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The Penrose transform on conformally
Bochner-Kähler manifolds

By

Yoshinari Inoue

Abstract

We give a generalization of the Penrose transform on Hermitian
manifolds with metrics locally conformally equivalent to Bochner-Kähler
metrics. We also give an explicit formula for the inverse transform.

Introduction

The twistor space of a four-dimensional Riemannian manifold was first
introduced by Atiyah, Hitchin and Singer in [A.H.S]. The Penrose transform
on it was given by Hitchin in [H]. The inverse Penrose transform was given
explicitly by Woodhouse in [W].

In [O.R], O’Brian and Rawnsley extended the notion of twistor space to
other manifolds such as even dimensional Riemannian manifolds, Hermitian
manifolds, Quaternionic Kähler manifolds, etc. In [M], Murray gave the Pen-
rose transform on twistor spaces of even dimensional Riemannian manifolds.
An explicit formula for the inverse Penrose transform in this case was given by
the author in [I4].

As for twistor spaces of Hermitian manifolds, the author gave the Penrose
transform and its inverse transform on the twistor spaces of C

n in his unpub-
lished work [I2]. They related a certain cohomology group on a twistor space
to the space of harmonic forms of the Dolbeault complex. An explicit formula
of the inverse transform was also given.

In the present paper, we extend the result of [I2] to Hermitian manifolds
whose metrics are locally conformally equivalent to Bochner-Kähler metrics,
which we call conformally Bochner-Kähler manifolds. Since the Penrose trans-
form involves cohomology groups of positive degree, the integrability condition
for the almost complex structure of the twistor space is inevitable. Hence it
is a complete generalization of [I2] except low dimensional examples of non-
integrable almost Hermitian manifolds, such as S6 with a well-known almost
complex structure.

Since we have no reason to exclude the conformally flat case, all results
and proofs in [I2] are contained in this paper.
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Let X be a conformally Bochner-Kähler manifold of dimension n > 2. Let
k be an integer between 0 and n. Then the twistor space Zk(X) is a complex
manifold ([O.R], [I3]). Let H be the hyperplane bundle as a Grassmannian
bundle. Let h be a non-negative integer and V a vector bundle with connection
on X such that H−n−h ⊗ p∗V has a (1, 0)-connection where p : Zk(X) → X
is the projection map. The trivial bundle does not satisfies this condition if
the metric of X is not locally conformally equivalent to a flat metric, which is
quite different in the Riemannian case. The Penrose transform is a one-to-one
correspondence between the cohomology group Hk(n−k)(Zk(X),O(H−n−h ⊗
p∗V )) and the solution space of the Laplacian D0 defined in Definition 2.2 if
h = 0, or the space of harmonic forms of the Dolbeault complex:

Γ(∧0,k−1X ⊗ Ŝh−1∧0,k X ⊗K−k
X ⊗ V )

∂̄−→ Γ(Ŝh ∧0,k X ⊗K−k
X ⊗ V ) ∂̄−→

Γ(∧0,k+1X ⊗ Ŝh−1∧0,k X ⊗K−k
X ⊗ V ),

if h > 0, where Ŝh ∧0,k is the principal component of Sh ∧0,k defined in Defi-
nition 1.5 (Theorem 3.2 and Theorem 4.7).

The explicit formula for the inverse Penrose transform given in Definition
4.6 has quite similar form as in the Riemannian case ([I4]). Namely put

F (x) =
∞∑

i=0

xi

(i!)2
,

and

f(x) = (k + h− 1)!F (k+h−1)(x),

g(x) = (n− k + h− 1)!F (n−k+h−1)(x).

Let j, Dα, Dβ and Dγ be operators defined in Section 4. Then the inverse
Penrose transform is given by:

Q : Γ(X, Ŝh∧0,k X ⊗K−k
X ⊗ V ) −→ Ω0,k(n−k)(Zk(X), H−n−h ⊗ p∗V )

φ �−→ f(Dβ +Dγ)g(Dα)j(φ)

where the expression is well-defined because Dα, Dβ and Dγ are even operators
and Dβ and Dγ are mutually commutative.

Let us explain briefly the contents of this paper. We define in Section 1 the
twistor spaces of an almost Hermitian manifold and study their integrability
conditions. In Section 2 we give the field equations on conformally Bochner-
Kähler manifolds which appear in the Penrose transform. We also give a few
formulas about the curvature tensor which are used in Section 4. In Section 3
we define the Penrose transform on conformally Bochner-Kähler manifolds. In
Section 4 we prove the surjectivity of the Penrose transform by constructing
explicitly the inverse correspondence.
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1. The twistor spaces of an almost Hermitian manifold and their
integrability conditions

Let X be an n-dimensional almost Hermitian manifold, that is, X is a 2n-
dimensional Riemannian manifold with a compatible almost complex structure.
In this section we define twistor spaces Zk(X), k = 0, . . . , n of X as submani-
folds of the Riemannian twistor space Z(X). It is modification of the definition
by O’Brian and Rawnsley in [O.R].

Let

∆ = 〈θI | I < (1, . . . , n)〉C

be a spin module, where I < (1, . . . , n) means that I is a subsequence of
(1, . . . , n). We introduce similar notation for multi-indices as in [I4]. We re-
gard multi-indices I, J, . . . as finite sequences of possibly duplicate elements of
{1, . . . , n}, and denote by IJ the composition of sequences I and J . Let us
define relations among θI ’s as:

θI1aaI2 = −θI1I2 ,

θI1abI2 = −θI1baI2 , for a �= b.

Then, for any multi-index I, there is a unique subsequence I0 of (1, . . . , n) such
that θI = θI0 or θI = −θI0 . If a multi-index I is regarded as a set, it is meant
as the set of numbers contained in I0. Let |I| denote the length of I0.

With this notation, we define an action of R
2n = 〈fi | i = 1, . . . , 2n〉R on

∆ as follows. For a = 1, . . . , n,

faθI = θaI ,

fn+aθI =

{√−1θaI , if a /∈ I,

−√−1θaI , if a ∈ I.

This action is canonically extended to a CLIF(R2n)-action on ∆. Since spin (2n)
is a subspace of CLIF(R2n), we have a spin (2n)-action on ∆. (See [I1] for
details.)

If we identify R
2n with Cn by the complex structure defined by

J =
(

0 −In
In 0

)
,

then R
2n ⊗ C is decomposed into two subspaces:

C
n 


〈
ea =

1
2
(fa −√−1fn+a) | a = 1, . . . , n

〉
C

,

C̄
n 
 〈eā = ea | a = 1, . . . , n〉C.

Actions of these vectors on ∆ are computed as:

(1.1) eaθI =

{
θaI , if a /∈ I

0, if a ∈ I
eāθI =

{
0, if a /∈ I

θaI , if a ∈ I
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If we consider u (n) as a subspace of CLIF(R2n), we have

u (n) ⊂ 〈ea · eb̄ | a, b = 1, . . . , n〉C.

Hence the irreducible decomposition of ∆ as a u (n)-module is given by:

∆ =
n⊕

k=0
∆k, ∆k = 〈θI | |I| = k〉C,

where we have

(1.2) ∆k 
 (∧k
C

n) ⊗ (∧n
C

n)−1/2.

We fix an integer k such that 0 ≤ k ≤ n. Let Z denote the PIN(2n)-orbit
of [θ∅] ∈ P(∆), which is a complex submanifold of P(∆). Now we study the
submanifold

Zk = Z ∩ P(∆k).

We see that Z0 and Zn are one point corresponding to the original complex
structure and its complex conjugate structure, respectively. Henceforth we
assume 0 < k < n.

To simplify the expression, we stretch the rules of notation of multi-indices
as follows. Let (ZI)I<(1,...,n) be a coordinate system corresponding to (θI)I .
Then, by regarding it as a cospinor, we can define ZaI in a similar way. Since we
want to consider ZaI as a homogeneous coordinate of P(∆k), the length of the
multi-index aI is significant. Therefore we write aI (resp. āI) if |aI| = |I| + 1
(resp. |aI| = |I| − 1). In the same way, we write āĪ (resp. aĪ) if |aI| = |I| + 1
(resp. |I| − 1). These rules are inspired by the formula (1.1) for Clifford
multiplication. Owing to it, as we will see below, we can omit the range of
summation in most cases.

Let J , K be multi-indices of length |J | = k + 1, |K| = k − 1. By [I4,
Lemma 2.6 (1)], we have∑

a∈J\K

Z āJZaK +
∑

a∈K\J

ZaJZ āK = 0,

on Z. Since the second term vanishes on P(∆k), we have

Z āJZaK = 0,(1.3)

on Zk, which is nothing but the Plücker relation. Therefore Zk coincides with
the Grassmannian manifold Gk,n.

