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The Penrose transform on conformally
Bochner-Kahler manifolds

By

Yoshinari INOUE

Abstract
We give a generalization of the Penrose transform on Hermitian
manifolds with metrics locally conformally equivalent to Bochner-Kéhler
metrics. We also give an explicit formula for the inverse transform.

Introduction

The twistor space of a four-dimensional Riemannian manifold was first
introduced by Atiyah, Hitchin and Singer in [A.H.S]. The Penrose transform
on it was given by Hitchin in [H]. The inverse Penrose transform was given
explicitly by Woodhouse in [W].

In [O.R], O’Brian and Rawnsley extended the notion of twistor space to
other manifolds such as even dimensional Riemannian manifolds, Hermitian
manifolds, Quaternionic Kéhler manifolds, etc. In [M], Murray gave the Pen-
rose transform on twistor spaces of even dimensional Riemannian manifolds.
An explicit formula for the inverse Penrose transform in this case was given by
the author in [I4].

As for twistor spaces of Hermitian manifolds, the author gave the Penrose
transform and its inverse transform on the twistor spaces of C" in his unpub-
lished work [I2]. They related a certain cohomology group on a twistor space
to the space of harmonic forms of the Dolbeault complex. An explicit formula
of the inverse transform was also given.

In the present paper, we extend the result of [I12] to Hermitian manifolds
whose metrics are locally conformally equivalent to Bochner-Kéhler metrics,
which we call conformally Bochner-Kahler manifolds. Since the Penrose trans-
form involves cohomology groups of positive degree, the integrability condition
for the almost complex structure of the twistor space is inevitable. Hence it
is a complete generalization of [I2] except low dimensional examples of non-
integrable almost Hermitian manifolds, such as S® with a well-known almost
complex structure.

Since we have no reason to exclude the conformally flat case, all results
and proofs in [I2] are contained in this paper.
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328 Yoshinari Inoue

Let X be a conformally Bochner-K&hler manifold of dimension n > 2. Let
k be an integer between 0 and n. Then the twistor space Zi(X) is a complex
manifold ([O.R], [I3]). Let H be the hyperplane bundle as a Grassmannian
bundle. Let h be a non-negative integer and V' a vector bundle with connection
on X such that H="~" ® p*V has a (1,0)-connection where p : Zy(X) — X
is the projection map. The trivial bundle does not satisfies this condition if
the metric of X is not locally conformally equivalent to a flat metric, which is
quite different in the Riemannian case. The Penrose transform is a one-to-one
correspondence between the cohomology group H*"—*)(Z,(X),O(H " " ®
p*V)) and the solution space of the Laplacian Dy defined in Definition 2.2 if
h = 0, or the space of harmonic forms of the Dolbeault complex:

TN 1 X @SN X o KF e V)

PSP A X @ Ko v) L
DA X @ SN X o KF e V),

if h > 0, where S A% is the principal component of S* A% defined in Defi-
nition 1.5 (Theorem 3.2 and Theorem 4.7).

The explicit formula for the inverse Penrose transform given in Definition
4.6 has quite similar form as in the Riemannian case ([I4]). Namely put

%

F@) =3 o

=0

and

f(x) = (k+h— 1)/ FEth=D (),
g(x) = (n—k+h — 1) FM=kFA=D (),

Let j, Do, Dg and D, be operators defined in Section 4. Then the inverse
Penrose transform is given by:

Q: T(X,S"N* X @KFeV) — QOF0-k(Z (X)) H """ @pV)

¢ — f(Dg + D+)g(Da)i(¢)

where the expression is well-defined because D,,, Dg and D., are even operators
and Dg and D, are mutually commutative.

Let us explain briefly the contents of this paper. We define in Section 1 the
twistor spaces of an almost Hermitian manifold and study their integrability
conditions. In Section 2 we give the field equations on conformally Bochner-
Kahler manifolds which appear in the Penrose transform. We also give a few
formulas about the curvature tensor which are used in Section 4. In Section 3
we define the Penrose transform on conformally Bochner-Kéahler manifolds. In
Section 4 we prove the surjectivity of the Penrose transform by constructing
explicitly the inverse correspondence.



The Penrose transform on conformally Bochner-Kdihler manifolds 329

1. The twistor spaces of an almost Hermitian manifold and their
integrability conditions

Let X be an n-dimensional almost Hermitian manifold, that is, X is a 2n-
dimensional Riemannian manifold with a compatible almost complex structure.
In this section we define twistor spaces Zy(X),k = 0,...,n of X as submani-
folds of the Riemannian twistor space Z(X). It is modification of the definition
by O’Brian and Rawnsley in [O.R].

Let

A={0;|I<(1,...,n))¢

be a spin module, where I < (1,...,n) means that I is a subsequence of
(1,...,n). We introduce similar notation for multi-indices as in [I4]. We re-
gard multi-indices I, J, ... as finite sequences of possibly duplicate elements of
{1,...,n}, and denote by I.J the composition of sequences I and J. Let us
define relations among 6;’s as:

0]1@@]2 = _911]27

01,001, = —01,0a1,, for a # 0.
Then, for any multi-index I, there is a unique subsequence Iy of (1,...,n) such
that 8y = 07, or 0y = —0;,. If a multi-index [ is regarded as a set, it is meant
as the set of numbers contained in Iy. Let |I| denote the length of .

With this notation, we define an action of R?" = (f; |i = 1,...,2n)g on
A as follows. Fora=1,...,n,
fael = 9(1[7

\/—19a1, 1fa¢],
fn+a91 - .
—v—10,;, ifa€el.

This action is canonically extended to a CLIF(R?")-action on A. Since spin (2n)
is a subspace of CLIF(R?"), we have a spin (2n)-action on A. (See [I1] for
details.)

If we identify R?" with C" by the complex structure defined by

0o -1,
/= (In 0 )
then R?" ® C is decomposed into two subspaces:
1
C" ~ <ea = §(fa —V—=1fnta) |a= 1,...7n> ,
C

C'~(ea=¢|la=1,...,n)c.

Actions of these vectors on A are computed as:

0o, ifagl 0, ifadl
(1.1) eq 01 = ! 1 aé eql; = 1 aé
0, ifael Our, ifael
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If we consider u (n) as a subspace of CLIF(R?"), we have
u(n) C e, e |a,b=1,...,n)c.

Hence the irreducible decomposition of A as a u(n)-module is given by:

A= & A%, AR = (0| 1] = K)e,
k=0

where we have
(1.2) AF ~ (AFC™) @ (AmC)~1/2,

We fix an integer k such that 0 < k <n. Let Z denote the PIN(2n)-orbit
of [fy] € P(A), which is a complex submanifold of P(A). Now we study the
submanifold

Z, = ZNP(AP).

We see that Zy and Z,, are one point corresponding to the original complex
structure and its complex conjugate structure, respectively. Henceforth we
assume 0 < k < n.

