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Classification of the irreducible representations
of the affine Hecke algebra of type By, with
unequal parameters

By

Naoya ENOMOTO

1. Introduction

The representation theory of the affine Hecke algebras has two different
approaches. One is a geometric approach and the other is a combinatorial one.

In the equal parameter case, affine Hecke algebras are constructed using
equivariant K-groups, and their irreducible representations are constructed on
Borel-Moore homologies. By this method, their irreducible representations are
parameterized by the index triples ([CG], [KL]). On the other hand, G. Lusztig
classified the irreducible representations in the unequal parameter case. His
ideas are to use equivariant cohomologies and graded Hecke algebras ([Lus89],
[Lusl], [LuslI], [LusIII]).

Although the geometric approach will give us a powerful method for the
classification, but it does not tell us the detailed structure of irreducible repre-
sentations. Thus it is important to construct them explicitly in combinatorial
approach.

Using semi-normal representations and the generalized Young tableaux,
A. Ram constructed calibrated irreducible representations with equal param-
eters ([Raml]). Furthermore C. Kriloff and A. Ram constructed irreducible
calibrated representations of graded Hecke algebras ([KR]). However, in gen-
eral, we don’t know the combinatorial construction of non-calibrated irreducible
representations.

A. Ram classified irreducible representations of affine Hecke algebras of
type Ay, As, Ba, Gy in equal parameter case ([Ram2]). But there are some
mistakes in his list of irreducible representations and his construction of induced
representation of type By. For example, he missed the case XE;) (see Example
3.1).

In this paper, we will correct his list about type Bs and also classify the
irreducible representations in the unequal parameter case. There are three
one-parameter families of calibrated irreducible representations and some other
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irreducible representations. We will use the Kato’s criterion for irreducibility
(see Theorem 2.1).

Acknowledgement. I would like to thank Professor M. Kashiwara and

Professor S. Ariki for their advice and suggestions, and Mathematica for its
power of calculation.

2. Preliminaries

2.1. Affine Hecke algebra
We will use following notations.

(R,R*,1II) a root system of finite type, its positive roots and simple roots,

Q,P the root lattice and the weight lattice of R,

QV,PY the coroot lattice and the coweight lattice of R
the Weyl group of R,

(w) the length of w € W

We put IT = {«;}icr, and denote by s; the simple reflection associated with
(67
First we define the Iwahori-Hecke algebra of W.

Definition 2.1. Let {¢;};c; be indeterminates. Then the Iwahori-
Hecke algebra H of W is the associative algebra over C(g;) defined by following
generators and relations;

generators T; (i € I)
relations (T; — ¢;)(T; +¢; ') =0 (i€ 1),

ij ij
TT;T; - =T,T,T; - -,

where m;; = 2,3,4,6 according to (o, a)){a;a)) =0,1,2,3.

Remark 1.  The indeterminates g;, ¢; must be equal if and only if a4, o
are in the same W-orbit in R. If all ¢; are equal, we call the equal parameter
case, and otherwise, the unequal parameter case.

For a reduced expression s;, S;, - - - 8, of w € W, we define T}, = T;,T;, - - -

T;,.. This does not depend on the choice of reduced expressions.
Let us define the affine Hecke algebras.

Definition 2.2.  The affine Hecke algebra H is the associative algebra



Irreducible representations of affine Hecke algebra of type Ba 261

over C(g;;4 € I) defined by following generators and relations;

generators T, X* (w € W,\ € PV),

relations (T;—¢;)(Ti+q; ') =0 (i € 1),
TwTw = Ty if L(w)+L(w') = Lww') (w,w" € W),
XAXH = XMr (A, pePY),

XA xsiA

X = X" + (4 — 47 ) T ——av
; (@i — g )1foa,:

(tel).

2.2. Principal series representations and their irreducibility
2 \2
Let us put X¥" = {X*|A\ € PV} and let y : X" — C* be a character of
xP.

Definition 2.3.  Let Cv, be the one-dimensional representation of C[X]
defined by
XA vy = x(X M)y
We call M(y) = Indg[x] Cuy = H ®cx] Cuy the principal representation ofﬁ

associated with y.