Hence we consider a diagram:

(1.4)

Gk,n −−−−→ P(∆k)� �
Z −−−−→ P(∆)
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where upper (lower) horizontal array is a U(n)- (O(2n)-) equivariant map.
Let X be an n-dimensional almost Hermitian manifold. Let P denote the

principal bundle of X. Then we define the kth twistor space as:

Zk(X) = P ×U(n) Gk,n.

Let p denote the projection map:

p : Zk(X) −→ X.

If X has a spin structure, we can define the spin-hyperplane bundle H0

over Zk(X) by pulling back the hyperplane bundle over Z(X) (or equivalently
P(∆k(X))). On the other hand, if we regard Zk(X) as a Grassmannian bundle
Gk(T (1,0)X), it is natural to consider the Grassmannian-hyperplane bundle H,
which can be defined even if X does not have a spin structure. Hence we use
it to study the Penrose transform and call it the hyperplane bundle of Zk(X).
By (1.2), two line bundles are related by the isomorphism:

H 
 H0 ⊗ p∗K
1
2
X ,

where KX is the canonical bundle of X.
By (1.4), Zk(X) is a subbundle of Z(X). Since Gk,n is a complex subman-

ifold of Z, we can define an almost complex structure of Zk(X) similarly as in
the case of Z(X).

We take a local orthonormal frame (ea)a of T (1,0)X. Let ZJ denote a
corresponding Plücker coordinate of Zk(X). Then we can define local fiber
coordinates of Zk(X) as follows. Let I be an index of length k. Then

wij = Z ı̄jI/ZI , i ∈ I, j �∈ I

are local fiber coordinates on

UI = {(ZJ)J ∈ Gk,n | ZI �= 0}.

We denote the center of the coordinate chart UI as z0. For a general multi-index
J of length k, let zJ be the function on UI defined as zJ = ZJ/ZI . Let ωJ

K be
the connection form of ∧k T (1,0)X induced by the Levi-Civita connection. Let
(ea)a be the dual frame of ∧1,0X.

By [I4, Lemma 2.9], the (1, 0)-forms of Zk(X) can be explicitly defined as
follows.

Definition 1.1. The total space of H∗× ⊂ ∧k T (1,0)X has an almost
complex structure whose space of (1, 0)-forms is spanned by

ZaJeā, |J | = k − 1,

Z āJea, |J | = k + 1,

dZJ + ωJ
KZ

K , |J | = k.
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This induces an almost complex structure on Zk(X) whose space of (1, 0)-forms
is spanned by

zaJeā, |J | = k − 1,

zāJea, |J | = k + 1,

d̂wij , i ∈ I, j �∈ I,

where

d̂wij = dwij + zJωı̄jI
J − wijz

JωI
J .

Remark. The integrability of Zk(X) does not implies that of H∗× in
general. Hence we should twist the hyperplane bundle by the pull-back of a
non-trivial vector bundle on X satisfying a certain condition on the curvature.
The condition shall be calculated in the next section.

Since the Penrose transform in the two-dimensional (i.e. real dimension
four) case is already given by Hitchin in [H], we consider henceforth the case
n > 2.

O’Brian and Rawnsley considered in [O.R] an almost complex structure
defined as above but use a general connection which makes the almost complex
structure of X and the metric tensor of X covariant constant. To avoid unnec-
essary generality, we restrict ourselves to consider the Levi-Civita connection.
Then the extra conditions on the connection do not seem very good, since it
is not conformally invariant. We want to avoid this by considering instead the
condition that Zk(X) is an almost complex submanifold of Z(X).

First, we give a definition of Bochner-Kähler manifolds. Let X be a Kähler
manifold. Let (ea)a be a local orthonormal frame of the holomorphic tangent
bundle T (1,0)X. Let (ea)a and (eā)ā be the dual frame and its complex conju-
gate frame, respectively. Let

Rb
aeb = Rb

cd̄aeb ⊗ ec ∧ ed̄

be the curvature tensor of T (1,0)X induced by the Levi-Civita connection. Put

Rab̄cd̄ =
1
2
Rd

ab̄c.

The Ricci curvature and the scalar curvature are defined as

Rab̄ =
2

n+ 2
Rab̄cc̄,

r =
1

n+ 1
Raā.

The multiplicative constants in the definitions are just for simplicity.
The curvature tensor of a Kähler manifold has three irreducible compo-

nents: the scalar curvature, the traceless Ricci curvature and the Bochner
curvature. Hence if the Bochner tensor of a manifold vanishes, its curvature
tensor can be written explicitly by the scalar and Ricci curvatures. Therefore,
we can define a Bochner-Kähler manifold by that explicit formula as in [Ka].
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Definition 1.2. A Kähler manifold X is called a Bochner-Kähler man-
ifold if its curvature tensor is written as:

Rab̄cd̄ =
1
2
(Rab̄δ

d
c + Rad̄δ

b
c + Rcb̄δ

d
a + Rcd̄δ

b
a) − 1

2
r(δb

aδ
d
c + δd

aδ
b
c).

Now we return to consider a general almost Hermitian manifold X. We
say that an almost Hermitian manifold is conformally Bochner-Kähler if it is a
complex manifold and its metric is locally conformally equivalent to a Bochner-
Kähler metric.

Definition 1.3. The pair (n, k) is called exceptional if it is equal to
(3, 1), (3, 2) or (4, 2).

Essential part of the following theorem was given by O’Brian and Rawnsley
in [O.R].

Theorem 1.4. Let X be an n-dimensional almost Hermitian manifold
with n > 2. Let k be an integer between 0 and n. Suppose that Zk(X) is a
complex manifold and also an almost complex submanifold of Z(X).

(1) If (n, k) is not exceptional, then X is a conformally Bochner-Kähler
manifold.

(2) Suppose (n, k) is exceptional and X is a complex manifold. Then X is
a conformally Bochner-Kähler manifold.

Proof. We give the condition at z0 explicitly.
The condition that Zk(X) is an almost complex submanifold of Z(X) is

ωāb̄I
I , ωabI

I ∈ ∧1,0
z0
,

where ωJ
K is meant as the connection form of ∆(X) and ∧1,0

z0
is the space of

(1, 0)-forms at z0. Let

T ā
c,be

c + T ā
c̄,be

c̄ = 〈eā, ω(eb)〉
be torsion tensors. Note that this is not the torsion as a connection of TX,
which vanishes because we consider the Levi-Civita connection. Then the con-
dition is rewritten as:

T ā
c,b = 0, a, b, c ∈ I, a �= b,(1.5)

T ā
c̄,b = 0, a, b ∈ I, c �∈ I, a �= b,(1.6)

T ā
c̄,b = 0, a, b �∈ I, c ∈ I, a �= b,(1.7)

T ā
c,b = 0, a, b, c �∈ I, a �= b.(1.8)

By (1.6) and (1.7), T ā
c̄,b = 0 for distinct a, b and c. This means that there

is a tensor (ta)a such that

T ā
c̄,b = δc

atb − δc
bta.
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By (1.5) and (1.8), we have

T ā
c,b = 0,

if k ≥ 3 or n− k ≥ 3, which is satisfied if and only if (n, k) is not exceptional.
This tensor is nothing but the Nijenhuis tensor. Hence its vanishing implies
precisely that X is a complex manifold.

Therefore, under the assumption of the theorem, for the Kähler form Ω,
we have

dΩ = 4t ∧ Ω,

where t ∈ Γ(T ∗X) is the real section corresponding to tae
a. Then ddΩ = 0

implies that t is a closed form and there exists a locally defined scalar function
s such that ds = t. Hence the Hermitian metric obtained from the original
metric by multiplying exp(−4s) is torsion free.

This implies that X is a complex manifold and its metric is locally confor-
mally equivalent to a Kähler metric.

Hence we can assume that X is a Kähler manifold and the connection form
of T (1,0)X vanishes at a point x0 ∈ X. Then we have

dd̂wij

∣∣∣
(x0,z0)

=
1
2
Rj

i .(1.9)

Hence the integrability condition of the almost complex structure of Zk(X) at
(x0, z0) is

Rj

k,l̄,i
= 0, i, k ∈ I, j, l �∈ I.

This implies precisely the vanishing of the Bochner tensor by Definition 1.2.

Example. In the exceptional case, S6 with the almost complex struc-
ture induced by the Cayley algebra has the integrable twistor spaces Zk(S6),
k = 1, 2, which were described in [O.R]. The twistor space Z+(S6) is identified
with the homogeneous space SO(7)/U(3). The twistor space Z2(S6) is identi-
fied with G2/U(2) where G2 is the subgroup of SPIN(7) which consists with
transformations preserving the almost complex structure of S6.