To simplify the expression, we stretch the rules of notation of multi-indices
as follows. Let (ZI)I<(1W’n) be a coordinate system corresponding to (65);r.
Then, by regarding it as a cospinor, we can define Z%! in a similar way. Since we
want to consider Z%! as a homogeneous coordinate of P(A¥), the length of the
multi-index al is significant. Therefore we write al (resp. al) if |al| = |I| + 1
(resp. |al| = |I| —1). In the same way, we write al (resp. al) if |al| = |I| + 1
(resp. |I| — 1). These rules are inspired by the formula (1.1) for Clifford
multiplication. Owing to it, as we will see below, we can omit the range of
summation in most cases.

Let J, K be multi-indices of length |J| = k£ + 1, |K| = k — 1. By [I4,
Lemma 2.6 (1)], we have

Z Z&JzaK + Z ZanZLK — 07
a€J\K a€K\J

on Z. Since the second term vanishes on P(A*), we have
(1.3) 7% 70K =,

on Zj, which is nothing but the Pliicker relation. Therefore Z; coincides with
the Grassmannian manifold Gy, ,.
Hence we consider a diagram:

Gk,n — P(Ak)

(1.4) l l

zZ — P(A)
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where upper (lower) horizontal array is a U(n)- (O(2n)-) equivariant map.
Let X be an n-dimensional almost Hermitian manifold. Let P denote the
principal bundle of X. Then we define the kth twistor space as:

Zy(X) = P Xy(n) Gin-
Let p denote the projection map:
p: Zp(X) — X.

If X has a spin structure, we can define the spin-hyperplane bundle Hj
over Zi(X) by pulling back the hyperplane bundle over Z(X) (or equivalently
P(AF(X))). On the other hand, if we regard Z;(X) as a Grassmannian bundle
Gk(T(l’O)X ), it is natural to consider the Grassmannian-hyperplane bundle H,
which can be defined even if X does not have a spin structure. Hence we use
it to study the Penrose transform and call it the hyperplane bundle of Zj (X).
By (1.2), two line bundles are related by the isomorphism:

1
H~Hy@p*K2,

where K x is the canonical bundle of X.

By (1.4), Zx(X) is a subbundle of Z(X). Since Gy, is a complex subman-
ifold of Z, we can define an almost complex structure of Zj(X) similarly as in
the case of Z(X).

We take a local orthonormal frame (eq), of T X. Let Z7 denote a
corresponding Pliicker coordinate of Z(X). Then we can define local fiber
coordinates of Z(X) as follows. Let I be an index of length k. Then

AL VAR iel, j&I
are local fiber coordinates on
Ur = {(ZJ)] S ka ‘ ZI 75 0}

We denote the center of the coordinate chart Uy as zg. For a general multi-index
J of length k, let z7 be the function on U defined as 2/ = Z7/Z%. Let wy, be
the connection form of A* T(1:0) X induced by the Levi-Civita connection. Let
(%), be the dual frame of A'° X.

By [I4, Lemma 2.9], the (1,0)-forms of Z;(X) can be explicitly defined as
follows.

Definition 1.1.  The total space of H** ¢ AFT(10X has an almost
complex structure whose space of (1,0)-forms is spanned by
zvet  |J=k—1,
Z4er  |J|=k+1,
Az’ +wi 2%, |J| =k
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This induces an almost complex structure on Zj(X) whose space of (1, 0)-forms
is spanned by

27 el |J|=Fk—1,
28 e |J| =k+1,
dwij, i€l jEl,
where
c@ = dw;j + z‘]w?l — w2l wh.

Remark. The integrability of Z;(X) does not implies that of H** in
general. Hence we should twist the hyperplane bundle by the pull-back of a
non-trivial vector bundle on X satisfying a certain condition on the curvature.
The condition shall be calculated in the next section.

Since the Penrose transform in the two-dimensional (i.e. real dimension
four) case is already given by Hitchin in [H], we consider henceforth the case
n > 2.

O’Brian and Rawnsley considered in [O.R] an almost complex structure
defined as above but use a general connection which makes the almost complex
structure of X and the metric tensor of X covariant constant. To avoid unnec-
essary generality, we restrict ourselves to consider the Levi-Civita connection.
Then the extra conditions on the connection do not seem very good, since it
is not conformally invariant. We want to avoid this by considering instead the
condition that Zj(X) is an almost complex submanifold of Z(X).

First, we give a definition of Bochner-Kéhler manifolds. Let X be a K&hler
manifold. Let (e,), be a local orthonormal frame of the holomorphic tangent
bundle T X, Let (%), and (e*)5 be the dual frame and its complex conju-
gate frame, respectively. Let

RZeb =R eb®ec/\eg

cda

be the curvature tensor of 7(19) X induced by the Levi-Civita connection. Put

1
RaEch = 5Rd7

abc”

The Ricci curvature and the scalar curvature are defined as
2

n -+ 2
1

r=——TRuaa-

n _"_ 1 aa

The multiplicative constants in the definitions are just for simplicity.

The curvature tensor of a Kéahler manifold has three irreducible compo-
nents: the scalar curvature, the traceless Ricci curvature and the Bochner
curvature. Hence if the Bochner tensor of a manifold vanishes, its curvature
tensor can be written explicitly by the scalar and Ricci curvatures. Therefore,
we can define a Bochner-Kéhler manifold by that explicit formula as in [Ka].

Rap = R

abcer
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Definition 1.2. A Kahler manifold X is called a Bochner-Kdhler man-
ifold if its curvature tensor is written as:

1 1
_(RaB(SZl + ’R'aczalc) + chdg + chdz) - §T(5Z5ZI + 5352)

Ropeqa = 5

Now we return to consider a general almost Hermitian manifold X. We
say that an almost Hermitian manifold is conformally Bochner-Kdhler if it is a
complex manifold and its metric is locally conformally equivalent to a Bochner-
Kahler metric.

Definition 1.3.  The pair (n, k) is called exceptional if it is equal to
(3,1), (3,2) or (4,2).

Essential part of the following theorem was given by O’Brian and Rawnsley
in [O.R].

Theorem 1.4.  Let X be an n-dimensional almost Hermitian manifold
with n > 2. Let k be an integer between 0 and n. Suppose that Zy(X) is a
complex manifold and also an almost complex submanifold of Z(X).

(1) If (n,k) is not exceptional, then X is a conformally Bochner-Kdihler
manifold.

(2) Suppose (n, k) is exceptional and X is a complex manifold. Then X is
a conformally Bochner-Kdhler manifold.

Proof. We give the condition at zy explicitly.
The condition that Z(X) is an almost complex submanifold of Z(X) is

abl  abl 1,0
wihwitt € ALY,

where w7 is meant as the connection form of A(X) and /\,15(’)0 is the space of

(1,0)-forms at z. Let
Tgbec + Tgbeé = (e, w(ep))

be torsion tensors. Note that this is not the torsion as a connection of T'X,
which vanishes because we consider the Levi-Civita connection. Then the con-
dition is rewritten as:

zsz, a,bcel, a#b,

gb:O, a,bel, c¢l, a#b,

gb: , a,bg1, cel, a#b,

Tgb:O, a,b,c €I, a#b.

o — D T

5
.6
7
.8

/N /N /N
— = = e

By (1.6) and (1.7), T¢, = 0 for distinct a, b and c. This means that there
is a tensor (t,), such that

Tgb = 0oty — Optq.
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By (1.5) and (1.8), we have
e =0,

if k>3 or n —k > 3, which is satisfied if and only if (n, k) is not exceptional.
This tensor is nothing but the Nijenhuis tensor. Hence its vanishing implies
precisely that X is a complex manifold.