Note that Resﬁ M (x) is isomorphic to the regular representation of H, so
that dim M (x) = |W]|.
We put

go = q; for ¥ € Wao' (i € I).
Theorem 2.1 (Kato’s Criterion of Irreducibility).  Let us put
P(x) = {a” > 0 (X*) = 437},
Then M(x) is irreducible if and only if P(x) = ¢.
For any finite-dimensional representation of H we put

M, = {v e M|X*v = x(X*)v for anyX* € X},
there exists k > 0 such that }

gen _
MX B {U © M’ (X)\ *X(X)‘))kv =0 forany X* € X

Then M = @ ME™ is the generalized weight decomposition of M.
x€T

Proposition 2.1. If M is a simple H-module with M, #0, then M is
a quotient of M(x).

Definition 2.4. A finite-dimensional representation M of H is cali-
brated(or X-semisimple) if Mg = M, (for all x).
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2.3. W-action Lemma
Let us define the action of Weyl group W as the following;

(- X)(X) = x(X¥ ) (we W, xe PY).
The following proposition is well known.

Proposition 2.2 (W-action Lemma [Raml], [Rog]).
(1) If M(x) = M(x'), then there exists w € W such that x' = wy.
(2) The representations M(x) and M(wx) have the same composition factors.

2.4. Specialization lemma

Let K be a field and S a discrete valuation ring such that K is the fraction
field of S. Let us denote the m = () the maximal ideal of S and let F = S/m
be the residue field of S. Let K(Hg-mod) be the Grothendieck group of the
category of finite-dimensional representations of Hr.

the following lemma is well-known (e.g. see [Ari, Lemma 13.16].)

Lemma 2.1 (Specialization Lemma). Let V be an Hy-module and L
an Hs-submodule of V' which is an S-lattice of full rank. Then [L ® F] €
K (Hp-mod) is determined by V' and does not depend on the choice of L.

2.5. Key results for type B;
Let us consider the type Bo;

pPY = Ze, b Zes, RY = {(XY =& — Eg,ag = 262}, X; = X°.
S§1€1 = €2, S1€2 = &1, 8281 = €1, 8282 = —&2

Let us recall the definition of affine Hecke algebra of type B with unequal
parameters.

Definition 2.5. The affine Hecke algebra H of type By is the associative
algebra over C(p, q) defined by the following generators and relations;

generators 17,75, X1, Xs

relations (11 —¢)(Th +¢7') =0, (Ta—p)(Tz+p') =0,
TITh T =TT 15T,
T X, Ty = X, T,X5 ' Ty = X,
Th X1 = X111y, XX = X5 X,

We will use the following four subalgebras of 7:2(32);
Hy = (T1, X1, Xs), Ho=(To, X1, Xo), H=(T1,T), C[X1,Xs]CH

Lemma 2.2 (Decomposition Lemma).  Suppose x(X%) = ¢?, and let

p1,p2 be the following 1-dimensional representations of H; = (I3, X;(1 < j <
2)) C H;

p1(X;) = x(X;), p1(T3) = i, p2(X;) = (six)(X;), pa(T3) = —g; .
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Then there exists the following short exact sequence;
0— Ind%i p2 — M(x) — Ind%i p1— 0
3. Classification

3.1. Method

Let M be an irreducible representation which is not principal. Then M
appears in some M (x). By Kato’s criterion (Theorem 2.1), P(x) # ¢. Using W-
action Lemma (Lemma 2.2), we may assume P(x) 3 aj or as. thus we obtain
the following Lemma. We will use the notation —x defined by (—x)(X;) =
—x(Xs) (i =1,2).

Lemma 3.1.  Ezcept irreducible principal series representations, any
finite-dimensional irreducible representation appears in the principal represen-
tations associated with the following characters as their composition factors;

Lo Toxal o [oxe [0 Tx@ D@ T TP Txr(v) [ xg(w) |
xX) [P ' ' ] a [ p [ 1 [-1] p [ ¢u
x(Xo) | p | pt p L gt p | p | p u

1 2 3 4 5
and —Xas —Xbs 7X£l )a 7X£[ ), 7X,(1 )7 7X((j )a 7X£l )7 7Xf(v)> where
v# tp tpt £1, 0% ¢Fp 2
u# £pt £, £¢7% £ £

Note 1. Two principal series representations M (—x.) and M (x.) have
same composition factors, because of W-action lemma (Lemma 2.2). By re-
placing v with —u, we don’t need to consider —yg(u).

