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Twin positive solutions of boundary value
problems for functional differential equations
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Abstract
In this paper, the sufficient conditions for the existence of twin
positive solutions to boundary value problems for functional differential
equations are presented. The results are obtained by using a fixed point
theorem (See [1, Theorem 12.3]).

1. Introduction

A great deal of research has been devoted to the existence of solutions for
the boundary value problem for first and second order functional differential
equations. We refer for instance to [3], [5], [7]-[9] and their references. The
methods and techniques employed in these papers involve the use of topological
degree theory [9], the upper and the lower solution methods and the fixed
point theorems in cones [7], [8]. The existence of multiple positive solutions
for ordinary differential equations has also received a great deal of attention.
We refer to [2], [4], [6]. These works were done under assumption that the
nonlinear term f is nonnegative. On the other hand, Krasnoselskii’s fixed
point theorem of expansion and compression has been extensively employed in
studying the existence of positive solutions for boundary value problems. In
this case, the nonlinear terms are usually bounded to satisfy the superlinear or
(and) sublinear conditions.

This paper is concerned with the existence of solutions for the functional
differential equations (BVP)

(1.1) ¥ = f(t,x), ae t€[0,T], =xo=xr
and

" = f(t,x, 7' (1)), a.e. t € [0,T7,
(12) { J)(T) =1, J?(f,) = w(t)’ te [—(1,0],

where f : J x C(]—a,0],R") — R", J = [0,7T] is a compact real interval,
¢ € C([—a,0],R™) and n € R™.
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We will choose another strategy of proof which rely essentially on a well
known nonzero fixed point theorem (see Lemma 1) and present the existence
of at least two positive solutions for BVP(1.1) (and (1.2)) under our weak
conditions. One of the key steps is to find a function 1 such that the operator
A satisfies the condition z — Ax # A\ in the cited fixed point theorem. In
this paper, the nonlinearity needs not nonnegative and superlinear or sublinear
conditions are not required. We lead to new existence principles and it seems
to be difficult to utilize Krasnoselskii’s fixed point theorem of expansion and
compression to prove our main results.

For any function z : [—a,T] — R™ and t € J, we denote by x; the element
of C([—a,0],R™) defined by

zi(s) =z(t+s), sé€][—a,0].

Here z;(-) represents the history of the state from time ¢ — a to the time t.
Stipulate z; = x(t) when a = 0.

The following notations and definitions are according to [3]. Let R™ stands
for the n dimension real space with Euclidean norm denoted by |- |. The
partial order of R™ introduced by = < y iff z; < y; for i = 1,2,...,n, where
x= (21,22, .,Tn), ¥y = (Y1,Y2,---,Yn) € R". z < y if and only if x < y and
x #y.

For a fixed a > 0, let C([—a,0],R™) be endowed with the norm |z| =
sup{|z(t)] : —a <t < 0}, R? ={z = (z1,22,...,2,) € R" : z; > 0 with ¢ =
1,2,...,n} and J = [0,T] C R with T" > 0. For z,y € C([—a,T],R™), define
z <y if and only if z(t) < y(t) for each t € [—a,T], x < y if and only if x <y
and there exists some t € [—a, T such that x(t) # y(t).

For a constant r > 0, let

Po={xeR":2>0,|z|<r}, OP,={zecR":2>0:|z|=r}.

Let L'(J,R™) denote the Banach space of measurable functions z : J — R"
which are Lebegsue integrable with norm ||z||; = fOT |z(t)|dt. The partial order
in LY(J,E) is defined as * < y < z(t) < y(t) a.e. for t € J.

AC(J,R™) denotes the Banach space of absolutely continuous functions
defined on J with values in R™.

The following fixed point theorem (see [1, Theorem 12.3]) plays a key role
in our main results.

Lemma 1. Let P be a cone of a real Banach space E, Q1 and €y
bounded open subset of E with 0 € Qy and Q1 C Qa, and A: PN (2\ Q1) — P
completely continuous. Suppose that one of the following two conditions is sat-
isfied:

(i) There exists some ug € P\ {0} such that x — Ax # tug for Vx €
PNoQy, t>0; Ax # px, forVe € PNOQ, u> 1.

