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Thin Schubert cells of codimension two

By

Shinsuke Odagiri

Abstract

A condition on a matroid of rank n − 2 for the corresponding thin
Schubert cell being nonempty is determined. A necessary and sufficient
condition for k and n so that the closure of a thin Schubert cell in G(k, n)
is always a union of thin Schubert cells is given.

1. Introduction

Thin Schubert cells are introduced in [4], which provides a finer decom-
position of a Grassmann variety than Schubert cells. Each thin Schubert cell
has a corresponding matroid. That correspondence is not surjective, and it is
an open question to determine which matroid has a corresponding thin Schu-
bert cell [6]. In this paper, we give an answer for the case of codimension two
(Theorem 3.1). This is the first nontrivial case, and also a special case in the
sense that the closure of a thin Schubert cell decomposes into thin Schubert
cells (Theorem 4.1).

We fix some notation. We denote the set of integers {1, . . . , n} by [n]. We
fix a basis e1, . . . , en of Cn. For each subset I of [n], EI is the subspace of
Cn spanned by ei’s (i ∈ I). If #I = k, then EI is an element of G(k, n), the
Grassmann variety of subspaces of dimension k in Cn.

Acknowledgement. The author would like to thank Professor Masanori
Kobayashi for his warm and continuous encouragement in this work. The
author also thanks the referee for carefully reading the manuscript and for
making useful remarks.

2. General Theory

This section is based on the works of Gel’fand, MacPherson, Goresky, and
Serganova ([1], [3]). The aim of this section is to introduce a useful concept on
thin Schubert cells.

We fix an integer n.
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Definition 2.1. Let d = (dI)I⊂[n] be a set of nonnegative integers. We
call d a matroid of rank k if it satisfies the following conditions ([7], [8]):

• d∅ = 0 ,
• d[n] = k ,
• dI + dJ ≤ dI∪J + dI∩J , ∀I, J ⊂ [n].

These conditions are called the matroid conditions.

Definition 2.2. We call that two elements L1, L2 ∈ G(k, n) lie in the
same thin Schubert cell if they satisfy the following condition:

dim(L1 ∩ EI) = dim(L2 ∩ EI), ∀I ⊂ [n].

This condition is an equivalence relation. We call each equivalence class,
regarding as a subset of G(k, n), a thin Schubert cell.

For each thin Schubert cell L with L an element, the set of integers d(L) =
{d(L)I | I ⊂ [n]} is a matroid, where d(L)I := dim(L∩EI). Conversely for each
matroid d, we have a subset L(d) of G(k, n) as {L ∈ G(k, n) | d(L)I = dI , ∀I},
which is either a thin Schubert cell or the empty set.

Problem. Find a necessary and sufficient condition of d for L(d) being
nonempty.

In Section 3, we give the answer to this problem for k = n − 2.

Definition 2.3. Let d be a matroid. The basis of d is a subset B of [n]
consisting of n − k elements such that dB = 0.

We write the set of all the bases as B(d) or just B.

Proposition 2.1. The following map is injective.

{d | L(d) �= ∅} 	 d 
−→ B(d) ∈
(

[n]
n − k

)

Proof. This proposition is shown in [5] without proof. Note that d(L)I ≥
k + #I − n holds for every I.

Let us fix an element L ∈ L. Then the following lemmas show that d(L)I

is uniquely determined from B and we come to the conclusion.

Lemma 2.1. Suppose #I is strictly less than n − k. Then

d(L)I �= 0 ⇔ d(L)J �= 0 for every J ⊃ I.

Proof. We will show that d(L)I is nonzero if all the d(L)I�{j}’s are
nonzero, where j is an element of [n]\I. Suppose d(L)I is zero. Since d(L)I�{j}
is nonzero for each j, there exists a nonzero vector vj for each j which is con-
tained in L∩ (EI�{j} \EI). So L contains a linear subspace spanned by all the
vj ’s, which is (n − #I) dimensional. Since n − #I is greater than k + 1, we
come to the contradiction.
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Remark 1.

d(L)I �= 0 if #I > n − k + 1.

Remark 2. Suppose B is given. Then Lemma 2.1 shows that we can
uniquely determine the collection of I which satisfies d(L)I = 0. We shall write
this set as Z:

Z = {I ⊂ [n] | ∃J ∈ B, J ⊃ I} ⊃ B.

Lemma 2.2.

d(L)I = min{#M | I \ M ∈ Z}.