Therefore, under the assumption of the theorem, for the K&hler form €,
we have

dQ = 4t A Q,

where ¢ € T'(T*X) is the real section corresponding to t,e®. Then dd) = 0
implies that ¢ is a closed form and there exists a locally defined scalar function
s such that ds = ¢t. Hence the Hermitian metric obtained from the original
metric by multiplying exp(—4s) is torsion free.

This implies that X is a complex manifold and its metric is locally confor-
mally equivalent to a Kdhler metric.

Hence we can assume that X is a Kahler manifold and the connection form
of T X vanishes at a point 2o € X. Then we have

— 1,
(1.9) ddw;; ooy = §Rf
Hence the integrability condition of the almost complex structure of Z;(X) at
(0, 20) is

R ;. =0, kel jl¢gl
This implies precisely the vanishing of the Bochner tensor by Definition 1.2. [

Example. In the exceptional case, S with the almost complex struc-
ture induced by the Cayley algebra has the integrable twistor spaces Z(S9),
k = 1,2, which were described in [O.R]. The twistor space Z, (S%) is identified
with the homogeneous space SO(7)/ U(3). The twistor space Z5(S°®) is identi-
fied with G2/ U(2) where G5 is the subgroup of SPIN(7) which consists with
transformations preserving the almost complex structure of S°.

We give here an explicit description of Z3(S%) as a submanifold of Z, (S%).
The space Z (S9) is identified with the six-dimensional complex hyperquadric:

Q6 — {[ZI]I<(1,27374) | Z@z1234 _ Z12Z34 4 Z13Z24 _ Z14z23 — 0}

(see [I1] for detail). The defining equation of Z(S®) C Qg obviously depends on
the choice of the almost complex structure of S¢, or equivalently the embedding
Gy C SPIN(7). For example, if G2 is the isotropic subgroup at the (co)spinor
0 + 01234 Z,(S%) can be written as

25(8°) ={[2"] € Qs | 2° + 2"*** = 0}.

Hence it is a five-dimensional complex hyperquadric.

When (n,k) is (4,2), the product of the six-sphere and the hyperbolic
plane with standard almost Hermitian structure gives an exceptional example,
which is described in [I5].
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The almost complex structure of Z;(X) can also be defined by using the
distribution of some first order differential operator. This gives immediate
correspondences between 0-th cohomology groups and some field equations as
follows.

Definition 1.5. Let F; and E; be irreducible U(n)-modules. For i =
1,2, let v; € E; be a highest weight vector with weight \;. Then we write
E|®F5 as a unique irreducible submodule of E; ® E5 having a highest weight
vector v; ® ve with weight Ay + Ao. Similarly we write ShE, as a unique
irreducible submodule of S"E; with highest weight h\;.

Put E = AMOQ ALY g ARO @ A%L Then, by the Littlewood-Richardson
rule for the irreducible decomposition of the tensor representation, we have

/\k,O ®(/\1,0 @ /\0,1) _ /\kfl,O D /\k+1,0 ®F.

By composition of the covariant derivative and the projection, we define a first
order differential operator:

D: (AP X) — T(B(X)).

Then the distribution V(D) of TP(AF 719 (X)) ® C defined in [A.H.S] and
[I1] has minimum rank on Z(X) and gives on it the almost complex structure
of Definition 1.1.

Let V be a vector bundle on X with connection. Let h be a non-negative
integer. As in [H, §2] and [I1, §9], we have an immediate correspondence
between H®(Z,(X), O(H"®V)) and the solution space of the equation Dy, ¢ =
0 where D, is the differential operator induced by the covariant derivative
similarly as D = D;.

Dy :T(S" AP X @ V) — DAY X Q5" A0 X @ A% X &S AR X) @ V).

Note that the correspondence is valid even if Zi(X) is not a complex
manifold.

2. Field equations on a conformally Bochner-Kahler manifold

Let n be an integer greater than two. Let X be an n-dimensional confor-
mally Bochner-Kéhler manifold. We fix an integer k£ such that 0 < k < n. In
this section, we introduce field equations on X which appear in the Penrose
transform.

Since the construction of the field equations are local, we can assume that
the metric of X is a Bochner-Kéhler metric. We note that the Kéhler condition
determines a metric in the conformal class up to a locally constant scalar factor.
Therefore the situation is much simpler than that in the case of Riemannian
manifolds ([I4]).

Our main concern is a relation between the solution space of a field equa-
tion and a cohomology group of positive degree with coefficients in the vector
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bundle H="~"® p*V, where h is a non-negative integer and V is a vector bun-
dle on X with connection. Hence the vector bundle H="~" @ p*V should have
a natural holomorphic structure.

Now we give an explicit condition on V' and compute the curvature tensor
of SP A% X @ Kx* @ V', on which the field equation is defined.

Let R® be the curvature tensor of the holomorphic tangent bundle of X.
Then the curvature tensor of A%* X is

(R); = —Rtbar

By the definition of the Ricci tensor, the curvature tensor of the canonical
bundle Kx is

(2.1) —(n+2)Ryze® A e,

Now we compute the condition on V. Let R{, be the curvature tensor of
AETM0) X Then, by Definition 1.2, we have

Rf =Y R = (k+1)R5e" A + (1,1)-forms at z.
acl

If a two-form is of type (1,1) for all almost complex structures corresponding
to points of G, then it should be a scalar multiple of the Kéhler form. Here
we use the assumption n > 2. Hence we have proved the following lemma.

Lemma 2.1. Let V' be a vector bundle on X with connection. Then,
for an integer [, the vector bundle H'®@p*V' has a natural holomorphic structure
if and only if the curvature of V' is written as:

Ik + 1R 5e" A e’ +et NeL,

where L is an endomorphism of V.

k41

Remark. By (2.1), we can use H!' ® p*K)_(l“'_+2 as a locally defined
holomorphic line bundle.

Example. We consider the condition that H~"~" ® p*V is a holomor-
phic line bundle when X = H! x P! and V = L(a,b) = p;(H*) ® p5(H),
where p; is the projection to the ¢th component. We have

Kx ~L(—(l4+1),—(n—1+1)).

Since the curvature tensor of L(1,—1) is a scalar multiple of the Kéhler form
of X, by (2.1), the condition for V is

a+b=—(n+h)(k+1).
Hence we have

Ki*@V =L(dV), d+b=—hk+1)—(n—2k).
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Suppose that the vector bundle V' has the curvature such that H —n—h e
p*V has a holomorphic structure. Then, for ¢ € T'(S" NOF ®K§k ® V), the
curvature tensor is written as:

(2.2)

h
ROz, 5 == O REOL par,1, — (WE+1) +n—2k)Rope* AePor, 1,
=1

+e* A ea(£¢)l_1,.--,f_h’

where L is an endomorphism of V.

