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Remarks on long range scattering for nonlinear
Schrodinger equations with Stark effects
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Abstract

In this paper, the global existence and asymptotic behavior in time
of solutions for the nonlinear Schrédinger equation with the Stark effect
in one or two space dimensions are studied. The nonlinearity is cubic
and quadratic in one and two dimensional cases, respectively, and it is
a summation of a gauge invariant term and non-gauge invariant terms.
This nonlinearity is critical between the short range scattering and the
long range one. A modified wave operator to this equation is constructed
for small final states. Its domain is a certain small ball in H? N FH?,
where F is the Fourier transform.

1. Introduction

We study the global existence and large time behavior of solutions for
the nonlinear Schrédinger equation with the Stark effect in one or two space
dimensions:

(1.1) 10 = —%Au—l—(E-x)u—l—l;n(u), (t,z) e R x R",

where n = 1,2 and v is a complex valued unknown function of (¢,z). Here
F,(u) and F - 2 are a nonlinearity and a linear potential, respectively. The
nonlinearity is given by
ﬁn(u) = Ghp(u) + Nn(u),
(1.2) G () = No|ul*"u,
J\~/'1(u) = Mu® + X@®, whenn =1,
Ng(u) = Mu? 4+ X\o@? + \sui, when n=2,

where Ao € R, A;,A2,A\3 € C and E € R™ \ {0}. We remark that the cubic

nonlinearity ui? is excluded in one dimensional case. F}, is a summation of the

gauge invariant nonlinearity G,(u) and the non-gauge invariant one N, (u),
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and it is a critical power nonlinearity between the short range case and the
long range one in n space dimensions (n = 1,2). The potential E - z is called
the Stark potential with a constant electric field E. In this paper, we prove
the existence of modified wave operators to the equation (1.1) for small final
states, and extend our previous results [10]. The domains of these modified
wave operators are H? N H%2, which are larger than those in [10]. Namely,
the assumptions on final states are weakened. The method to estimate the
non-gauge invariant terms is essentially different from that in [10] (the detail
will be mentioned below).

The theory of scattering for the ordinary nonlinear Schrédinger equations
with critical power nonlinearities was studied, e.g., in [4, 5, 6, 7, 8,9, 10, 11, 12].
We recall the result in [10] on the long range scattering for the equation (1.1).
Let U(t) be the free Schrodinger group, that is,

U(t) = etA/2,

The Schrédinger operator —(1/2)A+ E -« is essentially self-adjoint on C5°(R™).
Hp, denotes the self-adjoint realization of that operator defined on C§°(R™) and
we define the unitary group Ug generated by Hg:

UE (t) = e_itHE.

F,(u) is a critical power nonlinearity between the short range scattering and
the long range one. In [10], the existence of the modified wave operator W+
was shown. The modified wave operator W+ for the equation (1.1) is defined
as follows. Let ¢ be a final state. Modifying the solution Ug(t)¢ for the linear
Schrédinger equation with the Stark potential, we construct a suitable modified
free dynamics A, which depends on ¢, and we show the existence of a unique
solution u for the equation (1.1) which approaches A in L? as t — oo. The

mapping
Wi u(0)

is called a modified wave operator. The domain of the modified wave operator
in [10] is H2NH%2 and H?NH"? in one and two space dimensions, respectively.
First we reduce our problem to the equation

1
(1.3) 00 = —5Av+ Fu(t,v), (o) € R xR,

where n = 1,2,

F,(t,v) = G, (v) + Ny (¢,0),
Ni(t,0) = )\1U3€—2i(tE~z—t3\E|2/3) + )\2@364i(tE-z—t3|E\2/3)’
Na(t,v) :/\lv2e—i(tE.z—t3|E\2/3) + /\21—}263i(tE~:r—t3|E\2/3)

+ )\3U@ez'(ztE-gc—t?’|E\2/3)7
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G, (v) is defined by (1.2). By a suitable change of variables (see Proposition 2.1
below), our problem is equivalent to constructing modified wave operators for
the equation (1.3). In [10], we constructed a modified free dynamics of the form
B = v, + v1, where

valt,x) =(U(t)e /218 miV) ) ()

