of certain geometric objects. The second
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approach is the one to use differential operators preserving modular properties
and the algebraic structure of the graded ring of modular forms.

In the present paper we shall use another method. An important feature
of modular forms is that they are obtained as the inverse functions of solutions
of certain linear differential equations. We shall use such differential equations
to obtain a holonomic system which characterizes modular forms. This method
was initiated by Jacobi. In the present paper we shall use the uniformizing dif-
ferential equations of Hilbert modular orbifold obtained by Sasaki and Yoshida
([11]). From the differential equations we shall deduce the holonomic system
satisfied by the logarithmic derivatives of Hilbert modular forms of Q(+/2) (The-
orem 4.1). The holonomic system characterizes the Hilbert modular forms of
Q(v/2). Namely, generic solutions of the holonomic system are given by loga-
rithmic derivatives of the Hilbert modular forms (for details, see Theorem 5.1
below).

Let us describe briefly the content of the present paper. In Section 2 we
shall discuss the structure of the ring of Hilbert modular forms for a certain
subgroup T' of the Hilbert modular group SL(2,0) where O is the ring of
integers of Q(v/2). It is an important fact due to Hirzebruch that the subring
consisting of the symmetric Hilbert modular forms of Q(v/2) is isomorphic
to the polynomial ring of three variables. In Section 3 we shall recall the
result due to Sasaki and Yoshida ([11]). They described the inverse map of
HxH — Hx H/(I',7) by a system of linear differential equations of two
variables with rank four, where H is the upper half plane in the complex plane
and 7 is the involution of interchanging the factors of H x H.

Section 4 is the main part of the present paper. We shall construct a system
of nonlinear differential equations for logarithmic derivatives of Hilbert modular
forms of Q(v/2) by using Sasaki-Yoshida’s equations (Theorem 4.1). In Section
5 we shall show that generic solutions of our system of differential equations will
be given in terms of the logarithmic derivatives of symmetric Hilbert modular
forms of Q(v/2) (Theorem 5.1). Also we shall describe degenerate solutions of
the system.

The author would like express his hearty thanks to the referee who gave
several important suggestions to improve the results in the present paper.

2. Ring structure of Hilbert modular forms

Let K be the real quadratic field Q(v/2) and O be the ring of integers in
K. We consider the principal congruence subgroup I'(2) of SL(2,0) for the
ideal (2) in O:

r(2) = {7 € SL(2,0);7 = (3 ?) mod (2)}.

The group SL(2,0)/T(2) is an extension of the symmetric group Sy by the
group of order 2 which is the center of SL(2,0)/I'(2). The fundamental unit
of O is gy = 14 /2. Then the non-trivial element in the center is represented
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Let T' be the subgroup of SL(2, O) obtained by extending I'(2) by D,. Then
SL(2,0)/T is isomorphic to Sy. Let H be the upper half plane in C. There are
two embedding of Q(v/2) over Q into R:

by the matrix

!/ I
t:ar—a, L tar—a.

Then I' acts properly discontinuously on H x H in the following manner: for

(21,20) EH x H and v = (Z Z) erl,

azy +b a/22+b/)

_ 1\ —
V(21,5 22) = (V21,7 22) <czl Td dmtd
Now let us define Hilbert modular forms for I'.

Definition 2.1. A holomorphic function f on H x H is a Hilbert mod-
ular form of weight k(€ N) for T', if, for any v € I', f satisfies

f(yz1,7'22) = (cz1 + d)k(0/22 + d')kf(zl, 22).

F. Hirzebruch [4] determined the ring of Hilbert modular forms for I by
studying the Hilbert modular surface attached to I'.

Theorem 2.1.  The ring of modular forms for the group I is isomorphic
to
(C[ml, T2, T3,T4, C]/($1 + X2 + X3 + X4, 02 — C),
where C' = 21020304 (T122 + T324) (2125 + X224) (X124 + T2x3), 2; (1 =1,...,4)

is of weight 1 and c is of weight 5. Moreover x;’s are symmetric modular forms,
ie. xi(21,22) = (22, 21).
Put
1 1 1
1= 5w = 23),y2 = 5 (22— 21), 45 = 5 (22 + 23).
Then we can define the holomorphic mapping from H x H to P?(C):

7 (21,22) = (y1(21, 22) Y2 (21, 22) 1 y3(21, 22)).