(ii) There exists some ug € P\ {0} such that x — Ax # tug for Vo €
PNoQy, t>0; Az # px, forVe € PNOQg, 1> 1.

Then, the operator A has a fized point x € PN (Q2 \ Q1).
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2. First order boundary value problems

In this section we consider the existence of two positive solutions for first
order BVP(1.1). Let us define that a function z is a solution of (1.1) if z €
C([-a,T],R™) N AC([0,T],R™) and satisfies (1.1) a.e. on [0,T].

Let X = {x € C(J,R") : 2(0) = z(T)} with the norm

]l.; = sup{l=(#)[ : 0 < ¢ < T}

and Xy = {x € X : 2(t) > 0for t € J}. It is obvious that X is a Banach space
and X is a closed convex cone of X, moreover, z € X if z(t) > 0 for every
t € J. Let us introduce the differential operator L : AC(J, X) — L'(J,R") by

Lz =12' — a(t)z,
where « is given in the following (H2). From the well known results of ordinary

differential equations it follows that for any y € L!(J,R™) the boundary value
problem

Lx(t) = y(t), «(0) =x(T)
has an unique solution z := Ky € AC(J, X) with the operator K defined by

T
(2.1) (Ky)(t) = /0 G(t,s)y(s)ds fort e J,

where the Green function G(t, s) satisfies

o)

(T)a(s), s<t,
8), s>t

jo}!

(22) (&(T) — 1)a(t)G(t, s) = {

with &(t) = exp(— fg a(s)ds). Thus we have that K = L~=! and (2.1) guaran-
tees that K is a bounded linear operator from L!(J,R™) into X.
Let us impose the following hypotheses on the map f: J x R” — R"™.

(H1) (t,u) — f(t,u) is measurable with respect to ¢ for each u € R"™, con-
tinuous with respect to u for each t € J.

(H2) There exist a function o € L*(J,R,) such that |a(t)| > 0, a function
B € LY(J x R™,R™) such that §(¢,-) is bounded continuous and nondecreasing
for each t € J, a function ¢ € X, and a real number A > 0 such that

T
| 1866 t05) = ta(s)p(o)as > 0
0
for every 0 <t < A. Moreover, we have

B(t, 6(0)) < f(t, ¢) < a(t)$(0)
forallt € J, ¢ € C([—a,0],R7}).
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(H3) There exist real numbers ko > k1 > 0 such that fOT ft,xy)dt > 0 with
2l < k1 or ||lzll; > ko.

Theorem 1.  Assume that the conditions (H1)—(H3) hold, then
BVP(1.1) has at least two positive solutions x,y on [—a,T].

Proof. For any z € X, from z(0) = z(T) it follows that = can be
uniquely extended to a T—periodic function on R™, written as x*. Let Z =
2*|[_q) and z; = & for each t € J. It immediately follows that z; €
C([=a,0],RY), xo = x7, 24(0) = x(t), ||lz¢]| < |z|l; and t — x; is contin-
uous for ¢t € J.

For any z € X, define (Fx)(t) = f(t,z:) — a(t)x(t) for t € J. By (H2)
we have that

(2.3) Bt z(t)) — at)z(t) < (Fz)(t) < 0.
This inequality implies that

(2.4) [(Fz) ()] < [B(E, (1)) + a®)|x(t)] < |5t x()] + alt)||z] -

From this it is easy to see that F' is bounded.
Let A= KF be a map from X to X defined by

T
A(t,x):/o G(t,s)(Fx)(s)ds

for x € X1 and t € J. From (2.4) it follows that A is bounded. Moreover, for
any ¢ € X, by (2.3) and G(t, s) < 0, we obtain

At z) = /0 G(t,s)(Fx)(s)ds > 0.

This implies that A(t,z) € X.. It is easy to see that A(t,x) € AC(J, X).
Thus, AX, C AC(J,X)NX,.