Proof. Let A = (a1, . . . ,an) ∈ M(n) be the defining matrix of L:

L =

⎧⎪⎨
⎪⎩(x1, . . . , xn)

∣∣∣∣∣∣∣
A

⎛
⎜⎝

x1

...
xn

⎞
⎟⎠ = 0

⎫⎪⎬
⎪⎭ .

For I = {i1, . . . , ip} ∈ [n], put AI := (ai1 , . . . ,aip
) ∈ M(p, n). Then d(L)I =

#I − rkAI and the statement follows.

Remark 3. Lemma 2.1 shows that B(d) is nonempty if we assume that
L(d) is nonempty.

Another important tool for thin Schubert cells is Gel’fand-MacPherson
correspondence, or its extended version. They are, roughly speaking, a cor-
respondence between (an orbit of) an element of a Grassmann variety and a
point configuration. The original Gel’fand-MacPherson correspondence, given
at [3, 2.2.2], is valid only on general cases and was later extended in [1, 1.5].
Let us introduce the latter.

Note that GL(n− k) canonically acts on Cn−k. Thus PGL(n− k) canon-
ically acts on P̂n−k−1 := Pn−k−1 � {0} because P̂n−k−1 = Cn−k/C∗. Here, {0}
corresponds to the origin of Cn−k. This action induces the following action:

PGL(n− k)× (P̂n−k−1)n 	 (g, (x1, . . . , xn)) 
→ (g · x1, . . . , g · xn) ∈ (P̂n−k−1)n.

Thus we have the map p2 : (P̂n−k−1)n → (P̂n−k−1)n/PGL(n − k).
For a given L ∈ G(k, n) and an isomorphism φ : Cn/L → Cn−k, we have

a map vφ
L := φ ◦ p1 : Cn → Cn−k, where p1 : Cn → Cn/L is a canonical

projection.
Put q : (Cn−k)n → (P̂n−k−1)n to be the componentwise canonical projec-

tion. Then p2 ◦ q(vφ
L(e1), . . . v

φ
L(en)) is an element of (P̂n−k−1)n/PGL(n − k)

and is independent of the choice of φ. Let V be a map

V : G(k, n) 	 L 
→ p2 ◦ q(vφ
L(e1), . . . v

φ
L(en)) ∈ (P̂n−k−1)n/PGL(n − k).
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Note that torus T := (C∗)n canonically acts on Cn. Thus there is an
action of T on G(k, n). If L and L′ are in the same orbit of G(k, n), then
V (L) = V (L′) holds. So we have a map

V̄ : G(k, n)/T → (P̂n−k−1)n/PGL(n − k).

We call the image of V̄ a configuration of n points. The following theorem
shows that the image consists of a configuration that ‘spans Pn−k−1’.

Theorem 2.1. The map V̄ is injective. The point p2 ◦ q(a1, . . . , an)
is in the image of V̄ if and only if there is no nontrivial subspaces of Cn−k

containing {a1, . . . , an}.
Proof. See [1, 1.5].

Remark 4. The subspace 〈vφ
L(ei) | i ∈ I〉 ⊂ Cn−k is (#I − d(L)I)-

dimensional regardless to φ.

3. The case G(n − 2, n)

We define a set of integers d2 ∈ ZnC2 to be d2 := (dI)#I=2.

Proposition 3.1. Let d2 be given. Then there exist a thin Schubert cell
L = L(d′) in G(k, n) for some k satisfying d′I = dI for every I (#I = 2) if
and only if there exists a nonnegative integer m and a subdivision satisfying the
followings:

(∗)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

A � B1 � · · · � Bm � C = [n] (m ≥ 0),
#Bi ≥ 2 for every i,

d{a1,a2} = 2 if a1, a2 ∈ A,

d{b1,b2} = 1 if b1, b2 ∈ Bi for some i,

d{x,y} = 0 otherwise.

Remark 5. Both A or C can be empty.

Remark 6. The corresponding thin Schubert cell is not unique in gen-
eral.

Remark 7. The following table shows the correspondence between the
three ways of expressing a thin Schubert cell – a matroid d, a configuration,
and a subdivision.