This mapping 7 is factored through H x H/(T',7) and gives an isomorphism
between H x H/(T', 7) and P2(C) \ {6 points}, where 7 is the natural involution
which interchanges the factors of H x H. Let x = y;/ys and y = y2/ys be
an inhomogeneous coordinate of P?(C). The branch loci of 7 is given by D =
(1 — 231 —y»)(1 — 22y?)(2 — 2% — 9?) in C? and the ramification index is
equal to two. The above six points are exactly six multiple points of D. The
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projective plane P?(C) equipped with the ramification locus D and the index
2 is called the Hilbert modular orbifold M associated with (I', 7).

3. Uniformizing equation for the Hilbert modular orbifold M

Naturally H x H is a domain of P!(C) x P1(C) which can be considered as
a quadratic surface in P3(C):

t: (z1,22) = (1: 211 291 2129).

The conformal structure on P!(C) x P(C) as a hypersurface in P3(C), pulled
back by the inverse map of m on the Hilbert modular orbifold M, can be
described by the linear differential equation of the form:

@:l O u + @—Fba—-l-pu

Ox? Oz 0y Ox Ay

0%u 0%u ou

ou
ou_ N
02~ Mooy T Con Ty TI™

(3.1)

The equation (3.1) must satisfy integrability conditions and the dimension of its
solution space is of four. Moreover there is a quadratic relation between any four
linearly independent solutions. That is to say, the linear differential equation
(3.1) has quadric property. Conversely, if we take four linearly independent
solutions of (3.1) suitably, the map

v: (x,y)— (ug tus:ug:ug) = (1:21:22: 2129)

gives the inverse map of 7. In what follows, we fix linearly independent solutions
as this. Coefficients of (3.1) were determined by Sasaki and Yoshida [11] after
R. Kobayashi and I. Naruki [6] derived the conformal structure on M induced
from o7~

o 2—y oty
> S R N
27%2 7x2y2
3.3 m=_2_2 %Y
> zy(l—y?)
o 30 (1—x2y2)(2_$2_y2)
T e
1o, (1—a2%2)%2—a2"—y°)?
+§8_10 (1—y2)2(2— 42 — 22y?2)
L0 2—y? =) (1 - )2 -2 —y?)
3.5) b= 20z log (1—22)2 )
m o, (2-a?— 2%y (1 —a?y?)(2 -2 —y?)
(30 ‘= (1—12)? ,
(3.7) g=_ 39 log (1—2*y*)(2-2" — 3%

2y 1—y?
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m O (1—.’1}23}2)2(2—372 _y2)2

+ 2oz 8 (1 —22)2(2 — 22 — 2242)”’
202 — )
(3.8) p= (1—22)2(1 —y2)
(39) q= _2(y2 — 1‘2)

(1 —=2?)(1—-y?)?*

For notational simplicity, we denote by f, (resp. f,) the partial derivative of a
function f with respect to z (resp. y). Put

U7 (%) us Uy
U1,z U2, 2 U3,z Ug, 2
Uly U2y Uy U4y
Ul,gy U2,xy U3zy Uy

20 — det(u, g, Uy, uaﬂ/) =

which is called a normalization factor of (3.1). In [11], the normalization factor
is taken as

(3.10) €2 = (1 —Im)~ % (xy) 5.

Proposition 3.1. When the differential equation (3.1) has quadric
property, coefficients a, b, ¢ and d can be written by I, m, and 0 in the fol-

lowing form:
Ll 3
b=3 (7‘1’52‘91)

11
o (3,
2 \m 4 V)
1 L[l 1
a= =8 +0,— 3 —y——§y+9y
(3.12) 4 2\ I 4
’ 1 m (my; 1
d—Zgy‘Foy_?(W_fo"'ex)a

where £ =log(1 — Im).

Proof. See [10]. O

4. Construction of differential equations for Hilbert modular forms

First, we need to determine the differential equation of the form (3.1)
which the modular form ys satisfies. Put wi(x,y) = ys3(z1(x,y), 22(z,v)),
we(x,y) = z1w1, wi(x,y) = 20wy and wy(x,y) = 2120wy, where z1(z,y) =
us(x,y)/ur(z,y) and 2o = ug/u1, then w;(z,y)’s are multi-valued functions on
P2(C) \ D. Let us observe the behaviors of w;’s under analytic continuations.
Let m1(P? \ D) be the fundamental group of P? \ D, then (w; : wa : w3 : wy)
gives a projective monodromy representation of 1 (P?\ D). For « € m1(P?\ D)
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b

and the fixed base point (z,y), there exists v, = (Ccl d

) € I' corresponding
to a such that

_azi(x,y) +b
alale,y)) = czi(x,y) +d’
s(a(e.y) = S2LD LY

dzo(m,y) +d’