For any bounded set B C X and any t,7 € [0,7] with ¢ < 7 and = €
B, let Q = AB, m = sup,¢g ||z]l7, ¢ = sup,¢q [|2]l; and 2(t) = A(t,z) =
fOT G(t,s)(Fx)(s)ds, then 2’ = a(t)z + Fx. By means of (H2), there exists
B1 € LY(J,R4) such that |3(t,z)| < mfB;(t) for any x € B. By this and (2.4),

we have
4ﬂ—4w<[Tﬂmw
g/ﬂmwmaw+uF@@nws

slhm+@M@+mm@Ma

which shows that A(t, B) is equicontinuous on J. In virtue of Arzela-Ascoli
lemma, it yields that @ is relatively compact in X, hence, A is a completely
continuous map.
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We claim that there exists a positive number o with o < A||¢|| s such that
(2.5) x—Ax #0

for all € X, satisfying ||z||; = 0. Otherwise, for all ¢ > 0 there exists an
x € X4 such that x = Az, then the conclusion of Theorem 1 is proved.

Let us show all conditions of Lemma 1 are satisfied in several steps.

Step 1. We proceed to prove

(2.6) x—Ax #typ forallz € 0P, andt > 0.

Suppose, on the contrary, there exist a y € P, and t; > 0 such that y — Ay =
t19. From (2.5) it follows that t; > 0. Clearly, y = t1¢0+ Ay > t19. This yields
tillvlls < llylls = o < A||lY]lg, that is, t1 < A. On the other hand, Ay = y—t19
guarantees that L(y — t1¢) = Fy, i.e.,

(y(®) =t (1)) = f(t,ye) — tia(t)y(1).

By integrating this expression with respect to ¢, together with (H2), we obtain
T T
0= [ s =t [ alopuis)ds
0 0
T T
> [ Beyehds -t [ alusds
0 0
T T
> [ Btstwe)ds— [ alsyu(s)ds
0 0

T
- / [8(s, t116(s)) — tra(s)p(s)]ds > 0.

This is a contradiction. Therefore, (2.6) holds.
Step 2. In virtue of (H3), for any positive number & < k; we have

T
(2.7) /0 f(s,zs)ds >0

for all z € P¢. Given 0 < r < min{k;, 0}, we proceed to prove that
(2.8) Az # 1tz for allz € 0P, and 7 > 1.

Suppose, on the contrary, there exist z € 0P, and some 79 > 1 such that
Az = 19z. If 19 = 1, then z is a fixed point of A. Otherwise, 79 > 1, then
oLz = Fz, i.e.,

2(t) = (1 - i) a(t)z(t) + Tiof(t,zt).

70

By integrating this expression with respect to t we obtain

o-(1-2) D a()2(ds + - [ sz,

T0 To Jo
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that is

T T
/0 f(s,25)ds = (1 - To)/o a(s)z(s)ds < 0.

This contradicts (2.7). Hence, (2.8) is true. Consequently, Lemma 1 guarantees
that A has a fixed point 1 € P, \ P,.
Step 3. By means of (H3) again, for any positive number [ > ko and any

r € 0P, we have fOT f(s,z5)ds > 0. Given R > max{ky,c}, similar to step 2,
we can prove

(2.9) Az # 1z forallx € OPgr and 7 > 1.

Hence, Lemma 1 guarantees that A has a fixed point 2o € Pr\ P,. Obviously,
x1,x2 are positive solutions of BVP(1.1) and this proof is completed. O

Example 1. Let J =[0,1], h € L'(J,Ry) with h(t) >0, g : R — [e, p]
with 0 < & < p be a continuous function and
|f5(0)|h(t)9(¢(za))7 [6(0) = 1,
3(14000) (5 +90)) Aglo(-0), ~1<60) <1

ft,0) =

fort € J, ¢ € C([—a,0],R) =: C, then f satisfies the condition (H1). Take

eh(t), ¢(0) = 1,

€
a(t) = ph(t), B(t,¢) ={ ', 0=e0) <1,
€
— h(t), others.
16
Clearly, 8(t, ¢(0)) < f(t,¢) < a(t)p(0) for t € J and ¢ € C([—a,0],Ry). Now,
we take

1
, () = 12’ fort € J.

Then ¢y € X;. For any 0 < t; < A, we have
1
| e — eyt

1 13 13 13 1
Z/o [éh(t)—ﬁh(t)} dt =15 | e >o.

