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A counterexample to a conjecture of
complete fan

By

Kenta Watanabe

Abstract

If a Griffiths domain D is a symmetric Hermitian domain, the
toroidal compactification of the quotient space Γ\D, associated to a
projective fan and a discrete subgroup Γ of Aut(D), was constructed
by Mumford et al. Kazuya Kato and Sampei Usui studied extensions
of Γ\D for a Griffiths domain D in general, and introduced a notion
of “complete fan” as a generalization of a notion of projective fan. The
existence of complete fans is expected. In this paper, we give an example
of D which has no complete fan.

1. Introduction

Let D be a Griffiths domain, let Γ be a “neat” discrete subgroup of Aut(D),
and let Σ be a fan consisting of rational nilpotent cones in Lie(Aut(D)) which is
“strongly compatible” with Γ. Kazuya Kato and Sampei Usui [KU] introduced
the notion of “polarized logarithmic Hodge structure” and enlarged the space
Γ\D to the space Γ\DΣ by adding the classes modulo Γ of nilpotent orbits in
the directions of cones containe d in Σ as the boundary points. They proved
that the space Γ\DΣ is the fine moduli space of polarized logarithmic Hodge
structures of type Φ := (w, (hp,q)p,q∈Z, HZ, 〈 , 〉, Γ, Σ) ([KU] 4.2.1, Theorem B),
and that Γ\DΣ is a “logarithmic manifold” which is nearly a complex analytic
manifold but has “slits” caused by “Griffiths transversality” condition at the
boundary ([KU] 4.1.1, Theorem A).

In the classical situation, that is, D is a symmetric Hermitian domain,
the toroidal projective compactification Γ\DΣ of Γ\D was constructed with
a sufficiently big fan Σ, called a projective fan, by A. Ash, D. Mumford, M.
Rapoport and Y. S. Tai [AMRT].

For general D, Kato and Usui introduced in [KU] a “complete fan” as a
generalization of a projective fan, and they gave a conjecture of the existence
of such fans ([KU]12.6.3). As an example, they gave a concrete description of
the space Γ\DΣ for Hodge type h2,0 = h0,2 = 2, h1,1 = 1 and for Σ = Ξ ;
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i.e., the fan consisting of all rational nilpotent cones whose rank are less than
or equal to one in Lie(Aut(D)) in [KU] 12.2.2. In this case, the fan Σ = Ξ is
complete.

In the present work, we started to generalize the description of the above
example, but in fact we encounter a counterexample to the conjecture of exis-
tence of complete fans. We show that D with h2,0 = h1,1 = h0,2 = 2 has no
complete fans (Theorem 5.1). For the proof, we first show that the rank of any
rational nilpotent cone, which appears in a nilpotent orbit, is less than or equal
to two (Proposition 5.1). Next, assuming the existence of a complete fan Σ on
D, we derive a contradiction: Σ has two different cones of rank two which have
a common point as in each of their interiors.

The plan of this paper is as follows. In Section 2 to Section 4, we prepare
notation and explain the background. In Section 5, we state the main result
and prove it.

After the present work, a modified version of the conjecture about complete
fan is added at the end of 12.7 in [KU].

The author would like to thank Professor Sampei Usui for suggestion of
the problem, many enlightening conversations and constant support. The au-
thor is grateful to Professor Kazuya Kato and Professor Chikara Nakayama for
the kind and careful reading and the valuable comments about a note of the
present work. The author would also like to thank the referee for the creative
suggestions and the very helpful comments.

2. Polarized Hodge structures and Griffiths domains

In this section, we recall the definition of polarized Hodge structures and
Griffiths domains (cf. [G], [KU]). Let w ∈ Z, and let (hp,q)p,q∈Z be a family of
non-negative integers such that hp,q = 0 unless p + q = w, hp,q �= 0 for only
finitely many (p, q), and such that hp,q = hq,p for all p, q.

Definition 2.1. A Hodge structure of weight w and of Hodge type
(hp,q)p,q∈Z is a pair (HZ, F ) consisting of a free Z-module HZ of finite rank
and of a decreasing filtration F on HC := C⊗Z HZ (that is, a family (F p)p∈Z of
C-subspaces of HC such that F p+1 ⊂ F p for all p), which satisfies the following
conditions.

(1) dimC(F p/F p+1) = hp,q (p + q = w).
(2) HC =

⊕
p+q=w(F p ∩ F̄ q).