We assume for a while that h > 1. Let Dj, denote the Dirac operator. We
obtain its harmonic section from a harmonic form of 9 + 0* by the following
commutative diagram:

F(Svh N0k ®K}—<k) o+0* F((/\O,k—l @/\O,k+1) @ Gh=1 N0k ®K}—<k)

! !

PSP AT X @ K2 ) —Bi p(asted) g gholnae X g K2

)

where we omit V and o (k) is + (resp. —) if k is even (resp. odd). This diagram

also shows that 0* can be defined as a global operator if we restrict the metric

locally chosen to be Kihler. Henceforth we use the operator 9* in this sense.
For a positive integer a, we consider

Ve T(V) — T(V e ®°T*X),

where the connection of T* X is the one induced from the Levi-Civita connec-
tion. Evaluation by tangent vectors is defined inductively as:

(Vi eq...1) = (Ve, Vi b e, ... e2).
Let ¢ be a harmonic form of S" A%F X ® K" ® V. Then by considering it as
_h_
a harmonic section of SPA°F X @ K> "o V', we have
1
1 PnDud)i 1= (V29 eaet)avr,... + (V20 €5ea)al,...T
= —(V2¢,eqca)r,...1 + (RO, €5ea)yal,...T

Hence, by (2.2), we have

(V2¢,eaa)r. 1= —2Rupeqbeavar.... r — 2(h — 1) Ropeq®oar car.. .
— (h(k+1)+n—2k)(Sod)r... 1 — (n—k)(LD)r. T

Here S is the endomorphism

(23> So(b = Ra6¢baf1,...,T;Lelh'“’[h7
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where eli-In denotes the image of eh@. . el by the projection RPAYF X
St AUk X By using Definition 1.2, we compute

2Ral§c¢i¢6dbﬁf,...j = 07
2R ped®val car,.. 1 = (n—2k)(Sod)r, 1+ (n—k)(n—k+1)ror 1.

Hence, by using the irreducibility of $* A%*, we have

(V2p,eqea) = —h(n—k+1)Sop — (h—1)(n — k)(n — k + 1)ré

(24) —(n—k)Lo.

In order to define the field equation when h = 0, we use a similar method
which was used to define the conformally invariant Laplacian by Hitchin in [H].
Let V be a vector bundle with connection on X such that H " ®p*V has a

k1
holomorphic structure. Let V/ be the locally defined line bundle K ""*. Then,
by Lemma 2.1, H ® p*V" is a holomorphic line bundle. Let ¢ € T(A*° X @ V")

be a section satisfying the equation D) = 0. Then we have

(V¢ eaea)r = Y (R, eqca)r
a1

= (n —k+ 1)Rag1/)ab] + (TL — k)(n —k+ 1)T¢1.

Let ¢ € T(A%F X®K§k®V®V’71) be a solution of the equation (9+0*)¢ = 0.
Then, since V¢ and Vv are perpendicular, the contraction £ = ¢ € F(K;(k ®
V') satisfies

(V2€, eqea) = (n—k)(n —k +1)ré — (n — k)LE.
If we cancel £ by using
(RE,eqeq) = (n+1)(n— 2k)ré — nLE,
we obtain the following field equation.
Definition 2.2.  Let Dy be the differential operator on I'(K3* ® V):
Dol = (V¢ keaeq + (n — k)eaea) — (n + 2)k(n — k)ré.

This can also be considered as a global operator on a conformally Bochner-
Kéhler manifold. Then (2.4) is valid even in the case h = 0 if ¢ satisfies the
field equation Dy¢ = 0.

3. The Penrose transform

In this section we give a generalization of the Penrose transform, which
gives a relation between the field equations given in the previous section and
cohomology groups of positive degree on twistor spaces.
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Lemma 3.1. We have an isomorphism
Hk(nfk)(ka? O(anfh)) ~ gh /\O,Ic ®(/\n70)71c
as a representation space of U(n).

Proof. 1f we consider the both spaces as SU(n)-modules, the equivariance
is immediate from the Bott-Borel-Weil-Kostant theorem (the BBWK-theorem).
Under this identification, we can show easily that the actions of a scalar matrix
coincide. O

As in the previous section, X is an n-dimensional conformally Bochner-
Kahler manifold with n > 2 and V is a vector bundle on X with connection
such that W = H™" " ® p*V has a holomorphic structure. We define the
Penrose transform:

P HMR(Z(X), O(W)) ——— T(X,Ugex H*"9(Z(X),, O(W)))
I(X,S"\N* X @ K" @ V)

Theorem 3.2.  Ifh =0, then an image of P is a solution of the equation
Dop =0. If h > 0, an image of P is a solution of the equation (0 + 0*)¢p =0,
that is, a harmonic form of the complexr on X:

DAY X @ S INY X @ KF e V)
9, 18" A% X @ KxFav) -2
T(AOF+1 X@5h 1AV X @ K)—(k 2 V).
Furthermore P is injective.

Proof. By the definition of the almost complex structure, for z € X,
Z1(X). is a complex submanifold of Z;(X). The normal bundle is a homoge-
neous vector bundle N ~ N; @ Ns:

Ny =SU(n) x,., C¥, Ny =SU(n) x,, C" 7k,
where k1 and ko are representations of S(U(k) x U(n — k)):
k1(A,B) = A, k2(A, B) = B.
Let k3 be the representation:

k3(A, B) = det(A)~1.

Then the associated line bundle is the hyperplane bundle.
Let T'= S(U(1)x---xU(1)) be the subgroup of diagonal matrices of SU(n).
By restricting the action of SU(n) or S(U(k) x U(n — k)) to T, we consider
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weights of representations. For an integer ¢ such that 1 <i < n—1, let \; be the
highest weight with respect to the representation A*C”. As stated in [B.E],
when we apply the BBWK-theorem, it is convenient to consider the lowest
weights of irreducible representations of S(U(k) x U(n — k)). We can show,
by simple computation, that the irreducible representations A* k1, 1 < a < k,
Alka, 1 < b <n—Fkand ks are characterized by their lowest weights —\,,
—An—p and —Ag, respectively.

In order to prove that the Penrose transform is injective, let [w] be an
element of H*("=*)(O(W)) such that the restriction [w,] € H*" %) (Z,(X),,
O(W)) vanishes for each z € X. Let wy = w € QOF(=F) (W) be a representa-
tive of [w]. Inductively, for a non-negative integer [, let w; be a representative of
[w] having the horizontal degree at least I. We fix x € X for a while. We have
an isomorphism induced from the standard Hermitian metric as a homogeneous
vector bundle:

A% Z,(X) ~ Nf @ Nj ~ N, © Na,

where /\%’,1 Z(X) is the horizontal part of A%! Z;(X). For non-negative inte-
gers a and b such that a + b = [, we can define an element

wa,b(m‘) € Q%f(:_k)_l(w R N* N1 ® AP N2>

by the canonical projection of w;. The O-closedness of w; implies that wa,b(T)
is 0-closed. If [ = 0, then by the assumption, there is a section

so0(x) € QErH = W)
such that 9sg o(z) = wp o(z). By the BBWK-theorem, we have
Hk(n_k)_l(Gk;7n,H_n_h) =0.