So, condition (H2) holds. Finally, we check that condition (H3) holds. In fact,
it is easy to see that

inf t,¢) >0, inf t,¢) > 0.
¢€C’\¢>(0)|21f( ¢) ¢€C’\¢(0)|S1/4f( ?)

By Fatou’s theorem, we infer that condition (H3) holds with k; = % and ko = 1.
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Remark 1. Example 1 shows that f need not nonnegative.

3. Second order boundary value problems

In this section, we consider existence of solutions for BVP(1.2). A function
z € C([—a,T],R") is called the solution if zy = ¢, z(T) = 0, for any t € J,
o' (t) exists and is absolutely continuous and BVP(1.2) is satisfied.

Let X = {z € C}(J,R") : 2(0) = 2(T) = 0, 2/(0) = 2/(T)} with the norm
lzllx = l|lzll; + |2')lj, Xe ={z € X :2 >0}, Y =LY (JR"), Z={z€ X :
a2’ is absolutely continuous}.

The following hypotheses will be used.

(H’1) The mapping (¢, x,u) — f(¢, x,u) is measurable with respect to ¢ for
each (x,u) € C([—a,0],R™) x R™, continuous with respect to (x,u) for each
teJ.

(H'2) There exist o > 0, a function 8 € L'(J x R",R™) such that §(t,-) is
bounded continuous and nondecreasing for each t € J, a function ¢ € X, and
real numbers A > 0 such that

T
| 18t t6(5)) ~ tatuts)ds > 0
0
for every 0 < t < X. Moreover, we have

B(t, ¢(0) —&(t)) < f(t,d,y) < a[p(0) —£(2)]
for any t € J, ¢ € C, y € R", ¢(0) > £(t). Where £(t) = (0) + & [n — ©(0)].

Theorem 2. If the conditions (H'1), (H2) and (H3) hold, then
BVP(1.2) has at least two solutions xo > x1 on [—a,T) with x1(t), z2(t) > &(t)
teld).

Proof. First, let z =2 — &, pu = “T“O(O), then BVP(1.2) is transformed

into

2(t) = f(tze + &, 2 (8) + p) i= ft, 2,2/ (8) te,
2=p—6=¢, zT)=0.

Here ¢ € C and $(0) = 0. The condition (H2) implies that f(t, b,y) =
f(t, ¢+ &,y + p) satisfies
B, $(0)) < f(t, d.y) < ap(0) ¢ € C, 1(0) > 0.

Since z(t) > &(t) is equivalent to z(t) > 0, for the sake of convenience, we
assume that ¢(0) = n = 0, which shows that £(¢) =0, p = 0.
Defining

L:Z—=Y, z—12'—-azx,
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where « is given in (H’2). Similar to the proof of Theorem 1, there exists the
operator K = L~! defined by

T
(Ky)(t) = /0 G(t,s)y(s)ds forte J, yeY,

where Green’s function G(t, s) satisfies

) sinh \/a(t — T)sinh/as, s<t,
G(t, hva=
(t,s)Vasinh Vo {sinh Vva(s = T)sinh/at, s>t

Next, for x € X4, t € J, let

z(t+s), max{—a,—t} <s<0,
zi(s) =
ot+s), —a<s<-—t.
Since z(0) = ¢(0) = 0, we have that z; € C and ||z¢] < ||lz||; + ||¢ll, t — = s
continuous for (¢ € J).

For x € X, define F(t,x) = f(t,z¢,2'(t))) — ax(t) for t € J. (H1)
guarantees that F'(¢, z) is measurable with respect to ¢t € J. From the condition
(H2) it follows that

Bt,2(t)) — ax(t) < F(t,2)) < 0.

This implies that |F (¢, z)| < |B(t, 2(¢))|+ «|x| x. This shows that F: Xy — Y
is bounded. Let A = KF be a map from X to X defined by
T
At 2) = KH(t z) = / G(t, 5)F (s, 2(s))ds
0

for z € X, and ¢t € J. It is clear that A is bounded. Similar to Theorem 1
we can prove that AX, C AC(J,X)N X, and A is continuous and completely
continuous.