Definition 2.2. A polarized Hodge structure of weight w and of Hodge type
(hp,q)p,q inZ is a triple (HZ, 〈 , 〉, F ) consisting of a Hodge structure (HZ, F )
of weight w and of a non-degenerate Q-bilinear form 〈 , 〉 on HQ = Q ⊗Z

HZ, symmetric for even w and skew-symmetric for odd w, which satisfies the
following two conditions.

(3) 〈F p, F q〉 = 0 (p + q > w).
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(4) The Hermitian form

HC × HC → C, (x, y) 
→ 〈CF (x), ȳ〉,
is positive definite.

Here 〈 , 〉 is regarded as the natural extension to C-bilinear form, ¯ is the
complex conjugation with respect to HZ, and CF is the Weil operator which is
a C-linear map and defined by CF (x) := ip−qx for x ∈ F p ∩ F̄ q with p+ q = w.
The condition (3) is called the Riemann-Hodge first bilinear relation.

Let w and (hp,q)p,q∈Z be as before. We fix a 4-tuple Φ0 = (w, (hp,q)p,q∈Z,
HZ, 〈 , 〉), where HZ is a free Z-module of rank Σp,qh

p,q, and 〈 , 〉 is a non-
degenerate bilinear form on HQ := Q ⊗Z HZ which is symmetric if w is even
and skew-symmetric if w is odd.

Definition 2.3. The Griffiths domain D of type Φ0 is the set of all decreas-
ing filtrations F on HC := C ⊗Z HZ such that the triple (HZ, 〈 , 〉, F ) is a
polarized Hodge structure of weight w and of Hodge type (hp,q)p,q∈Z. The
compact dual Ď of D is defined to be the set of all decreasing filtrations on HC

which satisfies the above conditions (1) and (3).

Let

GZ := Aut(HZ, 〈 , 〉),
and for R = Q, R, C, let

HR :=R ⊗Z HZ, GR := Aut(HR, 〈 , 〉),
gR := Lie(GR)

={N ∈ EndR(HR) | 〈Nx, y〉 + 〈x, Ny〉 = 0 for all x, y ∈ HR}.

3. Nilpotent orbits and polarized mixed Hodge structures

In this section, we recall the definition of nilpotent orbits and of polarized
mixed Hodge structures, and their relation after [D], [S], [CKS], [KU].

We fix Φ0 = (w, (hp,q)p,q∈Z, HZ, 〈 , 〉) as in Section 2.

Definition 3.1. Let W = (Wl)l∈Z be an increasing filtration on HQ consist-
ing of subspaces Wl (l ∈ Z) of HQ. Let F ∈ Ď. (W, F ) is said to be a mixed
Hodge structure, if it satisfies the following condition.

For each l ∈ Z, the decreasing filtration F GrW
l = (F p GrW

l )p∈Z on GrW
l,C :=

Wl,C/Wl−1,C is a Hodge structure of weight l. Here F p GrW
l := F p∩Wl,C/F p∩

Wl−1,C.

Proposition 3.1 (cf. [D] Proposition 1.6.1). Let N ∈ gQ be a nilpotent ele-
ment. Then, there exists an increasing filtration W (N) consisting of subspaces
W (N)l (l ∈ Z) of HQ which satisfies the following conditions.

If we assume that Nk �= 0, Nk+1 = 0 (k ∈ N), then
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(1) 0 = W (N)−k−1 ⊂ · · · ⊂ W (N)k = HQ,
(2) NW (N)l ⊂ W (N)l−2 for all l ∈ Z,
(3) N l : GrW (N)

l → GrW (N)
−l is an isomorphism (0 ≤ l ≤ k).

The increasing filtration W (N) is called monodromy weight filtration associated
to the nilpotent element N ∈ gQ.

Definition 3.2 ([S] (6.16)). Let N be a nilpotent element of gQ. A mixed
Hodge structure (W, F ) is of weight w and N -polarized if it satisfies the follow-
ing conditions.

(1) W = W (N)[−w],
(2) NF p ⊂ F p−1 for all p ∈ Z.
(3) Let Pw+l = Ker(N l+1 : GrW

w+l → GrW
w−l−2). For the non-degenerate

bilinear form

〈 , N l 〉 : Pw+l × Pw+l → Q; (v, w) 
→ 〈v, N lw〉
on Pw+l, F induces a polarized Hodge structure of weight w + l on Pw+l.