where, for a holomorphic function f around the point (z,y), f(a(z,y)) denotes
the analytic continuation of f along «. Hence, for w;’s, we have

wi(a(z,y)) = (cz1 + d)( 22 + d" w1 (21, 22)
= dd'wy + cd'wy + dc'ws + cc'wy,
wa(a(z,y)) = (az1 + b)( 22 + d" w1 (21, 22)
= bd'wy + ad'wy + bd'ws + ac'wa,
wz(a(z,y)) = (cz1 + d)(a’z2 + b )w (21, 22)
= db'wy + da’wy + cb'ws + ca’wy,
wy(a(z,y)) = (az1 + b)(a’z2 + b )wi (21, 22)
= bb'wy + ab'ws + ba’ws + aa’wy.
Therefore the projective monodromy representation of 7 (P?\ D) given by w;’s

is just the same as one given by u;’s. The following lemma is checked by direct
calculations.

Lemma 4.1.  In (3.1), perform a change of the unknown u by multiply-
ing a factor e?. Then the coefficients of the transformed equation, which are
denoted by the same letter with primes, are given in the following

4.1) U!'=1, m' =m,
a'=a+2p, —lpy, ¢ =c—mp,y,
b/:b_lpita d/:d+2py_mpwa

¢ =q—cps— dpy + (pyy - pZ) - m(paﬁy - pxpy)a

)
)
) P =D —ape —bpy + (pax — p3) = Wpzy — pzpy);
)
) 20' _ ,4p+20

e

Applying this lemma to our case, we have

Proposition 4.1.  Put e’ = w;/uy, then wy, wy = z1wi, Wy = zow
and wy = z120w1 are solutions of the differential equation of type (3.1) with

. ’ . .
coefficients I',m’,...,e*"" given in the above lemma.

!’

Therefore in order to determine coefficients I’, m/, ..., ¢/, we have to deter-

mine only the normalization factor

20’
e’ = det(w, wg, Wy, Way).
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Computing directly, we have

w1 Z1W1 ZoW1 Z122W1

(4.7) 629/ _ :j)jl,m Ezlwl)r (ZQU)l)z (le2w1)z :STwil,
Ly (awi)y  (22wi1)y  (z122w1)y
wl,:}cy (zlwl)my (Zle)my (2122w1)zy

where

(4.8) S =212y + 222721y
and

(4.9) T = 21020,y — 22,221,y

On the other hand, the differential equation which have wq, ws, w3 and wy as
a set of independent solutions are also given in terms of determinants:

w w1 w2 ws W4
Wy W1,z W2,z W3, x W4, x
(4.10) Wy Wiy W2y W3y Wiy | =0,

Wyy Wiy W2zy W3zy Whzy
Wy Wilge W2rxx W3zx W4z

w w1 wao w3 waq
Wy W1,z W2, x W3,z W4,z
(4.11) Wy Wiy Wy W3y Wiy | =0.

Wry Wizy W2ay W3azy Wiay
Wyy Wiyy W2yy W3yy Wihyy

Therefore we have

4.12 I = e 2% det W, Wy, Wy, Wag ),

y
4.13 m' = e 2 det(w, wy, wy, Wyy),

y» Wyy
(4.14) p = —e72 det(wg, Wy, Way, Wiz ),
(4.15) ¢ = -2 det(w,, Wy, Way, Wyy ),
4.16 d = e 2 det(w, wy, Wy, Waz),

y» Way
4.17 V = —e 2 det(w, wy, Wey, We),
y

(4.18) d =e 2 det(w, wy, Way, Wyy),
(4.19) d' = —e2% det(w, Wy, Way, Wwyy).
From (4.12) and (4.13), we have
(420) l/ = 2217932’27;5/5
and

(4.21) m' = 221’y22,y/s.
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Therefore we can write S as

(4.22) (1—1'm')S* =12
The following lemma is used to calculate the normalization factor e20'

Lemma 4.2. Let T~! be the inverse of T, i.e.,

O Or
-1 . 82’1 622
s =lo, o)
62’1 822

Then wi/T=2 is a symmetric Hilbert modular function. In particular, wi/T 2
can be regarded as a meromorphic function on P?(C).

Proof. First, we shall check behaviors of 7! under actions of I. For any
v € T', we can check easily

T~ (yz1,7 22) = (cz1 + d)* (2o + d')*T ™ (21, 22).