Finally, we must determine the composition factors of M(y) for above
characters, and we must prove their irreducibility. But using the decomposition
lemma, we consider the representations induced from H;. We will show the
examples and some proofs in the following section.

3.2. Some examples and proofs
Example 3.1. We consider the principal series representation M (Xif)).

Let p‘lj<5) and pg(S) be the following 1-dimensional representations of 7—72;

L X% X% [T |

4

P1 —1
4

P2

p p
-1

1| —p ' | —p

Since X((f) (ay) = p?, we can apply the decompose lemma (Lemma 2.2) to

MGG,
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Lemma 3.2.  Suppose p # —q*2. Then Indzz p‘f(5) and Indg2 pg(s) are

4-dimensional non-calibrated irreducible representations.

Proof. We consider the case of Ind%2 pf(s). These simultaneous eigenval-

ues of X; and X are (p,—1), (—1,p), and the multiplicity of each eigenvalues
is two. We can find the following representation matrices;

p(a®-1) _ =@ 1 _p(®-1)?
(1+p)a (I+p)a (14p)2q?
0 p(a?—1) 0 (p+4®>) (1+pa?)
T, — (I1+p)a (1+p)2q2
1 +a®)(+pe?) A-p+p?) (212 (2-1) -D(@2-Dm+a®>)A+pd®) |’
(14+p)2q2 (1+p)2q2 (1+p)a (14p)343
0 1 0 (@® 1)
(1+p)a

21
(pe=1)
=,
p
p
pp -1 _p%-1
P
X; = _1 _ e+ a4pd®) | Xo = -1 .
p(1+p)q? P
—1 p

Since p # —¢*2 and p, q are not a root of unity, the non-diagonal component
with respect to (p, —1), (—1,p) in X; and X2 don’t vanish. Thus the dimension
of each simultaneous eigenspaces is just one. Let v1,vs be the simultaneous
eigenvectors with respect to (p, —1), (—1,p). We have

p(g® — ., .+ ¢*)(1+ pg?) -1

T'U: Vo, T’U :77
YT (T (1+p2¢¢ 2 1?7 (1+py

’U2+U1,

and p # —q*2. If there exists a submodule 0 # U of Indgz pf(s), then U contains
vy or vy. If vy is contained in U, then vy is contained in U, and vice versa.

Therefore (vy,vs, Tovi, T1Tovy) C U. This implies that U = Indg2 pﬁl(s) and

)

Indz2 p‘f(S) is irreducible. Similarly, we can show that Indz2 pg(5> is irreducible.
O

Example 3.2. We consider M(x,). Let p{ and p§ be the following
1-dimensional representations of Hs;

L IX5] X% [T |

il é*p] p p
ps || p | —p ] —p!

Since xq(ay ) = p?, we can apply the decompose lemma (Lemma 2.2) to M (x4 ).

Lemma 3.3.  Suppose p # +q~ ', £q 2, p*> # —q~2. Then Indg2 pf and
Ind%z ps have 1- and 3-dimensional calibrated irreducible composition factors.
More precisely,

(1) Ind%2 p§ have two composition factors which are presented by the following
representation matricies;



Irreducible representations of affine Hecke algebra of type Ba 265

e X1 =p¢*, Xo=p, T1 =q, To =p.

o Ul
P pq’
X1 == ( p ) X2 = ( -1 _-2
-1 _—2 ’ P q 9
P q D
—q' p2-1)g* (@*-1D(ptet-1)
p2a(a®-1) 2-1)(p2e*-1) (p2q%—1) (p2q*—1)2
T = (p2q2—1) (p2q2—1)2 , Iy = 1 o p2-1
(a2-1) p(p2qt—1)
1 —_ta 1)
q(p2q2—1) p

(2) Indg2 p5 have two composition factors which are presented by the following
representation matricies;
o Xi=p ¢ Xo=p ", i =—¢ ", To=—p "

o UZ:
pt rq’
X1 = rq” , Xo = pt ,
1 1 -2
P g
g2—1 1 p(p%—1) (@*=Dpie*—1)
T aZeZ-1) (p2q%—1) (p2q*-1)2
T = @21 @%e%-1) p2qa®-1) , ITo = -p!
(p2q2—1)2 (p2q2—-1) 1  p2oa
p(pZq1—1)

Example 3.3. We consider M(y;). Let p? and p5 be the following
1-dimensional representations of Hq;

!bel\Xz\Tl\
Al p! q

Sl pt [éPp | ¢!