Hence sg,0(z) is unique and smooth with respect to by the elliptic regularity.
In the case [ > 0, by the BBWK-theorem, we have

HFO=R==(G H @ ANy @ AP Ny) = 0, i=0,1.
This means, for each x € X, there exists a unique section
sap(x) € QG TN W @ AT Ny @ AP N)

such that s, () = wa p(7). Again, by the elliptic regularity, s, () is smooth
with respect to x.

Hence if we consider s; = Y., sas(%) as a section of QOF=F)=1 (/)
w; — Os; has horizontal degree at least [ + 1. Hence, by induction on [, we have
shown that the Penrose transform is injective.

Now we show that Pa satisfies the field equation. Put Z = Z,(X). As
stated in [I3], by a theorem of Kodaira ([Ko]), there exists a double fibration:

p Y p:
1 2
7N
Z X

C
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where X¢ parametrizes submanifolds of Z isomorphic to Gy, whose normal
bundles are isomorphic to N. The space X¢ contains X as the set of real fibers.
The manifold Y is defined as:

Y ={(z,2) € Z x X¢ | z is a point of the submanifold corresponding to z.}.

Hence pj opy 1(:10) is the submanifold corresponding to z € X¢, and the projec-
tion py : Y — Xc is a holomorphic fiber bundle with fiber G}, ,,. Moreover the
tangent space T, X¢ is canonically isomorphic to the space of global sections of
the normal bundle of p; o p; *(z). For z € X, let Z, = p;'(z). We compare
two embeddings Z, C Y and p1(Z,) C Z. Let O and O}, denote the Ith order
neighborhood sheaves. Then the I-jet of P« lies in the image of

J(S"AN* X 9o KFe V),

In general, let B be a submanifold of A with normal bundle N and F be a
holomorphic vector bundle over A. Then we have an exact sequence of sheaves:

0 — Op(S'N*® E) — OY(E) — O'TY(E) — 0.
Applying this sequence to Z, C Y and p;(Z,) C Z, we have exact sequences:

0 ——  HFROEIN W) ——  HCR(O0L (W)

J+ I

0 —— (S'T*X @ S"\N* oK oV), —— J(S" A oK o V),

—  HOROFIW)  —— 0

JPI

—— S (S" A Ko V), —— 0

where H*("=F)=1 terms disappear because of the BBWK-theorem.

If I = 0, p} is an isomorphism by definition. For all [ the map ¢* is injective
as can be shown by the BBWK-theorem. Hence by induction pj is injective for
all [ and maps H**=*)(OL (W)) into some subspace of J;(S* A®* X @ K ¥ @
V)e.

If h > 1 and ! =1, then the 1-jet bundle does not depend on the Hermitian
metric of X. Hence, by calculating in the flat case, we see that this is the
subspace corresponding to the equation (0 + 0*)Pa = 0.

When h = 0, p} gives an isomorphism so Pa satisfies no first order equa-
tion. Passing to the second order neighborhood, however, we do obtain a proper
subspace of Jo(K 3" ®V). Thus Pa satisfies a second order equation D, Pa = 0.
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By definition, we can assume that the highest order part of D, is the same as
for Dy. Since the problem is local, we can assume that there is a line bundle
V' on X such that H ® p*V’ is a holomorphic line bundle. We consider the
natural product map

HO(p1(Zy), O%(H @ p* V') @ HE""9)(py(Z,), 03(W @ HL @ p*V' ™)
s HYOR) (51 (2,), OL(W)) — Jo(KF @ V).

Here every holomorphic section of H ® p*V’ on the first order neighborhood of
p1(Z:) C Z extends uniquely to the second order neighborhood by the BBWK-
theorem. Hence the image is non-zero and, by the computation in the previous
section, it is annihilated by both D, and Dy. Thus D, — Dy is a first order
operator whose homomorphism annihilates the image of

H(p1(Z,), OL(H @ p*V")) @ H* "9 (p,(Z,),0L(W @ H ' @ p* V')

in Jp (K)_(k ®V),. Again, since the 1-jet bundle is not intervened by the Hermi-
tian metric of X, by computing in the flat case, this is shown to be the whole
space. Hence we conclude that D, = Dy.

Therefore, for every h > 0, P« satisfies the desired equation. |

4. The inverse Penrose transform

In this section, we prove that the Penrose transform in the previous section
is surjective. This is done by constructing explicitly a Dolbeault representative
corresponding to a solution of the field equation on the base manifold.

The idea is essentially same as in the case of Riemannian manifolds. But
the presence of the curvature tensor makes the proof of well-definedness far
more complicated.

Since the problem is local, we can assume that X is an n-dimensional
Bochner-Kéahler manifold with n > 2. Let V be a vector bundle on X with
connection satisfying the condition that H~"~" ® p*V is a holomorphic vector
bundle.

First, we give a lemma about the curvature tensor of a Bochner-K&hler
manifold. Let (e,), be a local orthonormal frame of the holomorphic tangent
bundle of X. We use notation of curvature tensors defined in Section 1.

By a theorem of Kamishima ([Ka]), a Bochner-Kéahler manifold is locally
isomorphic to (i) C" with a flat metric, or (ii) H! x P"~! for some integer [
such that 0 <[ < n. This means that the Bochner-flat condition also strongly
restricts the Ricci tensor. In this paper, we only need the following lemma,
which is deduced immediately from that theorem.

Lemma 4.1.  The Ricci tensor of a Bochner-Kdhler manifold X is co-
variantly constant and satisfies

Rz Roz = rRaz + 65,

where s is a scalar function.
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Let Ve, = wgeb be the connection form of the Levi-Civita connection.
Since a connection defines horizontal lifts of vector fields on X to those on
Z(X), e, is also considered to be a vector field on Zj(X). By restricting the
SO(2n)-action on Z, we have a U(n)-action on Gg,,. It is convenient however
to consider the complexified GL(n;C)-action on Gg,. It defines a C-linear
map:

F gl (n;C) — HY(Gron, O(THO Gy 1)).
With respect to the Lie algebra structures, we have:
(4.1) F(la,b]) = =[F(a), F(b)].

Let (Ef)a,» denote the standard basis of gl (n; C) such that Efe, = 6%e;. We
define

(4.2) Fy = —F(Ey).

Before giving an explicit description of F;', we give here a few relations
between the Pliiker coordinates induced from the Pliker relation.

Lemma 4.2.
(1) Let J, K be multi-indices of length k. Then we have, on Gy,

ZaéJchK — 7ZL7250LK + Zl;anK.
(2) For a multi-index J of length k, we have, on G,
Z(_zbEszJ _ Z(‘zszEdJ 4 Zt_szzbEJ.
Proof. When a # b, by using (1.3), we compute:
ZaEJZBCK — ZaEJZBCK _ ZEanCEK
— ZGIZJZBGK _ ZanZaBK + ZaEJszK _ Zl;anbl;K
— —ZJZBGK 4 ZBaJZK.

