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The Smith sets of finite groups with normal
Sylow 2-subgroups and small nilquotients
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Abstract

The Smith equivalence of real representations of a finite group
has been studied by many mathematicians, e.g. J. Milnor, T. Petrie,
S. Cappell-J. Shaneson, K. Pawalowski-R. Solomon. For a given finite
group, let the primary Smith set of the group be the subset of real rep-
resentation ring consisting of all differences of pairs of prime matched,
Smith equivalent representations. The primary Smith set was rarely de-
termined for a nonperfect group G besides the case where the primary
Smith set is trivial. In this paper we determine the primary Smith set of
an arbitrary Oliver group such that a Sylow 2-subgroup is normal and
the nilquotient is isomorphic to the direct product of a finite number
of cyclic groups of order 2 or 3. In particular, we answer to a problem
posed by T. Sumi.
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1. Introduction

Let G be a finite group. Throughout this paper, we mean by a manifold
a smooth manifold, by a G-action on a manifold a smooth G-action on the
manifold, and by a real G-module a finite dimensional real G-representation
space. If M is a G-manifold with a G-fixed point = then the tangent space
T, (M) at x of M has the induced linear G-action which is called the tangential
G-representation at x. It is interesting to ask how T,(M) and T,(M) are
similar to each other for z, y in M, the G-fixed point set of M. Particularly,
the case where M is a sphere has been paid attention since P. Smith [24].
He asked whether the two tangential G-representations of a G-action on a
sphere with exactly two G-fixed points are isomorphic. There are well known
breakthroughs of the Smith problem. For examples, M. F. Atiyah-R. Bott [1],
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J. W. Milnor [9] studied the problem for semifree actions, G. E. Bredon [2]
did for 2-groups, C. U. Sanchez [23] did for groups of odd prime power order,
T. Petrie [18] did for odd order, abelian groups having at least 4 noncyclic Sylow
subgroups, S. E. Cappell-J. L. Shaneson [3] did for cyclic groups, E. Laitinen-
K. Pawatowski [8] did for perfect groups, K. Pawatowski-R. Solomon [16] did
related to the Laitinen conjecture. We also have contribution by E. C. Cho,
K. H. Dovermann, J. D. Randall, D. Y. Suh, T. Sumi, L. C. Washington and
etc. We can refer to articles [21], [16], [17], and [6] for surveys of history of the
study of the Smith problem and bibliography.

Two real G-modules V' and W are called Smith equivalent, and written
V ~g W, if there exists a homotopy sphere ¥ with G-action such that ¥ has
exactly two G-fixed points and the tangential G-representations at the two
points are isomorphic to V and W as real G-modules, namely ¢ = {a, b},
T.,(X) 2 V and Tp(X) = W. Here a homotopy sphere is a closed manifold
which is homotopy equivalent to the standard sphere of same dimension. Let
RO(G) denote the real representation ring. Define the Smith set &(G) by

6(G) ={[V] = [W] € RO(G) | V ~e& W},

where V and W are real G-modules. K. Pawalowski-T. Sumi [17] determined
whether &(G) is trivial or nontrivial for most finite groups G of order < 2000,
while they reported that the Smith sets for the groups G = SG(1176,220),
SG(1176,221) were not yet determined, where SG(m,n) denotes the ‘small
group’ of order m and type n as specified in GAP [5]. The present paper
answers:

Theorem 1.1.  For the small groups G = SG(1176,220), SG(1176,
221), the Smith sets &(QG) are trivial, i.e. 6(G) = 0.

This theorem shows that the Laitinen conjecture in [8] fails for G =
SG(1176,220), SG(1176,221) (see Conjecture 2.1). Thus it is interesting to
formulate the theorem above as a generalized criterion. For this purpose, we
need to prepare notation. Let P(G) denote the set of all subgroups P of G such
that the order of P is a power of a prime. In particular, the trivial group {e}
belongs to P(G). Two real G-modules V' and W are said to be prime matched
if res@V = 1esGW as real P-modules for all P € P(G). For a subset A of
RO(G) and a set K of subgroups of G, let