Proof. Take L in G(k, n). Take a maximal subset A of [n] such that each
element a satisfies ea ∈ L. Next suppose two vectors ei + αej , ei + βek are
contained in L for some α, β ∈ C∗. Then obviously αej − βek is also contained
in L. Thus if d(L){i,j} = d(L){i,k} = 1 for some i, j, k ∈ [n]\A, d{j,k}(L) is also
1. Hence choose B1 to be a maximal subset of [n] \A such that d{b1,b2} = 1 for
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Table 1. The correspondence between d, a configuration, and a subdivision

d a point configuration a subdivision of [n]
a1, . . . .an ∈ P̂n−k−1 A, B1, . . . , Bm, C

d{i} = 1 ai = 0 i ∈ A
d{i,j} = 1, • i, j ∈ Bs for some s

d{i} = d{j} = 0 ai = aj

d{i,j} = 0
ai• aj• i, j ∈ [n] \ A,

(two different points) � ∃Bs 	 i, j

every b1, b2 ∈ B1. Repeat this process with [n] replaced by [n] \ B1 and so on.
Eventually every two elements x, y of [n]\(A�B1�· · ·�Bm) satisfies d{x,y} = 0.
Let C be the complement [n] \ (A � B1 � · · · � Bm). These A, B1. . . . , Bm, C
satisfies the properties (∗).

To show the opposite side, we shall construct L from the given d2. For
Bs = {bs

1, . . . , b
s
ms

}, define Ls and L as

Ls =
〈
ebs

1
+ ebs

2
, ebs

1
+ ebs

3
, . . . , ebs

1
+ ebs

ms

〉
,

L = 〈ea | a ∈ A〉 +
∑

s

Ls (Minkowski sum).

Then L is an element of G(k, n), where k = #A +
∑

(#Bi − 1).

The following lemma is obvious from Proposition 2.1 and Table 1.

Lemma 3.1. Suppose n− k = 2. Then the orbits corresponding to two
configurations (a1, . . . , an) and (b1, . . . , bn) are in the same thin Schubert cell
if and only if the following holds:

• ai = 0 ⇔ bi = 0,
• ai = aj ⇔ bi = bj .

Theorem 3.1. Let n− k = 2 and suppose d is given. Then there exists
a thin Schubert cell corresponding to d if and only if it satisfies the following
three conditions:

• d{i,j} = 0 for some i, j,
• d2 ⊂ d satisfies condition (∗) in Proposition 3.1,
• dI = min{#J | I \ J ⊂ {i, j} for some i, j satisfying d{i,j} = 0 }

Proof. We have already seen from Remark 3, Proposition 3.1, and Lemma
2.2 that the three conditions are necessary. To show the opposite side, let us
consider the following configuration of n points p1, . . . , pn ∈ P̂1:

• pi = 0 if and only if i ∈ A,
• pi = pj �= 0 if i, j ∈ Bs for some s.
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From the above lemma, there exists an orbit corresponding to the configuration.

Remark 8. Since k = n − 2 = #A +
∑m

i=1(#Bi − 1) holds, the subdi-
vision corresponding to d2 must satisfy one of the followings:

• #A = n − 2, m = 0, #C = 2,
• #A ≤ n − 3, m = 1, #C = 1,
• #A ≤ n − 4, m = 2, C = ∅.

Remark 9. In general, the conditions on the configuration to be in the
same thin Schubert cell get more complicated as min{k, n − k} gets larger.

4. The closure of a thin Schubert cell

Throughout the rest of the paper, we assume that every matroid d satisfies
L(d) �= ∅.

For a thin Schubert cell L = L(d), let L̂ := {L ∈ G(k, n) | d(L)I ≥ dI , ∀I}.

Proposition 4.1. Let L be a thin Schubert cell. Then L̂ contains the
closure L̄ of L.

Proof. If L ∈ L̄ satisfies d(L)I = 0, then dI = 0 also holds and the
proposition follows from Lemma 2.2.

Remark 10. There is an example which shows that L̂ and L̄ do not
coincide on G(4, 7). See [1].

Lemma 4.1. If min(k, n − k) ≤ 2, then L̂ = L̄.

Proof. Since G(k, n)
∗∼= G(n−k, n) holds, it is enough to show the lemma

on G(1, n) and G(n − 2, n).

Case 1. G(1, n).
For a thin Schubert cell L, we obviously have

L̂ = L̄ =

⎧⎨
⎩C ·

∑
i∈[n]

aiei ∈ G(1, n) | ai = 0 if [n] \ {i} /∈ B(d(L))

⎫⎬
⎭ .