We give here an explicit description of Z2(S6) as a submanifold of Z+(S6).
The space Z+(S6) is identified with the six-dimensional complex hyperquadric:

Q6 = {[ZI ]I<(1,2,3,4) | Z∅Z1234 − Z12Z34 + Z13Z24 − Z14Z23 = 0}
(see [I1] for detail). The defining equation of Z2(S6) ⊂ Q6 obviously depends on
the choice of the almost complex structure of S6, or equivalently the embedding
G2 ⊂ SPIN(7). For example, if G2 is the isotropic subgroup at the (co)spinor
θ∅ + θ1234, Z2(S6) can be written as

Z2(S6) = {[ZI ] ∈ Q6 | Z∅ + Z1234 = 0}.
Hence it is a five-dimensional complex hyperquadric.

When (n, k) is (4, 2), the product of the six-sphere and the hyperbolic
plane with standard almost Hermitian structure gives an exceptional example,
which is described in [I5].
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The almost complex structure of Zk(X) can also be defined by using the
distribution of some first order differential operator. This gives immediate
correspondences between 0-th cohomology groups and some field equations as
follows.

Definition 1.5. Let E1 and E2 be irreducible U(n)-modules. For i =
1, 2, let vi ∈ Ei be a highest weight vector with weight λi. Then we write
E1⊗̂E2 as a unique irreducible submodule of E1 ⊗ E2 having a highest weight
vector v1 ⊗ v2 with weight λ1 + λ2. Similarly we write ŜhE1 as a unique
irreducible submodule of ShE1 with highest weight hλ1.

Put E = ∧k,0 ⊗̂∧1,0 ⊕∧k,0 ⊗̂∧0,1. Then, by the Littlewood-Richardson
rule for the irreducible decomposition of the tensor representation, we have

∧k,0 ⊗(∧1,0 ⊕∧0,1) = ∧k−1,0 ⊕∧k+1,0 ⊕E.
By composition of the covariant derivative and the projection, we define a first
order differential operator:

D̄ : Γ(∧k,0X) −→ Γ(E(X)).

Then the distribution V (D̄) of TP(∧k T (1,0)(X)) ⊗ C defined in [A.H.S] and
[I1] has minimum rank on Zk(X) and gives on it the almost complex structure
of Definition 1.1.

Let V be a vector bundle on X with connection. Let h be a non-negative
integer. As in [H, §2] and [I1, §9], we have an immediate correspondence
between H0(Zk(X),O(Hh⊗V )) and the solution space of the equation D̄hφ =
0 where D̄h is the differential operator induced by the covariant derivative
similarly as D̄ = D̄1.

D̄h : Γ(Ŝh∧k,0X ⊗ V ) −→ Γ((∧1,0X⊗̂Ŝh ∧k,0X ⊕∧0,1X⊗̂Ŝh ∧k,0X) ⊗ V ).

Note that the correspondence is valid even if Zk(X) is not a complex
manifold.

2. Field equations on a conformally Bochner-Kähler manifold

Let n be an integer greater than two. Let X be an n-dimensional confor-
mally Bochner-Kähler manifold. We fix an integer k such that 0 < k < n. In
this section, we introduce field equations on X which appear in the Penrose
transform.

Since the construction of the field equations are local, we can assume that
the metric of X is a Bochner-Kähler metric. We note that the Kähler condition
determines a metric in the conformal class up to a locally constant scalar factor.
Therefore the situation is much simpler than that in the case of Riemannian
manifolds ([I4]).

Our main concern is a relation between the solution space of a field equa-
tion and a cohomology group of positive degree with coefficients in the vector
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bundle H−n−h ⊗p∗V , where h is a non-negative integer and V is a vector bun-
dle on X with connection. Hence the vector bundle H−n−h ⊗ p∗V should have
a natural holomorphic structure.

Now we give an explicit condition on V and compute the curvature tensor
of Ŝh ∧0,k X ⊗K−k

X ⊗ V , on which the field equation is defined.
Let Rb

a be the curvature tensor of the holomorphic tangent bundle of X.
Then the curvature tensor of ∧0,k X is

(Rψ)Ī = −Rb
aψābĪ .

By the definition of the Ricci tensor, the curvature tensor of the canonical
bundle KX is

(2.1) −(n+ 2)Rab̄e
a ∧ eb̄.

Now we compute the condition on V . Let RI
J be the curvature tensor of

∧k T (1,0)X. Then, by Definition 1.2, we have

RI
I =

∑
a∈I

Ra
a = (k + 1)Rab̄e

a ∧ eb̄ + (1, 1)-forms at z0.

If a two-form is of type (1, 1) for all almost complex structures corresponding
to points of Gk,n, then it should be a scalar multiple of the Kähler form. Here
we use the assumption n > 2. Hence we have proved the following lemma.

Lemma 2.1. Let V ′ be a vector bundle on X with connection. Then,
for an integer l, the vector bundle H l⊗p∗V ′ has a natural holomorphic structure
if and only if the curvature of V ′ is written as:

l(k + 1)Rab̄e
a ∧ eb̄ + ea ∧ eāL,

where L is an endomorphism of V ′.

Remark. By (2.1), we can use H l ⊗ p∗K
−l k+1

n+2
X as a locally defined

holomorphic line bundle.

Example. We consider the condition that H−n−h ⊗ p∗V is a holomor-
phic line bundle when X = Hl × Pn−l and V = L(a, b) = p∗1(Ha) ⊗ p∗2(Hb),
where pi is the projection to the ith component. We have

KX 
 L(−(l + 1),−(n− l + 1)).

Since the curvature tensor of L(1,−1) is a scalar multiple of the Kähler form
of X, by (2.1), the condition for V is

a+ b = −(n+ h)(k + 1).

Hence we have

K−k
X ⊗ V = L(a′, b′), a′ + b′ = −h(k + 1) − (n− 2k).
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Suppose that the vector bundle V has the curvature such that H−n−h ⊗
p∗V has a holomorphic structure. Then, for φ ∈ Γ(Ŝh ∧0,k ⊗K−k

X ⊗ V ), the
curvature tensor is written as:

(Rφ)Ī1,...,Īh
= −

h∑
j=1

Ra
bφĪ1,...,b̄aĪj ,...,Īh

− (h(k + 1) + n− 2k)Rab̄e
a ∧ eb̄φĪ1,...,Īh

+ ea ∧ eā(Lφ)Ī1,...,Īh
,

(2.2)

where L is an endomorphism of V .
We assume for a while that h ≥ 1. Let Dh denote the Dirac operator. We

obtain its harmonic section from a harmonic form of ∂̄ + ∂̄∗ by the following
commutative diagram:

Γ(Ŝh∧0,k ⊗K−k
X ) ∂̄+∂̄∗−−−−→ Γ((∧0,k−1 ⊕∧0,k+1) ⊗ Ŝh−1∧0,k ⊗K−k

X )� �
Γ(Sh∆σ(k)X ⊗K

−h
2 −k

X ) Dh−−−−→ Γ(∆σ(k+1) ⊗ Sh−1∆σ(k)X ⊗K
−h

2 −k

X )

where we omit V and σ(k) is + (resp. −) if k is even (resp. odd). This diagram
also shows that ∂̄∗ can be defined as a global operator if we restrict the metric
locally chosen to be Kähler. Henceforth we use the operator ∂̄∗ in this sense.

For a positive integer a, we consider

∇a : Γ(V ) −→ Γ(V ⊗⊗a T ∗X),

where the connection of T ∗X is the one induced from the Levi-Civita connec-
tion. Evaluation by tangent vectors is defined inductively as:

〈∇aφ, ea . . . e1〉 = 〈∇e1∇a−1φ, ea . . . e2〉.
Let φ be a harmonic form of Ŝh ∧0,k X ⊗K−k

X ⊗ V . Then by considering it as

a harmonic section of Sh∆σ(k)X ⊗K
−h

2 −k

X ⊗ V , we have

1
4
(DhDhφ)Ī,...,Ī = 〈∇2φ, eaeb̄〉ābĪ,...,Ī + 〈∇2φ, eb̄ea〉bāĪ,...,Ī

= −〈∇2φ, eaeā〉Ī,...,Ī + 〈Rφ, eb̄ea〉bāĪ,...,Ī

= 0.

Hence, by (2.2), we have

〈∇2φ, eaeā〉Ī,...,Ī = −2Rab̄cd̄φc̄dbāĪ,...,Ī − 2(h− 1)Rab̄cd̄φbāĪ,c̄dĪ,...,Ī

− (h(k + 1) + n− 2k)(S0φ)Ī,...,Ī − (n− k)(Lφ)Ī,...,Ī .