Ap ={[V]—-[W] € A |V and W are prime matched},
AF={[V]-[W]eA| dmVE =0=dmW¥ v K € £},

where V and W are real G-modules. We call G(G)p the primary Smith set. It is
known that if G does not have an element of order 8 then &6(G) = &(G)p, while
if G has a normal subgroup N such that G/N is a cyclic group of order 8 then
S(G) # 6(G)p. If G is a nontrivial perfect group then &(G)p = RO(G)%G}.
Let G™! denote the smallest normal subgroup N of G such that G/N is nilpo-
tent. In the present paper, we refer to G/G™! as the nilquotient of G. A finite
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group G is called an Oliver group if G is not a mod-P hyperelementary group,
namely there never exists a normal series P < H < G such that P and G/H
are of prime power order and H/P is cyclic. Due to the surveys in [21], [16],
[17], [6], the reader can see that &(G)p is rarely determined for a nonperfect
group G besides the case G(G)p = 0.

Theorem 1.2.  Let G be an Oliver group satisfying the conditions.
(1) A Sylow 2-subgroup of G is normal in G.
(2) GM £ G and G/G™! is isomorphic to a direct product of cyclic groups
of order 3.
nil
Then S(G)p coincides with RO(G)%G L

We remark that G = SG(1176,220) and SG(1176,221) satisfy Condi-

tions (1) and (2) above, RO(G)%GUH} = 0, and the groups do not have an
element of order 8. Theorem 1.2 follows from Theorem 2.2 in which we treat
an arbitrary Oliver group G such that G has a normal Sylow 2-subgroup and

G/G™ = Oy x - x Cy x C3 x -+ x Cs,

where C, denotes a cyclic group of order p.

A word should be in order on group actions on disks. For an Oliver group
G and two real G-modules V and W, VU and V@U with some real G-module
U can be the tangential representations at the fixed points of a G-action on a
disk with exactly two G-fixed points if and only if [V]—[W] € RO(G);G}. Thus
local data around G-fixed points of G-actions on spheres are subtly different
from those on disks.

2. Generalization and proofs

Let G be a finite group and let S(G) denote the set of all subgroups of
G. For a prime p, let G} denote the smallest normal subgroup H such that
|G/H]| is a power of p. Then we have

Gnil _ (]C:{p}7
p

where p runs over the set of all primes dividing |G|. We will use the following
families of subgroups of G. For a prime p, let

L(G,p)={LeS(@)|LD2GrY,
£,(G) = {L € £(G) | L <G and [G/L] = p},
£(e) =J£6G 0,
q
where ¢ runs over the set of all primes dividing |G|.

The study of the Smith equivalence in the present paper needs the following
lemmas.
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Lemma 2.1 ([10, Lemma 2.1)).  If K is a cyclic group of order 2 and M
a connected closed manifold of dimension > 1 with K-action, then |M¥| # 1.

This lemma has a simple proof and we obtain the next by analogous ar-
guments.

Lemma 2.2.  Let p be an odd prime. If K is a cyclic group of order p
and M a connected closed orientable manifold of dimension > 1 with K -action,
then |MX| # 1.

In addition, we recall Proposition 3.2 in A. Edmonds-R. Lee [4].

Lemma 2.3 (A. Edmonds-R. Lee).  Let K be a finite group with a nor-
mal Sylow 2-subgroup and M a smooth K-manifold fulfilling ﬁ*(M;ZQ) = 0.
Then MY is stably complex, and hence every connected component of M is
orientable.

Let ag denote the number of all real conjugacy classes (g)* = (g) U (g7!)
of elements g € G such that the order of g is not a power of a prime. It is
known (and easily shown) that

rank RO(G);G} =ag—1
if ag > 0. The Laitinen conjecture in [8] implies the next.

Conjecture 2.1 (Ag-conjecture).  If G is an Oliver group with ag > 2
then &(G) # 0.

A real G-module is called a gap module if the following two conditions are
fulfilled.

(1) VE =0 for all L € L(G).

(2) dim VP > 2dim V¥ for all P € P(G) and all H € S(G) such that
HDP.

Lemma 2.4.  For an arbitrary finite group G, &(G) C RO(G)**(D) . If
G/G2} = Oy x - x Cy, where Cy is a cyclic group of order 2, then &(G) C
RO(G){G",

Proof. Let [V] — [W] € &(G). We may suppose V¢ =0 = W%, By [10,
Proposition 2.2],

(2.1) VN =W as real G-modules for any N <G such that |G/N| = 2.

