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SYMPLECTIC HYPERSURFACES AND
TRANSVERSALITY IN GROMOV-WITTEN THEORY

KAl CIELIEBAK AND KLAUS MOHNKE

We present a new method to prove transversality for holomorphic
curves in symplectic manifolds, and show how it leads to a definition
of genus zero Gromov-Witten invariants. The main idea is to introduce
additional marked points that are mapped to a symplectic hypersurface
of high degree in order to stabilize the domains of holomorphic maps.
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1. Introduction

Donaldson’s construction of symplectic hypersurfaces [4] and its extensions
lead to a new method to prove transversality for holomorphic curves in sym-
plectic manifolds. In this paper, we illustrate this method for holomorphic
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spheres in closed symplectic manifolds, and show how it leads to a definition
of genus zero Gromov—Witten invariants.

The transversality question in Gromov—Witten theory has previously
been discussed by many authors; see, e.g., [12, 16, 17, 19, 20, 22] and
further references therein. Transversality for J-holomorphic disks with
Lagrangian boundary conditions is discussed in [11]. A very general
approach is being developed by Hofer, Wysocki and Zehnder. Their “polyfold
Fredholm theory” provides a framework to study transversality for solution
spaces of elliptic PDEs, which may have applications far beyond symplectic
geometry. By contrast our approach, being specifically designed for holo-
morphic curves, appears to be much simpler in this case. In particular, we
use only standard tools from functional analysis and our moduli spaces (in
the genus zero case) are smooth finite-dimensional manifolds.

We now state our results. Consider a closed symplectic manifold (X2",w)
of dimension 2n such that w represents an integral cohomology class
[w] € H?(X;Z). Recall that an almost complex structure J on X is called
w-tamed if w(v, Jv) > 0 for all tangent vectors v, and w-compatible if, in addi-
tion, the bilinear form w(-, J-) is symmetric (hence a Riemannian metric).
Our construction uses as auxiliary datum a hypersurface (i.e., a closed codi-
mension 2 submanifold) Y C X, representing the homology class Poincaré
dual to Dw] for some degree D € N, whose Kéhler angle (see Section 8)
with respect to a compatible pair (w,.J) satisfies 6(Y;w,J) < 63. Here
0 < 03 < 61 < 1 are universal constants depending only on the dimension. In
particular, the hypersurface Y is symplectic. By a result of Donaldson [4],
for a given w-compatible J such a hypersurface Y exists for each sufficiently
large D € N. We will refer to such (J,Y) as a Donaldson pair if, in addition,
D> D*(X,w,J) for a suitable positive constant D* depending on (X,w, J)
(see Definition 9.2).

Given a Donaldson pair (J,Y"), we denote by J(X,Y’; J,6;) the space of
w-tamed almost complex structures on X which leave T'Y invariant and are
6;-close to J in the CY-norm. For ¢ >3 we define a class

T (X,Y57,00) € O (Mear, T (X, Y3 7,01))

of almost complex structures depending smoothly on points in the Deligne—
Mumford space M, of stable genus zero curves with £ 4 1 marked points
20, - - -, 2¢. Moreover, we require elements in Jy41(X,Y’; J, 61) to be coherent
under gluing of strata in My, see Section 3 for the precise definition.
Via the canonical projection 7 : Myyq — M, forgetting the marked point
20, we think of K € Jp41(X,Y; J,0:1) as a collection of almost complex struc-
tures K, € J(X,Y; J,01), parametrized by z € M,, depending smoothly on
2o thought of as a point on the nodal Riemann surface 771(z) defined by
z. To K € Jp11(X,Y; J,01) and a stable map (z, f) with ¢ marked points we
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associate the (0, 1)-form 5Kst(z)f’ where st(z) € M, is the stabilization of the

underlying nodal curve z. We call (z,f) K-holomorphic if éKst(z)f =0.

Denote by ¢; the first Chern class of X. For a homology class A € Hy(X;Z)
set £:= Dw(A). In addition, fix an integer k> 0. Every K € Jp11(X,Y; J,01)
induces elements m; K € Jyp1p41(X,Y;J,01) by composition with the map
o Myyop1 — My that forgets the first & marked points (and stabilizes).
Using this, we define the moduli space My (A, K;Y) of (smooth) 7 K-
holomorphic spheres in the class A with k + ¢ marked points and mapping
the last ¢ marked points to Y.

More generally, consider a (k+¢)-labelled tree T' which is £-stable, i.e., sta-
ble after removing the first k& marked points (see Section 2). For homology
classes A, corresponding to vertices a of T denote by Mrp({A.}, K;Y)
the space of stable K-holomorphic spheres modelled over T, representing
the homology classes A, and and mapping the last £ marked points to Y.
We denote by ghost tree a maximal subtree 7" C T such that A, =0 for all
a €T, so the corresponding holomorphic maps are constant on 7”. Our first
result is

Theorem 1.1. Let (X,w) be a closed symplectic manifold such that
[w] € H*(X;Z). Then for every Donaldson pair (J,Y) of degree D>
D*(X,w,J) and integer multiples £>3 of D there exist nonempty sets
T8 (X,Y5J,601) C Ty 1 (X, Y5 J,601) such that for K € J,.5(X,Y;J,601) the
following holds. Let A€ Hy(X;Z) be a homology class with ¢ = Dw(A).
For k>0 let T be an (-stable (k + ¢)-labelled tree with e(T) edges, and
Ay € Hy(X;Z) for a€T with Y Aq=A, such that every ghost tree con-
tains at most one of the last £ marked points. Then the moduli space
Mr({As}, K;Y) of stable K-holomorphic spheres modelled over T, repre-
senting the homology classes A, and mapping the last £ marked points to Y,

is a smooth manifold of real dimension
dimp Mr({Aa}, K;Y) = 2(n 34k +ei(A) - e(T)).

To interpret this result, recall from [19] the definition of a pseudocycle.
We say that a subset 2 C X of a manifold X has dimension at most d if
Q) is contained in the image of a smooth map ¢g : N — X from a manifold
of dimension dim N < d. A smooth map f: M — X from an oriented d-
manifold M to a manifold X is called d-dimensional pseudocycle if f(M)
has compact closure and its “omega limit set”

Qp = N f(M\ K)
K C M compact

has dimension at most d — 2. Thus intuitively, f(M) can be compactified by
adding strata of codimension at least 2.
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Our second result, proved in Section 9, will be a consequence of Theo-
rem 1.1 and an appropriate version of Gromov compactness.

Theorem 1.2. In the notation of Theorem 1.1, for every k> 1 the evalua-
tion map at the first k points

evh : Myypo(A K Y) — X

represents a pseudocycle ev®(J,Y; K) of dimension
2d:=2(n —3+k +c1(A)).

The third result concerns the dependence of this pseudocycle on the aux-
iliary data (J,Y; K). Two pseudocycles f; : M; — X, i=0,1, are called
cobordant if there exists a smooth map F' : W — X from an oriented
(d + 1)-manifold W with boundary OW = M; — My such that F|y;, = f;
and dim Qp < d — 1. Let a rational pseudocycle be a pseudocycle multiplied
with a positive rational weight. For pseudocycles fy, f1 we say that fy and
£f1 are equal as currents if there exists a covering map ¢ : My — M; of
degree ¢ such that fy= f; o ¢. We denote by rational cobordism the equiv-
alence relation on rational pseudocycles generated by equality as currents
and cobordism of pseudocycles.

The following result, proved in Section 10, will be a consequence of the
asymptotic uniqueness [2] of Donaldson hypersurfaces.

Theorem 1.3. Up to rational cobordism, the rational pseudocycle%evk(J,Y;K)
in Theorem 1.2 does not depend on the choice of the auziliary data (J,Y; K).

Following the strategy of [19], Theorems 1.2 and 1.3 allow us to define
Gromov—Witten invariants for arbitrary closed symplectic manifolds (X,w)
as follows. Let A € Ho(X;Z) and let a, ..., ar be nontorsion integral coho-
mology classes on X of total degree

k

Z deg(a) =2d=2n — 6 + 2k + 2¢1(A).

i=1
Represent the Poincaré dual of mjaq U --- Unfag € H*(X*) by a cycle a in
XF* that is strongly transverse in the sense of [19] to the evaluation map
evF(JY; K): Myye(A, J;Y) — X* from Theorem 1.2. Define the Gromov-
Witten invariant of holomorphic spheres passing through cycles dual to
ajy,. . .,y as the intersection number

1
GWa(ai,...,ax) = Eevk(J, Y:K) - a€Q,

with /= Dw(A) as in Theorem 1.1. In view of Theorem 1.3, this number
does not depend on the choice of (J,Y; K) and by Theorem 1.2 not on the
choice of a.
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Remark 1.4. The method described in this paper is applicable to prove
transversality for more general holomorphic curves. The extension to genus
zero holomorphic curves with boundary on a Lagrangian submanifold as
in Floer homology [11] relies on the existence of approximately holomor-
phic hypersurfaces in the complement of a Lagrangian submanifold due to
Auroux, Gayet and Mohsen [3], and the extension to genus zero holomorphic
curves with punctures asymptotic to closed Reeb orbits as in symplectic field
theory [8] is based on the existence of contact open books due to Giroux [13].
Both cases also require good descriptions of the relevant Deligne-Mumford
spaces of stable genus zero curves (in the spirit of Section 3): curves with
marked points and boundary in the first case, and curves with marked points
and directions at the marked points in the second case. Note that in both
cases the moduli spaces have codimension 1 boundary, so one needs to prove
appropriate gluing results. These extensions may be treated in subsequent
papers.

Remark 1.5. This paper is clearly related to the work of Ionel and Parker
on relative Gromov—Witten invariants [14, 15]. Indeed, moduli spaces of
holomorphic curves with tangency conditions to one or more symplectic
hypersurfaces are the central objects of study in their as well as our work.
However, the motivations and goals are very different. In particular, we
do not define relative Gromov—Witten invariants (although this should be
possible using the techniques developed in this paper).

Remark 1.6. One may wonder how the Gromov—Witten invariants defined
in this paper are related to other definitions. First, we claim that if the
symplectic manifold (X,w) is semipositive in the sense of McDuff and Sala-
mon [19], then our definition agrees with the one given in [19]. This essen-
tially follows from the fact that in that case we can choose our perturbation
K domain-independent. On the other hand, the comparison of our defini-
tion with ones involving abstract perturbations and virtual moduli cycles as
in [12, 16, 17, 20, 22] lies beyond the scope of this paper, whose pur-
pose is exactly to avoid abstract perturbations. However, taking virtual
moduli cycles for granted, our invariant seems to coincide with the rela-
tive Gromov—Witten invariant in [14, 15], which in turn equals the absolute
Gromov—Witten invariant according to Proposition 14.9.

2. Nodal curves

In this section, we describe the space M;, of stable curves of genus zero with
k marked points. We adopt the approach and notation of [19].

A E-labelled tree is a triple T'= (T, E, A), where (T, E) is a (connected)
tree with set of vertices T' and edge relation ECT x T, and A={Ay}aer
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is a decomposition of the index set {1,...,k} = Il e Ay. We write aES if
(a, B) € E. Note that the labelling A defines a unique map {1,...,k} — T,
it — a; by the requirement i € A,,. Let

e(T)=|T| - 1

be the number of edges. A tree homomorphism 7 : T — T is a map which

collapses some subtrees of T' to vertices of T' (cf. [19]). A tree homomorphism

7 is called tree isomorphism if it is bijective and 77! is a tree homomorphism.
A tree T is called stable if for each a €T,

Mo =#No + #{0 | aES} > 3.

Note that for k < 3 every k-labelled tree is unstable. For k> 3, a k-labelled
tree T' can be stabilized in a canonical way to a stable k-labelled tree st(T)
by deleting the vertices with n, < 3 and modifying the edges in the obvious
way (cf. [19]).

A nodal curve of genus zero with k marked points modelled over the tree
T=(T,E,\) is a tuple

z=({zaptars, {zit1<i<k)
of points 2,3, 2z; € 52 such that for each o € T the special points
SPy:={z43 | aEL}U{z | ;=0a}

are pairwise distinct. For « € T and i € {1,...,k} denote by z,; either the
point z; if i€ A, or the point z.g, if 2 €Ag and (o, 1), (61, 52),---,
(Br—1, ;) € E. Note that n, = #SP,. We associate to z the nodal Riemann

surface
Y= H Sa/za/g ~ ZBa,

aceT

obtained by gluing a collection of standard spheres {S,}o e at the points
2qp for aE3, with marked points z; € S,,, i=1,..., k. Note that z can be
uniquely recovered from 3, so we will sometimes not distinguish between
the two. A nodal curve z is called stable if the underlying tree is stable, i.e.,
every sphere S, carries at least three special points. Stabilization of trees
induces a canonical stabilization of nodal curves z +— st(z).

We will usually omit the genus zero from the notation. Denote the space
of all nodal curves (of genus zero) with & marked points modelled over T by

Mz (8% x (S)E.
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Note that this is an open subset of the product of spheres. A morphism
between nodal curves z,z modelled over trees 7,7 is a tuple

o= (7—> {gba}aET)a

where 7 : T — T is a tree homomorphism and ¢, : S2 = S, — Sra) & S?
are (possibly constant) holomorphic maps such that

Zr(a)r(8) = Palzap) 1f 7(a) # 7(9),
Palzap) = dp(2a) if T(a) =7(B),
&; =T7(v), Zi = Ga,; (i)

fori=1,...,k and aFE(3. A morphism ¢ : z — z induces a natural holomor-
phic map ¥, — 3; (i.e., a continuous map that is holomorphic on each com-
ponent S, ) which we deliberately denote again by ¢. A morphism (7, {¢q }) is
called isomorphism if T is a tree isomorphism and each ¢, is biholomorphic.

Isomorphisms from z to itself are called automorphisms. If z is stable
its only automorphism is the identity (see [19], discussion after Definition
D.3.4). Thus for a stable tree T' we have a free and proper holomorphic
action

GTXMT—>MT

of the group G of isomorphisms fixing 7.

Remark 2.1. Properness follows directly from the characterization of
sequences of Mobius transforms which do not have a uniformly convergent
subsequence in [19, Lemma D.1.2]. Indeed, if z¥ — z and ¢¥(z") — 2’ in
My as v — oo and {¢”} has no uniformly convergent subsequence in G,
then there is an o € T' and a subsequence ¢” " which converges to the constant
map S, — {y} on compact subsets of S, \ {z} for some points z,y € S,. In
particular, the limit of the sets {¢% (), ¢g’(zg;,) | zi € Ay, aE} consists
of at most two points, contradicting ¢”(z”) — z’ and the stability of z’.

Hence the quotient
Mrp:=Mr/Gr
is a complex manifold of dimension
dimc Mp =k +2¢(T) = 3|T|=k -3 —e(T).

For k > 3, denote by M, = M;, /G the moduli space of stable curves modelled
over the k-labelled tree with one vertex. As a set, the Deligne—Mumford space
(of genus zero) with k marked points is given by

M = HMT,
T
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where the union is taken over the (finitely many) isomorphism classes of sta-
ble k-labelled trees. However, M, is equipped with the topology of Gromov
convergence which makes it a compact connected metrizable space (see [19]).
As the notation suggests, M, is the compactification of M, in the Gromov
topology. For a stable k-labelled tree T', the closure of My in M, is given by

My = [[ M5,
T

where the union is taken over all isomorphism classes of stable k-labelled
trees T for which there exists a surjective tree homomorphism 7 : T — T
with 7(&;) = for i=1,... k.

We have the following result of Knudsen (cf. [19]).

Theorem 2.2. For k>3, the Deligne-Mumford space My, is a compact
complex manifold of dimension dimc My, =k — 3. Moreover, for each stable
k-labelled tree T, the space M C My, is a compact complex submanifold of
codimension codime Mp = e(T).