Definition 3.3 ([KU] 0.4.2, 1.3.1). A subset σ of gR is said to be a nilpotent
cone, if the following conditions are satisfied.

(1) σ = R≥0N1+· · ·+R≥0Nn for some n ≥ 1 and for some N1, . . . , Nn ∈ σ.
(2) Any element of σ is nilpotent as an endomorphism of HR.
(3) [N, N

′
] = 0 for any N, N

′ ∈ σ as endomorphisms of HR,
where [N, N

′
] := NN

′ − N
′
N.

We recall some notion about nilpotent cones in [KU] 0.4.3, 1.3.2.
A nilpotent cone is said rational , if we can take N1, . . . , Nn ∈ gQ in 3.3

(1).
For a nilpotent cone σ, a face of σ is a non-empty subset τ of σ which

satisfies the following two conditions.

(1) If x, y ∈ τ and a ∈ R≥0, then x + y, ax ∈ τ .
(2) If x, y ∈ σ and x + y ∈ τ , then x, y ∈ τ .

Definition 3.4 ([KU] 0.4.4, 1.3.3). A fan in gQ is a non-empty set Σ of ra-
tional nilpotent cones in gR satisfying the following three conditions:

(1) If σ ∈ Σ, any face of σ belongs to Σ.
(2) If σ, σ

′ ∈ Σ, σ ∩ σ
′
is a face of σ and of σ

′
.

(3) Any σ ∈ Σ is sharp. That is, σ ∩ (−σ) = {0}.
Example 3.1 ([KU] 0.4.5, 1.3.11). (i) Let

Ξ := {(R≥0)N | N is a nilpotent element of gQ}.
Then Ξ is a fan in gQ.

(ii) Let σ be a sharp rational nilpotent cone. Then the set of all faces of σ
is a fan in gQ.
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Let σ be a nilpotent cone in gR. For R = R, C, we denote by σR the
R-linear span of σ ⊂ gR.

Definition 3.5 ([KU] 0.4.7, 1.3.7). Let σ = Σ1≤j≤r(R≥0)Nj be a rational
nilpotent cone. A subset Z of Ď is said to be a σ-nilpotent orbit if there is
F ∈ Ď which satisfies Z = exp(σC)F and satisfies the following two conditions.

(1) NjF
p ⊂ F p−1 (1 ≤ j ≤ r, p ∈ Z).

(2) exp(
∑

1≤j≤r zjNj)F ∈ D if zj ∈ C and Im(zj) 
 0.

The conditions (1) and (2) are called Griffiths transversality and positivity ,
respectively.

We say that the pair (σ, F ), consisting of a rational nilpotent cone σ ⊂ gR

and of F ∈ Ď, generates a nilpotent orbit if Z = exp(σC)F is a σ-nilpotent
orbit.

Example 3.2. Let w = 2, h2,0 = h1,1 = h0,2 = 2, hp,q = 0 otherwise, and
HZ be a free Z-module with a basis (ej)1≤j≤6. Let 〈 , 〉 : HQ ×HQ → Q be the
Q-bilinear form defined by

(〈ei, ej〉)1≤i,j≤6 =

⎛
⎝−12 O O

O E O
O O E

⎞
⎠ , where 12 =

(
1 0
0 1

)
, E =

(
0 1
1 0

)
.

Let H
′
Q :=

⊕
1≤j≤4 Qej . For a ∈ H

′
Q, let Na : HQ → HQ be the nilpotent

endomorphism given by

Na(b) = −〈a, b〉e5 (b ∈ H
′
Q), Na(e5) = 0, Na(e6) = a.

Note that, for all a, a
′ ∈ HQ, Na, Na′ ∈ gQ and [Na, Na′ ] = 0. Let F ∈ Ď be

given by F 2 = C(ie1 + e2) ⊕ Ce6, and F 1 = (F 2)⊥. Let σ = R≥0(−Ne3) +
R≥0Ne4 . Then, (σ, F ) generates a nilpotent orbit.

Proposition 3.2 ([S] (6.16) Theorem, [CKS] (3.13) Corollary).
Assume that the weight of D is w. For a nilpotent element N ∈ gQ and F ∈ Ď,
the following conditions are equivalent.

(1) (W (N)[−w], F ) is an N-polarized mixed Hodge structure.
(2) (R≥0N, F ) generates a nilpotent orbit.