Hence w} /T2 is a meromorphic function on H x H and T'-invariant. More-
over, since T~! is a skew-symmetric function, w}/7~2 is a symmetric func-
tion. Therefore w{/T~2 gives a meromorphic function on H x H/([,7) =
P2(C) \ {6 points}, which extends to P?(C) automatically. O
o

Proposition 4.2.  Normalization factor e?® is equal to

(423) xy(xQ _ 1)—1/2(y2 _ 1)_1/2(x2y2 _ 1)—3/2(x2 + y2 _ 2)—3/2.

Proof. From (4.7) and (4.22), we have 2" = T%w?//T—U'm’. Here I’
and m/ are the same as [ and m by Lemma 4.1. Hence 1—I'm’ = 2(1—2%y?)(2%+
y? —2)x 72y 2(1 — 22)71(1 — y?)~L. Note that T is a Jacobian of ¢ whose
ramification index are equal to two on each component of D = (1 — 22)(1 —
y?) (1 —2%y?)(2 — 22 —y?). Hence T?wf is equal to (22 —1)"1(y? — 1)1 (2%y% —
1)~Y(2? + y? — 2)~! with some constant multiple. However difference of a
constant multiple is not essential. Therefore we obtain the desired equality. [

We can determine rests of coefficients p’, ¢’ and e*”:
1
y2 -1
e4p _ (.’1,'2 _ 1)—4(y2 _ 1)_4(x2y2 _ 1)2(1'2 + y2 _ 2)2

!

q:

Now we can deduce differential relations for logarithmic derivatives of a Hilbert
modular form wy (21, 22).

Lemma 4.3. Put

0 0
(4.24) Aq(z1,22) = =— logwy (21, 22), Aa(z1,22) = =— logwi (21, 22).
0z1 0z
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Then we have the following differential relations for A; (i = 1,2):

A, o L (0z\® [ 0y\®
and
(426) AQ(Zl, 22) = Al(ZQ, Zl).

Proof. We substitute we = zywy, ws = zow1, wg = 2120w in (4.14).
Then we have

o T (AN T (04
a2 =g (G A7) - Gl (52 - 43)).

In the similar way, we have

8A1 T 8A2
P 2 24 42
(4.28) q = —(=, ) 3 (821 —A ) (22,4) 5 <—822 A2>

from (4.15). These are equivalent to

0A;
/ 22 —22 —— — A
(4.29) pN_L (e o) | 9=
. q S —Z%T Z% % _ A2
Y Y 822 2
Therefore we obtain
a2 ), N | )
02 3 AN AN AN
0z 2 0za 0zs

As for the equality (4.26), it is obvious from that wy (21, 22) = wy(22,21). O

We introduce

(4.31) Xi(21,22) = aii log(w — 1) = xi 1 gjf
(4.32) Yi(z1,22) = 8(1 (@+1)= %ﬂgj
(4.33) Zi(21,22) = 5% log(y —1) = ﬁg_i’
(4.34) Wi(z1,22) = 8% log(y +1) = ” Jlr T gi

for i = 1,2. Then (4.25) can be written as

0A;

= A? - X;Y; — Z;W,.
azi

(4.35)
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Moreover, since differentials by z; and 2o are commutative, there exists a rela-
tion
0 0
4.36 —A1(z1,29) = — Aa(21, 20).
(4.36) 97 1(21, 22) o7 2(21, 22)

Next we need to derive differentiations of X; and Y; by z; and z5.

Lemma 4.4.  Second order derivatives of z1 and ze by x and y are given

by
15 S Sz
(4.37) Flay = *gf(zl,y(ly + lgy) — 212(Ma + m?))a
18 S Sy
(4.38) 29,0y = §T(z2y(ly + lgy) — 29,4 (My + mg)),

w1 w1 W1 . x

A / » T yY )

(4.39) 2130 = 21,20  + 2140 — 221 5 —= + 121, —= + 121 y—— + 121 2y,
w1 w1 w1

w1 w1 W1 .2

’ / T Y ,

(4.40) 230 = 22,20 + 22 yb' — 229 5 —— + 129 ; —= + 120 y—— + 122 4y,
w1 w1 w1

w1 w1 w1
_ / / Y Yy z
(4.41) 214y = 210¢ +219d =221y + M2y — F M2y —
w1 w1 w
Wi,y

+Mmz1 2y,

(4.42) 23,4y = 22, + 22 4d — 229, U;;ly +mzo . o + mzzyww;’lx—i-ng’w.
Proof. First, differentiate | = 227 422,,/S by y. Then we have
Sly +1Sy = 221 220 2y + 222 221 ay-
In the similar way, we have
Smy +mSy = 221 y22 2y + 222,421 2y -