Remark 2.3. In this paper we do not use the complex structure on My,
but only its structure as a smooth manifold.

We have a canonical projection 7 : My1 — M, by forgetting the (k-+1)-
st marked point and stabilizing. The map 7 is holomorphic and the fibre
7~1([z]) is naturally biholomorphic to ¥,. The projection 7 : My 1 — M;,
is called the universal curve.

Lemma 2.4. For [z] € My, every component S, of X, = 7 1([2]) is an
embedded holomorphic sphere in Myy1.

Proof. This follows from the construction of coordinate charts on M k41 10
terms of cross ratios in [19] and the fact that any nonconstant cross ratio
maps S, biholomorphically onto CP". O

The following two lemmas follow directly from the construction of the
stabilization.

Lemma 2.5. Let z be a nodal curve modelled over the tree T and st(z) its
stabilization. Then the stabilization map induces a morphism

st = (T’ {@ba}aET) D Y ESt(Z)

with the following property. There exists a collection of subtrees T' CT such
that ¢ is constant for a € T' and biholomorphic otherwise. Moreover, each
sphere Sy, with o ¢ T' carries at least three special points.
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Lemma 2.6. The projection myp:=mo---oT : /\;lkH — My induces for each
[z] € My and [z] :=m¢[z] a morphism

T = (T) {QZ)Q}QET) DY > X3

with the following property. There exists a collection of subtrees T' CT such
that ¢ 1s constant for o« € T" and biholomorphic otherwise.

3. Coherent almost complex structures

Coherent maps. Now we consider the Deligne-Mumford space M1

with k& + 1 marked points zg, ..., zx. In the following discussion, the point
20 plays a special role (it will be the variable for holomorphic maps in later
sections).

Given a stable (k 4 1)-labelled tree T', we define an equivalence relation
on {0,...,k} by i ~ j iff 200 = 2a0;. The equivalence classes yield a decom-
position

{0,...,]{3}:[0U - U .

Note that the marked points on S,, correspond to equivalence classes
consisting of one element; in particular, we may put Iy:={0}. Stability
implies ¢ 4+ 1 =n4, > 3. Conversely, we call a decomposition I = (Io,...,I;)
of {0,...,k} stable if Iy={0} and |I|:=¢+ 1>3. We will always order the
I; such that the integers i; :=min{i | i € I;} satisfy

O=10 <1 < -+ <1y

Denote by My= M, . 1, C M1 the union over those stable trees that
give rise to the stable decomposition I= (1o, ..., Iy). The My are submani-
folds of M1 with

M1 = UML
I

and the closure of Mj is a union of certain strata My with |I| < |J|. The
above ordering of the I; determines a projection

pr: My — My,
sending a stable curve z to the special points on the component S,,,.

Definition 3.1. Let Z be a Banach space and k > 3. We call a continuous
map F : M1 — Z coherent if it satisfies the following two conditions:

(a) F =0 in a neighbourhood of those My with |I|=3;
(b) for every stable decomposition I with |I| > 4 there exists a smooth map
Fr : Mjy) — Z such that

Flpy=Fropr: M1 — Z.
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More generally, let Z* C Z be an open neighbourhood of 0 and let Z be
a collection of stable decompositions. Then we call a continuous map
F : UrezMyp — Z* coherent if it satisfies conditions (a) and (b) and
in addition:

(c) The image of F' is contractible in Z*.

We denote the space of coherent maps from My | to Z, respectively,
UrezMi1 — Z* by

Coh(My1,7) respectively Coh <U ./\/II,Z*) :

Iecl

It is equipped with the C°-topology on M1 and the C*°-topology on each
My via the projection py.

Remark 3.2. Condition (a) ensures that almost complex structures which
depend in a coherent way on the domain will coincide with a structure which
is independent of the domain near double points. It is included to keep the
analysis of gluing holomorphic curves as simple as possible (although gluing
is not studied in this paper).

Our constructions of coherent maps will be based on the following.

Proposition 3.3. Let Z be a Banach space and k>3. For each stable
decomposition 1 with |I| >4 fiz an open subset Uy C My with compact clo-
sure. Then there exist continuous linear extension maps

Ey: C§°(Ur, Z) — Coh(Myy1,2)
such that

(Ex)|lmy =€ o pr

for every £ € C3°(Ur, Z). Moreover, the extension operators can be chosen
such that Ex§ and Ejyn have disjoint supports for all £ € C3°(Ur, Z) and
neC(Us, Z) with1 # J. If Z* C Z is open and star-shaped with respect to
the origin, then Ex maps C§°(Ur, Z*) to Coh(My1, Z*).

The proof of Proposition 3.3 will be given below. We first give a reformu-
lation of the coherency condition.
Cross ratios. For pairwise distinct points zg, 21, 22, 23 € S2 =C U {00},
we have their cross ratio

(21 — 22)(23 — 20)
(20 — 21)(22 — 23)

€5\ {0,1,00}.

w(20, 21, 22, 23) =
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It extends to the cases where two (but no three) of the z; are equal with
the values 0,1,00. For 0 < i < j < m < n < k define cross ratios
Wijmn(2) = w (2, 2j, Zm, 2n) o0 My11. We will need the following two facts,
of which the first one is obvious and the second and third ones are proved
in [19].

Fact 1. The cross ratios wg,1,2,; with 3 < j < k define an embedding

b1 s My — (SHF2

Fact 2. Each cross ratio wijmn, 0 < i1 < j < m < n < k, extends to
a continuous function wjjmy : .A;lk+1 — 52 on a stable curve z modelled
over a tree T' it is given by wijmn(2z) :=w(2ai, Zaj; Zam: Zan), Where a € T is
a vertex for which no three of the points zai, 2aj, Zam, Zan are equal. (This
vertex « need not be unique; however, if it is not then there are precisely
two such vertices and both choices give the same value in {0, 1,00} for the
cross ratio).

Fact 3. Mk;+1 \ M1 is precisely the locus where some cross ratio wojjm,
1 <i<j<m<k, takes values in {0, 1, c0}.

Remark 3.4. In fact, it is shown in [19] that the cross ratios wjjmy for
0<i<j<m<n <k define an embedding

k+1)

Mk+1 — (52)( 4
But we will not use this result in this paper.

Let I=(Iy,...,I;) be a stable decomposition. Recall that i, j are equiv-
alent iff they belong to the same I, for some 1 < a < ¢. We say that with
respect to the decomposition I a triple (i, j,m) with 1 <7 < j <m < k is of

e Type I: if 7, j, m are pairwise nonequivalent;
e Type II: if exactly two of the 4, j, m are equivalent;
e Type III: if 4, j, m are all equivalent.

We define the type of a cross ratio wo; jm as the type of the triple (¢, 7, m).
For two stable decompositions I,J we say that J is a refinement of I if
J-equivalence implies I-equivalence, in other words every J;, is contained in
some I,. Note that J is a refinement of I if and only if My C Myj.

Lemma 3.5.

(a) The type of a triple (i,j,m) does not decrease in the Gromov limit on
M1
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(b) A map F : My1 — Z satisfies condition (b) in Definition 3.1 if and
only if F|am, is a smooth function of the Type I-cross ratios for every
stable decomposition 1.

(¢) For stable decompositions I # J such that J is a refinement of I there
exists a cross ratio that is of Type I for J and Type II for 1.

(d) For stable decompositions I # J such that J is not a refinement of
I and |I| >4 there exists a cross ratio that is of Type I for I and Type IT
for J.

Proof. (a) follows immediately from the definition Gromov compactness,
see [19].

For (b) first suppose that F' satisfies condition (b) in Definition 3.1 and
I is a stable decomposition with [I|=¢+41>4, so F|y, =Fropr: Mi — Z
for a smooth map Fy : Myy; — Z. Denote points in M1 by (2o, ..., 2¢).
In view of Fact 1 above, F1 can be uniquely written as a smooth function of
the cross ratios w12 ; with 3 < j < /. By definition of py this means that
F|py is a smooth function of the Type I-cross ratios Wig iy inyi;, Where i; is
the minimal element in I;. The converse follows similarly.

For (c) choose indices ¢ # j that are equivalent for I and not equivalent
for J. Let m be an index which is not equivalent to 0 or ¢ for I, and hence
also not for J. Then the cross ratio wo; jm is of Type I for J and Type II
for I.

For (d) choose a J, that is not contained in any I. Write I=(Io,..., 1)
with £>3. Set B:={be{1,...,0} | J,NI, # 0} and denote by {J, NIy }pc B
the induced decomposition of J,. Note that |B| > 2. Now we distinguish two
cases. If B # {1,...,¢} choose d€{1,...,¢}\ B and b,c € B with b # ¢, and
choose mely, i€ J,NI, and je J,NI.. If B={1,...,¢} choose pairwise
distinct b, ¢,d € B such that I; is not contained in .J, (this is possible since
¢>3 and |[J| >3), and choose m € I\ J,, i € J,N 1 and j € J, N 1. In both
cases the cross ratio wq; jm is of Type I for I and Type II for J (with
i~ 7). O

Proof of Proposition 3.3. Fix a union W of three disjoint disks around
0,1,00 in S? and a cutoff function y : S? — [0, 1] with support in W which
equals 1 near 0,1, c0. In view of Fact 3 above, we can (and will) choose W
disjoint from the compact sets woﬂ-,j,m(ﬁl) for all Type I cross ratios wo; jm,
1 <i,j,m < |I| associated to stable decompositions I.

For 3 < £ < k denote by ¢y 1 : Mgy < (S?)/2 the embedding given by
the cross ratios w12, with 3 < j < ¢ (see Fact 1 above). In view of Fact 2
above, each stable decomposition I=(ly,...,I;) induces a continuous map

¢1: My — ()12
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given by the cross ratios W0,iy in.ij with 3 < j < /. By construction, we have
Gt My = Per1 o pr and ¢y 1 (Ur) C (S%\ W)*~2. The situation is summarized
in the following diagram, where the first vertical arrow is the inclusion and
the second one an embedding.

Mypr = (871722 (52 \ W)'=2

T Toun

Mi L M|1| D) 01

Composition yields a continuous linear embedding
Ce°(U1) — Cf(Mps1), € €0 gyl o

satisfying £ o qbéjrll o ¢1|pmy; =& o pr. Define a continuous linear extension map
Ey:C8(Ur, Z) — C%(Myq1, Z) by

— -1
Ex§:= | | X © Wo,ijm | €0 Py 0 Pr.
(4,3,m) Type II
with respect to I

By construction, it satisfies

(Elé)‘MI =¢o QSK_J:I ogr=¢§opr,

so this restriction is continuous with respect to the C'*°-topology via pi.
Moreover, Er1€ vanishes on the locus where some Type I-cross ratio with
respect to W takes values in W, so we could also write it as

—1
B = [T xowoijm]| - [[ (= x)owoijm| - oo odr
(i,4,m) Type 11 (i,5,m) Type I
with respect to I with respect to I

Consider now a stable decomposition J # I. Suppose first that J is not a
refinement of I. By Lemma 3.5(d), there exists a cross ratio wy; jx that is of
Type I for I and Type II for J. It follows that wo ; ;1 € {0,1,00} on M3, so
by the preceding discussion Ei€ vanishes on Mj. Next suppose that J is a
refinement of I, i.e., My C Mj. Note that Eré depends only on cross ratios
of Types I and II with respect to I. By Lemma 3.5(a), these cross ratios do
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not become Type III with respect to J, so Et{|a, is a smooth function of
Type I- and Il-cross ratios with respect to J. But Type Il-cross ratios are
constant on My, so E1é|az, is a function of Type I-cross ratios and thus
coherent by Lemma 3.5(b).

Next consider { € C§°(Ut, Z) and n € C§°(Uy, Z) with I # J. Suppose first
that J is not a refinement of I. By Lemma 3.5(d), there exists a cross ratio
wo,; ;. that is of Type I for I and Type II for J. By construction, the support
of Eyn is contained in the set w, zljm(W) and Er€ vanishes on this set, so
FE1é and Ejn have disjoint support. Next suppose that J is a refinement of
I. By Lemma 3.5(c), there exists a cross ratio wo jm that is of Type I for
J and Type II for I. By construction, the support of Et€ is contained in the
set wy 11 Jm(W) and Fjn vanishes on this set, so again this shows that Ey&
and FEjn have disjoint support.

Finally, the formula for the extension operator Ey in terms of cutoff func-
tions shows that it preserves a star-shaped set Z*. This concludes the proof
of Proposition 3.3. U

Finally, we discuss the pullback of coherent maps under projection. For
Ic{l,...,k} with |[I|>3 denote by W[Z/\;lk+1—>./\;l|[‘+1 the projection
given by forgetting the marked points outside I U{0} and stabilizing. For a
stable decomposition J = (Jy, . .., J;) of {0, ..., k} denote by J = (Jo, ..., Jp)
the induced decomposition of I obtained by removing the points outside
TU{0}. In general, £ may be smaller than ¢ and J need not be stable. We
say that J is I-stable if |J| >3, or equivalently, if J; NI #  for at least two
i€{1,...,¢}. Denote by Z the collection of all I-stable decompositions. As
before,  : Mj41 — M, denotes the projection forgetting the marked point
zp and stabilizing. We say that a k-labelled tree T is I-stable if it is still
stable after removing the marked points outside I.

Lemma 3.6 (Pullback under projection). Composition with 7 induces a
pullback map

I COh(M|I|+17 Z) — Coh(UyezMy, Z).

In particular, a coherent map F': ./\;l|1|+1 — Z induces a coherent map w7 F' :
7Y (Mr) — Z for each I-stable k-labelled tree T.

Proof. Let F € Coh(M41,Z). Let I=(Jo,...,J;) be an I-stable decom-
position of {0,...,k} and J=(Jy,...,J;) the induced decomposition of I
obtained by removing the points outside I U{0}. We claim that 7;(My) C
Mj3C M. Indeed, I-stability of J implies that for z € My the component
ap is still stable after removing the points outside 7 U{0} and therefore
descends unchanged to 77(z). Hence 4, j € I are equivalent in 7(z) iff they
belong to the same .J,,, i.e., to the same .J,,,.
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Since F'|pq; factors as Fy o py for a smooth map Fy : M5 — Z, the fol-
lowing commutative diagram shows that (77 F )|, factors as (Fjomyz)ops
with the smooth map Fjomy : Mz — Z.

My ’p—J—+ Mm

ol
D3 F5

This proves condition (b) in Definition 3.1. Condition (a) also follows because
|J| = 3 implies |J| =3, so For; = 0 near such Mj. Finally, if z € My C M1
with 7(z) € My, then I-stability of T implies that |J| >4, in particular J is
I-stable. O

Almost complex structures. For a symplectic vector space (V,w),
denote by J(V,w) the space of w-tamed complex structures, i.e., endomor-
phisms J : V — V such that J?= — 1 and w(v, Jv) > 0 for all tangent
vectors v. The space J(V,w) is a manifold with tangent space

Ty, J(V,w)={Y €End(V) | JoYJo=Y}.

Suppose V is equipped with a Euclidean metric g. Then trace(Y'Y) defines
a Riemannian metric on J(V,w). The exponential map of this metric defines
embeddings

expy : TyJ(V,w) D B(0, p(g,J)) — I(V,w)

from the open ball of radius p(g,J) > 0 which continuously depends on g
and J.

Following [9], for a vector bundle E — X over a closed manifold X we
denote the space of Floer’s C*¢-sections in E by

C°(X,E):= {s EQUX,E) [ aillslles < oo} .