Proposition 3.3 ([CK] (1.7) Lemma). Let σ ⊂ gR be a rational nilpotent
cone and F ∈ Ď. If we assume that the weight of D is w and that the pair
(σ, F ) generates a nilpotent orbit, then

(1) For all N ∈ (rel. intσ) ∩ gQ, (W (N)[−w], F ) is an N-polarized mixed
Hodge structure.

(2) For N1, N2 ∈ (rel. int σ) ∩ gQ, W (N1) = W (N2).
Here we denote the relative interior of σ by rel. int σ.
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Definition 3.6 ([KU] 0.4.8, 1.3.8). Let Σ be a fan in gQ. As a set, we define
DΣ by

DΣ := {(σ, Z) | σ ∈ Σ, Z ⊂ Ď is a σ-nilpotent orbit}.
Note that we have the inclusion map

D ↪→ DΣ, F 
→ ({0}, {F}).

Definition 3.7 ([KU] 0.4.10, 1.3.10). Let Σ be a fan in gQ and let Γ be a
subgroup of GZ.

(i) We say Γ is compatible with Σ if the following condition (1) is satisfied.
(1) If γ ∈ Γ and σ ∈ Σ, then Ad(γ)(σ) ∈ Σ. Here, Ad(γ)(σ) = γσγ−1.

Note that, if Γ is compatible with Σ, Γ acts on DΣ by

γ : (σ, Z) 
→ (Ad(γ)(σ), γZ) (γ ∈ Γ).

(ii) We say Γ is strongly compatible with Σ if it is compatible with Σ and
the following condition (2) is also satisfied. For σ ∈ Σ, define

Γ(σ) := Γ ∩ exp(σ).

(2) The cone σ is generated by log Γ(σ), that is, any element of σ can be
written as a sum of c log(γ) (c ∈ R≥0, γ ∈ Γ(σ)).

Assume that Γ is “neat” and strongly compatible with Σ. Γ backslashDΣ

is a “logarithmic manifold” which is nearly a complex analytic manifold but
has “slits” (see [KU]).

4. Complete fan

In this section, we recall the definition of a space Dval and the definition
of a complete fan after [KU].

Definition 4.1 ([KU] Definition 5.3.1). We define

V :=

⎧⎪⎪⎨
⎪⎪⎩

(A, V )

∣∣∣∣∣∣∣∣

A is a Q-linear subspace of gQ consisting of
mutually commutative nilpotent elements,
V is a valuative submonoid of A∗ := HomQ(A, Q)
with V ∩ (−V ) = {0}

⎫⎪⎪⎬
⎪⎪⎭

.

Here a submonoid V of A∗ is said to be a valuative submonoid, if V ∪(−V ) = A∗.

For (A, V ) ∈ V , let F(A, V ) be the set of all rational nilpotent cones σ ⊂ gR

satisfying the following (1) and (2).

(1) σR = AR.
(2) Let (σ ∩ A)∨ := {h ∈ A∗ | h(σ ∩ A) ⊂ Q≥0}. Then (σ ∩ A)∨ ⊂ V .
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Definition 4.2 ([KU] Definition 5.3.3). (i) We define

Ďval :=
{

(A, V, Z)
∣∣∣∣ (A, V ) ∈ V ,

Z is an exp(AC)-orbit in Ď

}
.

(ii) We define

Dval :=

⎧⎨
⎩(A, V, Z)

∣∣∣∣∣∣
(A, V, Z) ∈ Ďval,
there exists σ ∈ F(A, V ) such that
Z is a σ-nilpotent orbit

⎫⎬
⎭ .

Definition 4.3. Let Σ be a fan in gQ. For (A, V ) ∈ V , we define

XA,V,Σ := {σ ∈ Σ | σ ∩ AR ∈ F(A, V )}.
It is known that, if XA,V,Σ is not empty, then there exists the smallest element
σ0 of XA,V,Σ ([KU] Lemma 5.3.4).

Definition 4.4 ([KU] Definition 5.3.5). For a fan Σ in gQ, we define

DΣ,val :=
{

(A, V, Z)
∣∣∣∣ (A, V, Z) ∈ Ďval, XA,V,Σ is not empty,

exp(σ0,C)Z is a σ0-nilpotent orbit

}
.

Here σ0 is just as above.