The case a = b can be proved in the same way and we have proved (1).
By putting J = deK in (1), we have (2). O

For a multi-index I of length k, we take local fiber coordinates as in Sec-
tion 1. That is,

AL VAR icl, j&I
are local coordinates on

U[ = {(ZJ>J GG]CJL | ZI 750}

with the center zg. For a general multi-index J of length k, put 2/ = Z7//Z1.
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Lemma 4.3.  The vector field Fy is written in the local coordinates as:
Fao — 720,5125]’1 9
b 6wij

Proof. When a # b, we compute the infinitesimal action of the one-
parameter subgroup:

A(t) = exp(tEy).

Let (es)s be the standard basis of A¥C™. Then the action of the matrix is
written as:

A(t)eJ =ej+tegys.

Hence the action on a Pliicker coordinate is written as
Z7(t) = 27 + 2%,
Therefore, by using Lemma 4.2 (2), we have

d

—wl(t) _ Zbaig[ _ ZbaIZi]I — Za“ijI
dt " ’

t=0

forieland j¢&lI.
When a = b, let

B(t) = exp(tﬁEg),

where we remark that the index a is fixed and Einstein’s convention for sum-
mation is not applied. Then, in a similar way, we compute

Ewij(t) =V —12‘1?[2’&]‘1.

Hence we complete the proof. O

Let (e*), be the dual frame of A¥® X. As in the case of eg, let e, F,
Rf, and wf be the complex conjugate of e, F', Rf and wy, respectively. Put
W = H""" @ p*V. Now we define operators acting on Q*(Zy(X), W):

(4.3) Ty = —i(F) Ry — i(F2) Ry,
(4.4) Lo = Le, —wbiley) — [i(eq), To),
(4.5) Ly = Le, — whi(es) — [i(ea), Th),
(4.6) D = e%i(FY),

(4.7) D = —bi(FD),

where L denotes the Lie derivative. Vector fields and forms on X are considered
to be those on Z;(X) in a natural way. Note that D? is not the complex
conjugate of D?.
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Lemma 4.4.

(1) Let €/, = ephl be another local orthonormal frame of TOOX, Let z;,
L., D'* and D'* be operators defined as above with respect to the frame (€.,)q.
Then we have

L, =htL,, L,=htL;, D'*=D"(h"Y)g, D“=D(h"1).

(2) Operators Lo, La, D* and D® preserve the double grading as differ-
ential forms. That is, for non-negative integers | and I, they map Qb (W) to
itself.

Proof. The transformation rules in (1) are immediate by
Ly = fLy, +df ANi(v),
Wy = (h™1)idhy + (h™1)¢wghy,

where v is a vector field and f is a function.
The operators D and D@ preserve the grading because we can write them

as:
g 0
D® — —Zadl(zbdeb)i ( ) ,

OWeq

Da — Zacf(zb(feg)i ( 0 ) )

OWeqy
We can assume that the connection forms of 739 X and V vanish at z

and we compute values at (g, 29). By (1.9), we have

[Le., dwy;) = [i(ea), RY],

[Le,, dwij] = [i(eq), ],

where d/’l-f}\” is the complex conjugate of 0@ On the other hand, we have

—

[~wyiles) = [i(ea), Tol, dwis) = —[iea), R]),
[~wailes) = [i(ea), Tol, dwij) = ~li(ea), RY].

Consequently we have
[La, dwij] = [La, dwj) = 0.

With respect to horizontal forms, we compute

[Z]a, Zl_)jeb] _ [La, ZbJeZ_)]
Jeb

Oa ‘J|:k717
]:’

1| =k + 1.

For a function f, we have

[me] = ea(f)'
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Hence L, preserves the grading. The proof for L can be done in the same
way. [l

Now we define operators which are used to construct the inverse Penrose
transform.

(4.8) Do = DL,
(4.9) Dj = DL,
(4.10) D, = -R,;D'D".

These operators are globally well-defined and preserve the grading of forms by
the above lemma.
Put

=
&
I
M8
=|s

i=0
This function and its derivatives play an important role by the following prop-
erty.

Lemma 4.5. Let | be a non-negative integer. Then the lth derivative
of F satisfies

eFUED () + (1+ 1) FHD(z) — FO(z) = 0.

Let /\?}k("_k) denote the line subbundle of A%*"=k) 7, (X) spanned by
vertical forms, which are defined by the Levi-Civita connection. If we identify
H~' with H by the standard Hermitian metric, we have

N0:k(n—k) Zk(X) ® H"h o /\?/3’9(”—’9) ®H—n—h ~ (Hh ® K;C()*,

where the canonical bundle appears because we consider the action of U(n)
rather than SU(n). On the other hand, we have an isomorphism:

H (G, O(H")) ~ P AFO X
by the BBWK-theorem. Hence we obtain
J:D(X,8" A\ X @ K* @ V) — QUF=h (7, (X)), W).

We put

f@) = (k+h = DIFEED (),

g(z) = (n—k +h — 1) FM=kFA= ()

Definition 4.6.  We define
Q: T(X,$"N"* "X o KFoV) — QUke-k(7,(X), W)

¢ —  [(Dp + Dy)g(Da)i(9)-
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Remark. This is well-defined since the differential operators in the for-
mula are even operators and Dg and D, are mutually commutative. By the
proof of Lemma 4.4, the operators Dy, Dj and D7, vanish for sufficiently large
1.

Theorem 4.7.  The form Q(¢) is O-closed if ¢ satisfies the differential
equation stated in Theorem 3.2. The restriction of Q to the space of harmonic
forms gives the inverse of the Penrose transform.

The remainder of this section is devoted to a proof of this theorem. Since
the operators D,, Dg and D. decrease the vertical grading of forms, the last
statement of the theorem follows immediately if we show the first statement.

Let (eq)q be a local frame of T(1% X such that the connection form of the
Levi-Civita connection vanishes at zg. Let (e!); denote the associated frame
of A% X. Instead of determining an explicit basis of S A®* X we treat it
as a subbundle of ®" A% X. On the other hand, we consider an element
of @" A% X as an element of S" AOF X by the canonical projection. Let
Iy, ..., Iy be multi-indices of length k. Put

ell,uwlh, — 611 R ® elh,’

which is considered as an element of S" A% X as mentioned above. Since we
have taken a local frame of 719 X we have a canonical trivialization of Kx.
We also take a local frame of V such that the connection form vanishes at xg.
Since the choice of the local frame of V' does not affect the appearance of the
computation, we omit its index. In fact, the information of V' which is needed
for computation is already encoded in (2.2) and (2.4). Thus we can consider
eliIn ag a section of S" A% X @ K;{k ® V. Then we put

T — (el
Define

(4.11) E® = [0, D" + wi D,
(4.12) E® =[0,D% +wiD".

They satisfy the same transformation rules as D* and D%, respectively.