=1

Here e =(g;)ien is a fixed sequence of positive numbers and || ||ci is the
C'-norm with respect to some connection on E. It is shown in [9, Lemma
5.1] that if the &; converge sufficiently fast to zero, then C*(X, E) is a Banach
space consisting of smooth sections and containing sections with support in
arbitrarily small sets in X.

Now let (X,w) be a closed symplectic manifold. Fix a tamed almost com-
plex structure Jy on (X,w), i.e., a smooth section in the bundle J(T'X, w) —
X with fibres J(T; X, w;). Define a Riemannian metric on X via

g(v,w) :=wv, Jw) + w(w, Jv).
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Let T, J(T'X,w) — X be the vector bundle with fibres T, (;)J (T X, wz)
and set

Ty J :=C* (X, T;,J(TX,w)),
J =T (X,w):= exp,,(B),

where B:={Y €T;,J | Y(x) € B(0, p(g(z), Jo(x)))}. Thus J is the space of
tamed almost complex structures of (X,w) that are of class C® over Jy via
expj,- We think of J as a Banach manifold with a single chart exp , .

Remark 3.7. We cannot replace the space C¢ by C° because the lat-
ter one is not a Banach space and we need to apply the implicit function
theorem below. However, we could replace C¢ by C¥ for sufficiently large
N (which amounts to choosing ¢; =0 for ¢ > N); then the moduli spaces of
holomorphic spheres would not be smooth but of class CV as well, which
suffices for the definition of Gromov—Witten invariants.

More generally, let P be any manifold. A tamed almost complex structure
on (X,w) parametrized by P is a smooth section in the pullback bundle
J(I'X,w) — P x X. Fix Jy as above. Let T;,Jp(TX,w) — P x X be the
vector bundle with fibres 7', (,, »)J (T X, w,:) and set

Ty Jp:=C%(P x X, TsJp(TX,w)),
jP = jP(qu) = eXpJO(BP)v
where Bp:={Y €T;,Jp | Y(p,z) € B(0, p(g9(x), Jo(z)))}. Note that we may
think of J € Jp as a map P — J. For an open subset U C P, we denote by

T;Jy C Ty Jp the subspace of those sections that have compact support in
U. We will be interested in the spaces

Js2=Js2(X,w) and ij+1:ij+1(X’w)

parametrized by the Riemann sphere and the Deligne-Mumford space with
k + 1 marked points, respectively. To better understand the second case,
recall that we have a holomorphic projection 7 : M k41 — M. Fix a stable
curve z = ({2ap}ars, {Zit1<i<k) € My, modelled over the k-labelled tree T'.
Recall that 7~ ![z] is naturally identified with the nodal Riemann surface ¥,
which is a union of |T'| copies S, of S2, glued together at the points Za-
Restriction of J € Jyy, ,, to 7 1[z] yields a continuous map

Jy 12, — T

which is smooth on each S,. We define the space Jiy1 of coherent almost
complex structures by

TioTk+1:= COh(MkJrl, T5J)C TJOJMkH’
Ti41 1= €xXPpj, (TJojk+1) - jﬂ;lk+1’
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where Coh(Myy1,T5,J)C Ty T, N, denotes the subspace of those maps
Y : My — T, J satisfying the conditions of Definition 3.1.

Lemma 3.8. For z € M}, modelled over the tree T and J € Jik+1 the follow-
ing holds.

(a) The restriction of J, to each component S, of ¥, defines a smooth
tamed almost complex structure Jo € Js,,. Similarly, any Y € TjTp+1
restricts on Sy to a smooth section Yls, € Ty, Js,,-

(b) Conversely, let Uy C Sy \ SPy, be open subsets (for a € T'), where SP,
is the set of special points on S, (except z9). Then for any collection
of sections Yo € Ty, Ju, with compact support in Uy, there exists a
Y € Ty Jxy1 with Y|s, =Yo. Moreover, this extension is given by an
injective continuous linear map

DSl Ju, — T1Tk+1

Proof. Part (a) follows immediately from the fact (Lemma 2.4) that the
S, are submanifolds of My ;. The same fact also implies (b). Since U, x
X C My, +1 x X is a submanifold, the section Y, € Ty, Ju,, C Ty, Js, of the
vector bundle T;Jg, (TX,w) — So x X extends to a C®-section Y, of the
vector bundle TyJ aq,,, 4 (TX,w) = My, 41 x X with compact support. Now
the construction proceeds exactly as in the proof of Proposition 3.3, choosing
the cutoff function y to be a C¢-function. O

4. Holomorphic maps

J-holomorphic maps. To a map f : S — X and a tamed almost complex
structure J € Jg2, we associate the (0, 1)-form

Osf =4 (df + (=, ) o df o)
which at the point z € S? is given by
015 (2):= 3 (df(2) + I (2 £(2)) 0 df(2) 0 ().

We call f J-holomorphic if 97 f =0. Then its energy is given by

E(f)=1% /52 |df |*dvol = /52 frw.

Fix an integer m >1 and a real number p > 1 such that mp > 2 and define
the Banach manifold

B:=B™P:=WmP(S% X)
of maps of Sobolev class WP (which are continuous because mp > 2). Let

E=E""1" — B
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be the Banach bundle whose fibre at f € B is given by &7 = Wmfl’p(SQ, 0ot
(f*TX )) Then the Cauchy-Riemann operator defines a smooth section
dy:B— &, fr—sf.
More generally, the universal Cauchy—Riemann operator is the section
0:Bx T2 — &, (f,J)— 0sf.

Now fix pairwise disjoint points zi,. .., 2z; € S?. Evaluation at these points
defines a smooth map

vk B— XF f— (f(zl),,f(zk))

Lemma 4.1. Let k€N, f€ B and J € Js2 satisfy O;f =0. If f is noncon-
stant, then the linearization of

(D,ev¥) : B x Jgo — £ x X*

at (f,J) is surjective. More precisely, for any nonempty open subset U C S?\
{z1,..., 2k}, the restriction of the linearization to the subspace

TfB @ Ty Ty C TfB D Tjjs2
of sections with support in U is surjective.

Proof. The proof is very similar to that of [19, Proposition 3.4.2], so we only
sketch the argument. The linearization of (9,ev¥) at (f,.J), restricted to the
subspace TyB"? @& T;Jy, is the linear operator

k
L: Tme’p eT; Ty — Ef D @Tf(zi)X7
1=1

(&Y) — (Dre+3Y (o f)odf 0 (), E() ).

where Dy :TyB™P — & is the linearization of d; at f. We will prove sur-
jectivity of the operator

Lo: By & T;Jy — &,
(&,Y) — Dyé+ 3Y (2, f) o df o,

where B"?:={€€TiB™P | {(z1) = -+ =&(21) =0}. Surjectivity of Ly eas-
ily implies surjectivity of L: Given (n,v1,...,v;) €Er @ EBf: 1 Tp(z) X, pick
a & € TyB™P with & (2;) =v; for all i and find (&,Y) € By @ T;Jy with
Lo(&,Y)=n — D€y, hence L(E, +&,Y) = (1,01, ., vp).

To prove surjectivity of Lg, first consider the case m =1. Since Dy is a
Fredholm operator, the image of Ly is closed. So it suffices to show that every
element n € 5}* orthogonal to im(Lg) is zero. Note that £ is a space of LP-
sections, so its dual space 5}" can be identified with the appropriate space of
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Li-sections with 1/p+1/q=1 via the L? inner product. Thus orthogonality
to im(Lg) amounts to the equations

(Dy&,m)p2 =0,
(Y(z,f)odf oj,n)2=0

for all (&,Y)eBy? @ TyJy. By [19, Lemma 3.4.7], the first equation
implies that 1 is smooth on S%\{zg,...,2;} and satisfies on this set the
Cauchy—Riemann type equation D;‘cn:(). Since f is nonconstant, the set
U*:={z€U | df(z) # 0} is open and dense in U. Suppose that n(z) # 0
for some z € U*. Then by [19, Lemma 3.2.2] and cutting off near z, we find
aY eT;Jy such that (Y (2/, f) o df(2") o 4,n(2")) >0 for all 2/ and > 0 at
2! =z, in contradiction to the second equation. (Here we have used the fact
that ¥ may depend on points in U, which allows us to cut off Y near z.)
It follows that n(z)=0 for all z€U*, and hence by unique continuation
(see [19, Lemma 3.4.7]) n = 0. This proves surjectivity of Ly in the case
m=1. The case of general m >1 follows from the m =1 case by elliptic
regularity. Given n € 5}”71’1’, by the m =1 case we find ({,Y) € Bé’p oT; Ty
with Lo(§,Y)=mn, and elliptic regularity (see [19, Theorem C.2.3]) yields
£ € By"P. This concludes the proof of Lemma 4.1. O

For constant f we have a similar result with k=1.
Lemma 4.2. If f € B is constant and J € Jq2, then the linearization of
Dy, ev):B—Ex X
at f is surjective.

Proof. Let f =€ X and identify T, X with R?”. Then the linearization of
0y at f is the Cauchy—Riemann operator

L:W™P(52 R™) — WP (Q%H(S%, R?™)), £ 95¢

for a family of linear complex structures .J(z) on R?", z € 52. Elements in the
kernel of L have zero energy (since they are homologically trivial) and are
therefore constant. Since L has index 2n, it follows that L is surjective and
its kernel consists of the constant functions. Hence the linearized evaluation
map & — &(z1) is surjective on the kernel of L and the result follows. [

Lemmas 4.1 and 4.2 immediately imply
Proposition 4.3. The universal solution space
M(Js2):={(f,]) €B x Jg2 | ;f =0}
is a Banach manifold and the 1-point evaluation map

evl i M(Jg2) — X
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s a submersion. Moreover, for any k € N the k-point evaluation map
evh s M (Jg2) — X*

is a submersion on the open component M"*(Jg2) C M(Jg2) of pairs (f,J)
with f monconstant.

For a homology class A€ Hy(X;Z), J € Jg2 and a smooth submanifold
Z C X* define

M(A,J):={f:8% — X |3;f=0, [f]=A},
M(A, T3 Z):={f € M(A, ) | (f(21),... f(=)) € Z}.
Taking regular values of the projection (f,J) — J, we obtain

Corollary 4.4. For every smooth submanifold Z C X there exists a Baire set
J5:2(Z) C Ts2 such that for every homology class A€ Ho(X;7Z) and every

J € Jg:b(Z) the solution space

M(A, J; Z)={f e M(A,J) | f(=1) € Z}
s a smooth manifold of dimension
dimM(A, J; Z)=2n+ 2c¢1(A) — codimp Z.

More generally, for every smooth submanifold Z C X* there exists a Baire set
jégg(Z) C Jg2 such that for every nonzero homology class 0 # A € Hyo(X;7Z)
and every J € Jg:*(Z) the solution space

M(A, T 2)={f e M(A ) | (f(=1),---, [(21)) € 2}
s a smooth manifold of dimension

dim M(A, J; Z) =2n + 2¢1(A) — codimg Z.

5. Nodal maps

Throughout this section, we fix a symplectic manifold (X,w) of dimension
2n, not necessarily closed.

Weighted trees. A weighted k-labelled tree (T,{As}) is a k-labelled tree
T with a collection of homology classes A, € Ho(X;Z), a€T. We call
(T,{An}) weighted stable if each component o €T with A, =0 carries at
least three special points. Note that stability implies weighted stability but
not vice versa. We call a component o with A, =0 a ghost component, and
a maximal subtree consisting of ghost components a ghost tree. The reduced
index set of (T,{Aq}) is the subset RC{l,...,k} containing all marked
points on components with A, # 0, and the unique marked point z; with
the maximal index ¢ on each ghost tree.
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Stable maps. Fix a k-labelled tree T= (T, E, A) (not necessarily stable).
Let
Jr = H VEN
aeT

be the space of collections J = {J, } o e 7 of tamed almost complex structures
Jo € Js, parametrized by the spheres S,. Let z= ({208}aEs, {Zi}1<i<k) be
a nodal curve modelled over T and ¥,= U, S, the associated nodal
Riemann surface. A continuous map f : £, — X is a collection {fa}aer of
continuous maps fq : So — X such that fo(208) = f3(234) whenever aEf3.
Note that each such map f induces homology classes A, = [fa] € H2(X;Z)
and thus weights on the tree T. To J € Jp and f : ¥, — X we associate the
Cauchy—Riemann operator

ng::%(df +J(2,f) 0 df oj)
which at the point z € S, is given by
0y, fa(2):= % (dfa(z) + J, (z, fa(z)) odfo(z) 0 ](z)>

A continuous map f is called J-holomorphic if O3f =0 (hence each f, is
smooth by elliptic regularity). A pair (z, f) consisting of a nodal curve z and
a J-holomorphic map f : ¥, — X is called a nodal J-holomorphic map of
genus zero with k marked points, or simply a nodal map. Note that a nodal
map (z,f) represents a homology class

[£]:= > [fal € Ho(X;Z)

acT
and carries the energy

E(f) = " E(fa).
acT
We say that a nodal map (z, f) is modelled over the weighted tree (T,{Ay}) if
z is modelled over T and [f,] = A, for all « € T. A nodal map (z, f) is called
stable if the underlying weighted tree (T,{A,=1[fa]}) is weighted stable,
i.e., if each component o €T for which f, is constant carries at least three
special points.
For a weighted tree (T, {Ay}) and J € Jr let

MT({Aa}a J)

be the space of all nodal maps (z,f) modelled over (T, {A,}). The space of
stable maps modelled on the tree T representing the class A is the disjoint
union

MT(AaJ):: H MT({Aa}aJ)a

S A=A
where the union is taken over all decompositions {A,} of A such that
(T, {A.}) is weighted stable.
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Domain-stable maps. Fix an integer k > 3 and consider the space Jj41
of coherent tamed almost complex structures on (X, w) parametrized by the
Deligne-Mumford space My 1. Fix a stable curve z= {zap}ars, {Zih1<i<k),
modelled over the k-labelled tree T'= (T, E, A). Restriction of J &€ Ji11 to
77 z] 2 ¥, = Uger S, yields a map

Jp X, — J.

By Lemma 3.8, the restriction of J, to each component S, of ¥, is smooth, so
Jo yields an element in Jr =[], cp Js.. As above, to a map f ={fo}acT :
¥, — X and J € Ji41 we associate the Cauchy—Riemann operator

2y

z

fi= %(df + Jy(2,£) 0 dfoj)
which at the point z € S, is given by
Osfal2)i= 3 (dfal2) + Ju(2 fal2)) 0 dfal2) 0 j(2)).

If z is a stable curve and f is J,-holomorphic for J & Ji11, we call the
pair (z,f) a domain-stable J-holomorphic map of genus zero with k marked
points, or simply a domain-stable map. Note that every domain-stable map
is stable, but domain-stability is more restrictive because it requires the
underlying curve to be stable.

More generally, let z be a nodal curve with k£ marked points, not nec-
essarily stable. By Lemma 2.5, stabilization yields a holomorphic map
st : Xz = Ygi(z)- S0 J € Jy1 yields a map

‘];t : 2z — ._7, Jit(z) = st(z) (St(z))

whose restriction to each sphere S, is smooth. Note that J5¢ is constant on
the spheres S, with « in the collection of subtrees 7" C T from Lemma 2.5.
This construction allows us to define the Cauchy-Riemann operator 0 s f
as above and speak about nodal J-holomorphic maps (z,f) for J € Jy11. As
above, let

MT(Aaj):: H MT({AQ}?J)a

S A=A
be the space of stable J-holomorphic maps modelled on the (not necessarily
stable) k-labelled tree T' for J € Jp11.
Moduli spaces. Let J& Jpi1. An isomorphism between two nodal
J-holomorphic maps (z,f) and (z, f) is an isomorphism (7, {batacT)
between the nodal curves z and z such that fT(a) 0 o= fq for all a€T.
The following lemma shows that J-holomorphicity is preserved under
isomorphisms.