Therefore we obtain (4.37) and (4.38). From (4.16), (4.17), (4.18) and (4.19),

we have

(4.43)

1 w1
/ T
a = -7 21,y22,px — 2T

w1 y
— 21y 200y + 1T —5 — 22421 00 + 122 y21 2y |
wq w1

1 w1
/ T
(444) b=~ 21,x%2,xx — lzl,mZQ,ry =T — 22,021 ,zx + lZ?,le,zy )
T w1
1 w1
/ sy
(4.45) ' = T\ FlyFzyy T MLy 22ey + mTw—1 — Z2yflyy T M2y 210y |,
(4.46)
1 w1 w1
' Y T
d' = = | 21,220,y + 20— — M2z 20,5y — ML —= — 29 421 yy + M22.221 2y |-
T Y
w1 w1

Therefore we obtain (4.39) and (4.40) (resp. (4.41) and (4.42)) from (4.43) and
(4.44) (resp. (4.45) and (4.46)). O
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Lemma 4.5.  The derivatives gf and satzsfy the following relations:
Jr Ox Jdr Oy dr Oy
4.47 -2 21 =(2—2%— ——+ —
( ) xy(y )821 822 ( . Ty ) (821 622 + 622 82’1)

(4.48) —2xy(;v —1)== 9 8y — Oz Oy ox 8y>

9 _? — g2

821 82’2 ( y Ty ) ((921 82’2 82’2 821
Proof. From (4.8) and (4.20), we have the equality

(4.49) (21,022,y + 22.221,9)l = 221 222 5.

From (3.2), we obtain the equality (4.47). The second equality (4.48) can be
obtained in the similar way. d

Remark 1.  These two relations (4.47) and (4.48) are equivalent to

(4.50)
2xy(x? —1)(y* — 1);)_25_31
? 2
(y" - D2 -y —27y) (3—:1) S (22— 12— 22 — 2%?) (%) |
(4.51)
Qxy(x —1)(y — 1);)_:288_32

ey (3_52)2 — (2® = 1)(2—2® — 2*y?) (5—32)2

The discriminant of these quadratic relations are equal to
(4.52) —8D = —8(z2 — 1)(y* — 1)(z%y* — 1) (2 + y* — 2).

Therefore, we have

dr Oy OJx Oy Oor Ox
C<A1,A2,$,y,8 872;1 87,22 82;2> (C(Al,Ag,l' y’az&’az&) (\/5),

oz Oz )
Z1 ) 622

which is a quadratic extension field of C(Ay, As, z,y, 5~

Using Lemma 4.4 and Lemma 4.5, we obtain the following differential
relations.

Proposition 4.3.  Second order derivatives of x and y by z1 and zo are
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given by

0? ox ox\? 3z Jy S
&z—%z&+(z) =it (32) 7

0? 8y oy ay\? 3y
4.54 A;
(4.54) 82 822 +(81) x21+(32i> y2 -1’

8

(4.53)

]

&)

@
Q?

s P _eor e A(oroy orov) y
’ 021020 021 02022 —1 2\ 02z 0zg 020021 ) y2 —1’
(4.56) 0%y _ Oy Oy oy 1(9x dy Oz 9y x
' 0210z  Oz1 Ozp y? — 1 021 0zg 02902 ) 22— 1

Proof. 'We shall prove (4.53) and (4.55) and rests can be deduced in the
similar way. First,

2
ot = oo (32) 52y ()

oz 1 T, oy 1 T,
T 9T (Zz,zy — 22y 7) + 9 T <Z2,yy — 22y ?>
1 , T, T,
— T2 (2271122,13/ TRy T P22y + 3279622711?) :

From (4.38) and (4.42),

O 1 2 p wy,
P {W’) (‘C - mw—l)
S,

From (4.7) and (4.22), we have

T, T,
(4.57) - gWLe gm, S _Ta
T w1

Substituting (3.11), (3.12) and (4.57), we obtain

0% or\ 2 1. 1 1 1 1
== 9L Z 210 — 21 — 0. — =
023 (021> ( wy + QZy + 2l0y 8l€y b 4§1>

Ox 0y wiy ay\° _my m
o= U Ty (2L /
+ 021 021 wi + (821 2 + mfy 2 20

Ox oz \> 3z y x
=2—"A e - )
071 1+<821> x2—1+(821) y2—1
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As for (4.55),

Px 8x2(22,y) 8@2(22@)

8z16z278_z28:c T 8_z28y T

1 T, T,
T2 T2y |\ A2ay — Z27yT + 21,0 | Z2yy — ZZ,yT

S 1 1 1 1 1

_(Qu Oy, 0w Oy (120% —y° +a” 2
C\ 021020 020021 ) \2 y(y2—-1)(a2-1) )~

Using (4.47), we have the equality (4.55). O

We can obtain the system of differential equations which A;, X;, Y;, Z;
and W; satisfy.