Finally, we prove that A satisfies the all conditions of Lemma 1. We first
prove that (2.6) holds. Suppose, on the contrary, there exist a y € 9P, and
t; > 0 such that y — Ay = t1¢. From (2.5) it follows that ¢; > 0. Similar to
the proof of Theorem 1 we have

(y(t) — t1y(1))" = ft,ye, ¥ (1) — tran(t).
By integrating this expression with respect to ¢, together with (H’2), we obtain

T T
0:/O f(s,ys,y'(s))ds—tl/o ap(s))ds
T T
> [ Baenas—n [ avsis
T T
2/0 ﬁ(s,tlw(s))ds—tl/o ar)(s)ds

T
= | st — travs)as > o
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This is a contradiction. Therefore, (2.6) holds. In what follows, we prove that
A satisfies (2.8). Suppose that this is not the case, then there exist 70 > 1, z €
OP, such that Az = 79z. We can assume 79 > 1, then 1oLz = F'z, i.e.,

1 1
20 = (1= 1 )asto) + 1 fltn 2 0).
To To
By integrating this expression with respect to ¢t we obtain
I I
0= (1 - —) / az(s)ds+ — | f(s,2s,2'(5))ds,
70 0 70 Jo

that is
T T
/ f(s,26,2'(s))ds = (1 — 7'0)/ az(s)ds < 0.
0 0

On the other hand, (H3) shows foT f(s, 25,7 (s))ds > 0 for ||z||; < k1. This
is a contradiction. In the same way, (2.9) is satisfied. By Lemma 1, A has
two fixed points z1, 22 € X1, which is a solution to BVP(1.2). The proof is
completed. 1

Example 2. Let J =[0,1]. Consider the following BVP

" = f(t,x, 2 (1)), a.et € J,
(3.1) { 2(1) =0, z(t)=te!, te[—a,0]

with
|9(0)[1(t)g(d(—a), u), l9(0)] = 1,

b ¢ u) = %(1 +6(0)) (% + qs(o)) h(t)g(d(—a),u), —1<¢(0) <1

fort € J, ¢ € C([~a,0],R) =: C and u € R, where, h € C*(J,R;) with
0<h(t)<H,g:RxR—|[e, p] with 0 < e < p, H,¢,p are constants and g is
a continuous function.

Conclusion. BVP (3.1) has at least two solutions 1, o with x5 > x; > 0
on [—a,l1].

Proof.  f satisfies the condition (H'1). Trivial. Take

t(1-Dh(H),  6(0) 21,
olt) = pH, B(t,¢) = | GtAL—0OhD,  0<6(0) <1,
—18—615(1 —t)h(t), others.

Clearly, £(t) = 0, hence, B(t,#(0)) < f(t,¢0,u) < agp(0) for t € J and ¢ €
C([-a,0],R4). Now, we take

A=, wt) = (1 — (), forte
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Then ¢y € X,. For any 0 < t; < A, we have
1
| .00 — oo
1 g g 13 1
> /O [gh(t) - Eh(t)} 1= dt = 35 [ 1= 0h(B)de > 0.

So, condition (H’2) holds. Finally, similar to Example 1, we can check that
condition (H3) holds. Theorem 2 guarantees that the conclusion is true. O

Corollary 1. Leta =0 and F : J x R" x R" — R". If F satisfies
the conditions (H’1) and (H3). In addition, There exist « > 0, a function
B € LY(J x R™,R™) such that B(t,-) is bounded continuous and nondecreasing
for each t € J, a function v € Xy and real numbers b > 0 such that

T
/O [B(s,t(s)) — ta(ip(s)]ds > 0
for every 0 <t < b. Moreover, we have

ﬂ(t’x - g(t)) < f(t,l‘,y) < O[[I - E(t)]a

where t € J, x,y € R™ with x > £(t), £(t) = n+ &[uw—n]. Then second order
ordinary differential equations

{ a(t) = ft,x(t), 2'(t)) (t € J),
2(0) =n, 2(T) = p,

has at least two solutions x1, w2 € C1(J,R™), with z1(t),xo(t) > £(t) on J.

o
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