Lemma 5.1. Let z, z be nodal curves with k marked points and f : ¥, — X,
f: ¥; — X be continuous maps. Let ¢=(7,{batacT) : 2 — Z be an
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1somorphism between the nodal curves such that fT(a) 0= fa forallaeT.
Let J € Jxy1. Then £ is J-holomorphic if and only if £ is.

Proof. As mentioned in the definition of morphisms between nodal curves
we will denote the induced map between the nodal curves by the same
letter. By definition of Jx11, J is invariant under isomorphisms 1 in the
sense that Jyw) (¥(w)) = Jw(w) for w € M), and w € Xy. By Lemma 2.5,
the isomorphism ¢ : z — Z induces an isomorphism ¢ : st(z) — st(z)
between the stabilized curves such that st o ¢ = ¢ o st. It follows that

G102 =, ) (H00) =T ) (¢ (6102)))
(52) = Jst(z) (St(z)) = J;t(z)
Together with holomorphicity of ¢, this implies

Of =0y (fo©65")(6(2) =0y fu(2) 0 da(2) ™!
for every a €T and z € .5,, and the lemma follows. O

It follows that for every tree 1" and homology class A the group Gr of
isomorphisms fixing T (but not necessarily the identity on T') acts on the
space Mp(A, J) of stable maps. The action of G is proper (see [19, Section
6.1]; the argument is similar to the remark in Section 2 above), and due to
the stability condition it has only finite isotropy groups (see [19]). Denote
its quotient space by

Mr(A,J):=Mzp(A,J)/Gr.

The moduli space of stable maps (of genus zero with k marked points repre-
senting the class A) is the disjoint union

Mi(A, T) = JMr(A, )
T

over the isomorphism classes of k-labelled trees. It carries a natural topology,
the Gromov topology defined in [19], which makes it into a metrizable space.
We call the M (A, J) the strata of My (A, J). In particular, we have the top
stratum My (A, J) := Mr, (A, J) of stable maps modelled over the k-labelled
tree T}, with one vertex.

The moduli space of domain-stable maps is the subset

Mgs(/L ‘]) = U MT(Aa J) CMk(AvJ)
T stable

of those nodal maps whose underlying curve is stable. Note that if the tree
T is stable, then the action of Gp on Mp(A, J) is free and covers the trivial
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action on T (see [19]). So in this case the quotient space has a natural
decomposition

MT(A7 J): H MT({Aa}vJ)7 MT({Aa}v‘]):MT({Aa}aJ)/GT-
S Aa=A

(If T is unstable the corresponding decomposition need not descend to the
quotient because isomorphisms may interchange vertices of T'.)
Compactness. We now state Gromov’s compactness theorem in our con-
text. It is proved in [19] for almost complex structures J not depending on
points in My, 1, but the proof immediately carries over to our situation.

Theorem 5.2. Let J€ Jpiq1. Let (zV,fY) be a sequence of stable
J-holomorphic maps (of genus zero with k marked points) with uniformly
bounded energy E(f¥) < C. Then a subsequence converges in the Gromov
topology to a stable J-holomorphic map (z,f) (of genus zero with k marked
points).

For the precise definition of Gromov convergence see [19]. It implies, in
particular, that after passing to a subsequence the following properties hold:

(1) The (z”,f”) all belong to the same moduli space Mz({As},J) for
some stable weighted tree (T, {Aa}).

(2) The limit map belongs to some moduli space M7 ({44}, J) and there
exists a surjective tree homomorphism 7 : T — T such that

Tw)=a&, >, Aa=As

acT (&)

fori=1,....,kand aeT.

(3) The stabilizations st(z”) converge to the stabilization st(z) and f is
Jgt(z)-holomorphic (cf. [19, Theorem 5.6.6]).

(4) After suitable reparametrizations, the f¥ converge uniformly to f.

Remark 5.3. By Theorem 5.2 the moduli space My (A, .J) of stable maps
is compact. We wish to emphasize, however, that the subset /\;l‘,is(A, J)C
M.(A,J) of domain-stable maps is in general not closed in the Gromov
topology. The underlying nodal curve of the Gromov limit of a sequence
of domain-stable maps need not be stable. However, in Section 9 we will
encounter a situation in which M{5(4, J) (with additional constraints) is
closed in My (4, J).

Transversality. The aim of this section is to show that for a stable tree T,
the space Mp(A,J) is a manifold for generic J € Ji11, as well as various
refinements of this result. For this, we need some more notation.

Fix a nodal curve z = ({za8}ars, {Zi}1<i<k) with k& marked points, mod-
elled over the k-labelled tree T'= (T, E, A). Fix mp > 2 and homology classes
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Ay, a €T, and set
B({Au}):=B"({Au}):== [] B™"(Aa),
acT

where B™P(A,) denotes the space of maps S? — X of Sobolev class W™P
representing the homology class A,. We write elements in B({A,}) as
f=(fa)aeT with fq : Sy — X. Let X be the product indexed by pairs a3
such that aE3, and let the edge diagonal A¥ C X¥ be defined by Taf = TBa
for aE3. Evaluation at the z,g defines the edge evaluation map

B({A.}) — XP.

Note that f € B({A4}) induces a continuous map ¥, — X iff ev®(f) € A¥.
For J=(J,) € Jr, the Cauchy—Riemann operators f, — s, fo define a

smooth section
B({Aa}) — E£({Aa})
in the bundle
E({Aad) =€ ({Aa}):= ] €m717(Aa).
acT
Note that (z,f) is a nodal J-holomorphic map iff fe (9y,ev®)~1(0g x
AF) c B({A4}), where Og denotes the zero section of £({A4}). We also have
the k-point evaluation map
B({Aa}) — X' £ (Jau(21), - fo (an))-

Similarly, the reduced index set R C {1, ..., k} gives rise to the reduced eval-
uation map

B({Au}) — XB, £ {fu,(z)}ier-

We first consider the case B({0}) in which A, =0 for all @ € T. Then the
whole tree T is a ghost tree and therefore R={1}.

Lemma 5.4. Let T be a 1-labelled tree and J € Jr. Then for any x € X,
E evl): B{0}) — £({0}) x XF x X
is transverse to Og x AF x {z}.

Proof. Let f e (03,evP, ev))™1(0g x AF x {z}) c B({0}). Since f has zero
energy, this implies fa = z for all a€T. The linearized operator at f is
given by

(03,ev

TeB— & @ (T, X)F o T, X,

{ga}a eTrH—— ({5a£a}a eT {ga(zocﬁ)}aEﬁa £a1 (Zl )) )

where 0, : Ty,B — &y, is the linearized Cauchy-Riemann operator. By
Lemma 4.2, 9, is surjective and its kernel consists of the constant functions
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§a + Sa = T X. Thus it suffices to show that the restriction to the kernel
of the 9,

(TIX)T — (TCL“X)E @ TxXa {Sa}aeT — ({ga}aE,@a fal)

is transverse to the subspace T,z AP @ {0} C (T, X)¥ @ T, X. This is equiv-
alent to the surjectivity of the operator

(LX) o T A — (T,X)F & T, X,
({fa}aeT, {Uaﬂ}aEﬁ) — ({éa + naﬁ}aEﬁa 5041)'

Thus for given {vaglars and vi, we need to find {&n}taer and {n.g}ars
satisfying

(53) o+ TNap = Vag, 5041 =V,  TNap =B

for all aF 5. This system can be solved by induction as follows. Let T, be the
set of vertices that have distance at most ¢ from «;. For /=0 set &,, :=v;.
For the induction step, suppose that we have a solution of the system (5.3)
for all aE( with «, 8 €Ty. Since T is a tree, for § € Tyq \ Ty there exists
a unique o € Ty with aEB3. Then 1,3 :=1gq := Vag — {a and {5 :=vg4 — 18a
solves (5.3) on Tpyq. O

More generally, let k>3 and let I be a subset of {1,...,k} with |I|>3.
Call a k-labelled tree T' I-stable if it is still stable after removing the marked
points not in I. Note that I-stability implies stability. Denote by

Ty - Mk+1 — M|[H‘1

the obvious projection (forgetting the marked points outside the set 7 U {0}
and stabilizing).
Fix Jy € J and a nonempty open subset V C X and set

JV):={JeJ|J=Jyoutside V},
Te1(V):={J € Tg1 | J = Joy outside V}.
By Lemma 3.6, a J € Jj;31(V) induces a coherent map 7j.J : Mpy Dt
(Mrp) = J(V) for each I-stable k-labelled tree T'. We will often denote the
pullback 77.J again by J.

Fix a stable curve z modelled over the k-labelled tree T' and homology
classes A, a €T. We have the universal Cauchy—Riemann operator

0: B({Aa}) x Tr1(V) — E{Aa}),  (£,7) — 0,1

Definition 5.5. Denote by B*({A.}) C B({As}) the open subset of maps
f for which the image of each nonconstant f, meets V.
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Lemma 5.6. For any I-stable curve z and x € X®
(0,ev,ev?) : B ({Aa}) x Tipp1 (V) — E({Aa}) x XF x XT
is transverse to Og x AP x {z}.

Proof. Let f € B*({Aq}) and J € Jjp41(V) satisfy 07,f = 0. The linearization
of (9,evF, ev?) at (f,.J) is the linear operator

P 118071101 — P Er ® P Theam X © B T, 20X,

aeT aeT aES 1ER
(V) = ({Dgbe+ $a0 dfao i {€alap)}h {€as(20)} ).

Note that this operator only depends on the restrictions of Y to the S,. Let
T :={aeT | fo # constant}. Since f € B*({A,}), we find nonempty open
sets U, C f71(V) for a € T that are disjoint in 3,. Consider the space

@ Ty, Ju.

acT

where J, =J|g, and for a ¢ T"® we have set U, :=0 and T, Jy, :={0}.
By Lemma 3.8, each element {Y,} € @, 7711, Jv, extends to an element
Y €T 1)4+1- By the choice of the Uy, the extension can be chosen so that
Y €T;J)1141(V). Composing with the corresponding injective linear map
(see Lemma 3.8) it suffices to prove transversality to T'(0g x A x {z}) of
the linearized operator

L: @ [TfaB@TJajUa} — @ 5fa &) @ Tfa(zaﬁ)X@ @ Tfa(zi)X’

aeT acT B:aER G =@
{(§a7Ya)} — {(Dfaga + %Ya o dfa © j,{€a(2a8)} {fa(%)}) }

Note that this operator is a direct sum of operators L, (for a« € T') of the
form considered in Section 4. For a € T"¢, L, is surjective by Lemma 4.1.
(Note that for a ¢ T"¢ Lemma 4.1 is not applicable because f, (V) maybe
empty.)

Next consider a maximal subtree 7= (7", E’, A’) contained in T \ T™¢,
i.e., A, =0 for all a«€T’. Thus T” is a ghost tree, so by definition of R it
contains at most one marked point in R. If a point 2; € R on T” exists denote
by evi1 the evaluation map at this point and set z; :=f(z;). By Lemma 5.4,
the map (9, ev?’ ev}) is transverse to 0g x A" x {z;} over T". Combining
this with the surjectivity of L, for a€ T™¢, the transversality of L to T'(0g X
AE x {z}) follows. O
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For J € J)1141(V), denote by
Mp({Aa}, J) S Mr({Aa}, J)
the open subset of those [z, f] for which f € B*({44}).

Proposition 5.7. Let T' be an I-stable k-labelled tree, Ay € Ho(X;7Z) for
a€T, and Jy € J. Then the universal solution space

Mp({Ac} T (V)= U Mi({Aa} )
JeTir+1(V)

1s a Banach manifold and the reduced evaluation map

evit s M5, ({Aa}, T4 (V) — X"
s a submersion.
Proof. By Lemma 5.6, for every x € X' the linearization of the map

M x B ({Aa}) X T (V) — E{Aa}) x XF x X1,

(z,£,J) — (9,,f,ev?(£), ev(£)).

is transverse to T'(0g x A® x {x}). Thus the preimage
(5a eVE)_l(OE X AE) = M;({AQ}W x7|1|+1(v))

is a Banach manifold and the reduced evaluation map

evl: M?({Aa}a T (V) — X"
is a submersion. O

In view of Lemma 5.1 and [19], the group G of isomorphisms fixing the
stable tree T acts freely and properly on the space M}({Aa}, \7‘I|+1(V)).
Hence the universal moduli space

M ({A} T (V) == M5 ({Aa}, T (V) /Gr

is a Banach manifold. Moreover, the reduced evaluation map descends to a
submersion

v M5 ({Au}, T (V) — X1
For J € Jj7+1(V) define the moduli space
Mi({Aa}, J) = Mp({Aa}, J)/Gr

of J-holomorphic maps belonging to the set B*({A}). For a smooth sub-
manifold Z C X* define

Mr({Aa}, J; Z) = {2, f]e Mr({Aa}, J) | {foi(21)}ie R € Z}-
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Corollary 5.8. Let T be an I-stable k-labelled tree, A, € Ho(X;Z) for
a€T, JyeT, and Z C X a smooth submanifold. Then there exists a Baire

set jﬁil( ) CTi1+1(V) (depending on Z, T' and the A,) such that for all

Je jﬁeil( ) the moduli space M.({An}, J; Z) is a smooth submanifold of

M ({Aa} J) of dimension

dim M5({Aa}, J; Z2)=2n— 6+ > 2c1(Aa) + 2k — 2¢(T) — codimg Z.
aceT

Proof. By the preceding discussion, the universal moduli space
Mr({Aa}, T (V) Z) = (ev)™(Z) c M5 ({Aa), T+ (V)

is a smooth Banach submanifold of M, ({Aa}, J IH'l(V)) of codimension
codimpg Z with a smooth projection

7 Mr({Aa}, T (V); Z) — T V), (f, ) — .

By the Sard—Smale theorem, there exists a Baire set jﬁil( ) C T+ (V)

of regular values of the projection 7. It follows that for J € 7, T"il( ) the
moduli space M¥({Aqa},J) is a smooth manifold and M¥.({A.}, J; Z) is
a smooth submanifold of codimension codimg Z in M}({Aa},J ). Since,
according to Lemma 5.6, M7.({Aq}, J) is transversely cut out by the edge
evaluation map, its dimension follows from the usual dimension formula for

its components and |T'|=e(T) + 1:
dim M5({Aa}, )= 3 (2n —6+ 201(Aa)) + 2k + 4e(T) — 2ne(T)

acT
=20 —6|T|+2 >  ci1(Aa) + 2k +4e(T)
acT
=2 -6+ Y 2ci1(Aq) + 2k — 2¢(T).
acT
This implies the dimension formula in Corollary 5.8. U

We conclude with an improvement of the dimension formula in Corol-
lary 5.8 that will play a crucial role in Section 9. If |R| < k we have marked
points on ghost components not belonging to R. Variations of these points
contribute to the dimension formula but have no effect on the J-holomorphic
maps (due to the coherency of J). So the “actual” dimension of the moduli
space should be lower than the formula in Corollary 5.8. This statement can
be made precise as follows. Evaluation at the points {1,...,k} induces a
smooth evaluation map

v M ({AL), T Z) — XE

(which actually lands in a subset of X* because of the constraint Z). Let
mr(T) be the stable |R|-labelled tree obtained from 7' by forgetting the
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marked points not belonging to R and stabilizing. On a nonghost component
« this does not affect J due to the coherency condition, so J-holomorphicity
of the corresponding map f, still makes sense. On a ghost component, the
almost complex structure is no longer well defined (because J depends on
the positions of the forgotten points), but the condition f,=const still
makes sense. Hence forgetting the marked points outside R yields a trans-
versely cut out moduli space M;R(T)({Aa}, J; Z). Transversality follows
from Lemma 4.2. The notion of the moduli space differs slightly from the
others and its elements are described by the preceding discussion. Since
the image of a ghost tree T” is determined by the image of the marked
point of R on T’, the evaluation map ev® descends to this space and we
have shown

Corollary 5.9. In the situation of Corollary 5.8, the evaluation map ev®

factors as
ev: Mp({Au}, J; Z) — My ({Aa}, I3 Z) — X*
through a smooth manifold of dimension

dim M% o ({Aa}, T3 Z2) = 20— 6+ Y 2c1(Aq) +2|R|
aeT
— 2¢(mr(T)) — codimp Z.