:('t)l /2<£ (%) ei‘m|2/2t—i5(t,m/t)’
7 n

S(t,z) = o|d(x)[>/"logt and v is a faster decaying term mentioned below.
This modified free dynamics v, was introduced by Ozawa [8] for the ordinary
nonlinear Schrédinger equation with a nonlinearity Alu|?u in one space dimen-
sion. In order to overcome difficulties caused by the gauge invariant nonlinearity
G, (v) which is a long range interaction (see Barab [1]), we introduced the prin-
cipal term v, of the asymptotics B with a phase shift so that Lv, — G, (vg)
decays faster than G(v,), where £ = i9; + (1/2)A. In order to treat the non-
gauge invariant nonlinearity N, (¢,v), we construct a second correcting term
vy such that v; and Lv; — N,(t,v,) decay faster than v, and N, (t,v,), re-
spectively (more precisely, the L?-norms of Lv, — G, (v,) and Lv; — N, (t,v,)
are integrable over the interval [1,00), while those of G(v,) and N, (t,v,) are
not). So we see that LB — F,,(t,B) = (Lvg — Gp(v4)) + (Lv1 — Nu(t,v,)) +
(faster decaying terms) and its L?-norm is integrable over the interval [1, co).
By the Cook-Kuroda method, we obtained a unique solution v of the equa-
tion (1.3) which approaches the profile B. Since v; decays faster than v,, the
solution v approaches the modified free dynamics v,,.

In this paper, we prove the existence of modified wave operators for the
equation (1.1), which is equivalent to that for the equation (1.3), without con-
structing a second correcting term such as the function v; in [10] mentioned
above. The domain of the modified wave operator in this paper is slightly
larger than that in [10]. As in [10], we introduce the principal term v, in order
to overcome difficulties caused by the gauge invariant nonlinearity G, (v) (see
Lemma 3.2). In order to treat the non-gauge invariant nonlinearity N, (¢,v),
we show that

which appears in the associated integral equation, is integrable over the interval
[1,00). More precisely, we prove that it decays at a suitable rate in time (see
Lemma 3.3). Hence we see that

decays suitably in time and we can directly construct a unique solution u which
approaches the asymptotic profile v,. The method in this paper is more precise
than that in [10], because we do not construct an approximation in order to

b

L3

/too U(t — s)Np(s,vq(s)) ds

/too U(t — s)(Lvg(s) — Fn(s,v4(s))) ds

L2
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overcome the effect from N, (¢,v). This is the reason why we can extend the
domain of the modified wave operator.
Before stating our main results, we introduce several notations.

Notation. We denote the Schwartz space on R” by S. Let S8’ be the set
of tempered distributions on R™. For w € &’, we denote the Fourier transform
of w by w. For w € L'(R"), 1 is represented as

W(E) = (2m)"72 / w(z)e= " da.

n

For s,m € R, we introduce the weighted Sobolev spaces H*"" corresponding
to the Lebesgue space L? as follows:

H*™ = {y € 8" [[¢l|zrem = 11+ |2*)™2(1 = 8)*%9]| 2 < oo}

and put H® = H59,
C denotes a constant and so forth. They may differ from line to line, when
it does not cause any confusion.

Our result is as follows.

Theorem 1.1. Letn =1 or 2. Assume that ¢ € H?> N H*? and that
@]l 2oz is sufficiently small. Then the equation (1.1) has a unique solution
u satisfying

u € C([0,00); L?),

81>1p(td||u(t) — Up(t)e 1P /2te=i8E=V) g1 ) < o0,
t>1

s , 1/4
sup [td (/ |U(s) U (~s)uls) — e~ /ZSe-“(s’-N>¢>>||énds) ]<oo,
t

t>1
where
(1.4) S(t, ) = Aol (z)[*/" log

and d is a constant satisfying n/4 < d <1, Y, = L% and Yo = L.

Furthermore the modified wave operator W+: ¢ — u(0) is well-defined.

A similar result holds for negative time.

Remark 1.1.  Since the multiplication operator e—il/2t converges the
identity strongly in L? as t — oo, the solution obtained in Theorem 1.1 ap-
proaches Ug (t)e~*®="V)g in 2. Noting the phase correction S depends only
on the gauge invariant nonlinearity G, (u), we see that the contribution of the
non-gauge invariant term Nn(u) is a short range interaction, that is, it is neg-
ligible as ¢ — oo, under our assumptions. We also note that the assumption
¢ € H? is needed only if N, (u) # 0 (see Lemma 3.3 below).
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Remark 1.2. If we consider the asymptotic behavior of solutions to the
Cauchy problem for the equation (1.1) with initial data u(0, z) = ¢o(z), z € R™,
then we see from Theorem 1.1 that for any initial data ¢ belonging to the
range of the modified wave operator W, there exists a unique global solution
u € C([0,00); L?) of the Cauchy problem for the equation (1.1) which has the
modified free profile Uy (t)e~i1*/2te=iS(t.=iV) s More precisely, u satisfies the
asymptotic formula of Theorem 1.1. However it is not clear how to describe
the initial data belonging to the range of the operator W,.