Here S0 is the endomorphism

(2.3) S0φ = Rab̄φbāĪ1,...,Īh
eĪ1,...,Īh ,
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where eĪ1,...,Īh denotes the image of eĪ1⊗· · ·⊗eĪh by the projection⊗h ∧0,k X →
Ŝh ∧0,k X. By using Definition 1.2, we compute

2Rab̄cd̄φc̄dbāĪ,...,Ī = 0,

2Rab̄cd̄φbāĪ,c̄dĪ,...,Ī = (n− 2k)(S0φ)Ī,...,Ī + (n− k)(n− k + 1)rφĪ,...,Ī .

Hence, by using the irreducibility of Ŝh ∧0,k, we have

〈∇2φ, eaeā〉 = −h(n− k + 1)S0φ− (h− 1)(n− k)(n− k + 1)rφ
− (n− k)Lφ.(2.4)

In order to define the field equation when h = 0, we use a similar method
which was used to define the conformally invariant Laplacian by Hitchin in [H].

Let V be a vector bundle with connection on X such that H−n⊗p∗V has a

holomorphic structure. Let V ′ be the locally defined line bundle K
− k+1

n+2
X . Then,

by Lemma 2.1, H⊗p∗V ′ is a holomorphic line bundle. Let ψ ∈ Γ(∧k,0X⊗V ′)
be a section satisfying the equation D̄ψ = 0. Then we have

〈∇2ψ, eaeā〉I =
∑
a�∈I

〈Rψ, eaeā〉I

= (n− k + 1)Rab̄ψābI + (n− k)(n− k + 1)rψI .

Let φ ∈ Γ(∧0,k X⊗K−k
X ⊗V ⊗V ′−1) be a solution of the equation (∂̄+∂̄∗)φ = 0.

Then, since ∇φ and ∇ψ are perpendicular, the contraction ξ = φψ ∈ Γ(K−k
X ⊗

V ) satisfies

〈∇2ξ, eaeā〉 = (n− k)(n− k + 1)rξ − (n− k)Lξ.
If we cancel L by using

〈Rξ, eaeā〉 = (n+ 1)(n− 2k)rξ − nLξ,
we obtain the following field equation.

Definition 2.2. Let D0 be the differential operator on Γ(K−k
X ⊗ V ):

D0ξ = 〈∇2ξ, keaeā + (n− k)eāea〉 − (n+ 2)k(n− k)rξ.

This can also be considered as a global operator on a conformally Bochner-
Kähler manifold. Then (2.4) is valid even in the case h = 0 if φ satisfies the
field equation D0φ = 0.

3. The Penrose transform

In this section we give a generalization of the Penrose transform, which
gives a relation between the field equations given in the previous section and
cohomology groups of positive degree on twistor spaces.
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Lemma 3.1. We have an isomorphism

Hk(n−k)(Gk,n,O(H−n−h)) 
 Ŝh ∧0,k ⊗(∧n,0)−k

as a representation space of U(n).

Proof. If we consider the both spaces as SU(n)-modules, the equivariance
is immediate from the Bott-Borel-Weil-Kostant theorem (the BBWK-theorem).
Under this identification, we can show easily that the actions of a scalar matrix
coincide.

As in the previous section, X is an n-dimensional conformally Bochner-
Kähler manifold with n > 2 and V is a vector bundle on X with connection
such that W = H−n−h ⊗ p∗V has a holomorphic structure. We define the
Penrose transform:

P : Hk(n−k)(Zk(X),O(W )) −−−−→ Γ(X,∪x∈X Hk(n−k)(Zk(X)x,O(W )))∥∥∥
Γ(X, Ŝh∧0,k X ⊗K−k

X ⊗ V )

Theorem 3.2. If h = 0, then an image of P is a solution of the equation
D0φ = 0. If h > 0, an image of P is a solution of the equation (∂̄ + ∂̄∗)φ = 0,
that is, a harmonic form of the complex on X:

Γ(∧0,k−1X ⊗ Ŝh−1∧0,k X ⊗K−k
X ⊗ V )

∂̄−→ Γ(Ŝh ∧0,k X ⊗K−k
X ⊗V ) ∂̄−→

Γ(∧0,k+1X⊗Ŝh−1∧0,k X ⊗K−k
X ⊗ V ).

Furthermore P is injective.

Proof. By the definition of the almost complex structure, for x ∈ X,
Zk(X)x is a complex submanifold of Zk(X). The normal bundle is a homoge-
neous vector bundle N 
 N1 ⊕N2:

N1 = SU(n) ×κ1 C
k, N2 = SU(n) ×κ2 C

n−k,

where κ1 and κ2 are representations of S(U(k) × U(n− k)):

κ1(A,B) = Ā, κ2(A,B) = B.

Let κ3 be the representation:

κ3(A,B) = det(A)−1.

Then the associated line bundle is the hyperplane bundle.
Let T = S(U(1)×· · ·×U(1)) be the subgroup of diagonal matrices of SU(n).

By restricting the action of SU(n) or S(U(k) × U(n − k)) to T , we consider
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weights of representations. For an integer i such that 1 ≤ i ≤ n−1, let λi be the
highest weight with respect to the representation ∧i

Cn. As stated in [B.E],
when we apply the BBWK-theorem, it is convenient to consider the lowest
weights of irreducible representations of S(U(k) × U(n − k)). We can show,
by simple computation, that the irreducible representations ∧a κ1, 1 ≤ a ≤ k,
∧b κ2, 1 ≤ b ≤ n − k and κ3 are characterized by their lowest weights −λa,
−λn−b and −λk, respectively.

In order to prove that the Penrose transform is injective, let [ω] be an
element of Hk(n−k)(O(W )) such that the restriction [ωx] ∈ Hk(n−k)(Zk(X)x,
O(W )) vanishes for each x ∈ X. Let ω0 = ω ∈ Ω0,k(n−k)(W ) be a representa-
tive of [ω]. Inductively, for a non-negative integer l, let ωl be a representative of
[ω] having the horizontal degree at least l. We fix x ∈ X for a while. We have
an isomorphism induced from the standard Hermitian metric as a homogeneous
vector bundle:

∧0,1
H Zk(X) 
 N̄∗

1 ⊕ N̄∗
2 
 N1 ⊕N2,

where ∧0,1
H Zk(X) is the horizontal part of ∧0,1 Zk(X). For non-negative inte-

gers a and b such that a+ b = l, we can define an element

ωa,b(x) ∈ Ω0,k(n−k)−l
Gk,n

(W ⊗∧aN1 ⊗∧bN2)

by the canonical projection of ωl. The ∂̄-closedness of ωl implies that ωa,b(x)
is ∂̄-closed. If l = 0, then by the assumption, there is a section

s0,0(x) ∈ Ω0,k(n−k)−1
Gk,n

(W )

such that ∂̄s0,0(x) = ω0,0(x). By the BBWK-theorem, we have

Hk(n−k)−1(Gk,n, H
−n−h) = 0.

Hence s0,0(x) is unique and smooth with respect to x by the elliptic regularity.
In the case l > 0, by the BBWK-theorem, we have

Hk(n−k)−l−i(Gk,n, H
−n−h ⊗∧aN1 ⊗∧bN2) = 0, i = 0, 1.

This means, for each x ∈ X, there exists a unique section

sa,b(x) ∈ Ω0,k(n−k)−l−1
Gk,n

(W ⊗∧aN1 ⊗∧bN2)

such that ∂̄sa,b(x) = ωa,b(x). Again, by the elliptic regularity, sa,b(x) is smooth
with respect to x.

Hence if we consider sl =
∑

a+b=l sa,b(x) as a section of Ω0,k(n−k)−1(W ),
ωl − ∂̄sl has horizontal degree at least l+ 1. Hence, by induction on l, we have
shown that the Penrose transform is injective.

Now we show that Pα satisfies the field equation. Put Z = Zk(X). As
stated in [I3], by a theorem of Kodaira ([Ko]), there exists a double fibration:

Y

Z XC

��� ���
p1 p2
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where XC parametrizes submanifolds of Z isomorphic to Gk,n whose normal
bundles are isomorphic to N . The space XC contains X as the set of real fibers.
The manifold Y is defined as:

Y = {(z, x) ∈ Z ×XC | z is a point of the submanifold corresponding to x.}.