Case 2. G(n − 2, n).
Take L̂ to be an element of L̂. Put L′ = L(d′) to be the thin Schu-

bert cell containing L̂ as an element. Correspondingly, we have a configu-
ration â1, . . . , ân and a subdivision Â, B̂1, . . . , B̂m̂, Ĉ of L̂ (see table 1). Let
A, B1, . . . , Bm, C be the subdivision corresponding to L. From Theorem 3.1
we know that there exists integers z1, z2 satisfying d′{z1,z2} = 0 = d{z1,z2}. We
will prove L̂ ∈ L̄ in two steps as in the following table.
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Table 2. L̂ ∈ L̄
L : A = ∅, B1 = {1, 3}, B2 = {4, 5}, C = {2, 6, 7}

L̂ = 〈e1, e4, e6, e2 + e3, e3 + e5〉
configuration subdivision

A = ∅, B1 = {1, 3}, B2 = {4, 5},
↓ Step 2 C = {2, 6, 7}

A = ∅, B1 = {1, 2, 3, 4, 5}, C = {6, 7}
↓ Step 1

Â = {1, 4, 6}, B̂1 = {2, 3, 5}, Ĉ = {7}

Step 1.
Consider the following configuration a′

1, . . . , a
′
n defined recursively by

a′
i =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

âj if i ∈ Â \ A and there exists j �∈ Â

satisfying i, j ∈ Bs for some s,

a′
k if i ∈ Â \ A and i, k ∈ Bs for some s and some k < i,

a general point if i ∈ Â \ Aand does not satisfy
either of the above conditions,

âi otherwise.

Then there exists a corresponding orbit O′ since a′
z1

and a′
z2

span P1. From
the construction, (L̂ ⊃)Ō′ 	 L̂ holds because every nonempty closed subset of
P̂1/PGL(2) contains 0. Thus we may assume Â to be A.

Step 2.
Since d′{i,j} ≥ d{i,j} holds for every i, j, each B′

s can be written as a sum
of Bi’s and B′

s ∩ C, i.e.

B′
s = (�i∈I(s)Bi) � (B′

s ∩ C)

for some subset I(s) of [m]. Without loss of generality, we may assume that
the configuration satisfies â1, . . . , ân ∈ C � {0} ⊂ P̂1. Take ε small enough so
that if we write by B(âi) the ε-ball centered at âi,

B(âi) ∩ B(âj) �= ∅ ⇔ âi = âj .
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Then we define a family of configurations {ai(t)}t∈[0,1] as follows:

ai(t) =

⎧⎪⎨
⎪⎩

âi if i ∈ A or i ∈ Ĉ

âi + (1 − t)pε/n if i ∈ B̂p ∩ Bq for some p, q,

âi − (1 − t)iε/n if i ∈ B̂p ∩ C for some p.

Then for t ∈ [0, 1) we have

ai(t) = aj(t) if i, j ∈ A or i, j ∈ Bs for some s,

whereas for t = 1,

(a1(t), . . . , an(t)) = (â1, . . . , ân)

and thus we have shown that L̂ ∈ L̄.

For a thin Schubert cell L, there exists a subdivision A, . . . , B1, . . . , Bm, C
of [n] from Proposition 3.1. Let ν(L) denote #C. This integer ν(L) equals the
number of independent points in Pn−k−1 of the configuration corresponding to
L.

In the following three lemmas, we assume k = 3, n = 6.

Lemma 4.2. If ν(L) ≤ 5, then L̂ = L̄.

There are nine types of configurations of six independent unlabeled points
in P2 as shown in Table 3, where points being on a same line means that they
are collinear.

Lemma 4.3. Suppose that thin Schubert cells L′ and L and a subspace
L ∈ L′ satisfy L ∈ L̂, ν(L′) ≤ 4, ν(L) = 6. Then with one exception, there
exists a thin Schubert cell L1 such that L ∈ L̄1 ⊂ L̂, ν(L1) = 5.

The exceptional case is that the configuration corresponding to L is of
type [4] in Table 3. In this case, if we denote by L1 the thin Schubert cell
corresponding to Figure 1, we have L ∈ L̄1 ⊂ L̄ = L̂.

Lemma 4.4. Suppose that thin Schubert cells L′ and L satisfy L′ ⊂
L̂, 5 ≤ ν(L′) ≤ ν(L) = 6. Then L′ ⊂ L̄ holds.

Proof. The first lemma comes from the fact that a configuration of r
independent points in P2 is essentially same as that of G(r − 3, r). The second
and the third lemma will be shown by checking all the pairs (L′,L) one by one
using the configurations.