Thus &(G) € RO(G)*>(@),
Let L = G2} and suppose G/L = Cy x -+ x Cy. By the representation
theory, it holds that

Vi = @ VN and Wl = @ wnN
N<G: |G/N|=2 N<G: |G/N|=2
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as real G-modules. Thus (2.1) implies VL =2 WL as real G-modules. Thus we
get

&(G) CRO(G)E™),

Similarly we obtain the next lemma.
Lemma 2.5. IfG is a finite group with a normal Sylow 2-subgroup then
dim VY = dim W

holds for arbitrary [V] — [W] € 6(G) and arbitrary N <G such that |G/N| is a
prime. In particular,

S(G) C Ro(G)EQ(G)Uﬁs(G)'

If furthermore G/G{3} = (O3 x -+ x Cs, where C3 is a cyclic group of order 3,
then &(G) C RO(G){G™}

Proof. Let X be a homotopy sphere with G-action such that ©¢ = {a, b},
a#b. Set V=T,(%) and W = Tp(X). Let N be a normal subgroup of G with
|G/N| = p. We are going to prove dim V¥ = dim W by showing the contrary
assumption that dim VY # dim W% implies a contradiction. Let XY and
El])\’ denote the connected components of ¥V containing a and b, respectively.
The assumption implies dim XY > 0 or dim E{)V > 0. In particular, we get
dimY > 0. If ¥ = % then dim VY = dim W¥. Thus, we have X # BV,
Each connected component of %% is a connected component of ¥V \ {a} or
YNV < {b}. Since ¥ is a homotopy sphere of dimension > 1, ¥\ {a} and ¥~ {b}
are homeomorphic to the Euclidean space. By Lemma 2.3, each connected
component of XV \ {a} and ¥ \ {b} is orientable. Thus XY and X} are
orientable. Note (SN)9/N = {a} and (2)¥)9/N = {b}. But by Lemma 2.2, this
can not happen. Namely we have encountered with a contradiction, and hence
proved dim V¥ = dim W,

Note that if |G/N| = 3 then VN = W follows from dim V¢ = dim W¢

and dimVY = dimW?¥. By arguments similar to ones in Proof of
Lemma 2.4, we obtain &(G) C RO(G)*3(%). By Lemma 2.4, we get &(G) C
RO(G)~2(G)VEs(G) m

The next theorem immediately follows.

Theorem 2.1. If G is a finite group with a normal Sylow 2-subgroup
and
G/GM 2Oy x - xCyxCyx--xCs
then &(G) C RO(G)*()
A finite group G is called a gap group if there exists a gap real G-module.

It is known that any Oliver group G satisfying one of the following conditions
is a gap group.
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(1) G = G2} ([7, Theorem 2.3)).

(2) |G/G™ is divisible by (at least 2) distinct odd primes ([7, Theo-
rem 2.3]).

(3) A Sylow 2-subgroup of G is normal in G ([13, Proposition 4.3]).
If G is a nilpotent Oliver group then Conditions (2) and (3) above are satisfied.

We can show the next fact by computation using data available from GAP
[5] and the details are left to the reader.

Fact 2.1.  If G is either SG(1176,220) or SG(1176,221) then the fol-
lowing properties hold.

)
)
) A Sylow 2-subgroup of G is normal in G.
) GBY =[G, G] and |G/G3Y = 3.
) G = G{p} for any prime p # 3.
= 5 (the cyclic group of order 3).

G/G™ = Cy (th I f ord

) RO(G)5Y = RO(G)E™ =o0.
1S a4 gap group.
G

Hence if G is either SG(1176,220) or SG(1176,221) then
&(G) = 6(G)p CROE™ =0

We have proved Theorem 1.1.
Recall Realization Theorem in [16].

Lemma 2.6 (K. Pawalowski-R. Solomon).  If G is a gap Oliver group
then RO(G)% C S(G)p.

We, however, do not know whether there exists an Oliver group G such that
RO(G)% € &(G)p. Since any Oliver group with a normal Sylow 2-subgroup is
a gap group, we obtain the next.

Theorem 2.2.  If G is an Oliver group with a normal Sylow 2-subgroup
and

G/G“HEC'Q><~-~><Cg><C3><~~~><C’3
then

S(G)p = RO(G)%(G) (= Ro(G)éz(G)uﬁg(G)).
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