Lemma 4.8.  For local coordinates (w;j); j, we have
J
027 iy
= -z,
ﬁwij

Proof. Tt is obvious if [J\ I| < 1. If [T\ I| > 2, let i, € I\ J, ji € J\ I,
k = 1,2, be numbers such that i1 # ia, j1 # j2. Then, by Lemma 4.2 (2), we
have
1

7/ = ot J(Zjl“]ZjQ”J + ZilzzJZhsz).
1t1Jj2t2

Hence we obtain inductively the desired formula. [l
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Lemma 4.9. We have

Eeglirdn = (n7k+h a 117 1 E ebs Ip,...b Ih’

FaghIn = —(k 4 h)e® JRITS Ze s oI

where we consider equivalence modulo (1,0) —forms.

Proof. Let pi be the image of the standard trivialization of H by the
isomorphism H ~ H~!. Let K! be the standard trivialization of /\O h(n—k)
Then, by definition, we have

-®(n) _

(4.13) st — phig @ plh @ pl - @ KT
Put
J 2
z
N=3 |7
J
First, we compute:
_ _ Fi(N) .
I _w I __ 7% T
Lrap” =Vrap = N "
J z]J ail b]] _
= —zz#pl [By Lemma 4.8]
Jail v
= —%pl [By Lemma 4.2 (1)]
_ 27257 _ bal | T
= ~ z p [By Lemma 4.2 (1)]

By changing indices, we obtain:
abJ ,J
T _ [ sb abl | = % T
L]:Bap <5a+2 -+ N >p

Second, we compute:
gt = dF (i) = (~00 4 8]0y +

Hence we have

Lpa K" = (=(n - k)2" + k") KT = —(koh + nz"T) K.
Thus, we have
o o hoo
L]__gsIl,...,I;L — (n—k+ h)obsTrIn 4 j_zlsll,...,abIj,...,Ih
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Consequently we have the first equality. By changing indices we have:

L]__gsfhmjh _ (k—i—h (5b I,... Zslh b

from which the second equality follows. O

Lemma 4.10. We have

[E*, D°] = —e*D" — ¢’ D,
[Ea’Db] _ _erzDB _ eBD‘_’,
[E, D"] = 6% By,

where

(4.14) By = €D = D%°.

Proof. These formulas follow from

[ l?afs]:é‘g:'tlf_é-g u(lla

which is an immediate consequence of (4.1). O
We define

(4.15) do = €L,

(4.16) dg = €% Lg,

(4.17) d, = —i(F)RE.

Obviously these operators do not preserve the grading of forms. But we see, by
Lemma 4.4, they do not decrease the first grading. So we can consider them as
operators acting on

0 (Z(X), W)

~ O0,*
© Qi (Zy(X), W) QW (Z(X), W).

Now we compute 0Q(¢). We split it into two steps

0)) 99(Da)j(¢) = (dg + dy)g(Da)j (),
(1) [9, f(Ds + D4)]g(Da)j(¢) = —f(Dg + Dy)(ds + dy)g(Da)j(6),

from which the theorem follows immediately.

Proof of (I). Let ¢ = ¢, 1. eliIn Then we have

§(0) = b, g, 5"
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and
0j(¢) = doy,,. 1, As" I op, g, dsT
The value of the first term at (xq, 29) is
dor,,...1, A s = (do+ dg)j(9).
By (1.9), we have
AKT| (4 20y = do KT
Hence, by (4.13), we have
0j(9) = (da + dp + d;)j(9).
By an inductive argument, we have
Dij(¢) = D™ ...D%j(Vip,eq, ...cCa,).

Hence we compute

OD.j(¢) =[0,D™ ... D“]j(V'¢,eq, ... €a,) + (da + dg + dy) D}, ().
Therefore we obtain

(0 = dg — dy)Dyj(¢) = [0, D% ... D“]j(V'e, cq, - . €a,) + da Dy ().
In order to compute the first term of the right-hand side, put
(4.18) E, = E*L,.
Then, by Lemma 4.9 and the assumption on ¢, we have

Eaj(®) = —(n— k+ h)daj(9).
By Lemma 4.10, we compute
[Ea, Dol D4j(¢) = —2da D5 5(9),
where we use
[da> Do) D5, j(¢) = 0,

which follows from the fact that the curvature form is of type (1, 1) with respect
to the original complex structure of X. This also means

[[Eom Da]a Da]D;j(¢) = O
Hence we obtain

EoDyj(¢) = —2idaDgj(9) — (n — k + h)daDgj(9).
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Therefore we compute

[0,D% ... D"|j(V'$,eq, ...€q,) = > _ DI EaDi7 ()

j=1
= —i(i — 1)da Dy " j(9)
—i(n —k+ h)do DY ().
Thus, by Lemma 4.5, we have
(0= dg — dy)9(Da)j(¢) = da(~g"(Da)Da — (n — k + h)g'(Da) + g(Da))i(¢)
= ()7

which completes the proof. O

Proof of (II). We have

DyD!j(¢) = DID™ ... D%j(Vig,eq, ...eq,).

Hence, by putting

(4.19) Eg = E°Ly,
(4.20) E, = [0, D},
we obtain

[57 Dg + Dv](DB + Dv)ig(Da)j(@ =
(EB + [dou Dﬁ] + Ev)(Dﬁ + Dv)ig(Da)j(¢)~

Now, as in the proof of (I), we compute the commutation relation between
Eg+[do,Dgl+ E, and Dg + D.. By Lemma 4.10, we have

[Es, Dg)(Ds + D) g(Da)j(¢) = —2Dgds(Dg + D) 'g(Da)j(9)

and
[Es, D](Dg + D'y)ig(Da)j(d)) =
(DgB1—D~dg — BoCh)(Dg + D-)'9(Da)j(0),
where
(4.21) By =R ;D%",
(4.22) Cy =R ;D" L.

We compute
[da, D] D5 DL ()
= ¢"DDED? ... DY DN .. DH RV ey . eq e, ... o cochea)
= e DPDEDe ... D% DN . DY j(~RIV, VT ey, .. eqe, .. e e5ea)
+ Dg[da, Ds| D D2, j(6)-
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Obviously we have
([da, D3], Dy1Dj3D}9(Da)j(¢) = 0.

Therefore we obtain

[[das Dgl, Ds)(Dg + D-)'9(Da)j(¢) = 2T1(Dp + Dyy)'g(Da)i(¢),
[[da, Dg], D, )(Dg + D)'g(Da)i(¢) = 0,

where

(4.23) T1 = Ryp.q¢* D° D L.

We compute

[E’Y?DB](Dﬁ +D7)ig(Da)j(qS) i .
= —R,;(D[E®, Dg] + D°[E*, Dg])(Dg + Dv)'g(Da)j(0)
= (DgBy — Dydg — BoC1)(Dg + D+)'g(Dy)j(9),

and

[E’WD’Y](Dﬁ + D'y)ig(Da)j(d))
= —R3(D*[E", Dy] + D*[E®, D;])(Ds + D) g(Da)i(6)
= 2D, (By + By — 7Bo)(Dg + D4)'g(Da)j(¢)
= ~2D,d,(Dg + D1)'g(Da)j(6),

where we put
(4.24) By =R ;e D,
and we use Lemma 4.1 and

DD =,
(4.25) By + By — By = —d.,.