The outline of this paper is as follows. In Section 2, we reduce the scat-
tering problem for the equation (1.1) to that of the equation (1.3), and we
solve the Cauchy problem at infinite initial time for the equation (1.3) under
suitable decay and approximate conditions on v,. In Section 3, we show that
the asymptotics v, satisfies the assumptions of this Cauchy problem at infinite
initial time and prove Theorem 1.1.

2. The Cauchy Problem at Infinite Initial Time

First we reduce the scattering problem for the equation (1.1) to that of the
non-autonomous nonlinear Schrodinger equation (1.3) without a potential as
mentioned in Section 1. By a direct calculation, we obtain the following relation
between a solution to the equation (1.1) and that to the equation (1.3). The
following proposition is not essentially new but almost well-known (see Cycon,
Froese, Kirsch and Simon [3]).

Proposition 2.1.  If v solves the equation (1.3), then
t2 1 3 2
’U/(t, .'L') =0 (t, x + §E> e_l(tE'IJ"t |E|*/6)

solves the equation (1.1).
Conversely, if u solves the equation (1.1), then

2N Ty
v(t,z) =u <t7x - §E> gt E-a—t°|E|7/3)

solves the equation (1.3).
Remark 2.1.  Recently, the above change of variables has been applied
to the nonlinear Schréodinger equation with the Stark effects and the gauge

invariant nonlinearity by Carles and Nakamura [2].

According to Proposition 2.1, Theorem 1.1 is an immediate consequence
of Proposition 2.2 below.

Proposition 2.2.  Assume that ¢ satisfies all the assumptions of Theo-
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rem 1.1. Then there exists a unique solution v for the equation (1.3) satisfying
v e O([0,00); L?),
sup (th’U(t) — U(t)e_”'|2/2te_is(t’_iv)¢\|m) < 00,
t>1

sup
t>1

o ' _ ' 1/4
td (/ H’U(S) _ U(S)e—zl-\2/256—18(5,—2V)¢||Yn dS) ] < 00,
t

where S is defined by (1.4), d is a constant satisfying n/4 < d < 1,Y, = L
and Yo = L1.
A similar result holds for negative time.

In what follows, we shall prove Proposition 2.2.

Let n = 1,2, and let v, be a given asymptotic profile of the equation (1.3),
namely an approximate solution for that equation as t — co. We introduce the
following function:

(21) R = Eua - Fn(taua)a
where
1
L =10, + §A.

The function R is difference between the left hand sides and the right hand
ones in the equation (1.3) substituted v = v,,.

We can prove the following proposition (see Propositions 3.4 and 3.5 in

[10]).
Proposition 2.3.  Assume that there exists a constant ' > 0 such that

lva@)lL> <7,

[va(®)llze <0/ (1+8)7"/2,
/ U(r — s)R(s)ds <14+t~
T Lf_((t,oo);Yn)

fort >0, where Y1 = L and Yo = L%, and assume that ' > 0 is sufficiently
small. Then there exists a unique solution v for the equation (1.3) satisfying

/t T Ut — s)R(s) ds

il

L2

v E C’([O,oo);L2),
sup (t"o(t) = va(t)]|22) < o0,

sup [td ([ 1ot = wutont, ds)l“] < o0,

where d is a constant satisfying n/4 < d <1,Y; = L® and Yo = L%.
A similar result holds for negative time.
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3. Remainder Estimates and Proof of Theorem 1.1

In this section, we prove Proposition 2.2 to obtain Theorem 1.1.
First we introduce the Strichartz estimate for the free Schrédinger equation
obtained by Yajima [13]. We define the linear operator

(TCh)(t) = / U(t — s)h(s) ds,
t
where h is a function of (¢, z).