Figure 2 illustrates the way to obtain a given [4] as a limit of [3-1]. Starting
from the configuration [4], slide the point on the center along either of the two
lines. We have the configuration [3-1]. By reversing the movement, we return
to the configuration [4] as a limit of [3-1]. The other cases can be shown
similarly.
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Table 3. The configuration of six independent points and its bases B

configuration
(
[6]
3

) \ B configuration
(
[6]
3

) \ B
[0] ∅ [1] {1, 2, 3}

[2-1] {1, 2, 3}, [2-2] {1, 2, 3},
{4, 5, 6} {3, 4, 5}

[2-3]
(
[4]
3

)
[3-1] {1, 2, 3},

{1, 4, 6},
{3, 5, 6}

[3-2]
(
[4]
3

)
, [3-3]

(
[5]
3

)
{4, 5, 6}

[4] {1, 2, 3},
{1, 4, 5},
{2, 4, 6},
{3, 5, 6}

Figure 1. The exceptional con-
figuration (“=” denotes a double
point) Figure 2. [3-1] converging to [4]

Theorem 4.1. If min(k, n−k) ≤ 2 or (k, n) = (3, 6), then L̂ = L̄ holds
for every thin Schubert cell L. The opposite is also true.

Proof. Suppose that n − k ≥ 3 and k ≥ 4. Let L ⊂ 〈e1, . . . , e7〉 be the
thin Schubert cell satisfying L̄ � L̂ as in the remark of Proposition 4.1. Define
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L′ as

L′ =
{ L ⊂ 〈e1, . . . , en〉, if k = 4,

L + 〈e8, . . . , ek+4〉 (Minkowski sum), otherwise.

Then L̄′ � L̂′. Thus we know that there exists a thin Schubert cell satis-
fying

L̂ �= L̄ if n − k ≥ 3 and k ≥ 4.

Since G(k, n) is dual to G(n − k, n), we also know that there exists a thin
Schubert cell satisfying

L̂ �= L̄ if n − k ≥ 4 and k ≥ 3.

Thus the remaining case is that (k, n) = (3, 6), which is a consequence of the
previous three lemmas.

5. Thin Schubert Cells and Schubert Varieties

Let us fix a complete flag

V∗ : {0} = V0 ⊂ V1 ⊂ · · · ⊂ Vn = Cn.

We define a Schubert variety Ω(Vi1 , Vi2 , . . . , Vik
) (1 ≤ i1 ≤ i2 ≤ · · · ≤ ik ≤ n)

as a subvariety of G(k, n) such that every element L satisfies dim(L ∩ Vis
) ≥ s

for every s.
From now on, let k be n−2 as before and Vi = E[i]. Let a and b be integers

satisfying

(∗∗)

⎧⎪⎨
⎪⎩

0 ≤ a ≤ b ≤ n,

b − a �= 1,

a �= n.

Let A be [a], B1 be [b] \ [a] and C be [n] \ [b]. From Theorem 3.1, there exists
a corresponding thin Schubert cell L of G(k, n). Put b′ = max{a + 1, b}.

Proposition 5.1. The thin Schubert cell L is a dense subset of a Schu-
bert variety Ω(V1, . . . , ˇVa+1, . . . , ˇVb′+1, . . . , Vn), where V̌i means omitting Vi.

Proof. Denote simply by Ω the above Schubert variety
Ω(V1, . . . , ˇVa+1, . . . , ˇVb′+1, . . . , Vn). First, we will show that L is a subset of Ω.
For every element i of [a], we have d(L){i} = 1 and therefore d(L)[i] = i. Let N
be an integer less than b′. For each elements p, q of [N ], d′{p,q} is nonzero and
therefore dN ≥ N − 1 from the proof of Proposition 2.1. Thus L is a subset of
Ω.

We now show that L is dense in Ω. Fix an element L of Ω and let L′ be a
thin Schubert cell containing L. Then from Lemma 4.1, it is enough to show
that d(L′){i,j} ≥ d(L){i,j} for every i, j (i < j).
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Note that d(L){i,j} ≤ 2 holds for every i, j. Thus if d(L′){i,j} = 2, there is
nothing to prove. Suppose that d(L′){i,j} = 1. Then j is strictly greater than a
since L contains axes e1, . . . , ea. Thus d(L){i,j} cannot be 2. If d(L′){i,j} = 0,
then both i and j must be greater than a. Suppose that j is less than b.
Then from the proof of Proposition 2.1, we have d(L′)[j] ≤ j − 2 which is a
contradiction. Thus j is strictly greater than b and we have d(L){i,j} = 0.

Corollary 5.1. A thin Schubert cell is a dense subset of a Schubert
variety if and only if the corresponding subdivision is [n] = A � B1 � C, where
A = [a] and B = [b] \ [a] for some a, b satisfying a ≤ b.

Proof. The condition (∗∗) is automatically satisfied if there exists a cor-
responding thin Schubert cell.
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