Since xq () = ¢?, we can apply the decompose lemma (Lemma 2.2) to M ().

Lemma 3.4. (1) Suppose p # +q,+q*,p*> # —q¢*. Then Indg1 oh and

Ind% 05 have 1- and 3-dimensional calibrated irreducible composition factors

which are calibrated and presented by the following representation matrices;
(i) case Indg1 o
e Xi=¢p !, Xo=p ", T1=q, Tr=—p "

1.
o Uy:
2, -1 p
X1=<qp P)7X2:<pq221>a
p q°p
e~y _ @2—1al—p?) P W)
q%—p (¢%—p2) p(p~—1)
T1 = q 5 TQ = pZ—qt !
1 _p’@®-n _@?=d®) (@)@’ 1e®) P —1)¢?
(¢2—p?)q (p*—q%) p(p2—aq%)

(ii) case Indg1 o5
e Xi=pg? Xo=p, T1=—¢ " Tr=—p.
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2.
[ ] b+

pq? p!
X = p! , Xo = pq~? )
p! ¢’p!

_p2@?-1 1
q<—p
T = _@?-1@?-»? *-1)a ,
(¢2—p2)2 (¢2—p?)
7p_1
p(p2-1)
T, = P2 —qd 1
_02=d®) (1) ?+d®) _ ?-1d*
(p2—q1)? p(p2—aq®)

(2) Suppose p = q. Then they have 1-dimensional composition factor and
3-dimensional non-calibrated composition factor which are presented by the fol-
lowing represEntation matrices;
(i) case Indg1 o

e Xi=q Xo=q ', v =q Ta=—q".

° Ublz

q

1+242 2

q —a 7q—1 1+q
T, — q71 T, — a(q?2-1)

1 — —q b 2 — 1 q —
2 _ 2 —1
q 1
2 q

(ii) case Indg1 o5;
e Xi=q ' Xo=¢q T =—q ", Th=q

° Ub2:
2
at e e’ o
q
X, = gt , Xo = q @-1@3+2) |,
q
! q !

a —-q7' ¢! q
T, = <‘1(2+‘12) —a > , In = < q q(q2+1)> .
—q —q ! —g7t

(3) Suppose p = q>. Then they have 1-dimensional composition factor and
3-dimensional non-calibrated composition factor which are presented by the fol-
lowing representation matrices;
(i) case Imdg1 o

e Xi1=1, Xo=q? Thv=q Ta=—q>
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L q°

4
Xi=1{ a ), Xo= 1o,

9 1

2 2

T 7q—1 _ (g q+21) T q2 )

1= a?+1 9 2 = 4 .
1 q g 1 qq21

(ii) case Ind;l_i1 o5
i Xl = 17 X2 = q27 Tl = _q_17 T2 = q2'
o UZ:

g2 1 q4;1
_ _ q
X1 = ( q 2 > ) Xo = 1 5
1 q*z
R RGeS R Uk S A
q q2 g*—1
T, = o L =1 3 .
1 q —q72

Example 3.4. We consider M(x.). Let p{ and p§ be the following
1-dimensional representations of Hs;

° Ublz

1|l —p D p
ps | —p —p —p

Since x.(ay) = p?, we can apply the decompose lemma (Lemma 2.2) to M (x..).
Lemma 3.5. (1) Suppose p> # —q*2. IndH p§ and IndH p5 have two
2-dimensional irreducible calibrated composition factors which are presented by

the following representation matricies;

composition factors of Indg2 0%;

T T T T
o ey e | (FE) | ew
c -p D 1 qzz,l P
- p q22,1 (p2+q22;1(142rp22f12) »
| () [ Con) | (TR ) )
! (»2+1)q