Definition 4.5 ([KU] Definition 12.6.1). A fan Σ in gQ is complete, if Dval

= DΣ,val.

In the case where a Griffiths domain D is a symmetric Hermitian domain,
a fan Σ, used in the construction of the toroidal projective compactification
GZ\DΣ in [AMRT], is complete ([KU] 12.6.4). For general D, the existence
of complete fans which are strongly compatible with GZ was expected in [KU]
conjecture 12.6.3. In the next section, we give a counterexample to that con-
jecture.

5. A special case

In this section, we state our main result whose proof will be given in Section
8. Let w = 2, and let hp,q = 2 (p+q = 2, p, q ≥ 0), and hp,q = 0 otherwise. We
consider about the existence of the complete fans in this case. Let (ej)1≤j≤6

be a free basis of HZ and 〈 , 〉 : HQ × HQ → Q be the bilinear form on HQ

given by

(〈ei, ej〉)1≤i,j≤6 =

⎛
⎝−12 O O

O E O
O O E

⎞
⎠ , where 12 =

(
1 0
0 1

)
, E =

(
0 1
1 0

)
.

Theorem 5.1. There is no complete fan for D with w = 2, hp,q = 2 (p+q =
2, p, q ≥ 0), hp,q = 0 otherwise.
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6. The ranks of rational nilpotent cones in nilpotent orbits

We assume that we are in the situation of Section 5. Let N ∈ gQ be a non
zero nilpotent element. If we assume that there is an R≥0N -nilpotent orbit,
then the following three cases occur.

(1) N2 = 0, dim(Im(N)) = 2.
(2) N3 = 0, dim(Im(N2)) = 1.
(3) N3 = 0, dim(Im(N2)) = 2.

For a rational nilpotent cone σ, if we assume that there is a σ-nilpotent
orbit, then the type of N ∈ (rel. int σ) ∩ gQ, which is one of the above three
cases, is independent of the choice of N ([CK]). We estimate the rank of these
σ. Here, the rank of σ is defined as the dimension of the vector space generated
by σ over R.

Proposition 6.1. Let σ be a rational nilpotent cone in gR and F ∈ Ď and
assume that the pair (σ, F ) generates a nilpotent orbit.

(i) If rel. int σ contains a rational nilpotent element of type (1), the rank
of σ is less than or equal to one.

(ii) If rel. int σ contains a rational nilpotent element of type (2), the rank
of σ is less than or equal to two.

(iii) If rel. int σ contains a rational nilpotent element of type (3), the rank
of σ is less than or equal to two.

Proof. Let N ∈ (rel. intσ) ∩ gQ, and let W = W (N)[−2]. Then the pair
(W, F ) is an N -polarized mixed Hodge structure.

(i). Assume that N is of type (1). Since Wl = 0 (l ≤ 0), W1 = Im N ,
W2 = Ker N , Wl = HQ (l ≥ 3), and dim W1 = 2, if we take a basis (x1, x2) of
W1, we have 〈xi, xj〉 = 0 (i, j = 1, 2) and (Qx1)⊥ �= (Qx2)⊥ for the polarization
〈 , 〉. Therefore, we can choose two elements y1 ∈ (Qx1)⊥ \ (Qx2)⊥ and
y2 ∈ (Qx2)⊥ \ (Qx1)⊥ such that 〈x1, y2〉 = 〈x2, y1〉 = 1. Since the images of y1

and y2 in GrW
3 are linearly independent, they form a basis of GrW

3 . Then since
〈N(y1 + y2), y1 + y2〉 = 〈Nyi, yi〉 = 0 (i = 1, 2), N can be written as follows for
some c ∈ Q.

(1) Ny2 = −cx2, Ny1 = cx1, NW2 = 0.

This implies that all two elements N1, N2 ∈ (rel. int σ)∩ gQ are linearly depen-
dent. Thus we see that the rank of σ is less than or equal to one.