Remark 5.10. The proofs show that Proposition 5.7, Corollaries 5.8 and 5.9
remain true if Jj741(V) is replaced by the subset Jl’}H_l(V) CIr4+1(V) of
those coherent J mapping into some given open subset J* C J.

6. Tangencies

In this section, we define moduli spaces of J-holomorphic spheres with
prescribed orders of tangency to complex submanifolds and prove their reg-
ularity.

We begin with the local situation. Suppose A : R™ — R™*™ ig a
smooth matrix valued function. Assume further that A preserves a sub-
space RF:=R* x {0} CR™ (0 < k < m — 1) in the sense that A(x)(R* x
{0}) CR* x {0} for all z € R¥. Let D C C be the unit disk and f : D — R™
be a smooth map. Denote coordinates on C by z = s+ it and partial deriva-
tives by fs, fs etc. Denote by dff the vector of all partial derivatives of
order i with 1 < i < £. We say d’f € RF if all the partial derivatives in d’f
lie in the subspace R¥. The following lemma is proved by a simple induction
over ¢ + j.

Lemma 6.1. For all integers i,j >0 we have an equation
8i+j 8i+j+1f

g (AU) = AD 5 agas + Ais (D),
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where A; j(f) is a multilinear function in the partial derivatives up to order
i+ j. Moreover, A; ;(f)(d™7 f) R if f €eRF and d7 f € RE.

We first apply Lemma 6.1 in the following situation. Let J be an almost
complex structure on C". We say that J preserves C*¥:=CF x {0} cC" if
J(z) : CF — CF for all z€CF. Let f : C > D — C™ be a J-holomorphic
map, i.e., fs + J(f)fi=0. Then f;=J(f)fs and Lemma 6.1 (with A=)
yields for 4, j > 0:

ai+j+1f ai+j+1f

e =T ot + A (P )
Multiplying by J we find
ai+jf i
(as + J(f)at)m = Ji, (f)(d Jf)u

where J; j(f):=J(f)Ai;(f) satisfies J; ;(f)(d**7 f) e C* if f€CF and d'+7
f €CFk. Thus partial derivatives of f are J-holomorphic up to lower order
terms. This equation allows us to swap one s-derivative for a t-derivative,
and iterating this process we obtain

Corollary 6.2. Let f : (D,0) — (C™,0) be J-holomorphic with J preserving
CF. If d“ 1 £(0) € CF and ﬂ(()) € C* for some £>1, then d*f(0) € C*.

9st
If £(0)=0 and d*~!£(0) € C¥ we define the equivalence class

4
et (0) = [gsifm)] ccr/ct

By Corollary 6.2, jékf(O) =0 implies d‘f(0) € C*. So jgglf(O) is defined
whenever f(0) =0 and jl, f(0)= -+ =j&. f(0)=0.

Next we study how jék £(0) transforms under diffeomorphisms ¢ : (C",0) —
(C™,0) with ¢(CF) c C*. We have (¢ o f)s=D¢(f)fs, so Lemma 6.1 (with
A= D¢) yields

ai+j+1(¢ o f) 6i+j+1f
gsrign PO ggigg

Of course, the same argument applies to the t-derivative and so we find for
alli+j>1:

+ A ()™ f).

8i+j(¢of) _ aiﬂ‘f o itj—
W—Dé(f)asiatj + ¢i i (S)(d™ '),

where ¢; ;(f) satisfies ¢; ;(f)(d"T7~1f) e C¥ if f € C¥ and d*+~1 f € C*. This

proves
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Corollary 6.3. Let f: (D,0) — (C",0) be a smooth map and ¢ : (C™,0) —
(C™,0) a diffeomorphism preserving C*. If d*~1f(0) € C* for some £>1,
then

[W(o)} = {ng(o)gi";(o)} eC"/Ck.

Corollary 6.3 shows that if f : (D,0) — (C™,0) is J-holomorphic and
jékf(O) = :j(f;lf(()) =0, then jékf(O) transforms like a normal vector
to the submanifold C* c C".

Now it is clear how to globalize these constructions. Let Z be a k-
dimensional (almost) complex submanifold of an almost complex manifold
(X,J). Let f: C D D — X be a J-holomorphic map with f(0)=x¢€ Z.
Choose a coordinate chart ¢ for X mapping z to 0 and Z to CF. We
say that f is tangent to order £>0 to Z at 0, and write d’f(0) e T,.Z, if
d*(1 o £)(0) € C*. By the discussion preceding Corollary 6.3 this definition
is independent of the coordinate chart .

Suppose that for some £>1 we have d*~1 f(0) € T,,Z. Then we define the
£-jet normal to Z of f at 0 as

57 £(0):=Dyp(z) " 5 (¢ o f)(0) € T X/ T Z.

By Corollary 6.2, j%f(0) is defined whenever jLf(0)=--- =55 f(0)=0
and by Corollary 6.3, the definition of j4 f(0) does not depend on the coor-
dinate chart . So we have proved

Lemma 6.4. Let Z be a complex submanifold of an almost complex
manifold (X,J) and f:C D D — X be a J-holomorphic map with
f(0)=z € Z. Then there is a sequence jL,f(0),7%f(0),...,€ TuX/T,Z of
normal derivatives such that the (th normal derivative j%f(O) is defined
whenever j f(0)= - - :jé_lf(()) =0. Moreover, [ is tangent to order £ to

Z at 0 if and only if j5f(0)= --- =j5 f(0)=0.

Now let (X,w) be a symplectic manifold with a tamed almost complex
structure Jy and let Z1, ..., Zx be k complex submanifolds of (X, Jp). Fix a
nonempty open subset V' C X with VN (Z;U --- UZ;) =0 and denote by

JV)={JeT(X,w)|J=Jyon X \V}

the space of tamed almost complex structures that agree with Jy outside V.
Note that Zi, ..., Zy are J-complex submanifolds for all J € 7 (V).

Fix non-negative integers #1, ..., f; and pairwise disjoint points 21, ..., 2
€ S2. Denote by z:=(21,...,2) their collection Also choose holomorphic
coordinate charts for S? around the z; mapping 2; to 0 € C. For m —2/p >
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max{/;} define the universal solution space

-A;lz :Mz(j(v)7{Zu£Z}) ::{(f7 J) € B™P x j(V) ‘ 5Jf:07
délf(zl) S Tf(zl)Zl fori=1,... ,k‘}

of holomorphic maps tangent to order ¢; to Z; at z;. Notice that this defini-
tion does not depend on the choice of holomorphic coordinates around the
z;. Denote by

My (T (V)i {Ziy bi}) = {(f, ) € Mo (T (V)i {Zi, ts}) | fH(V) # 0}
the subspace of solutions passing through V', and by
M= MG(T(V)i{Zi, t3}) = (£, ]) e MG(T (V)i {Zi, (3}) | f simple }

the subspace of simple solutions passing through V. Here a holomorphic
map is called simple if it is not a nontrivial branched covering of another
holomorphic map. We wish to show that /\;li is a Banach manifold. So
consider (f,J) e M3. Choose the coordinate charts ¢; for X around f(z)
mapping f(z;) to 0 and Z; to C" C C". Using ¢;, we view f(z) for z near z;
as a point in C”. Then the candidate for the tangent space of M2 at (f,.J) is

Ty My = { (€ Y) ETB™ X Ty J(V) | Dy + 3Y (f) o df 0 j =0,
(6.1) dbi¢(z) € C™ for z:lk}

where £ is viewed as a C"-valued function near z; via d¢;. If in addition
m —2/p > {; + 1 for some j, then in view of Lemma 6.4 (with respect to
the fixed coordinate chart for S? near z;) we have a normal ({; + 1)-jet
evaluation map to the normal bundle TX/T'Z; of Z; in X,

Li4+1 ~ Li+1
iz, ev; M, —TX/TZ, (f,J) — Jz, f(z)-

With respect to the trivializations above, the linearization of jéjjﬂevj at
(f,J) is the linear operator

- — 1
(6.2) Lj: Ty My — C/CH, (6Y) s jite(z).

Lemma 6.5.

(a) For m — 2/p > max{{;} the space M3 (T (V);{Zi, 4;}) is a smooth
Banach manifold whose tangent space at (f,J) is given by (6.1).

(b) Suppose that, in addition, m — 2/p > {; + 1 for some j with
¢; >max{l;} — 1. Then the linearized normal ({; + 1)-jet evaluation
map L; given by (6.2) is surjective.
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We will give the proof Lemma 6.5 below. As the proof of Lemma 4.1, it
is an adaptation of the proof of [19, Proposition 3.4.2]. Note that besides
the presence of higher-order jets, Lemma 6.5 also differs from Lemma 4.1
in that it uses only domain-independent almost complex structures (which
forces us to restrict to simple holomorphic maps).

The proof is based on the following lemma. Here we view 7 € S?L_l’p near
z; via the trivialization near f(z;) as a map C D U; — C", the corresponding
(0, 1)-form being given by nds — J(f)ndt (cf. [19, Section 3.1]). This allows
us to speak of the (-jets d‘n(z;) at the z;. Note that the spaces in Lemma 6.6
are well defined by the Sobolev embedding theorem. We point out that in
Lemma 6.6, we consider the full /-jets (not just those normal to the Z;) and
the integer £ is entirely unrelated to the £;.

Lemma 6.6. Let (f,J) € M5(T(V);{Zi, &:}). For £>0 and m—2/p > (+1
define the spaces

By = {6 €TiB™ | d™e(2) =0 fori=1,...,k},
EPY .= {ne E}n_l’p | dn(z)=0 fori=1,...,k}.

Then the linear operator
Fo: By @ TyJ(V) — EJ ™", (6,Y) — Dt + LV (f)odf o

18 surjective.

Proof. The corresponding statement for = — 1 was shown in the proof
of [19, Lemma 3.4.3], see also the proof of Lemma 4.1 above. However,
unlike in the case £ = — 1, for />0 we cannot reduce the result to the case

m =1 because the (£ + 1)-jet d“T'¢(2;) at a point is not well defined in the
Sobolev space WP, This forces us to work with distributions instead of
functions.

Recall that TyB™P = W™P(S% B) and 5}”_1’1) =Wm=LP(S2 E) are spaces
of Sobolev sections in the vector bundles B:= f*T'X — S? and E:=A%!
(f*TX)— S2

Suppose first that £+ 1 < m —2/p < £+ 2. Let us view Fj as an operator
from By"" to E}n_l’p. Since Dy is a Fredholm operator, the image im Fy of Fj
is closed in S}n_l’p. We will prove the inclusion (im Fy)*= C (Ef*"")* in the
dual space (5}“71’1’ )*. In view of reflexivity of the Sobolev space S}n*l’p (see
e.g., [1]), closedness of im Fy, and the Hahn—-Banach theorem, this implies
the desired statement Ej'~"? C im Fy. Note that for m > 1, (8;”_1’7])* is the

space of distributions A € C*°(S2, E)* that satisfy an inequality

A (@) < Clidllwm-1r
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for all smooth sections ¢ : S? — E. Suppose that A vanishes on im(Fp), i.e.,

A(ng—i—%Y(f)odfoj) -0

for all (£,Y)e€ By"". In particular, this implies that A(Dy£)=0 for all
smooth sections ¢ : S? — B with compact support in S* := 5%\ {z1,..., 2 }.
Elliptic regularity for distributions (see [21, Theorem 8.12] for the case with
constant coefficients and [6, Chapter XIV, Theorem 6.2., p. 1704] for the
general case) implies that the restriction of A to S* is represented by a
smooth section n : $* — E such that

A(¢) = <¢7 77>L2

for all ¢ € C5°(S*, B). Moreover, 1 satisfies the Cauchy-Riemann type equa-
tion D;Zn =0 and the equation

(6.3) (Y(f)odf oj,m)=0

for all Y € T;J (V). (Note that Y'(f) has compact support in S* because V'
is disjoint from the Z;).

By definition of M$ (f is simple!) and [19, Proposition 2.5.1], the
set U:=f~%V) is nonempty and the set U*:={z€U | df(z) # 0,f!
(f(z)) ={z}} of injective points is open and dense in U. Suppose that
n(z) # 0 for some z € U*. Then as in the proof of [19, Lemma 3.4.3], we find a
Y €T;J (V) such that (Y (f)odf(z')oj,n(2")) >0 for all 2/ and > 0 at 2’ =z,
in contradiction to Equation (6.3). It follows that n(z) =0 for all z € U*, and
hence by unique continuation (see [19, Lemma 3.4.7]) n = 0 on S*.

This proves that the distribution A has support in the finite set
{21,...,2}. By [21, Theorem 6.25], there exist R-linear functionals ¢’ : E,, =
C"™ — R such that

k
(6.4) A=Y > d.D%.,.

i=1lal<N

Here a = (a1, az) € N3 are multi-indices, D% = (9*1+2) /(951 0t*2) are par-
tial derivatives, J, is the delta distribution at the point z;, and D%, (¢) =
(=1)leIDY¢(z;) for ¢ € C>®(S?, E). The integer N in (6.4) is the order of
A, which is by definition the smallest integer such that [A(¢)| < C||¢||cx
for all ¢ € C*°(S% E). For A€ (5’;”_1’1))* we clearly have N < m — 1. More
precisely, A € (S}n_l’p )* implies that for every ¢!, # 0 in (6.4) we must have

|Da¢(zl)| S C”QSHWm—l,p
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for all ¢ € C*>(S?, E). It follows from sharpness of the Sobolev embedding
theorem that |a| < [m—1-2/p| (if |o| > [m—1—2/p] there exist smooth func-
tions ¢ with W™~ LPnorm 1 and arbitrarily large |D%®(2;)|). The assump-
tion £ +1 < m —2/p < £+ 2 made above implies [m — 1 — 2/p| =¥, so we
have shown

k
A= Z Z ct D5

=1 o<t
But this means that
k
Ag)=> > ca(=Dl*D*(2;) =0
i=1 |a|<t

for all g€ E;' P so A e (Ej*~ ")+, This proves (im Fy)* c (E;" ")+ and
hence, in view of the discussion above, the lemma in the special case £+ 1 <
m—2/p<{l+2.

The case of general m,p with m —2/p > ¢ + 1 follows from the special
case by elliptic regularity. Choose m’ < m and p’ < p such that £ +1 <
m' —2/p < £+ 2. Given nEEgnfl’pCEgllfl’p/, by the special case we
find (£,Y) € B @ T;7(V) with Fy(¢,Y) =n, and elliptic regularity ([19,
Theorem C.2.3]) yields £ € By"?. This concludes the proof of Lemma 6.6. [

Proof of Lemma 6.5. Part (a) in Lemma 6.5 in the case {;=--- =/, =0
follows from [19, Proposition 3.4.2]. Moreover, in view of Lemma 6.4, parts
(a) and (b) of Lemma 6.5 for ¢1,..., ¢, imply part (a) with ¢; replaced by
¢;+1. Hence by induction (always preserving the condition ¢; > max{¢;}—1),
it suffices to prove part (b).