I S N N R T ]

_1 _1 a?—1 (1+q>)7 1
vz () | (7 ) (7 )
¢ —1 -1 2_, -1
P P 1 a>—1 P
) q22*1 (»? +<12 )(142rp22412) p
4 P -p (2 +1)q »2+1)2q
Ue ( —p) ( p! ) 1 P (a?-1) ( -p )

(p2+1)q
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(2) Suppse p> = —q®>. They have one 2-dimensional irreducible calibrated
composition factor and two 1-dimensional composition factors. And their rep-
resentation matrices are obtained by putting p* = —q? in above matrices, since
specialization lemma (Lemma 2.1). More precisely, UL, U2 are irreducible, but

U3,U% have two 1-dimensional composition factors.

3.3. Classification Theorem

By the preceding Examples and Lemmas, we obtain the following classifi-
cation theorem. R

First, let us define the 1-dimensional representations of H; in addition to
the notation in the preceding Examples and Lemmas;

Lo | o7 o™ | 8™ [ A [

X; [ ¢ 1 g | ¢t | dPu u
Xo [ 1 @ |qt] ¢ u q*u
T g |—¢'] ¢ [-¢'] ¢ |-q!

[He [ o071 87 1o8™ [ o8 1ol [ Pl ]
X1 p P 1 1 v pv
Xo || p p P p 4 p
L p [-p'] »p [-p'] »p [-»

Theorem 3.1.  Suppose that p and q are not a root of unity. The finite-
dimensional irreducible representations of type Bo with unequal parameters are
given by the following lists depending on the relation of parameters.

(0) The principal series representations M (x), where X # £Xa, £Xb, Xe) :i:x&j)
(1<j<5),£x¢(v),xg(u) and their W-orbits, are irreducible.

(1) For any p,q, there are eight 1-dimensional (irreducible) representations
defined by

X [Pl i@t |- |-
X p | pt | ! P - | —p ! —p ! —p
il ¢ | ¢! ¢ |[—a'] « —q ! q —q !
Lllp | ' |-p"'] »p P —p ! —p ! p

(2) For any p,q,

H H H H
md% pl(v), md% pf(v), md (—p{(v)), Mmd} (—pf(v))
with v # +p~ 2, +p~ ' £1,¢*, ¢Fp?
Ind% pf(u), IndZ pf(u) withu# +p**, +1,4¢7% +¢7", +¢ p*!
are 4-dimensional one parameter families of irreducible representations and
calibrated. They are not isomorphic to each other.

(3) When p,q are generic i.e. p # +q2, £q*! and p® # —q*2, the remaining
finite-dimensional irreducible representations are the following;
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(I) U¢ (1 <i<4) which are 2-dimensional and calibrated.
(1) Ui, U U, U, (i =1,2) which are 3-dimensional and calibrated.
(I11)
H 4@ H 4 . .
Indﬁl Py 7Indﬁ1(_pj ) (.] - 172,1— 172)a

o d® H 4 - .
Ind.”_zz pj 7Indﬁ2(_pj ) (.] - 1,2,1 - 374a5)

which are 4-dimensional and non-calibrated.
(4) When p = ¢?, the remaining finite-dimensional irreducible representations
are the following;
(I) U (1 <i<4) which are 2-dimensional and calibrated.
(1) UL UL, (i=1,2) which are 3-dimensional and calibrated.
)

(1) U, Uzb, (i = 1,2) which are 3-dimensional and non-calibrated.
(IV)

g be FONDY .
Indﬁ1 P ,Indﬁl(—pj ) (1=1,2,i=2),

4@

H a
Il’ld,}j{2 p]

Ind% (=pf ") (j=1,2,i =3,5)

which are 4-dimensional and non-calibrated.
(5) When p = q, the remaining finite-dimensional irreducible representations
are the following;

(I) U! (1 <i<4) which are 2-dimensional and calibrated.
(1) UL UL, (i=1,2) which are 3-dimensional and calibrated.
(1) U}, U%,, (i =1,2) which are 3-dimensional and non-calibrated.
(Iv)