The first equation is immediately obtained by (1.3). Therefore, by using
Ty + DgBy — BoC1 = —Dgd,,

we obtain

[0, D + D], D + D, )(Dg + D)'g(Da)j(¢)
= —2(dg + dy)(Dp + D) g(Da)j(9)-

Since

[[[57 Dg + D“r]a Dg + Dv]a Dg + Dv](Dﬁ + Dv)ig(Daﬁ(@ =0,
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by using Lemma 4.5, we finally obtain

[0, f(Dg + D-)]g(Da)j(¢) = f'(Dp + Dy)(Ep + [da, Dg] + E-)g(Da)j(9)
— ["(Dg + Dy)(Dg + Dy)(dg + dy)g(Da )i (9)
= _f(Dﬁ + Dv)(dﬁ + dv) (Da)j(9)
+ f'(Dg + Dy)T29(Da)j(¢),

where
(4.26) Ty = Eg + [do, Dg) + E + (k+ h)(dg + d).
Hence we complete the proof by showing

(r) T>9(Da)j(¢) = 0.
Again this can be proved by computing commutation relations. We compute

EgDifj(¢) = E*DPD ... D% j(V' 2 e, ... ec epea)
= BoD“ ... D% '(Vi+2¢,ecl . €0,€aq)
+ DPE®D ... D% j(RV'¢,eq, ...cec epea) + DaEgDl j().

Hence we obtain

[Eg, Do) D.j(¢) = BoD ... D% j(N" ¢, e, ...ec eqca)
+ DPE®D ... D%§(RV'¢p, e, . ..ec cheq)
=2ByD’D ... D% §j(RV'p, e, ...ec eathta)
+ DPDIE D ... D41 (—RNV . Vi pree, | ... ec epeq)
+ DalEg, Dol D1 (9).-

Moreover we compute

[[EﬁaDa]aDa]Dij(Qs)
=2ByD’D ... D%j(RV™ ¢, e, ...eccathea)
+ 2Ry3ae D" DIE D ... D j(Vit g e, .. . ec ee)
=2ByD’DID ... D41 j(—RV . Vb, ec, , ... ec eathea)
4+ 2Rpaae D’ DBy D ... D=1 (VT ¢ e, | ... ec eate)
+Da[[Eﬁ7Da]7Da]Di_1j<¢)~

Hence we obtain

[([Es, Do), Do, Da] Dy (9) =
6BoRiaae D’ DD ... D j (V2 e, ... ec eate).
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Thus we have
[[[[Eﬁa Doz]a Doz]a Da], Da]ng((ls) =0.

Therefore we obtain

[Es,9(Da)li(¢) = (9'(Da)S1 + 9" (Da)S2 + 9" (Da) BoSs)(4),

where
(4.27) S1(¢) = Boj(V2p, eqea) + D*EY (R, eqey),
(4.28) So(¢) = BoD*j(RV, epeacs) + RupogD*DE (Ve 6),
(4.29) S3(¢) = RypeaD* D j(V, epeq).
Define
(4.30) Cy = Ry D" Ly,
(4.31) Ty = R,5.5¢" DD Ly,
(4.32) Ty = —2R,;,7¢* D" DLy

Then, in the same way, we compute

[E'Vag(Da)]j(¢) = gl(Da)(DaB2 - Dwda - BOC2)j(¢)a
[dg, 9(Da))i(¢) = (9'(Da)lds, Dol + 9" (Da)T3)j(9),
[dy,9(Da)]i(¢) =0,

[[das Dgl, 9(Da)]j(6) = 9 (Da)Taj(b)

Therefore we obtain

T2, 9(Da))j(¢) = g'(Da)(S1 + (k + h)[ds, Da]j — Bo(2C2 — 1Da)5)(¢)
+9"(Da)(S2 + (k+ 1)T35)(¢) + g (Da) BoS3(¢),
where we use
Ty = Dydo — BoCy — Do (B2 — rBy).
We have
S3(¢) = Da(2C2 —1Dq)j(9).

Thus, by assuming the relations:

(I17a)

(S2+ (k+h)T3j — (n—k+h+1)(2C2 —7D4a)Boj)(¢) = —DaT2j(9),
(II"b) (S1+ (k+ h)[dg, Dolj) () = —(n — k + h)T25(¢),
we have

(T2, 9(Da)]j(¢) = —g(Da)T2j ().
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Therefore we have (IT’) and the theorem follows.
To prove (II”a) and (II”b), we compute T5j(¢) first. By using Lemma 4.9
and Lemma 4.10, we compute

Egj(¢) = —(k + h)dsi(9),
E,j(¢) = (h(Sa+ S5) + (k+ h)B1j + (n — k + h)Baj — (n + 1)rBoj)(9),

where
(4.33) Su(¢) = Rap D byer,...1, 57,
(4.34) S5(¢) = Rop D' Ger, .1, 571"

We compute

[da; Dplj(¢) = h(=55(¢) + Boj(So9)) — (n — 2k)B2j(¢)
+ h(n — k)rBoj(¢) + Boj (L),

where we use (2.2) and
Rape" Dot 1, 8™ 1 = ~Baj(@).
Hence, by (4.25), we have
T2j(¢) = h(Sa(e) + Boj(Sod)) + (h — 1)(n — k + 1)rBoj(¢) + Boj(Ls).
In order to prove (II”a), we compute first
RoieqD* D°E"(V e, 0)+(k + h)Tsj(0)

= 7hRa5cd7DaDceé(ved¢)béf17.~.,jh8f1""jh
= —h(DaSs — ByCaj + rDaBoj)(¢),

where we use
RaaD* D" (Ve,®ier,.....1, ™" = =BoCaj(9).
Next we compute using (2.2)

Daj<Rv¢a €b€a65> = Da(7j<Rl§vec¢a ea65> + j<vede)a €a€B>)
= (h+2(n -k +1))C25(¢) — hDaj(Sod)
—h(n—k+1)rDaj(¢) — Daj(L),

where we use

Ii,.... I, _
RaEDa(Vec(b)abI_l,...th ! =0,

Ii,.... I, _
RQBDC(V€b¢)&cf1,...,f;LS ! b= 0

Therefore we obtain (I1”a).
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As for (II"b), we have
DEj(Ré, eacy) + (k + h)[ds, Dalj(6) = —hSs(¢),

where

(4.35) Ss(¢) = D" (R, eace) e, 1, 5710
We compute using (2.2)

S6(6) = (2Rqpea D Soavet ... 1y, + 2(h — 1) Ropeg D€ bpot, saty.... 1, )s7 "
+ (h(k + 1) +n — 2k)S4(¢) + Boj(L).

By using (1.3) and Definition 1.2, we compute

_ _paé _ Y SN P
2R peqD € baver, ... 1,8 =0

.....

and

_ _Na, € _ = _ o1, dn
2R peqgD e ¢béll,éd12,...,1h5

= —kS4(¢) + Boj(So) + (n — k + 1)rBoj(4).
Thus we have
S6(#) = (n — k + ) Ss(¢) + (h — 1)Bo (j(Sod) + (n — k + 1)rj(¢)) + Boj(L).
Hence, by using (2.4), we have (II"b). O
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