As above (cf. [19, Section 3.1]), we identify (0, 1)-forms near the f(z;)
with maps C D U; — C". With this identification understood, the linearized
Cauchy—Riemann operator at f near z; is given in [19, Section 3.1] as

Dy =&+ J(2)& + A(2)¢

with the z-dependent linear maps J(z):=J(f(z)) and A(z):=DJ(f(z))
(, fe(z)). Choose the coordinate charts such that z; corresponds to 0 € C
and J(0) =1 is the standard complex structure on C".

Now fix j as in Part (b) and let v € C" be given. Define the holomorphic
function

£(z) =251y
near z =0 in the chart around z;. This function satisfies é s+ iét =0 and

6@4’15 6@;‘4‘15
:3Szj+1( T oLt T

d€(0)=0, ;5TE(0)
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The function 7:= D fé is given by
7= +i& + (J(2) —i)& + A(2)E = B(2)& + A(2)¢,

where the linear map B(z) := J(z)—i satisfies B(0) = 0. Since d%£(0) =0, all
terms in d%j(0) vanish except possibly B(0);%1£(0), but this one vanishes
as well because B(0) =0. So we have d%1j(z;) =0.

Now extend & to S? such that it vanishes near the z;, i # j, and let
7:=Ds§ on S2. Then

d'ié(z)) =0, j4TLE(z))=veCn,
d%t1E(z) =0 for all i # j,
d%i(z)=0 foralli=1,..., k.
The last equation shows that 7 belongs to the space Ej" ~LP defined in

Lemma 6.6 (with £=/;), so by Lemma 6.6 there exists (£',Y)€ B;"" @
T;J (V) such that

D& +3Y(f)odf oj= — 1.
It follows that the element (&:=¢' +€,Y) € TyB™P & Ty J (V) satisfies
Dy +5Y(f)odf 0 j=0,
dVE(z)) =0, jHE(z) =0,
diTle(z)=0 for all i # j.

Now we use the hypothesis ¢; > max{/;} — 1, or ¢; < ¢; + 1 for all i # j, to
conclude d“&(z;)=0foralli=1,...,k. Hence (£,Y) belongs to the tangent

space T M3 defined in (6.1) and Lj(g,Y)jggtlﬁ(zj) =[v] € C"/C". This
proves surjectivity of L; and hence Lemma 6.5. O

Lemma 6.5 also includes the cases where some ¢; =—1, in which case
we do not impose any condition at z;. In particular, for m — 2/p > 0 the
universal solution space

M(T V) ={(f,J)€B™ x J(V) | dsf=0, f simple, (V) # 0}

of simple holomorphic maps meeting V' is a Banach manifold (this case is also
covered by [19, Proposition 3.2.1]). By Lemma 6.5, for m — 2/p > max{/;},

M(T (V)i {Zi 4:}) c ME(T(V))

is a Banach submanifold that is cut out transversally by the normal jet evalu-
ation maps jéz_ f(zi),0 <€ <¥; (where jgi f(zi) is defined whenever f(z;) € Z;
and jy f(zi)=--- :jgl(zi) =0). In particular, M35(J(V);{Z:, ;}) has
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codimension

k
2 Z(& + 1)codim¢ Z;
i=1
in M*(J(V)). By the Sard-Smale theorem, there exists a Baire set
Je(V;{Z;}) cJ(V) such that each Je€ J"(V;{Z;}) is a regular value
of all the projections

e M(TV)AZi ) — T(V), (f)— J

for £1,...,¢; > — 1. Here the complex submanifolds Z1, ..., Z; are fixed and
J™8(V;{Z;}) depends on them. Now fix a homology class A € Ho(X;Z) and
define for J € J*8(V;{Z;})

ME(A, T {Zi, 0)):={f : 5> — X |9;f=0, [f]=A4
deif(zi) S Tf(zZ)Zl fori=1,... ,k‘}

By [19, Theorem 3.1.5], the space M?(A, J) (corresponding to ;= — 1 for
all 7) is a smooth manifold of dimension

dim M*(A, J) =2n+ 2¢,(A).
Hence the preceding discussion shows

Lemma 6.7. Let Z1,..., Zy be Jo-complex manifolds of the 2n-dimensional
symplectic manifold (X,w) and V C X an open subset with VN (Z U ---
UZg)=0. Then there exists a Baire set J"¢(V;{Z;})CJ(V) of tamed
almost complex structures that agree with Jo outside V' with the following
property. For all integers (1, ..., 0> — 1, homology classes A€ Hy(X;Z),
and Je J"°8(V:{Z;}), the solution space M:(A,J;{Z;,t;}) of simple
J-holomorphic maps, passing through V and tangent to Z; of order {; at
2, is a smooth submanifold of M*(A,J) of dimension

k
dim M (A, J;{Zi, i}) =2n + 2c1(A) — 2 (¢ + 1)codime Z;.
i=1
Remark 6.8. No assumption is made on the mutual intersections of the
complex submanifolds Z;.

Lemma 6.7 deals with parametrized holomorphic curves and fized marked
points z;. However, the vanishing of the ¢th jet is a property which does not
depend on the chosen complex coordinate on the Riemann surface. Hence
we can define the moduli space

MG(A, T4 25, 4}) = ME(A, T3 { Zi, 6:}) [ Aut (S?)

of all (unparametrized) simple J-holomorphic maps that pass through V
and are tangent to Z; of order ¢; at the (varying) marked points z;.
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Proposition 6.9. Let Zy,...,Z; be Jy-complex submanifolds of the 2n-
dimensional symplectic manifold (X,w) and V.C X an open subset with
VN (ZyU---UZ)=0. Then there exists a Baire set J7*¢(V;{Z;}) C J(V)
of tamed almost complex structures that agree with Jy outside V with
the following property. For all integers £1,...,0> — 1, homology classes
Ac Hy(X;Z), and J € J*8(V;{Z;}), the moduli space M. (A, J;{Z;, 4;}) is
a smooth manifold of dimension

k
dim MG (A, J;{Z;, £:}) =2n — 6 + 21 (A) + 2k — 2 ) (£; + 1)codimg Z;.
=1

Proof. (1) Consider a set U :=U; x U x --- x Uy C (S%)¥, where Uy, ..., Uy
are disjoint complex coordinate neighbourhoods of S2. Let

Mi(A T Zis0) = | ME(A T {Z00})
zelU

be the space of simple J-holomorphic maps, passing through V' and tangent
to Z; of order {; at z;, where each z; is allowed to vary in the open set U;.
Fixing holomorphic coordinate charts on the U;, an argument similar to the
proof of Lemma 6.7 yields a Baire set J;,*(V;{Z;}) C J(V) such that for
J € JB(V;{Z;}) this is a manifold of dimension

k
dim M(A, T3 {Zi, 4:}) = 2n + 2¢1(A) + 2k — 2 ) (4 + 1)codime Z;.
1=1

(2) Next note that we can cover the space My, of k-tuples (21, ..., z) of dis-
tinct points in S? by a countable family of such open sets U := U x - -+ x Uy,
where Uy, ..., U, C S? are disjoint coordinate neighbourhoods. Indeed, for
any tuple of distinct points z= (21, ..., 2;) whose real and imaginary parts
are rational or equal to oo, let p:=min{d(z;,2;) | ¢ # j} and U; be the
open ball around z; of radius p/2. Here all distances are measured with
respect to the standard metric of the unit sphere. This yields a count-
able family of open sets U(z):=U; x --- x Uy of the required form. To
show that this is a covering, let z=(z1,...,2r) be any k-tuple of dis-
tinct points in S? and let p:=min{d(z;,2;) | i # j} be the minimal
distance. Choose a tuple z’=(2{,..., ) of distinct rational points such
that d(z;,2;) < p/4 for all i and thus p:=min{d(2},2}) | i # j}>p/2.
Then we have zecU(z') =Uj X --- x U}, where U] is the ball around z| of
radius p'/2 > p/4.

(3) Now for each set U of the countable covering in part (2) let
T 8 (Vi{Z;}) c T (V) be the Baire set provided by part (1). Then the count-
able intersection J™8(V;{Z;}) :== Ny Ty, ®(V;{Z;}) is again a Baire set and
for J € J™8(V;{Z;}), the solution space ./\;lz(A, J;{Zi,¢;}) is a manifold of
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dimension
dim M3 (A, J;{Z;, £;}) =2n + 2¢1(A) + 2k — 2 i(& + 1)codimc Z;.
i=1
Since the automorphism group Aut(S?) acts freely and properly on this
space (see [19]), the quotient M3 (A, J;{Z;,¢;}) is a manifold of dimension
i=1 U

If we replace J (V') in Lemma 6.6 by the space Jg2(V) of almost complex
structures depending on points in the domain S?, then we can drop the
hypothesis that f is simple. Indeed, if f is constant then the hypotheses
fYV) # 0 and VN Z; =0 imply ¢;=—1 for all i and the result follows
from Lemma 4.2. So suppose that f is nonconstant. Then in the proof of
Lemma 6.6, we just need to replace the cutoff construction for the section
Y in the target by a cutoff in the domain S?\{z1,..., 2} as in the proof
of Lemma 4.1. We can also make this cutoff depend on z= (21, ..., 2;) and
vanish outside a sufficiently small neighbourhood to ensure positivity of the
pairing with the 7 as in the proof of Lemma 6.6 between equations (6.3)
and (6.4). As an easy instance of Lemma 3.8, we obtain a coherent section
Y depending on 7;(z) € M4, for any subset I C{1,...,k} with [I|>3.
With the modified Lemma 6.6, the proofs of Lemma 6.5 and Proposition 6.9
carry over with minor adaptations and we obtain

Proposition 6.10. Let Zy,...,Z; be Jo-complex manifolds of the 2n-
dimensional symplectic manifold (X,w), V. C X an open subset with V N
(Z1U -+~ UZg)=0, and I C{1,...,k} with |I| >3. Then there exists a Baire
set jﬁil(v; {Zi}) CJj1j41(V) of coherent domain-dependent tamed almost
complex structures that agree with Jo outside V with the following prop-
erty. For all integers £1,...,0, > — 1, homology classes A€ Ho(X;7Z), and
Je j&eﬁ_l(V; {Z;}), the moduli space M} (A, J;{Z;,4;}) of (not necessarily
simple) J-holomorphic maps, passing through V and tangent to Z; of order
¢; at the (varying) points z;, is a smooth submanifold of M*(A, J) of dimen-
sion

k
dim M (A, J;{Z;, £:}) =2n — 6 + 21 (A) + 2k — 2 ) (£; + 1)codimg Z;.
=1

Applying this proposition to the special points on one vertex a of an
I-stable tree, we obtain

Corollary 6.11. Let T be an I-stable k-labelled tree with A, # 0 for a
unique vertex « (so the reduced index set R labels the special points on ),
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and Jo€ J. Let Z;, i€ R be Jy-complex manifolds of X, VC X an open
subset with VN Z; =0 for all i€ R, and {; > — 1 integers for i € R. Then

there exists a Baire set jlrle'il(V) CIr+1(V) (depending on T, As and the

Zi, L;) such that for all J € jll}'Til(V) the moduli space M. (Aw, J;{Z;i, l;}) of
(not necessarily simple) stable J-holomorphic maps modelled over T, passing
through V' and tangent to Z; of order ¢; at the (varying) special points zq;

on the component o, is a smooth submanifold of M} (Aw,J) of dimension
dim M7 (Aq, J;{Zi, 0i}) = 2n — 6 + 2¢1(Aq) + 2k — 2e(T)
-2 Z(& + 1)codimc¢ Z;.
i€R
As in Corollary 5.9, the dimension formula can be improved by forgetting

the marked points outside R and stabilizing (which yields the tree with the
unique vertex «).

Corollary 6.12. In the situation of Corollary 6.11, the evaluation map ev®
factors as

evk : M;“(Aon J’ {ZHE’L}) — MTR‘ (AOH J7 {Zla gl}) — Xk
through a smooth manifold of dimension

dim M (A, J3{Zi, i}) = 2n— 6+ 2c1 (Aa) +2|R| =2 Y (¢ + 1)codime Z;.
1€ER

7. Intersection numbers

A complex hypersurface is an (almost) complex submanifold Y in an almost
complex manifold (X, J) of complex codimension one. Let f: (X%, j) — (X, J)
be a holomorphic map from a Riemann surface. Suppose that f(z) €Y is
an isolated intersection of f with Y. This means that there exists a closed
disk D C ¥ around z and a closed (2n —2)-ball B CY around f(z) such that
f~Y(B)N D ={z}. Then the local intersection number

uf,Y;2):=(fIp) - B.

of f with Y at z is defined by smoothly perturbing f and counting with
signs (and independent of a sufficiently small perturbation). More generally,
suppose that ¥ and Y are compact and connected with (possibly empty)
boundaries such that f~1(Y) N9 = f~1(0Y) N =0. Then we have a well-
defined intersection number

[’(f7Y) = (f’E) Y.
of f with Y.
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Proposition 7.1. Let f : (X,7) — (X, J) be holomorphic, Y C X a complex
hypersurface such that f~1(Y)NOX = f~10Y)NL =0 and f(X)Z Y. Then
the set f~Y(Y) is finite and

ULY)= ) ufY52).
z€ f71(Y)
At each intersection point z, f is tangent to Y of some finite order £>0
with
u(f,Y;2)=0+1.
In particular, each local intersection number o(f,Y;2) is positive.
Proof. We derive a local representation for f in the direction normal to
Y near an intersection point z. Choose local holomorphic coordinates for
¥ near z mapping z to 0€C and local coordinates for X near f(z)eY
mapping f(z) to 0 and Y to C"~! x {0} C C". Moreover, we can achieve that
{0} x C are complex directions at points of C*~! x {0}. Denote coordinates
on C"=C""1@ C by = (y,u). Then J corresponds to an almost complex
structure on C" of the form

o (59 3. - (402,

so it satisfies
a(y,O):O, b(y,O):O, K(y70)2:7]17 J(y30)2:7]1

The map f corresponds to a map f=(g,h) : C DU — C"=C" '@ C
satisfying fs + J(f)ft =0. So its last component h : C D U — C satisfies

hs + j(gv h)ht + b(ga h)gt =0.
Since b(g,0) =0, we can write
j(g,h):j(g,0)+6(g,h)(h), b(gah):d(gah)(h)
with smooth maps
c: C" — Homp ((C, HomR(C,C)), d: C" — Homp ((C,HomR((C”_l,C)).
Then
3(g, h)he = Jo(2)he + C(2)(h),  blg, h)g: =D(z)(h)
with the R-linear maps Jy(z) ::j(g(z), 0) and
C(2)(-):=c(9(2) 1(2)) (Vhe(2),  D(2)(-) :=d(g(2), 1(2)) (-)ge(2)-
This shows that h satisfies the equation
hs + Jo(2)ht + A(2)(h) =0

with R-linear maps Jo(2) and A(z):=C(z) + D(z) such that Jy(z)?= -1
for all z. By the version of the Carleman similarity principle proved in [10],
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there exists a continuous matrix valued function ® : C > V — GL(2,R) and
a holomorphic function ¢ : C D V — C such that

h(z)=®(2)o(z), oc(0)=0, Jo(2)P(z)=P(2)i.