Theorem 4.1.  Functions defined by (4.24), (4.31), (4.32), (4.33) and
(4.34)

0
Ai(z1, 22) = z— logwi (21, 22),

8Zi
0 1 Ox
Xi ; =—1 —-1)= a0
(21,22) 0z; og(x ) z—10z
0 1 Ox
Yi(z1,22) = 1 1) = ,
(21,22) 0z; og(w +1) x4+ 10z
0 1 0Oy
Z; = 1 -1)=——
i(21,22) 97 og(y — 1) 10,
0 Jy
Wi(z1,22) = 1 )= ——
(21, 22) a7 og(y +1) T 102
satisfy the following system of differential equations (we call this system HMS):
0A;
4.58 L= A? - XY, - Z;W;
(as) G- 4 ,
0A, 0A; 1 1 1 1
4.59 —=—=—-=-X1Y5 — - Z1Wo — =515 — =S, T
(4.59) 97 0 3123126512621’
0X; 3 1 1 1 X, Z;W;
4. L= 2Xu A+ XY+ X2 4z W o
(4.60) o +5 + o X+ S ZiWit v
0X,  0Xo
4.61 - ===
( ) 822 82’1
1 1 1 1
= —§X1X2 + §X1Yz + ZXl(Z2 + W) + ZXQ(ZI + W),
aY; 3 1 1 1Y, Z,W;
4.62 =2V A; + =X,V + Y2+ W, 4 =t
oY, oY
(4.63) 1222

0z 0z
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1 1 1 1
= -+ -X Yo + ZY1(22 + W) + ZYQ(Zl + W),

2 2
0Z; 3 1 1 17, X,Y;
4.64 =27 A+ S ZWi+ =22+ XY 4 -
(6) 82’1 zz+2sz+21+2zz+2 Wz ’
07 07y
4.65 — = —
( ) 322 821
1 1 1 1
= —52122 + §Z1W2 + ZZ1(X2 +Ys) + ZZQ(XI + Y1),
oW, 3 1 1 1 W, Y; X;
4.6 L= QWA+ SWiZi 4+ S WE SV X -
(4.66) 0z; +2 +2 Z+2 +2 Z;
oW, oWy
4.67 =
( ) 822 821
1 1 1 1
= —§W1W2 + §Z1W2 + ZWl(XZ + }/2) + ZWQ(Xl + Yl),
(4.68) XY — XoY, =0,
(4.69) Z1Wo — ZoW7 =0,
(470) 381(Z2 + WQ) + 3SQ(Z1 + Wl) = 4(2X1Y2 — Z1Wa + S115 + SQTl),
(4.71) 3T (Xa+Ys) +3Ta (X1 +Y7) =4(—X1Ya + 221 Wo + 5175 + SoTh),

Proof. We have already derived the equality (4.58). Equalities (4.60)—
(4.67) can be derived from Proposition 4.3. The algebraic relation (4.68) is
nothing but

(4.72) X1 /Y1 =X/Ys = (z+1)/(x—1)

and we obtain (4.69) in the same way. Another two relations (4.70) and (4.71)
are given by rewriting (4.47) and (4.48) in Lemma 4.5. Derivation of the dif-
ferential relation (4.59) is not so direct. Since differentiations of the Hilbert
modular function x(z1,22) by 21 and ze must be commutative, we have

Pz 0 ox 3z oz \? x dy 2
U 550 " (Qa—zfl s () e ()
L0 (e mor, y (mdy 0ndy
02 \ 22— 102 029 2(y2 —1) \ 021 02z 020 021

from (4.53) and (4.55). This relation is not trivial and gives the equation which
contain %?21' That equation is equal to (4.59). Also from (4.54) and (4.56), we
obtain the same equation. O

Theorem 4.2. Whole differential and algebraic equations in HMS are
compatible with each others, and the equations (4.68 — 4.71) are algebraically
independent. Particularly, HMS is essentially a nonlinear differential system
of sixth order.
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Proof. We can check it by direct calculations. 1

5. Initial value problems for HMS

In this section, we shall give generic solutions of HMS. This will be done
by constructing the solution for initial conditions at any given points. First,
we shall prove that the differential system HMS has the following remarkable
properties.