(ii). Assume that N is of type (2). Since Wl = 0 (l ≤ −1), W0 = W1 =
Im N2, W2 = W3 = KerN2, Wl = HQ (l ≥ 4) and dim W0 = 1, we can take a
base x of W0 and y ∈ W4\W3 such that 〈x, y〉 = 1. If we assume that the rank of
σ is more than or equal to three, there are three linearly independent elements
N1, N2, N3 ∈ (rel. intσ) ∩ gQ. Since GrW

4,C = F 2 GrW
4,C ∩F 2 GrW

4,C and NiF
2 ⊂

F 1 (1 ≤ i ≤ 3), we have Ni GrW
4,C ⊂ F 1 GrW

2,C ∩F 1 GrW
2,C (1 ≤ i ≤ 3). Moreover,
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since dimC F 1 GrW
2,C ∩F 1 GrW

2,C = 2, there exists (c1, c2, c3) ∈ Q3 \ {(0, 0, 0)}
such that (

∑
1≤j≤3 cjNj)y ∈ W1. Let N

′
=

∑
1≤j≤3 cjNj . Let w ∈ W3 and

N
′
w = ax with a ∈ Q. Then, since N

′ ∈ gQ and N
′
y ∈ W1, we have

(2) a = 〈N ′
w, y〉 = −〈w, N

′
y〉 = 0.

On the other hand, since

(3) 〈N ′
y, y〉 = −〈y, N

′
y〉 = −〈N ′

y, y〉,
we see 〈N ′

y, y〉 = 0, and hence N
′
y = 0. Thus N

′
= 0. This contradicts the

assumption that N1, N2, N3 are linearly independent.
Before the proof of Proposition 6.1 (iii), we prepare a lemma.

Lemma 6.1. Let N ∈ gQ be a nilpotent element of type (3) and W =
W (N)[−2]. Then, the bilinear form on GrW

2 induced by 〈 , 〉 is negative defi-
nite.

Proof. Since N2 : GrW
4 → GrW

0 is an isomorphism and dim GrW
2 = 2,

N : GrW
4 → GrW

2 is an isomorphism. Since the polarization 〈 , N2 〉 on GrW
4 is

positive definite, we have for 0 �= w ∈ GrW
4 , 〈Nw, Nw〉 = −〈w, N2w〉 < 0. The

assertion follows.

Proof of Proposition 6.1 (iii). Assume that N is of type (3). Since Wl =
0 (l ≤ −1), W0 = W1 = Im N2, W2 = W3 = KerN2, Wl = HQ (l ≥ 4) and
dim W0 = 2, if we take a basis (x1, x2) of W0, we have 〈xi, xj〉 = 0 (i, j = 1, 2)
and (Qx1)⊥ �= (Qx2)⊥ for the polarization 〈 , 〉. Therefore, we can choose
two elements y1 ∈ (Qx1)⊥ \ (Qx2)⊥ and y2 ∈ (Qx2)⊥ \ (Qx1)⊥ such that
〈x1, y2〉 = 〈x2, y1〉 = 1. Clearly the images of y1 and y2 in GrW

4 are linearly
independent and hence form a basis of GrW

4 . If we assume that the rank of σ
is more than or equal to three, there are three linearly independent elements
N1, N2, N3 ∈ (rel. intσ) ∩ gQ. By the definition of nilpotent cone, [Ni, Nj ] =
0 (1 ≤ i, j ≤ 3) and hence

(4) ci,j := 〈Njy2, Niy1〉 − 〈Njy1, Niy2〉 = 〈[Ni, Nj ]y1, y2〉 = 0.

We claim that there exists (c1, c2, c3) ∈ Q3 \ {(0, 0, 0)} such that
(
∑

1≤j≤3 cjNj)y1, (
∑

1≤i≤3 cjNj)y2 ∈ W1. In fact, since dim GrW
2 = 2, by

a suitable linear transformation of N1, N2 and N3, we may assume that N1y1

∈ W1. By this fact and by c1,i = 0 (i = 2, 3), we have 〈Niy1, N1y2〉 =
〈N1y1, Niy2〉 = 0 (i = 2, 3). If N1y2 ∈ W1, our claim is true for c1 = 1, c2 =
c3 = 0. Assume N1y2 /∈ W1. By Lemma 6.1, the bilinear form on GrW

2

induced by 〈 , 〉 is negative definite. Since dim GrW
2 = 2, the images of

N2y1, N3y1 on GrW
2 are linearly dependent. Therefore, replacing N2 with a

suitable linear combination of N2 and N3, we may assume that N2y1 ∈ W1.
Since the images of Niy2 (1 ≤ i ≤ 3) in GrW

2 are linearly dependent, we
can take (c1, c2, c3) ∈ Q3 \ {(0, 0, 0)} satisfying (