Thus A looks locally like the holomorphic function . The proposition now
is an easy consequence of this representation (see [10]): If 0 = 0 then, by
unique continuation, we would conclude f(X)CY, which is excluded by
hypothesis. Thus o(z) = 2*17(z) for an integer £>0 and a holomorphic
function 7 satisfying 7(0) # 0. This shows that 0 is an isolated intersection
point of f with Y. Moreover, f is tangent to Y at 0 of finite order ¢. Finally,
the local intersection number of f with Y equals the local mapping degree
of h at 0. Since Jyo(z)®(z) = ®(z)i, the matrix ®(z) is orientation preserving
and hence homotopic to the identity in GL(2,R). So the local mapping
degree of h is given by the winding number of o, which is just £+ 1. O

Now let f = (f,): X, — X be a nonconstant genus zero nodal J-holomor-
phic curve with k&> 1 marked points modelled over a tree T. Let Y C (X, J)
be a closed complex hypersurface. Suppose that no nonconstant compo-
nent f, is contained in Y. Then we define the local intersection num-
ber «(f,Y;z) at a marked point z; as follows: If f,, is nonconstant set
E,Y52:) i =u(fa,;,Y; 2). If fa, is constant let 71 C T be the ghost tree con-
taining «a;. Let To C T \ 11 be the set of vertices adjacent to 11, so fg is
nonconstant for all 3 € 7. Recall that zg; € Sg is the nodal point connecting
B to T1. Then set

U(f,Y;2) = Z L(fﬁa Y; Zﬂi)'
BeTs
Note that in this definition we allow for constant components f, to be
contained in Y. Also note that «(f,Y’; 2;) =(f,Y’; 2;) if z; and z; belong to
the same ghost tree.

Lemma 7.2. Let Y C (X, J) be a closed complex hypersurface. Let (z",f")
be a sequence of nonconstant genus zero nodal J-holomorphic maps with
k>1 marked points converging to (z,f) in the Gromov topology. Suppose
that no nonconstant components of f¥ and f are contained in'Y .
(a) If z1 lies on a nonconstant component of £, then
L(£,Y;21) > limsup o(f7, Y5 27).
V—>00

(b) If z1 lies on a constant component of £, let Ty CT be the ghost tree
containing the vertex a1. Then
o(f,Y;21) > limsup Z (f7, Y52,

v—00
a; €Ty

where for each ghost tree T' CTY at most one of the z¥ with a; € T' is
counted in the sum.
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Proof. Choose a closed ball B in X around f(z;) containing no other inter-
section points of Y with f. Since each f” intersects Y in only finitely many
points, we have at most countably many intersection points of Y with all the
f¥. Thus we can choose B such that 0B contains no intersection point of Y
with any of the f¥. Moreover, we can choose B such that 0B is transverse to
f and all the f¥ (in particular, 9B contains no nodal points of f or any of the
). Let ¥ C ¥, be the connected component of f~!(B) containing z;. Simi-
larly, let ¥ C ¥,» be the connected component of (f¥)~!(B) containing 2¥.
By definition of Gromov convergence, after suitable reparametrization f”|s»
converges uniformly to f|y. (Note that the domains ¥¥ and ¥ may have
different numbers of nodes due to pinching, but since the maps are constant
across the nodes uniform convergence makes sense.) So by definition of the
intersection number,
(£50) - Y — (£ls) - Y

as v — 00.

Now consider first case (a). Choosing the ball B small enough, we can
ensure that zp is the only point in ¥ with f(z1) € Y. This implies

(flg) - Y =u(f,Y;21).

By definition of Gromov convergence, for v large the domain ¥ contains
the point z{. It may also contain other intersection points of f with Y. But
positivity of the local intersection numbers in Proposition 7.1 implies

(f|sv) - Y > (£, Y5 2)),

and case (a) follows.
Next consider case (b). Choosing the ball B small enough, we can ensure
that all points z € ¥ with f(z) €Y belong to the tree T7. This implies

(f’z) . Y = L(f, Y; Zl)-

By definition of Gromov convergence, for v large the domain > contains all
points z! with o; € T1. So as above, positivity of intersections implies

() Y = Y o, Y52)),
a; €T

where the sum is to be interpreted as explained in the statement of the
lemma. This proves case (b). O

8. Symplectic hypersurfaces

Existence and asymptotic uniqueness. Let (X,w) be a closed sym-
plectic manifold such that w represents an integral cohomology class
[w] € H?*(X;Z). By a hypersurface, we mean a closed codimension 2 sub-
manifold Y C X whose Poincaré dual in H?(X;Z) equals D[w], where D € N
is called the degree of Y. Fix a compatible almost complex structure J
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on X. We say that a hypersurface Y C X of degree D is approximately J-
holomorphic if its Kahler angle (see the following paragraph for the precise
definition) at each point is at most CD~'/2, where C is a constant indepen-
dent of D. We say that two hypersurfaces Y,Y C X of degrees D, D intersect
e-transversally if they intersect transversally and at each intersection point
their tangent spaces have minimal angle (also defined in the next paragraph)
at least € for an € > 0 independent of the degrees. The following theorem is
an easy adaptation of the results in [2, 4].

Theorem 8.1 (Donaldson [4], Auroux [2]). Let (X,w) be a closed symplectic
manifold and J an w-compatible almost complex structure.

(Ezistence). For each sufficiently large integer D there exists an
approximately J-holomorphic hypersurface Y C X whose Poincaré dual
in H*(X;Z) equals D[w].

(Stabilization). LetY C X be a J-holomorphic (not just approzimately)
hypersurface of degree D. Then there exists an €>0 such that for
each sufficiently large integer D there exists an approzimately J-
holomorphic hypersurface Y of degree D intersectingY e-transversally.
(Uniqueness). Let Y;, i1=0,1 be two approzimately J;-holomorphic
hypersurfaces arising from the construction in the (Ezistence) part with
the same degree D. Connect Jy,J1 by a path of w-compatible almost
complex structures Ji. If D is sufficiently large, then Yy, Y1 are iso-
topic through approximately Jy-holomorphic hypersurfaces. Moreover,
this isotopy can be realized through symplectomorphisms of X.

Proof. (Existence) is proved in [4] and (Uniqueness) in [2]. The (Stabiliza-
tion) property is not stated explicitly in the literature, but it follows from
the proof in [4]. For the sake of completeness, let us indicate the required
modifications.

We follow the notation of [2]. Fix a Hermitian line bundle L — X with a
unitary connection A of curvature —iw. For k € N we consider sections s in
the kth tensor power L* of L. We will measure all quantities with respect
to the rescaled metric g :=kg on X, where g:=w(-,J-). All constants are
assumed to be independent of k. Following [5], for positive constants C,n
we say that s is C-bounded if

Islles < €, 19sllc2 < CR™Y2,

and s is n-transverse if |s(z)| <7 implies v(V,s) > n. Here v(V,s)~! denotes
the minimal norm of a right inverse of V,s. Note that s induces a section
s|y in the bundle L*|y. We say that s is n-transverse over Y if s|y is n-
transverse.

Claim. There exist C,n > 0 and a sequence of sections s of L* that are
C-bounded, n-transverse, and 7n-transverse over Y.
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From this claim the (stabilization) property easily follows. As in [4],
C-boundedness and n-transversality imply that for k sufficiently large,
Y :=s.1(0) is a (transversally cut out) submanifold whose Kéhler angle is
arbitrarily small; see Lemma 8.3(b) and remark after [4, Theorem 5]. Next,
n-transversality over Y and C-boundedness imply that Y and Y intersect
e-transversally for e =17/C, see Lemma 8.7(a) below. Finally, e-transversality
of Y and Y and smallness of their Kihler angles (Y has Kéhler angle zero)
imply that their intersection is positive and there exists a compatible almost
complex structure J which is C°-close to J and makes both Y and Y holo-
morphic; see Lemma 8.7(b) below.

To prove the claim, we follow the scheme in [4]. First recall the construc-
tion of local C-bounded sections oy, , supported near a point € X. Choose
a Darboux chart ¢, : C" D U — V C X with ¢,(0) =2 whose differential
at 0 is complex linear, and a trivialization of ¢} L in which the connection
A is given by

=1

Then f(z):= exp(—Fk|z|>/4) defines a holomorphic section of L* over
U c C™. We multiply f by a cutoff function § and transfer it to X via

o= (Bf) o7, W(z)=p(kTV22).

By choosing the 1, for all 2 with uniformly bounded C3-norm, one can
achieve that the sections oy, are C-bounded.

For €Y we can choose 1, to map the subspace C"~! to Y, so the
(1z)|cn-1 define Darboux charts for Y with the same properties. This implies
that the oy, restrict to C-bounded sections on Y.

Now we globalize the construction. For each k choose finitely many points
x; € X such that the gg-balls Bj(x;) of radius 1 around the z; cover X. The
required number of points is of order k™, where dim X = 2n. We can arrange
that some of the points z; lie on Y and their unit balls cover Y. The desired
section s is obtained in the form

@)= Y ahin
Z;

for suitable complex numbers ay ,,. Here the coefficients ay ,, are defined
inductively to achieve n;-transversality (for suitable 7; > 0) on Bj(z;) with-
out destroying it on the previous balls. The proof based on [4, Theorem 12]
shows that for z; €Y we can choose ay ,, such that n;-transversality holds
on Bi(x;) as well as on Bj(z;) NY. Hence the resulting C-bounded section
s is p-transverse (with 7 =min{n;}) on X as well as over Y. This concludes
the proof of the (stabilization) property. O
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Remark 8.2. We will see below that for large degrees the hypersurfaces
constructed in Theorem 8.1 have the following properties.

(Existence). Y is symplectic and J-holomorphic for a compatible
almost complex structure .J arbitrarily C°-close to .J.

(Stabilization). Y is symplectic and there exists a tamed (but not
necessarily compatible!) almost complex structure, .J, arbitrarily C°-
close to J and coinciding with J on Y, such that Y,Y are both J-
holomorphic.

(Uniqueness). The Y; are symplectic and Ji-holomorphic for a path
of compatible almost complex structures J; arbitrarily C%-close to J;.

Linear algebra. Recall the linear algebra underlying Donaldson’s con-
struction in [4]. Consider a Hermitian vector space, i.e., a complex vector
space (V,J) of complex dimension n with Hermitian metric

() =1{,") —iw.
Equivalently, (w,J) is a compatible pair of a linear symplectic and a
complex structure on V. Define the Kdhler angle 6(W) € [0, 7] of an oriented

R-linear subspace W C V of real dimension 2k with respect to the Hermitian
structure (w,J) by

where Qyy is the volume form on W defined by the metric and orientation.
We will usually drop w and/or J in §(W;w, J) when they are clear from the
context. Note that (—W)=m — (W), where —W is the subspace W with
the opposite orientation. Define the angle Z € [0,7/2] between two nonzero
vectors x,y € V, respectively, between a nonzero vector y and an R-linear
subspace X, and the maximal angle between two subspaces X, Y CV by

Z(z,y) = cos™? <]<m,y>\> , ZL(X,y):= O#iiléxé(x,y),

=/ [yl
Zy(X,Y):= sup Z(X,y)= sup inf Z(z,y).
0AYEY 0£ycY 0Fz€X

Note that Z3;(X,Y) depends on the order of the subspaces X, Y. It equals
7/2 whenever dimY > dim X and 0 iff Y C X. Denote by X+ and X the
orthogonal, respectively, w-orthogonal complement.

Lemma 8.3.

(a) O(W) =0 iff W is complez linear and the orientation of W agrees with
the complex orientation, (W)= iff W is complex linear and the
orientation of W is opposite to the complex orientation, O(W) < /2
iff W is symplectic, and O(W) > 7 /2 iff =W is symplectic.
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(b) Let A:V — C be C-linear and B : V — C be C-antilinear such that
A+B : V — C is surjective. Then the Kahler angle of W := ker(A+ B)
(oriented via A 4+ B) satisfies

2V/|APIB — |(A, B)]?
tan (W) = AZ B2

In particular, if |B| < |A| then W is symplectic.
(¢) For two R-linear subspaces X,Y €V,

Ia(X,Y)=Ly(JX, JY) =Ly (Y X ) =2 (Y, X¥).

(d) The Kdhler angle of an oriented R-linear subspace W of dimension 2
or 2n—2 satisfies

min{0(W), m — O(W)} = Lag (W, JW) = Lar (JW, W).

(e) The Kdhler angle of an oriented R-linear subspace W of dimension 2
or 2n — 2 satisfies

OW)=0(JW)=0(W+)=0(W>).

Proof. Parts (a) and (b) are proved in [4]. The first equality in (c) is clear
because J preserves the inner product (-,-), and the third equality follows
from the first two because X = (JX)*+. For the second equality, note that
/(X,y)=7/2 — Z(X*,y). Using this twice, we find

™
Zu(X,Y) = sup £(X,y)= sup (T = £(X*Hp))
yey yey
_E e . L _E
=g 7l al Ay =g - il

_T_ T _ L) L1
=3 $L12§L<2 AV G ))— sup Z(Y—,x27)

=Y X4,

For (d) first note that for a real subspace of arbitrary dimension
OW)=r/2 if WNWY=WnN(JW)L # {0}, or equivalently JW NW+ #
{0}. But this is equivalent to £y (W, JW)=m/2. For the remaining case
(W) # m/2 we may assume, after changing the orientation on W if neces-
sary, that W is symplectic, i.e., (W) < /2.

Now assume dim W = 2n—2. Define the complex subspace Wy :=W N JW.
If Wy =W all terms in the equation in (d) are 0. So assume Wy # W, thus
Wp has dimension 2n — 4. Denote by V; its orthogonal complement in V' and
set Wi =W NV, thusdimW;=2. For 0 £ x=x¢g+x1 € W=Wy® W we
have

mw(Jx) = Jxg + mw, J 1,
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where myy, Ty, are the orthogonal projections onto W, Wj. If 1 =0 we have
mw(Jx)=Jx and thus Z(W, Jz)=0. If 1 # 0 let y; € W7 be the unique
vector such that |y1|=|z1|, y1 L 21, and (z1,y1) is an oriented basis of Wj.
Since (1, mw, Jx1) = (1, Jz1) =0, we have my, Jo1 = cosfy; for a unique
0 € [0, x]. It follows that

cosf = (rwi J, ) wlen vy = cos (W1) = cos (W),

il @]y

which is positive because W is symplectic. On the other hand,

|mw Jz|? = |Jxg + cos O y1 |* = |zo|? 4 cos? O]y |2 > cos® 0z|?,

with equality iff 2o =0 or cos? § = 1. The latter is excluded since we assumed
Wy # W. This shows that
J
cos L(W, Jzx) = ‘WV‘V ’ i > cos (W),
x

and hence Z(W, Jx) < §(W), for all x € W, with equality iff xy=0. Taking
the supremum over x € W, this proves (d) in the case dim W =2n — 2. The
case dim W =2 follows by an easier version of the same argument, setting
Wo={0} and W1 =W. Part (e) is an immediate consequence of (c) and (d).

O

Remark 8.4. Property (e) of the preceding lemma can be used to derive
property (b) as follows. Write

Az=(z,a), Bz=(b,z)

for vectors a, b€ V. Thus under the identification of V* with V via the inner
product, A corresponds to a and B to b. Surjectivity of A + B is equivalent
to a # \b for A€ S'. Then W = ker(A + B) is the orthogonal complement
of the 2-dimensional oriented subspace

W+ =span{a + b, Ja — Jb}.
To determine 0 :=60(W) =0(W+), we compute
w(a+ b, Ja — Jb) = |a|* — |b?,
la+b*|Ja— Jb* — (a+b, Ja— Jb)* = (|a]* + [b]*)* — 4|(a, b)[*.
If |a| = |b| this shows that (W) =m/2. If |a| # |b| we conclude (b) from
PR R Y kot 0
V(la]? +[b[%)? — 4](a, b)[? V(lal? +[b[%)2 — 4(a, b)]?