Hence p1 ◦ p−1
2 (x) is the submanifold corresponding to x ∈ XC, and the projec-

tion p2 : Y → XC is a holomorphic fiber bundle with fiber Gk,n. Moreover the
tangent space TxXC is canonically isomorphic to the space of global sections of
the normal bundle of p1 ◦ p−1

2 (x). For x ∈ X, let Zx = p−1
2 (x). We compare

two embeddings Zx ⊂ Y and p1(Zx) ⊂ Z. Let Ol
Y and Ol

Z denote the lth order
neighborhood sheaves. Then the l-jet of Pα lies in the image of

Hk(n−k)(p1(Zx),Ol
Z(W )) −−−−→ Hk(n−k)(Zx,Ol

Y (p∗1W ))∥∥∥
Jl(Ŝh∧0,k X ⊗K−k

X ⊗ V )x

In general, let B be a submanifold of A with normal bundle N and E be a
holomorphic vector bundle over A. Then we have an exact sequence of sheaves:

0 −→ OB(SlN∗ ⊗ E) −→ Ol
A(E) −→ Ol−1

A (E) −→ 0.

Applying this sequence to Zx ⊂ Y and p1(Zx) ⊂ Z, we have exact sequences:

0 −−−−→ Hk(n−k)(O(SlN∗ ⊗W )) −−−−→ Hk(n−k)(Ol
Z(W ))�σ∗

�p∗
1

0 −−−−→ (SlT ∗X ⊗ Ŝh ∧0,k ⊗K−k
X ⊗ V )x −−−−→ Jl(Ŝh ∧0,k ⊗K−k

X ⊗ V )x

−−−−→ Hk(n−k)(Ol−1
Z (W )) −−−−→ 0�p∗
1

−−−−→ Jl−1(Ŝh ∧0,k ⊗K−k
X ⊗ V )x −−−−→ 0

where Hk(n−k)−1 terms disappear because of the BBWK-theorem.
If l = 0, p∗1 is an isomorphism by definition. For all l the map σ∗ is injective

as can be shown by the BBWK-theorem. Hence by induction p∗1 is injective for
all l and maps Hk(n−k)(Ol

Z(W )) into some subspace of Jl(Ŝh∧0,k X ⊗K−k
X ⊗

V )x.
If h ≥ 1 and l = 1, then the 1-jet bundle does not depend on the Hermitian

metric of X. Hence, by calculating in the flat case, we see that this is the
subspace corresponding to the equation (∂̄ + ∂̄∗)Pα = 0.

When h = 0, p∗1 gives an isomorphism so Pα satisfies no first order equa-
tion. Passing to the second order neighborhood, however, we do obtain a proper
subspace of J2(K−k

X ⊗V ). Thus Pα satisfies a second order equation D∗Pα = 0.
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By definition, we can assume that the highest order part of D∗ is the same as
for D0. Since the problem is local, we can assume that there is a line bundle
V ′ on X such that H ⊗ p∗V ′ is a holomorphic line bundle. We consider the
natural product map

H0(p1(Zx),O2
Z(H ⊗ p∗V ′)) ⊗Hk(n−k)(p1(Zx),O2

Z(W ⊗H−1 ⊗ p∗V ′−1))

−→ Hk(n−k)(p1(Zx),O2
Z(W )) −→ J2(K−k

X ⊗ V )x.

Here every holomorphic section of H ⊗ p∗V ′ on the first order neighborhood of
p1(Zx) ⊂ Z extends uniquely to the second order neighborhood by the BBWK-
theorem. Hence the image is non-zero and, by the computation in the previous
section, it is annihilated by both D∗ and D0. Thus D∗ − D0 is a first order
operator whose homomorphism annihilates the image of

H0(p1(Zx),O1
Z(H ⊗ p∗V ′)) ⊗Hk(n−k)(p1(Zx),O1

Z(W ⊗H−1 ⊗ p∗V ′−1))

in J1(K−k
X ⊗V )x. Again, since the 1-jet bundle is not intervened by the Hermi-

tian metric of X, by computing in the flat case, this is shown to be the whole
space. Hence we conclude that D∗ = D0.

Therefore, for every h ≥ 0, Pα satisfies the desired equation.

4. The inverse Penrose transform

In this section, we prove that the Penrose transform in the previous section
is surjective. This is done by constructing explicitly a Dolbeault representative
corresponding to a solution of the field equation on the base manifold.

The idea is essentially same as in the case of Riemannian manifolds. But
the presence of the curvature tensor makes the proof of well-definedness far
more complicated.

Since the problem is local, we can assume that X is an n-dimensional
Bochner-Kähler manifold with n > 2. Let V be a vector bundle on X with
connection satisfying the condition that H−n−h ⊗ p∗V is a holomorphic vector
bundle.

First, we give a lemma about the curvature tensor of a Bochner-Kähler
manifold. Let (ea)a be a local orthonormal frame of the holomorphic tangent
bundle of X. We use notation of curvature tensors defined in Section 1.

By a theorem of Kamishima ([Ka]), a Bochner-Kähler manifold is locally
isomorphic to (i) C

n with a flat metric, or (ii) Hl × Pn−l for some integer l
such that 0 ≤ l ≤ n. This means that the Bochner-flat condition also strongly
restricts the Ricci tensor. In this paper, we only need the following lemma,
which is deduced immediately from that theorem.

Lemma 4.1. The Ricci tensor of a Bochner-Kähler manifold X is co-
variantly constant and satisfies

Rab̄Rbc̄ = rRac̄ + sδc
a,

where s is a scalar function.
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Let ∇ea = ωb
aeb be the connection form of the Levi-Civita connection.

Since a connection defines horizontal lifts of vector fields on X to those on
Zk(X), ea is also considered to be a vector field on Zk(X). By restricting the
SO(2n)-action on Z, we have a U(n)-action on Gk,n. It is convenient however
to consider the complexified GL(n; C)-action on Gk,n. It defines a C-linear
map:

F : gl (n; C) −→ H0(Gk,n,O(T (1,0)Gk,n)).

With respect to the Lie algebra structures, we have:

(4.1) F([a, b]) = −[F(a),F(b)].

Let (Ea
b )a,b denote the standard basis of gl (n; C) such that Ea

b ec = δa
c eb. We

define

(4.2) Fa
b = −F(Ea

b ).

Before giving an explicit description of Fa
b , we give here a few relations

between the Plüker coordinates induced from the Plüker relation.

Lemma 4.2.
(1) Let J , K be multi-indices of length k. Then we have, on Gk,n

Zac̄JZ b̄cK = −ZJZ b̄aK + Z b̄aJZK .

(2) For a multi-index J of length k, we have, on Gk,n

Z ābc̄dJZJ = Z ābJZ c̄dJ + Z ādJZbc̄J .

Proof. When a �= b, by using (1.3), we compute:

Zac̄JZ b̄cK = Zac̄JZ b̄cK − Z c̄aJZcb̄K

= ZaāJZ b̄aK − Z āaJZab̄K + Zab̄JZ b̄bK − Z b̄aJZbb̄K

= −ZJZ b̄aK + Z b̄aJZK .

The case a = b can be proved in the same way and we have proved (1).
By putting J = d̄cK in (1), we have (2).

For a multi-index I of length k, we take local fiber coordinates as in Sec-
tion 1. That is,

wij = Z ı̄jI/ZI , i ∈ I, j �∈ I

are local coordinates on

UI = {(ZJ)J ∈ Gk,n | ZI �= 0}

with the center z0. For a general multi-index J of length k, put zJ = ZJ/ZI .
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Lemma 4.3. The vector field Fa
b is written in the local coordinates as:

Fa
b = −zaı̄Izb̄jI ∂

∂wij
.

Proof. When a �= b, we compute the infinitesimal action of the one-
parameter subgroup:

A(t) = exp(tEa
b ).

Let (eJ )J be the standard basis of ∧k
Cn. Then the action of the matrix is

written as:

A(t)eJ = eJ + teābJ .

Hence the action on a Plücker coordinate is written as

ZJ (t) = ZJ + tZ b̄aJ .

Therefore, by using Lemma 4.2 (2), we have

d

dt
wij(t)

∣∣∣∣
t=0

= zb̄aı̄jI − zb̄aIzı̄jI = zaı̄Izb̄jI ,

for i ∈ I and j �∈ I.
When a = b, let

B(t) = exp(t
√−1Ea

a),

where we remark that the index a is fixed and Einstein’s convention for sum-
mation is not applied. Then, in a similar way, we compute

d

dt
wij(t)

∣∣∣∣
t=0

=
√−1zaı̄IzājI .

Hence we complete the proof.