Proposition 5.1.  Given a set of solutions {F;(z1,22)} (F = A, X,Y, Z,
W and i =1,2) of HMS, {FT (21,22)} are also solutions of HMS, where

(51) FIT(Zl,ZQ) = FQ(ZQ,Zl),
(52) FQT(Zl,Zz) = Fl(ZQ,Zl).

Moreover, for any v = ((al Zl) , (a2 22>> € SL(2,C) x SL(2,C), put
1 2

C1 C2
1 a1z1 + b1 aszo + by c;
5.3 A7 = i , — ,
( ) ¢ (Zl’ 22) (Cizi + dz)2 (clzl + d1 Cozo + d2 CizZi + dl
1 a1z1 + b1 asze + by
5.4 Gl (z1,22) = G; ; )
(5:4) (21 22) (cizi + d;)? (0121 +di caze +do

where G = X, Y, Z, W. Then {F; (z1,22)} (F=A,X,Y,Z,W andi=1,2) are
also solutions of HMS.

Proof. The first assertion of the proposition is obvious. The second part
is proved by direct calculations. For example,

0 —2¢;
0%; Az (z1,22) = -

mAi(V(Zh z2))

+@ET@HEW%@D+@;WW
—2¢; c?
n (CZZL + dl)Z AZ + (Cz’Zz' + dz)Q
1

(A? — X;Y; — ZiW5).

On the other hand,

(A7)* = XY = Z]w
1 2¢; c?
A2 ° A+t
(CiZZ' + d2)4 v (Cizi + dz)2 it (CiZZ' + d2)2
1 1
- XY, - —
(cizi +di)* (cizi +di)*

ZiW;.
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|

We can construct solutions with six parameters of HMS from the particular
solution in the previous section by using Proposition 5.1. We shall prove that
these solutions are generic solutions of HMS. We consider initial value problems
of HMS for generic initial conditions.

Theorem 5.1.  Take complex numbers A?, X?, Y0, 29, W?, (i =1,2)
satisfying the algebraic relations (4.68), (4.69), (4.70) and (4.71). We assume
that

(5:5) %0 (29 = 1) (5°)° — 1) (@*) (0 = 1) (2% + (5°)° — 2) £0
and

(5.6) 2125y ys (2ys — 25y?) # 0,

where 1° = (XP+Y) /(XP=YY), y° = (ZP+W?)/(Z) W), 2} = 2X7YY /(X7?

=Y, @b = 2X9Y9 /(X9 -Y5)), i = 2Z9WP /(27 —W7Y) and y3 = 223W3 /(23
—W2). Then, for any (2Y,29) € C x C, there exists

— ai b1 as b2
' ((01 d1> ’ (02 d2)> € SL(2,C) x SL(2,C)

such that the set of solutions given by transformations in Proposition 5.1 from
our special solution in Theorem 4.1 satisfies the initial conditions

Al (), #5) = A}

X] (2, 23) = X7

V(e 25) =Y

Z] (4, %) = 7}

W (21, 25) = W

or

ATT(E,28) = (ADT (. ) = A
X7, 28) = (X)T(, 28) = X7
Y7 (o, 29) = (V) (=, 23) = Y
217N (A, 28) = (Z2])7 (1, %) = Z}
W (=, 25) = (W) T (24, 25) = WY

Proof. Under the assumptions (5.5) and (5.6), there are relations

(5.7)  22%°(2" = 1)(y* — 1)y

_ (yoz —1)(2- Y02 — xozyoz)xoz . (xoz —1)(2- 202 _ x02y02) 02

7 1
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for i = 1 and 2. Take (z71,%2) € H x H satisfying 2° = 2(z7,%) and ¢° =
y(z1,72). From (5.7) and Remark 1, we have

0
v oy _ _. /0x _ __
(5.8) ol (71, 22) o (z1,72)
or
vi Oy, __ _ /0x ____ Oy ____ /0x __ __
(5.9) 0 =9 (z2,71) o (z2,%1) = 57 (z71,%2) 5% (z1,72).