∑
1≤j≤3 cjNj)y2 ∈ W1. If

N3y1 ∈ W1, since Niy1 ∈ W1 (i = 1, 2), we have (
∑

1≤j≤3 cjNj)y1 ∈ W1
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and hence our claim is true for the above (c1, c2, c3). Assume N3y1 /∈ W1.
Since 〈N3y1, Niy2〉 = 〈Niy1, N3y2〉 = 0 (i = 1, 2) (because ci,3 = 0 and
Niy1 ∈ W1 (i = 1, 2)) and dim GrW

2 = 2, the images of N1y2 and N2y2 in GrW
2

are linearly dependent. Therefore, we can take (c1, c2) ∈ Q2 \{(0, 0)} satisfying
(c1N1 +c2N2)y2 ∈ W1. Since N1y1, N2y1 ∈ W1, we have (c1N1 +c2N2)y1 ∈ W1

and hence our claim is true for the above (c1, c2).
Let N

′
=

∑
1≤j≤3 cjNj . Let w ∈ W3 and N

′
w = a1x1 + a2x2 with a1, a2 ∈ Q.

Then, since N
′ ∈ gQ and N

′
yj ∈ W1 (j = 1, 2), we have

(5) ai = 〈N ′
w, yj〉 = −〈w, N

′
yj〉 = 0 (i, j = 1, 2, i �= j).

Moreover, since 〈N ′
(y1 + y2), y1 + y2〉 = 〈N ′

yj , yj〉 = 0 (j = 1, 2), N
′

can be
written as follows for some c ∈ Q.

(6) N
′
y2 = −cx2, N

′
y1 = cx1, N

′
W3 = 0.

Since N1, N2, N3 are linearly independent, we have c �= 0. By F 2 GrW
4 =

W4,C/W3,C, there exists w1, w2 ∈ W3,C such that yi + wi ∈ F 2 (i = 1, 2).
Setting vi = yi + wi (i = 1, 2), we have 〈N ′

v1, v2〉 = 〈N ′
y1, y2〉 = c �= 0. But,

this contradicts the fact that N
′
F 2 ⊂ F 1, since NiF

2 ⊂ F 1 (1 ≤ i ≤ 3). Thus
we see that the rank of σ is less than or equal to two.

7. Special nilpotent orbits of rank 1

In this section, we prepare some lemmas for the proof of Theorem 5.1. We
keep the notation of Section 5. Let H

′
Q =

⊕
1≤j≤4 Qej . For a ∈ H

′
Q, let Na be

the nilpotent operator defined by

(1) Na(b) = −〈a, b〉e5 (b ∈ H
′
Q), Na(e5) = 0, Na(e6) = a.

We note that, for all a, a
′ ∈ HQ, [Na, Na′ ] = 0.

For a ∈ H
′
Q satisfying 〈a, a〉 �= 0, the weight filtration W = W (Na)[−2] on

HQ is given as follows.

(2) Wl = HQ (l ≥ 4), W3 = W2 = H
′
Q ⊕ Qe5,

W1 = W0 = Qe5, Wl = 0 (l ≤ −1).

Lemma 7.1. Let a ∈ H
′
Q. If we assume that there exists F ∈ Ď such that

(R≥0Na, F ) generates a nilpotent orbit, then −〈a, a〉 > 0.

Proof. We assume that (R≥0Na, F ) generates a nilpotent orbit and let
W = W (Na)[−2]. Since (W, F ) is an Na-polarized mixed Hodge structure, we
have W4,C/W3,C = C[e6] = F 2 GrW

4 ∩F 2 GrW
4 , where, for v ∈ HC, [v] is the

image of v in W4,C/W3,C. Since the polarization 〈 , N2
a 〉 on GrW

4 is positive
definite, we have 〈e6, N

2
ae6〉 = −〈a, a〉 > 0.

Lemma 7.2. Let Q = {w ∈ H
′
C | 〈w, w〉 = 0, −〈w, w̄〉 > 0}. For w ∈ Q, let

Fw ∈ Ď be given by F 2
w = Cw⊕Ce6. Then, for all a ∈ H

′
Q satisfying −〈a, a〉 >

0, the following two conditions are equivalent.
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(i) (R≥0Na, Fw) generates a nilpotent orbit.
(ii) 〈a, w〉 = 0.

Proof. (i) ⇒ (ii). Since (Na, Fw) satisfies the Griffiths transversality, we
have NaF 2

w ⊂ F 1
w, and hence 〈a, w〉 = 0.