Let (ea)a be the dual frame of ∧1,0X. As in the case of eā, let eā, F ā
b̄
,

Rā
b̄
, and ωā

b̄
be the complex conjugate of ea, Fa

b , Ra
b and ωa

b , respectively. Put
W = H−n−h ⊗ p∗V . Now we define operators acting on Ω∗(Zk(X),W ):

T0 = −i(Fb
a)Ra

b − i(F b̄
ā)Rā

b̄ ,(4.3)

L̃a = Lea
− ωb

ai(eb) − [i(ea), T0],(4.4)

L̃ā = Leā
− ωb̄

āi(eb̄) − [i(eā), T0],(4.5)

Da = ebi(F b̄
ā),(4.6)

Dā = −eb̄i(F ā
b̄ ),(4.7)

where L denotes the Lie derivative. Vector fields and forms on X are considered
to be those on Zk(X) in a natural way. Note that Dā is not the complex
conjugate of Da.
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Lemma 4.4.
(1) Let e′a = ebh

b
a be another local orthonormal frame of T (1,0)X. Let L̃′

a,
L̃′

ā, D′a and D′ā be operators defined as above with respect to the frame (e′a)a.
Then we have

L̃′
a = hb

aL̃b, L̃′
ā = hb

aL̃b̄, D′a = Db(h−1)a
b , D′ā = Db̄(h−1)a

b .

(2) Operators L̃a, L̃ā, Da and Dā preserve the double grading as differ-
ential forms. That is, for non-negative integers l and l′, they map Ωl,l′(W ) to
itself.

Proof. The transformation rules in (1) are immediate by

Lfv = fLv + df ∧ i(v),
ω′a

b = (h−1)a
cdh

c
b + (h−1)a

cω
c
dh

d
b ,

where v is a vector field and f is a function.
The operators Da and Dā preserve the grading because we can write them

as:

Da = −zad̄Ī(zb̄cĪeb)i
(

∂

∂w̄cd

)
,

Dā = zācĪ(zbd̄Īeb̄)i
(

∂

∂w̄cd

)
.

We can assume that the connection forms of T (1,0)X and V vanish at x0

and we compute values at (x0, z0). By (1.9), we have

[Lea
, d̂wij ] = [i(ea), Rj

i ],

[Lea
, d̂w̄ij ] = [i(ea), R̄

ı̄],

where d̂w̄ij is the complex conjugate of d̂wij . On the other hand, we have

[−ωb
ai(eb) − [i(ea), T0], d̂wij ] = −[i(ea), Rj

i ],

[−ωb
ai(eb) − [i(ea), T0], d̂w̄ij ] = −[i(ea), R̄

ı̄].

Consequently we have

[L̃a, d̂wij ] = [L̃a, d̂w̄ij ] = 0.

With respect to horizontal forms, we compute

[L̃a, z
b̄J̄eb] = [L̃a, z

bJeb̄] = 0, |J | = k − 1,

[L̃a, z
bJ̄eb̄] = [L̃a, z

b̄Jeb] = 0, |J | = k + 1.

For a function f , we have

[L̃a, f ] = ea(f).
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Hence L̃a preserves the grading. The proof for L̃ā can be done in the same
way.

Now we define operators which are used to construct the inverse Penrose
transform.

Dα = DaL̃a,(4.8)

Dβ = DāL̃ā,(4.9)

Dγ = −Rab̄D
b̄Da.(4.10)

These operators are globally well-defined and preserve the grading of forms by
the above lemma.

Put

F (x) =
∞∑

i=0

xi

(i!)2
.

This function and its derivatives play an important role by the following prop-
erty.

Lemma 4.5. Let l be a non-negative integer. Then the lth derivative
of F satisfies

xF (l+2)(x) + (l + 1)F (l+1)(x) − F (l)(x) = 0.

Let ∧0,k(n−k)
V denote the line subbundle of ∧0,k(n−k) Zk(X) spanned by

vertical forms, which are defined by the Levi-Civita connection. If we identify
H−1 with H̄ by the standard Hermitian metric, we have

∧0,k(n−k) Zk(X) ⊗H−n−h ⊃ ∧0,k(n−k)
V ⊗H−n−h 
 (Hh ⊗Kk

X)∗,

where the canonical bundle appears because we consider the action of U(n)
rather than SU(n). On the other hand, we have an isomorphism:

H0(Gk,n,O(Hh)) 
 Ŝh ∧k,0X

by the BBWK-theorem. Hence we obtain

j : Γ(X, Ŝh∧0,k X ⊗K−k
X ⊗ V ) −→ Ω0,k(n−k)(Zk(X),W ).

We put

f(x) = (k + h− 1)!F (k+h−1)(x),

g(x) = (n− k + h− 1)!F (n−k+h−1)(x).

Definition 4.6. We define

Q : Γ(X, Ŝh∧0,k X ⊗K−k
X ⊗ V ) −→ Ω0,k(n−k)(Zk(X),W )

φ �−→ f(Dβ +Dγ)g(Dα)j(φ).
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Remark. This is well-defined since the differential operators in the for-
mula are even operators and Dβ and Dγ are mutually commutative. By the
proof of Lemma 4.4, the operators Di

α, Di
β and Di

γ vanish for sufficiently large
i.

Theorem 4.7. The form Q(φ) is ∂̄-closed if φ satisfies the differential
equation stated in Theorem 3.2. The restriction of Q to the space of harmonic
forms gives the inverse of the Penrose transform.

The remainder of this section is devoted to a proof of this theorem. Since
the operators Dα, Dβ and Dγ decrease the vertical grading of forms, the last
statement of the theorem follows immediately if we show the first statement.

Let (ea)a be a local frame of T (1,0)X such that the connection form of the
Levi-Civita connection vanishes at x0. Let (eĪ)Ī denote the associated frame
of ∧0,k X. Instead of determining an explicit basis of Ŝh ∧0,k X, we treat it
as a subbundle of ⊗h ∧0,k X. On the other hand, we consider an element
of ⊗h ∧0,k X as an element of Ŝh ∧0,k X by the canonical projection. Let
I1, . . . , Ih be multi-indices of length k. Put

eĪ1,...,Īh = eĪ1 ⊗ · · · ⊗ eĪh ,

which is considered as an element of Ŝh ∧0,k X as mentioned above. Since we
have taken a local frame of T (1,0)X, we have a canonical trivialization of KX .
We also take a local frame of V such that the connection form vanishes at x0.
Since the choice of the local frame of V does not affect the appearance of the
computation, we omit its index. In fact, the information of V which is needed
for computation is already encoded in (2.2) and (2.4). Thus we can consider
eĪ1,...,Īh as a section of Ŝh ∧0,k X ⊗K−k

X ⊗ V . Then we put

sĪ1,...,Īh = j(eĪ1,...,Īh).

Define

Ea = [∂̄, Da] + ωa
bD

b,(4.11)

Eā = [∂̄, Dā] + ωā
b̄D

b̄.(4.12)

They satisfy the same transformation rules as Da and Dā, respectively.

Lemma 4.8. For local coordinates (wij)i,j, we have

∂zJ

∂wij
= −zīJ .

Proof. It is obvious if |J \ I| ≤ 1. If |J \ I| ≥ 2, let ik ∈ I \ J , jk ∈ J \ I,
k = 1, 2, be numbers such that i1 �= i2, j1 �= j2. Then, by Lemma 4.2 (2), we
have

ZJ =
1

Z ̄1i1 ̄2i2J
(Z ̄1i1JZ ̄2i2J + Z ̄1i2JZi1 ̄2J).

Hence we obtain inductively the desired formula.
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Lemma 4.9. We have

EasĪ1,...,Īh ≡ −(n− k + h)easĪ1,...,Īh −
h∑

j=1

ebsĪ1,...,b̄aĪj ,...,Īh ,

EāsĪ1,...,Īh ≡ −(k + h)eāsĪ1,...,Īh −
h∑

j=1

eb̄sĪ1,...,bāĪj ,...,Īh ,

where we consider equivalence modulo (1, 0)-forms.

Proof. Let ρĪ be the image of the standard trivialization of H̄ by the
isomorphism H̄ 
 H−1. Let K Ī be the standard trivialization of ∧0,k(n−k)

V .
Then, by definition, we have

(4.13) sĪ1,...,Īh = ρĪ1 ⊗ · · · ⊗ ρĪh ⊗ ρĪ⊗(n) ⊗K Ī .

Put

N =
∑

J

∣∣∣∣zJ

zI

∣∣∣∣2 .
First, we compute:

LF ā
b̄
ρĪ = ∇F ā

b̄
ρĪ = −F ā

b̄
(N)
N

ρĪ

= −z
Jzı̄jJ̄zāiĪzb̄Ī

N
ρĪ [By Lemma 4.8]

= −z
JzāiĪzbı̄J̄

N
ρĪ [By Lemma 4.2 (1)]

=

(
zJzbāJ̄

N
− zbāĪ

)
ρĪ [By Lemma 4.2 (1)]

By changing indices, we obtain:

LF ā
b̄
ρĪ =

(
δb
a + zābĪ +

zābJzJ̄

N

)
ρĪ .