Lemma 3.1.  Let n denote the space dimension, and let (¢,7) and (g, )
be pairs of positive numbers satisfying 2/q = n(1/2 — 1/r), 2 < q < oo,
2/Gg = n(1/2 = 1/F) and 2 < ¢ < co. Then T is a bounded operator from
L?/((TO, 00); LT (R™)) into LY((Tp,00); LL(R™)) with norm uniformly bounded
with respect to Ty, where (§',7') is a pair of positive numbers satisfying 1/q +
1/¢ =1 and 1/7 + 1/7' = 1. Furthermore, if h € Lfl((TO,oo);LZ/(R”)), then
Th € Cy([To, 00); L (R™)).

Let
va(t,2) =(U(R)e™ 1T /e V)g) (2)

:('t)ln/ﬁ; <%) gilel/2t=iS(ta/t)
1

(3.1)

where S is defined by (1.4). This modified free dynamics was introduced by
Ozawa [8] for the ordinary nonlinear Schrédinger equation with a nonlinearity
Alu|?u in one space dimension. In order to prove Proposition 2.2, we show that
v, satisfies the assumptions in Proposition 2.3. It is sufficient to show only the
estimates

lva ()2 <,
(3:3) loa(&)l| o < 0/t="72,

‘ /too U(t— s)R(s)ds

2
(3.4) L=
< nlt_dv

il
LE((t,00);Yn)

/s " U(s = )R(r) dr

where R is defined by (2.1). In fact, in order to avoid a singularity at ¢t = 0,
multiplying a cut off function § € C*°(R) such that §(¢t) = 0 if t < 1/2 and
O(t) =11if ¢ > 3/4 to v,, we easily see from the estimates (3.2)—(3.4) that the
resulting function satisfies the assumptions in Proposition 2.3.

First we consider the gauge invariant nonlinearity G, (u).
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Lemma 3.2.  There exists a constant C > 0 such that fort > 1,

lva(®)llzz = 1]l 2,
[va (@)L < Cllpllt™/2,

(log#)*

1£va(t) = Gu(va(®)) L2 <C(1ll 102 + 6]370.2)—5

Since we can prove this lemma in the same way as Lemma 2.2 in [10], we
omit the proof.

We next consider the non-gauge invariant and non-autonomous nonlin-
earity N, (t,u). In order to obtain the estimate (3.4), we need the following
lemma.

Lemma 3.3.  Assume that ||| g2ngo2 < 1. Then, there exists a con-
stant C > 0 such that fort > 1,

/too Ult — 5)No(s, va(s)) ds

L2

< C”gf)HHano,zt_d,
Li((t,00);Yn)

"

/OO U(s — 7)Np(7,v4(7)) d7

where 0 < d < 1.
Proof. Tt is sufficient to prove for a single power nonlinearity of the form
Ny(t,v) = )\Ul@me_i(o‘_l)(tE-z—tS|E\2/3)7
where \ € C,

(I,m) = (3,0) or (0,3), when n =1,
(I,m) =(2,0), (1,1) or (0,2) when n = 2,

a=1l—m.

Note that [+ m =14 2/n and a # £1. Then

Nn(t7va)

_ 1 TN a6, (t,3) i(a—1)(02 (t,2)+05())
65—l (3)e e

_ 1 1 TN\ iaby (ta) ila—1)02(tz) 4 (ila—1)83(t)

=i e ot (7)€ 0!l mD0)

where

B t3|E‘2

01(t,x):——5(t,%), bo(t,a) = ~tE -, Oy(t) = —
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We calculate the integrand U(—s) N, (s, v4($)):

83+n/2 s

_ 1 TN iahy(s,7) i(a—1)(02(s,2)+05(s))
f(?s |:U(S) {WP <;) e 1 e 2 3
: 1 TN Jiabi(sz) | ila—1)(0a(s,x)+03(s))
+il(—s) {V <3#/2P (E) emel(s,z)> v (ei(a—l)(eg(s,x)+03(s)))}
g3tn s
i 101 (s,2) A [ gi(a—1)(02(s,2)+05(s))
+5U(s {/ () e (e )
P

_ U(—S) {8 ( T ( ) za@l(s,m)ei(a—l)eg(s,w)> ei(a—l)Qg(s)} )

Noting the relation

U(—S) { 1 P (f) eia91(s,x)ei(a—l)az(s,x)as(ei(oz—l)eg(s))}

A (ei(aq)(eg(s,xwes(s))) = i(a — 1)eie"D(s2) g (eila=1)8a(s)),
we have

1 ) . .
U(—S) { P (E) 87.0401 (s,z)ei(a—l)Gg(s,x) 83(61((1—1)03(5))}

83+n/2 s

_ 1 TN a6y (s,2) i(a—1)(02(s,2)+05(s))
_83 |:U(—S) {WP (;) e 1 e 2 3
+ipeada(t p<£) (i001(5,2) | gila—1)(02(s,2)+03(5))
2 s3tn/27 \s