(ii) ⇒ (i). By the condition (ii), the pair (R≥0Na, Fw) clearly satisfies
the Griffiths transversality. We show that the pair (R≥0Na, Fw) satisfies the
positivity. It is enough to show that for y > 0, exp(iyNa)Fw ∈ D. Let v1 =
exp(iyNa)w and v2 = exp(iyNa)e6. Then, v1 = w, v2 = e6 + iya+y2〈a, a〉e5/2
by (ii). Let

(1) A = −
(〈v1, v̄1〉 〈v1, v̄2〉
〈v2, v̄1〉 〈v2, v̄2〉

)
.

Since det(A) = 2y2〈w, w̄〉〈a, a〉 > 0 and tr(A) = −〈w, w̄〉 − 2y2〈a, a〉 > 0, we
have exp(iyNa)Fw ∈ D.

8. The proof of Theorem 5.1

In this section, we prove Theorem 5.1.

Let
(1) f1 := Ne3 , f2 := Ne4 , A := Qf1 ⊕ Qf2.

Let V be the valuative submonoid of A∗ defined by

(2) V = (Q≥0(f1 + f2)∗ + Q≥0(−f1 + f2)∗)
∪ (Q>0(−f1−f2)∗ +Q>0(−f1 +f2)∗),

where for f ∈ A, f∗ is dual to f . Let σ0 = R≥0(−f1) + R≥0f2, and define
F0 ∈ Ď by

(3) F 2
0 = C(ie1 + e2) ⊕ Ce6, F 1

0 = (F 2
0 )⊥.

Let Z = exp(σ0,C)F0. Then, as is clearly seen, Z is a σ0-nilpotent orbit, hence
(A, V, Z) ∈ Dval (see Section 4).

Assume that there exists a complete fan Σ in gQ. By the definition of
complete fan, there exists the smallest element σ of XA,V,Σ, and exp(σC)Z is
a σ-nilpotent orbit (see Definition 4.3 and the note after it). By Proposition
6.1, the rank of σ is less than or equal to two. Since σ ∩ AR ∈ F(A, V ), we
have (σ ∩ AR)R = AR. Therefore, σR = σ0,R = AR, and hence Z = exp(σC)F0

is a σ-nilpotent orbit. Hence, by Lemma 7.1, sf1 + tf2 ∈ (rel. intσ)∩A implies
st < 0. It follows that σ ⊂ σ0∪(−σ0). Since σ and σ0 are sharp (Definition 3.4),
we have σ ⊂ σ0 or σ ⊂ −σ0. Actually we have σ ⊂ σ0 because (σ ∩ A)∨ ⊂
V (Definition 4.1).

For s, t ∈ Q, let Ns,t := sf1 + tf2 ∈ (rel. intσ) ∩ A, and let Fs,t ∈ Ď be
given by
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(4) F 2
s,t = C((s − t)e1 − i(s + t)e2 −

√
2se3 +

√
2te4) ⊕ Ce6.

Since the rank of σ is two, we can choose s and t satisfying s + t �= 0. Let
Z(s, t) = exp(CNs,t)Fs,t. Then, by Lemma 7.2, Z(s, t) is an R≥0Ns,t-nilpotent
orbit. Therefore, setting

(5) A(s, t) := QNs,t, V (s, t) := Q≥0N
∗
s,t,

where N∗
s,t denotes the base of A(s, t)∗ which is dual to Ns,t, we have (A(s, t),

V (s, t), Z(s, t)) ∈ Dval. Since Σ is a complete fan, this element belongs to
DΣ,val. Let σ(s, t) be the smallest element of XA(s,t),V (s,t),Σ. We claim σ(s, t) =
σ. In fact, since (σ(s, t) ∩ A(s, t))∨ = V (s, t), we have Ns,t ∈ σ(s, t). Since
σ, σ(s, t) ∈ Σ, Ns,t ∈ rel. int σ, and Σ is a fan, we have σ(s, t) = σ. Therefore,
exp(σ(s, t)C)Z(s, t) = exp(σC)Fs,t is a σ-nilpotent orbit. In particular, (σ, Fs,t)
satisfies the Griffiths transversality, that is, fiF

2
s,t ⊂ F 1

s,t (i = 1, 2), and hence
we have s = t = 0. But this contradicts the choice of s and t.
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