Second, we compute:

LF ā
b̄
dw̄ij = dF ā

b̄ (w̄ij) = (−δb
i z

āiĪ + δj
az

b̄Ī)dw̄ij + . . .

Hence we have

LF ā
b̄
K Ī = (−(n− k)zābĪ + kzbāĪ)K Ī = −(kδb

a + nzābĪ)K Ī .

Thus, we have

LF ā
b̄
sĪ1,...,Īh = (n− k + h)δb

as
Ī1,...,Īh +

h∑
j=1

sĪ1,...,ābĪj ,...,Īh

+ (n+ h)
zābJzJ̄

N
sĪ1,...,Īh .
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Consequently we have the first equality. By changing indices we have:

LF ā
b̄
sĪ1,...,Īh = −(k + h)δb

as
Ī1,...,Īh −

h∑
j=1

sĪ1,...,bāĪj ,...,Īh

− (n+ h)
zbāJzJ̄

N
sĪ1,...,Īh ,

from which the second equality follows.

Lemma 4.10. We have

[Ea, Db] = −eaDb − ebDa,

[Eā, Db̄] = −eāDb̄ − eb̄Dā,

[Eā, Db] = δb
aB0,

where

(4.14) B0 = eaDā = Daeā.

Proof. These formulas follow from

[Fa
b ,Fc

d ] = δa
dFc

b − δc
bFa

d ,

which is an immediate consequence of (4.1).

We define

dα = eaL̃a,(4.15)

dβ = eāL̃ā,(4.16)

dγ = −i(F b̄
ā)Rā

b̄ .(4.17)

Obviously these operators do not preserve the grading of forms. But we see, by
Lemma 4.4, they do not decrease the first grading. So we can consider them as
operators acting on

Ω∗(Zk(X),W )
⊕∞

i=1 Ωi,∗(Zk(X),W )

 Ω0,∗(Zk(X),W ).

Now we compute ∂̄Q(φ). We split it into two steps

∂̄g(Dα)j(φ) = (dβ + dγ)g(Dα)j(φ),(I)
[∂̄, f(Dβ +Dγ)]g(Dα)j(φ) = −f(Dβ +Dγ)(dβ + dγ)g(Dα)j(φ),(II)

from which the theorem follows immediately.

Proof of (I). Let φ = φĪ1,...,Īh
eĪ1,...,Īh . Then we have

j(φ) = φĪ1,...,Īh
sĪ1,...,Īh
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and

∂̄j(φ) ≡ dφĪ1,...,Īh
∧ sĪ1,...,Īh + φĪ1,...,Īh

dsĪ1,...,Īh .

The value of the first term at (x0, z0) is

dφĪ1,...,Īh
∧ sĪ1,...,Īh = (dα + dβ)j(φ).

By (1.9), we have

dK Ī |(x0,z0) = dγK
Ī .

Hence, by (4.13), we have

∂̄j(φ) = (dα + dβ + dγ)j(φ).

By an inductive argument, we have

Di
αj(φ) = Da1 . . .Daij〈∇iφ, eai

. . . ea1〉.

Hence we compute

∂̄Di
αj(φ) = [∂̄, Da1 . . .Dai ]j〈∇iφ, eai

. . . ea1〉 + (dα + dβ + dγ)Di
αj(φ).

Therefore we obtain

(∂̄ − dβ − dγ)Di
αj(φ) = [∂̄, Da1 . . .Dai ]j〈∇iφ, eai

. . . ea1〉 + dαD
i
αj(φ).

In order to compute the first term of the right-hand side, put

(4.18) Eα = EaL̃a.

Then, by Lemma 4.9 and the assumption on φ, we have

Eαj(φ) = −(n− k + h)dαj(φ).

By Lemma 4.10, we compute

[Eα, Dα]Di
αj(φ) = −2dαD

i+1
α j(φ),

where we use

[dα, Dα]Di
αj(φ) = 0,

which follows from the fact that the curvature form is of type (1, 1) with respect
to the original complex structure of X. This also means

[[Eα, Dα], Dα]Di
αj(φ) = 0.

Hence we obtain

EαD
i
αj(φ) = −2idαD

i
αj(φ) − (n− k + h)dαD

i
αj(φ).
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Therefore we compute

[∂̄, Da1 . . .Dai ]j〈∇iφ, eai
. . . ea1〉 =

i∑
j=1

Dj−1
α EαD

i−j
α j(φ)

= −i(i− 1)dαD
i−1
α j(φ)

− i(n− k + h)dαD
i−1
α j(φ).

Thus, by Lemma 4.5, we have

(∂̄ − dβ − dγ)g(Dα)j(φ) = dα(−g′′(Dα)Dα − (n− k + h)g′(Dα) + g(Dα))j(φ)
= 0,

which completes the proof.

Proof of (II). We have

Di
βD

j
γj(φ) = Dj

γD
ā1 . . .Dāij〈∇iφ, eāi

. . . eā1〉.
Hence, by putting

Eβ = EāL̃ā,(4.19)
Eγ = [∂̄, Dγ ],(4.20)

we obtain

[∂̄, Dβ +Dγ ](Dβ +Dγ)ig(Dα)j(φ) =

(Eβ + [dα, Dβ ] + Eγ)(Dβ +Dγ)ig(Dα)j(φ).

Now, as in the proof of (I), we compute the commutation relation between
Eβ + [dα, Dβ] + Eγ and Dβ +Dγ . By Lemma 4.10, we have

[Eβ , Dβ](Dβ +Dγ)ig(Dα)j(φ) = −2Dβdβ(Dβ +Dγ)ig(Dα)j(φ)

and

[Eβ, Dγ ](Dβ +Dγ)ig(Dα)j(φ) =

(DβB1−Dγdβ −B0C1)(Dβ +Dγ)ig(Dα)j(φ),

where

B1 = Rab̄D
aeb̄,(4.21)

C1 = Rab̄D
b̄L̃ā.(4.22)

We compute

[dα,Dβ ]Di+1
β Dj

αj(φ)

= eaDb̄Dc̄Dc̄1 . . .Dc̄iDd1 . . .Ddj j〈R∇i+j+1φ, edj
. . . ed1ec̄i

. . . ec̄1ec̄eb̄ea〉
= eaDb̄Dc̄Dc̄1 . . .Dc̄iDd1 . . .Ddj j〈−Rd̄

c̄∇ed̄
∇i+jφ, edj

. . . ed1ec̄i
. . . ec̄1eb̄ea〉

+Dβ [dα, Dβ ]Di
βD

j
αj(φ).
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Obviously we have

[[dα, Dβ ], Dγ ]Di
βD

j
γg(Dα)j(φ) = 0.

Therefore we obtain

[[dα, Dβ ], Dβ ](Dβ +Dγ)ig(Dα)j(φ) = 2T1(Dβ +Dγ)ig(Dα)j(φ),

[[dα, Dβ ], Dγ ](Dβ +Dγ)ig(Dα)j(φ) = 0,

where

(4.23) T1 = Rab̄cd̄e
aDb̄Dd̄L̃c̄.

We compute

[Eγ , Dβ ](Dβ +Dγ)ig(Dα)j(φ)

= −Rab̄(D
a[E b̄, Dβ ] +Db̄[Ea, Dβ ])(Dβ +Dγ)ig(Dα)j(φ)

= (DβB1 −Dγdβ −B0C1)(Dβ +Dγ)ig(Dα)j(φ),

and

[Eγ , Dγ ](Dβ +Dγ)ig(Dα)j(φ)

= −Rab̄(D
a[E b̄, Dγ ] +Db̄[Ea, Dγ ])(Dβ +Dγ)ig(Dα)j(φ)

= 2Dγ(B1 +B2 − rB0)(Dβ +Dγ)ig(Dα)j(φ)

= −2Dγdγ(Dβ +Dγ)ig(Dα)j(φ),

where we put

(4.24) B2 = Rab̄e
aDb̄,

and we use Lemma 4.1 and

DāDa = 0,
B1 + B2 − rB0 = −dγ .(4.25)

The first equation is immediately obtained by (1.3). Therefore, by using

T1 +DβB1 −B0C1 = −Dβdγ ,

we obtain

[[∂̄, Dβ +Dγ ], Dβ +Dγ ](Dβ +Dγ)ig(Dα)j(φ)

= −2(dβ + dγ)(Dβ +Dγ)i+1g(Dα)j(φ).