, 1 TN iaby (s,2) i(a—1) (63 (s,0)+83(s))
+ZU(*S) {V (WP <g)e 1 ) V(e 2 3 )

a—1 1 T wz@ (s,z) z(a 1)02(s,x) z(a 1)03(s)

1 TN\ iaby (s,m) i(a—1)0(s,2) | Lila—1)0s(s)
—U(—s) {83 (WP (;) giadi(s:2) g 2 e 3 .

Since a # —1, we have

1 ) . )
U(—S) { P <§) eza01 (s,z)ez(afl)eg(s,x) 83(62((11)03(5))}

83+n/2 s

_ 2 1 TN iabs (s,2) i(a—1)(02(s,2)+05(s))
——0, [U(—s){—53+n/2P(;)e e 2(5,2)+0s
¢ 1 T giabi(s,2) | yila—1)(02(s,2)+05(s)
+a+1U( s){A(83+n/2P(S)e e

2i _ L TN e (s,) i(a—1) (6 (s,2)+3(s))
+oz—|—1U( 8){v(33+”/zp(s>e V(e )
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2 1 T iaby (sw) i(a—1)0a(s,x) | Lila—1)83(s)
7O[+1U(*S) {85 <53+—n/2p (g)e 1 e 2 e 3 .

By the identity (3.5), the above identity is equivalent to

U(—5)Ny(s,v4(8))
(3.6) 1 1

where

2 1 Z iaf(s,x) ji(a— s,z s
Il(s)w{wp (g)e 61 (5.2) i(a—1)(Ba(s.2)+03 ))}7

. 7 1 z i (s,x) i(a—1)(02(s,2)+03(s))
1= g {8 (rmr () o) ,
2 1 T\ ia:(s,) i(a—1)(B2(s,2)+05(s))
13(5)_a+1{v (s3+n/2p(§)e -V(e ) 7

2 1 I ,
14(8) — _a_+1 {(c)s <83+—n/2p (%) 67,0491(a,x)ez(a—l)eg(s,x)) ez(a—l)eg(s)} )

Integrating the identity (3.6) over the interval (¢, 00) and applying U(t) to the
resulting equality, we have

/th(t )N (s, va(s)) ds
(3.7)

1 S
“ila—1DIEP Il(t)+jz2/t Ut — s)1;(s)ds

By the definitions of Iy, I, I3 and I, we have

1T (8)]| 22 < CE3|1 2|1 o] 30,

I (#)][z < Ct7?||Jl|}, whenn =1,
L ()| < Ct4|||2s, when n =2,
112(s)[[£2 < Cs™>(log 5)2 (|9l 2 0.2,
13(s)|[ 2 < Cs™2(log 5)[| 6|l 22,
[a(s)l| 22 < Cs™2(log 5)[| 0]l 2 pr0.2-
We have used Hoélder’s inequality, the Sobolev embedding and the assumption
|6l zremmo.2 < 1. We note that the L?-norms of I, I3 and I are integrable

over the interval (¢,00). Applying the above inequalities and Lemma 3.1 to the
identity (3.7), we obtain this lemma. O

Proof of Theorem 1.1. Assume all the assumptions in Theorem 1.1. Let
vg be the function defined by (3.1). According to Proposition 2.3, as mentioned
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before, it is sufficient to show the estimates (3.2) through (3.4). The estimates
(3.2) and (3.3) immediately follow from the definition of v,. We prove the
estimate (3.4). Since

R = Lv, — Gp(vg) — Nyu(t,v,),

by Lemmas 3.1, 3.2 and 3.3, we have

L3

<c / T 11Cva(s) — Cn(va(5)) ]2 ds

/too U(t—s)R(s)ds

AmU@—ﬂRth

LE((t,00);Yn)

"

[mU@—QNMa%@D%

LZ

"

/OC U(s — 7)Nu(7,04(7)) d7

< C||¢||H20Ho,2t_d,

Lif((t,oo);yn)

where n/4 < d < 1 appearing in the assumption of Theorem 1.1. Taking
17 = C||é||g2nmo.2, we see that the condition (3.4) is satisfied. According to
Proposition 2.3, this completes the proof of Theorem 1.1. ]
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