1. The case of (5.8)
By the assumption 39 /29 # y9/29, we have

0
ys Oy, _ . /0v
1 = = —_— .
(5 0) xg 929 (21722) 822(Z1’Z2)

Take v = (<a1 b1> , <a2 bz)) € SL(2,C) x SL(2,C) which satisfies con-

c1 dy ¢y da
ditions
5.11 7= Y5 T
0

(5.12) AV(ei2d + d;i)? + cieiz) + d;) — 81;)1 (z1,72) /w1 (71, 72) = 0,
and

1 Ox
(5.13) (cizf +d;)* = Fa('z—h %),

i i

for ¢ = 1 and 2. Then for this v, we have

AY (=Y, 29) = A}
X7(21,29) = X7
Y7(2,23) =Y
Z] (1, 23) = Z}
WY (29, 29) = W)

<.

2. The case of (5.9)
In the same as the previous case, we have

0
Ys oy __ 0z
(5.14) pri (71, %2) oo (71, 72).
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Take v = <<a1 Zi) , (a2 ZZ)) € SL(2,C) x SL(2,C) as

1 Co
a9+ b ag2) + by
(5.15) Zl = A+ d Zg = o +dy’
(5:16)  (e1zp +dh)? = xigg—;@z), (22 + dp)* = xigg—i(z—lz),
(5.17) AY(c123 +di)? + er(cr29 +dy) — g—@z”ll(z, %) /w1 (71, 72) = 0,
and
(5.18) A(22) + do)? + c2(22) + do) — 2—2(5, %) /wi(z1, %) = 0.
Then for this -y, we have
AT (A, 28) = A
X7(=A, 29) = X
YR, 28) = Y
Z;°M (R, 28) = 2}
Wl (29, 29) = w.

O

Finally, we shall give reductions and special solutions of HMS. First, we
reduce HMS to an ordinary differential equation by restricting to the diagonal
part z; = 2o = t. In HMS, we assume that A;(¢,t) = As(t, ), X1(t,t) =
Xo(t, 1), Yi(t,t) = Ya(t, 1), Zi(t,t) = Zo(t,t), Wi(t,t) = Wa(t,t) and that

Xi(t,t) =Y;(t,t) = 0, then we have an ordinary differential system:

d
EA(t) =At)? - Z(t)W(t)

(5.19) %Z(t) — 2Z(8)A(t) + 22(8) W (#)
d

ZW(0) = 2W () A() +2Z(OW (1),

The system (5.19) is changed to

W] = wiwy + wiws — Waws
(5.20) wh = wiwa + waws — wiws
wh = wiws + waws — Wiws
by the transformation
(5.21) w1 (t) = A(t),
(5.22) ws(t) = 2(1)
(5.23) ws(t) =W (t) + A(t).
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This system was solved by Halphen in terms of elliptic modular forms ([2]).
Next, we assume that X;(z1,22) = Yi(z1,22) and Z;(21, 22) = W;(21, 22).
Then HMS is reduced to

0A4;

(5.24) o = Al X -2,
2
04  0A;
2 g%
(5.25) 97 0% X1Xo,
X;
(5.26) %— =2X;A; +2X7 + Z2,
2
00Xy 0Xi
5.27 = = X X
( ) 821 82’2 1o
7
(5.28) ‘ZZ? =2Z;A; + 2727 + X},
0Zy 07y
5.29 L= =7
(5.29) 97 0% 122,
1
(5.30) XXy = 2125 = (X1 2o + Xo Z1).

We can solve this system (5.24)—(5.30) directly. Put P, = X, + A; and Q; =
Y; + A;. Then the system is changed to

(5.31) % =—A7 +2(P +Q;)A; — PP — QF,
(5.32) g—f = %:_(PI_AI)(PQ_A2)7
(5.33) gf _ P,

(5.34) g—]:f - g—l;l —0,

(5.35) ?9% = Q7

(5.36) %;ij - % —0,

and algebraic equation (5.30) demands P, = Q; (i = 1,2) or P = @1 = A;.
Then we have the following solutions:
1.A=P=Q;=0(i=12),

1
2. A1:O7A2:_5Pi:Qi:05
Z2

3. A; = ,Pi=Q; =0,

21+ 22 )
4. A1 =0,4, = ;;Pl =Q1=0,P,=——,Q2=0 (w=e>"/3),
2

%)
2

1
5. A1:O7A2:w_;PlelzoaPZZ__aQQZOa
22 z22



476

Toshiyuki Mano

w+w2z“2_“’ 1
6. A1 =0,42 = ﬁapl =1 =0,Pp=-—,Q2=0.
zo(1 4 z5 ) 29

The general solutions of the system (5.24)—(5.30) are obtained by the transfor-
mations in the Proposition 5.1.
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