Since

[[[∂̄, Dβ +Dγ ], Dβ +Dγ ], Dβ +Dγ ](Dβ +Dγ)ig(Dα)j(φ) = 0,
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by using Lemma 4.5, we finally obtain

[∂̄, f(Dβ +Dγ)]g(Dα)j(φ) = f ′(Dβ +Dγ)(Eβ + [dα, Dβ ] + Eγ)g(Dα)j(φ)
− f ′′(Dβ +Dγ)(Dβ +Dγ)(dβ + dγ)g(Dα)j(φ)

= −f(Dβ +Dγ)(dβ + dγ)g(Dα)j(φ)
+ f ′(Dβ +Dγ)T2g(Dα)j(φ),

where

(4.26) T2 = Eβ + [dα, Dβ ] + Eγ + (k + h)(dβ + dγ).

Hence we complete the proof by showing

(II’) T2g(Dα)j(φ) = 0.

Again this can be proved by computing commutation relations. We compute

EβD
i+1
α j(φ) = EāDbDc1 . . .Dcij〈∇i+2φ, eci

. . . ec1ebeā〉
= B0D

c1 . . . Dcij〈∇i+2φ, eci
. . . ec1eaeā〉

+DbEāDc1 . . .Dcij〈R∇iφ, eci
. . . ec1ebeā〉 +DαEβD

i
αj(φ).

Hence we obtain

[Eβ, Dα]Di
αj(φ) = B0D

c1 . . . Dcij〈∇i+2φ, eci
. . . ec1eaeā〉

+DbEāDc1 . . .Dcij〈R∇iφ, eci
. . . ec1ebeā〉

= 2B0D
bDc1 . . . Dci−1j〈R∇iφ, eci−1 . . . ec1eaebeā〉

+DbDdEāDc1 . . . Dci−1j〈−Re
d∇ee

∇i−1φ, eci−1 . . . ec1ebeā〉
+Dα[Eβ , Dα]Di−1

α j(φ).

Moreover we compute

[[Eβ , Dα], Dα]Di
αj(φ)

= 2B0D
bDc1 . . .Dcij〈R∇i+1φ, eci

. . . ec1eaebeā〉
+ 2RbādēD

bDdEāDc1 . . .Dcij〈∇i+1φ, eci
. . . ec1ee〉

= 2B0D
bDdDc1 . . . Dci−1j〈−Re

d∇ee
∇iφ, eci−1 . . . ec1eaebeā〉

+ 2RbādēD
bDdB0D

c1 . . .Dci−1j〈∇i+1φ, eci−1 . . . ec1eaee〉
+Dα[[Eβ, Dα], Dα]Di−1

α j(φ).

Hence we obtain

[[[Eβ , Dα], Dα], Dα]Di
αj(φ) =

6B0RbādēD
bDdDc1 . . . Dcij〈∇i+2φ, eci

. . . ec1eaee〉.
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Thus we have

[[[[Eβ , Dα], Dα], Dα], Dα]Di
αj(φ) = 0.

Therefore we obtain

[Eβ , g(Dα)]j(φ) = (g′(Dα)S1 + g′′(Dα)S2 + g′′′(Dα)B0S3)(φ),

where

S1(φ) = B0j〈∇2φ, eaeā〉 +DaE b̄j〈Rφ, eaeb̄〉,(4.27)

S2(φ) = B0D
aj〈R∇φ, ebeaeb̄〉 +Rab̄cd̄D

aDcE b̄j(∇ed
φ),(4.28)

S3(φ) = Rab̄cd̄D
aDcj〈∇2φ, ebed〉.(4.29)

Define

C2 = Rab̄D
aL̃b,(4.30)

T3 = Rab̄cd̄e
b̄DaDcL̃d,(4.31)

T4 = −2Rab̄cd̄e
aDb̄DcL̃d.(4.32)

Then, in the same way, we compute

[Eγ , g(Dα)]j(φ) = g′(Dα)(DαB2 −Dγdα −B0C2)j(φ),
[dβ , g(Dα)]j(φ) = (g′(Dα)[dβ, Dα] + g′′(Dα)T3)j(φ),
[dγ , g(Dα)]j(φ) = 0,

[[dα, Dβ ], g(Dα)]j(φ) = g′(Dα)T4j(φ).

Therefore we obtain

[T2, g(Dα)]j(φ) = g′(Dα)(S1 + (k + h)[dβ , Dα]j −B0(2C2 − rDα)j)(φ)
+ g′′(Dα)(S2 + (k + h)T3j)(φ) + g′′′(Dα)B0S3(φ),

where we use

T4 = Dγdα −B0C2 −Dα(B2 − rB0).

We have

S3(φ) = Dα(2C2 − rDα)j(φ).

Thus, by assuming the relations:

(S2 + (k + h)T3j − (n− k + h+ 1)(2C2 − rDα)B0j)(φ) = −DαT2j(φ),
(II”a)

(S1 + (k + h)[dβ, Dα]j) (φ) = −(n− k + h)T2j(φ),(II”b)

we have

[T2, g(Dα)]j(φ) = −g(Dα)T2j(φ).
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Therefore we have (II’) and the theorem follows.
To prove (II”a) and (II”b), we compute T2j(φ) first. By using Lemma 4.9

and Lemma 4.10, we compute

Eβj(φ) = −(k + h)dβj(φ),
Eγj(φ) = (h(S4 + S5) + (k + h)B1j + (n− k + h)B2j − (n+ 1)rB0j)(φ),

where

S4(φ) = Rab̄D
aec̄φbc̄Ī1,...,Īh

sĪ1,...,Īh ,(4.33)

S5(φ) = Rab̄D
b̄ecφācĪ1,...,Īh

sĪ1,...,Īh .(4.34)

We compute

[dα, Dβ ]j(φ) = h(−S5(φ) +B0j(S0φ)) − (n− 2k)B2j(φ)
+ h(n− k)rB0j(φ) +B0j(Lφ),

where we use (2.2) and

Rab̄e
aDc̄φc̄bĪ1,...,Īh

sĪ1,...,Īh = −B2j(φ).

Hence, by (4.25), we have

T2j(φ) = h(S4(φ) +B0j(S0φ)) + (h− 1)(n− k + 1)rB0j(φ) +B0j(Lφ).

In order to prove (II”a), we compute first

Rab̄cd̄D
aDcE b̄j(∇ed

φ)+(k + h)T3j(φ)

= −hRab̄cd̄D
aDceē(∇ed

φ)bēĪ1,...,,Īh
sĪ1,...,Īh

= −h(DαS4 −B0C2j + rDαB0j)(φ),

where we use

Rad̄D
aDbeē(∇ed

φ)bēĪ1,...,Īh
sĪ1,...,Īh = −B0C2j(φ).

Next we compute using (2.2)

Daj〈R∇φ, ebeaeb̄〉 = Da(−j〈Rc
b∇ec

φ, eaeb̄〉 + j〈∇eb
Rφ, eaeb̄〉)

= (h+ 2(n− k + 1))C2j(φ) − hDαj(S0φ)
− h(n− k + 1)rDαj(φ) −Dαj(Lφ),

where we use

Rab̄D
a(∇ec

φ)c̄bĪ1,...,Īh
sĪ1,...,Īh = 0,

Rab̄D
c(∇eb

φ)ācĪ1,...,Īh
sĪ1,...,Īh = 0.

Therefore we obtain (II”a).
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As for (II”b), we have

DaE b̄j〈Rφ, eaēb〉 + (k + h)[dβ , Dα]j(φ) = −hS6(φ),

where

(4.35) S6(φ) = Daeb̄〈Rφ, eaec̄〉cb̄Ī1,...,Īh
sĪ1,...,Īh .

We compute using (2.2)

S6(φ) = (2Rab̄cd̄D
aeēφc̄dbēĪ1,...,Īh

+ 2(h− 1)Rab̄cd̄D
aeēφbēĪ1,c̄dĪ2,...,Īh

)sĪ1,...,Īh

+ (h(k + 1) + n− 2k)S4(φ) +B0j(Lφ).

By using (1.3) and Definition 1.2, we compute

2Rab̄cd̄D
aeēφc̄dbēĪ1,...,Īh

sĪ1,...,Īh = 0

and

2Rab̄cd̄D
aeēφbēĪ1,c̄dĪ2,...,Īh

sĪ1,...,Īh

= −kS4(φ) +B0j(S0φ) + (n− k + 1)rB0j(φ).

Thus we have

S6(φ) = (n− k + h)S4(φ) + (h− 1)B0 (j(S0φ) + (n− k + 1)rj(φ)) +B0j(Lφ).

Hence, by using (2.4), we have (II”b).
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