H o 4@ H 49 . .
Indﬁl p] ?Indﬁl(_p] ) (j = 1527’L = 1)7

md% o7 md (—p8") (j =1,2.i = 4,5)
which are 4-dimensional and non-calibrated.
(6) When p? = —q?, the remaining finite-dimensional irreducible representa-
tions are the following;
(I) U! (i =1,2) which are 2-dimensional and calibrated.
(1) U UL, (1 <i<2) which are 3-dimensional and calibrated.
(IIT)

H (i) o (i) . )
md% p¢" mdf (—pf") (j=1,2,i=1,2),
H (i) i (i) . )
md} pd” mdfl (—pf") (j=1,2,i =3,4,5)

which are 4-dimensional and non-calz’brated.A
(7) Using the following automorphisms of H

Xl — X13X2 — XQaTl — T17T2 = _T27q = q,p— :Fp:tl
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the cases of p = +q~ 2, —q* reduces the case (4). Similarly, the cases of p =

+q~ 1, —q reduces the case (5). The case of p*> = —q~2 also reduces the case

(6).

Note 2. In [Ram2], Ram dealt equal parameter case. However he missed
the case X((f) and did not explicitly list the isomorphism classes of irreducible

representations —Xg, —Xb, —X,(jj) and —x.

4. Tables of irreducible representations

We will summarize about the dimension of composition factors and their
calibratability. Note that we will omit the principal series representation
M (—x) and their composition factors in the following tables.

4.1. p,q generic case (i.e. p # +q*!, £¢*2 and p? # —¢*?)

[ [ x(X) [ x(X2) ] P(x) [ dim [ calibrated? |

Xa a’p P {a1, az} 1 9)
3 O

3 O

1 O

2. —1 —T

Xb a°p P {a1, az} 1 O
3 O

3 O

1 O

Xe —p ! p {az,200 +az} | 2 O
2 O

2 O

2 O

X((jl) q? 1 {a1, a1 + a2} 4 X
4 X

D q q ! {on} 4 X
4 X

XS’) P P {a2,201 + a2} | 4 X
4 X

X,(f) 1 p {a2} 4 X
4 X

xff) -1 p {2} 4 X
4 X

xr@) || pv p {az} 4 O
4 O

Xg(u) qu u {a1} 4 O
4 O
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4.2. p = q case; equal parameter case

[ [ x(X1) [ x(X2) ] P(x) [ dim [ calibrated? |
Xa @ q {1, a2} 1 O
3 O
3 O
1 O
Xb q ¢ T [{o1,02,2a1 +a2} | 1 O
3 X
3 X
1 O
Xe —q ! q {az,2a1 + az} 2 O
2 O
2 O
2 O
Xf(il) q? 1 {a1,01 + a2} 4 X
4 X
XY 1 q {az) 4 X
4 X
- | {az} 4 x
4 X
xf(v) qu q {a2} 4 O
4 O
xg(w) [ ¢°u u {1} 1 @)
4 O
4.3. p=¢> case
l “ x(X1) [ x(X2) [ P(x) [ dim [ calibrated? ]
Xa q* q° {a1, a2} 1 @)
3 O
3 O
1 O
Xb 1 ¢ % [{ar,a2,01 ta}t | 1 O
3 X
3 X
1 O
Xe -2 & {02,201 + az} 2 O
2 O
2 O
2 O
N q q ! {aa} 4 X
4 X
Xff) 7 q? {az2,2a1 + a2} 4 X
4 X
P 1| @ {az) 4 X
4 X
xr) [ ¢ q° {az} 4 @)
4 O
Xg(u) ?u u {a1} 4 O
4 O
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[ [ x(X1) [ x(X2) ] P(x) [ dim [ calibrated? |

Xa —p? P {a1, a2} 1 O
3 O

3 O

1 @

Xe —p T p {on, 2,200 + o} | 1 O
1 O

1 O

1 O

2 O

2 O

Xfil) —p? 1 {a1,a1 + a2} 4 X
4 X

X | EvT | Ev—T {a1} 4 x
4 X

X((jB) y4 p {0427 2001 + az} 4 X
4 X

x5 1 P {o2} 4 X
4 X

NE -1 P {az} 4 X
4 X

xr (@) pv p {az} 4 O
4 @)

Xg(u) —p2u u {a1} 4 O
4 O
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