) 2V/[aP P = [(, D)
WP=pE

tan
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Let (V,J,w) be a Hermitian vector space as above. To a nonzero skew-
symmetric bilinear form ¢ on V' we associate the quantities

a(0) = 0’(1‘,;]1‘) B nf a(x,—2Jx)’
z € V,o(z,Jz)>0 ’HJ‘ z € V,o(x,—Jz)>0 |.’E’
olw o(z,y)
B(c):= sup ——=sup )
(@) dimw =2 w Ty \/\33|2\y|2 — (z,y)?
a(o)
o)==
)= 500

where the infima are interpreted as zero over the empty set, the first supre-
mum is taken over all oriented 2-planes W C V', and the second one over
all ordered pairs of linearly independent vectors z,y € V. Note that «, 3,7
depend on J and the Hermitian metric. The following properties follow
directly from the definitions.

(i) For each o, at most one of the two terms in the definition of a(o)
is nonzero. More precisely, the following three cases can occur. If
o(xz,Jz)>0 for all x the second term vanishes; if o(z, Jz) < 0 for all
x the first term vanishes; and in the remaining case both terms vanish
(for if o(z, Jx) > 0 and o(y, Jy) < 0, then O‘($ +ty, J(z + ty)) =0 for
some t > 0).

(ii) B(o)> 0 for every nonzero o and |a(o)| < (o) (just take y = Jx in the
definition of ), thus |y(¢)| < 1. Equality (o) ==+1 holds iff o0 = £ cw
for some ¢ > 0.

(iii) y(o) > 0 iff o is a symplectic form taming J and v(o) < 0 iff o is a
symplectic form taming —.J.
(iv) y(to)=~(o) for every t > 0 and y(—o)= — (o). Moreover, (o +
o'y >min{vy(c),v(c")} if v(c) and y(o’) are both positive.
Here the last property follows from (o + ¢’) < (o) + B(¢’) and a(o +
o) > alo) +a(0") > min{r(o), 1(0)HB() + Ao")]. Tn view of 5(dw) = =1,
cos™!(v(0)) €0, 7] can be interpreted as the “angle” between w and o.

Lemma 8.5.

(a) If o is a symplectic form on V and W CV a codimension 2
w-symplectic subspace whose Kdihler angle (W) (with respect to w)
satisfies

(W) <~(0),

then W and W are o-symplectic.
(b) If o is a symplectic form taming J and K : V' — V a complex structure
such that

1K = JI| <~(0),

then o tames K.
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(c) For every codimension two w-symplectic subspace W C'V' there exists
an w-compatible complex structure K : V. — V which leaves W and
W« invariant and satisfies

1K = J[ < 6(W).

Remark 8.6. In fact, in part (a) the actual hypothesis is sin (W) < (o)
and in (c) the actual conclusion is |K — J|| < 2sin (§(WW)/2).

Proof. (a) For 0 # x € W write
Jr=mw(Jz) +y
with y L W. By Lemma 8.3(d) we have Z(W,Jz)<6(W), and hence
|mw (Jx)| > |z| cos O(W), or equivalently, |y| < |z|sin@(WW). Then
o(z,mw(Jz)) =0(z, Jz) — o(z,y)

> a(o)|zf* = B(o)|z |y]

> |22 (a(o) — 5(0) sin6(W))

>0

by hypothesis and sin@ < 6. Since my (Jx) € W, this proves that W is o-
symplectic. The statement for W+ follows by the same argument because
(W) =6(W) by Lemma 8.3(e).

(b) By hypothesis, we find for every 0 # z € V:

o(z, Ka)=0(z,Jz) +o(z, (K — J)z) 2 a(0)|z* = Bo)| K — J| |«|?

= 3(0)(7(0) — 1K = JII) af* > 0.

(c) Let Wy:=WNJW. If dim Wy =2n — 2, then W is J-complex and we
simply set K :=J. If dim Wy =2n — 4, we choose K such that K =J on W
and K leaves Wy = VVOL invariant. After replacing V' by Wol, it thus remains
to consider the case dim V =4.

For dim V' =4 choose an oriented orthonormal basis x, y of W and denote
by mw : V. — W the orthogonal projection. Since (Jz,x)=0, we have
mwJx = cos @y for some 0 € [0, 7]. Now cos = (Jz,y) =w(x,y) > 0 implies
0 < m/2, and it follows from Lemma 8.3(d) that § < #(W). Define K : W —
W as positive rotation by 90 degrees, i.e., Kx:=y and Ky:= — x. Then
clearly K? = —1. Moreover,

0
|Jy—Ky|2:|J:E—Ka:|2:|J33—y|2:2—20059:4sin2§

and 6 < 0(W) shows || K—J|| < 2sin(6(W)/2). Finally, w(z, Kz) =w(z,y) >
0 shows that w tames K and K-invariance of w is automatic because W is
2-dimensional, so K : W — W is compatible with w. Defining K : W% —
W*® in the analogous way we obtained the desired K : V — V. This con-
cludes the proof of Lemma 8.5. O
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For an R-linear map T : V — V' between Euclidean vector spaces define
v(T) >0 as follows. If T' is not surjective set v(T) := 0; otherwise let v(T)~!
be the minimal norm of a right inverse of 7. Define the minimal angle
between two subspaces X,Y CV of a Euclidean vector space as follows: If
X and Y are not transverse set Z,,(X,Y):=0; otherwise let X', Y’ be the
orthogonal complements of X NY in X,Y and set

/(X Y):= inf /(X,y)= inf /(x, 7).
( ) o;élyney/ (X;y) Oyéare)g}oséer/ (@)

Lemma 8.7.

(a) Let T : V — V' be a nonzero R-linear map between Euclidean vector
spaces and let W CV be a linear subspace. Then

v(T|w)

LW, kerT) >
17|

(b) For every e > 0 and 63 > 0 there exists a 03 > 0 with the follow-
ing property. For any pair of codimension two w-symplectic subspaces
W, W' of a Hermitian vector space (V,w,J) with £, (W,W')>¢e and
max{0(W),0(W")} < 03 there exists an w-tamed complex structure
K : V. — V which leaves W and W' invariant and satisfies

||K — JH < 05.
In particular, W and W' intersect positively.

Proof. (a) Suppose that T'|yy is surjective (otherwise both sides are zero). Set
n:=v(T|w) and let W C W be the orthogonal complement of W N ker T
Consider w € W/ and v € ker T with |v|=]|w|=1. After possibly replacing v
by —v, we may assume (v, w) > 0. The definition of v(T|y ) implies |Tw| > n,
and therefore

° < |Tv = Tw < ||T|lv — w]? = 2| T|(1 = (v, w)]).

So the angle 6 := Z(v,w) € [0, 7/2] satisfies
2 2
n 0
l——=> 0>1— —
2P =" T
thus 8 >n/||T|| and the part (a) follows.

(b) We construct K by constructing a K-complex basis z1,y1 = Kz,
s Ty, Yo=Kz, of V such that x1,...,y,_o is a basis of Z:=W NW’,
T1,...,Yn_11s a basisof W, and z1,...,Yn_2, Tn, Yn is a basis of W’'. Choose
any unit vector 1 e WNW' and let y; :=mwzJz, where 7wz denotes the
orthogonal projection onto Z. Then Lemma 8.3(d) implies Z(y1,Jx1)=
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L(Z,Jx1) < 63 < w/2 and |y1 — Jx1| < sinf3 < 03. Since y; # 0,
we can define a complex structure K on Z;:=span{zi,y1} by Kzi:=yi,
Ky, := — x; and it satisfies |Kv — Jv| < 63]v| for all ve Z;. Intersect-
ing V,W, W’ with le and repeating this process, we construct a com-
plex structure K on Z together with a K-complex basis z1,...,y,—2 such
that |[Kv — Jv| < 03)v| for all v€ Z. Finally, we apply the same process
to WNZ+ and W/NZ+ in Z+ to construct a complex structure K on
V together with the basis elements vy, 1 = Kz, 1 €W and y, =Kz, €W’
such that [|[Kv — Jv|| < 63]v] for all ve W UW’. Note that this does not
imply ||K — J|| < 63 since W, W’ need not be perpendicular. It does imply,
however, that |[K — J|| < Oy if Z,,(W,W')>¢ for fixed ¢ > 0 and 63 is
sufficiently small. For this we have to check that under these conditions
(K — J)v| < 63]v| for all vectors v. Note that this is satisfied for ve W
or vE€ W’. Hence it is sufficient to check it for v € Z+ and the problem is
reduced to dimg V' =4, Z=0. Let W =span{x1,y1} and W' =span{zs,y2}.
Choose v=ax1 + by; + cxa + dy2. Then

(K —Jw=a(y1 — Jz1) = bJ(y1 — Jx1) + c(y2 — Jx2) — dJ(y2 — Jx2).

On the other hand, for we W and w' € W’ we have (w,w’) < cose|w||w'].
Hence we get

(K = D)vf? < (a® + 0|y — Ja1|* + (¢ + d°)|y2 — T2
+2cosey/ (a2 + 02)|y1 — Jx1 2/ (2 + d?)|y2 — Jxa|?

and

w2 > a® + by |2 + & + dPlya|? — 2coser/a? + b2|yi[2V/ € + d2|yo|2.

Since |y; — Jx;| < sinf3 the first inequality leads to

(K — D2 < (a® + 0>+ @ + d® + 2cosev/a? + b2/ + d?) sin” 05
< (14 cose)sin? O3(a® + b* + 2 + d?)
and since |y;| > cos 3 the second inequality leads to
[v|> > (1 — cose) cos® B3(a” + b + ¢ + d?)

from which the statement follows.
Lemma 8.5(b) (with 0 =w) shows that K is w-tamed if 6 < 1. O

Remark 8.8. In Lemma 8.7(b) the complex structure K can, in general,
not be chosen to be w-compatible. For an explicit counterexample, consider
a 4-dimensional (V,w, J) with symplectic basis ey, f1 = Jei, ea, fo = Jea. The
subspaces W =span{ey, f1} and W’ =span{es + ceq, f2} are approximately
J-complex and mutually transverse for € small, but for € # 0 they are not
invariant under a compatible complex structure K. Indeed, the linear form
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ie,w vanishes on W', and so does ik ,w for any compatible K leaving W’
invariant. If K preserved also W this would imply vanishing of i,w on W',
which is not the case for € # 0.

Recall from [18] that any pair of w-tamed complex structures Jy, J; can
be connected by a canonical path J; of w-tamed complex structures, and
if Jy, J1 are w-compatible the J; are w-compatible as well. Moreover, the
construction in [18] shows

Lemma 8.9. For every 0y > 0 there exist 01 > 02 > 0 such that ||.J; — Jo|| <
01 implies ||Jy — Jo|| < 0o for all t€0,1], and ||J1 — Jo| < 602 implies
|J: — Jol| <61 for all t€]0,1].

A priori estimates. Consider now a closed symplectic manifold (X, w)
with a fixed compatible almost complex structure .J. For a codimension 2
submanifold Y C X define
O(Y;w,J):= sup 0(T,Y;w, J),
yey

where 6(T,Y;w, J) is the Kéhler angle with respect to the Hermitian struc-
ture (w,J) on TX. Denote by J(X) the space of w-tamed almost complex
structures on X. Fix constants

0<92<91<90<1

as in Lemma 8.9.

Now assume that w represents an integral cohomology class [w] € H*(X; Z).
By Theorem 8.1, for every sufficiently large integer D >0 there exists a
closed submanifold Y C X of codimension 2 which is Poincaré dual to D[w]
and approximately J-holomorphic in the sense that

O(Y;w,J) < .

In view of the hypothesis 62 < 1 < 7/2, Y is symplectic for w.
By Lemma 8.5(c) there exists an w-compatible almost complex structure
K on the vector bundle T X |y with

|K —J|y <62, K(TY)=TY, K(TY“)=TY".

By Lemma 8.9 and the choice of #s < 61, we can extend K to an
w-compatible almost complex structure on X satisfying

||K—JH < 04.

Indeed, first extend K to some K; on {x € X | dist(xz,Y) < r} in the
metric w(., J.) such that ||K; — J|| < 02, which is possible because this is an
open condition. By the lemma there is a path K; on that tube connecting
K to Ko =J and satisfying || K; —J|| < 6, for all ¢. Finally, choose a smooth
function ¢ : [0,7] — 1 which is equal to 0 near r and equal to 1 near 0 and
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set Ky 1= Ky(gist(z,y)) for € X. The upshot of this discussion is that the
space

JX,)Y)={KeJX)| KTY)=TY}
contains a nonempty open subspace
J(X,Y;J,00):={KeJ(X,Y)| [[K—J|| <0}
Moreover, by the preceding argument and Lemma 8.9, any two elements
in J(X,Y;J,01) can be connected by a path in
J(X,Y;J,00):={KeJ(X,Y) | [[K—J|| <0}

Remark 8.10. The spaces J(X,Y) and J(X,Y;J,0;) consist of w-tame
almost complex structures, but the preceding argument shows that the
corresponding spaces of w-compatible almost complex structures are also
nonempty.

The following lemma and proposition follow a suggestion of D. Auroux.
Fix a closed 2-form « representing the first Chern class ¢; =c¢1(7TX) and
denote by |||l its norm with respect to the metric w(-, J-).

Lemma 8.11. Let K be an w-tamed almost complex structure with ||K —
J|| < 0o. Then for every homology class A€ Ho(X;Z) which contains a
closed K -holomorphic curve we have

= lal
all.
1 -6
Proof. For every tangent vector v € T, X, we have ||v]|? =wo(v, Jv) and the
estimates

a(v, Kv) < [laf(1+ 1K = JDlv]? wlv, Kv) > (1= 1K = J|)v]?,
which combine with |K — J|| < 6y to
a(v, Kv) < Dyw(v, Kv).
For a closed K-holomorphic curve f : ¥ — X in the class A this implies

(c1(TX), A) = /E ffa < D, /E frw=D,w(A). -

Remark 8.12. For a given cohomology class ¢ € H?(X,R), one may wonder
how much the quantity

lellg, := inf{l[jellg, | da=0, [o] =c}

with respect to the metric gy =w(-,J-) depends on the compatible almost
complex structure J. For example, the quantity

(c1(TX),A) < Dyw(A) with Dy=D,(X,w,J):=

sup [|c]|g,
J

equals 1 for ¢=[w]. Is it finite for c=¢1(X)?
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In the following the energy of a K-holomorphic sphere f : §? — X will
always be measured with respect to w, i.e., E(f) = [q» f*w.

Proposition 8.13. Let Y C X be a hypersurface Poincaré dual to D|w] with
O0Y;w,J) <6y and let K€ J(X,Y;J,0p). Let E > 0 and suppose:

(i) All moduli spaces of simple K-holomorphic spheres in'Y of energy at
most E are smooth manifolds of the expected dimension.

(ii) All moduli spaces of nonconstant simple K-holomorphic spheres of
energy at most E in X with prescribed tangency of order £ < D.E +n
to Y are smooth manifolds of the expected dimension.

Then the following holds.

(a) If D > max(Dy, D, +n—4), then all K-holomorphic spheres of energy
at most E contained in'Y are constant.

(b) If D > 2max(Dy, D« +n — 2), then every nonconstant K -holomorphic
sphere of energy at most E in X intersects Y in at least 3 distinct
points in the domain.

Proof. (a) Suppose f is a nonconstant K-holomorphic sphere of energy at
most F contained in Y. After replacing f by its underlying simple curve, we
may assume that f is simple. Let A € Hy(Y;Z) be its homology class. The
expected dimension of the moduli space of simple K-holomorphic spheres in
Y in the homology class A equals

ind(A)=2(n—1) — 6+ 2(c1(TY), A).
Now note that
(TY)=c1(TX|y) — &1 (N(Y, X)) ,

and the first Chern class of the normal bundle N(Y, X) is represented by
Duwly. In view of Lemma 8.11, this implies

ind(A)=2n — 8+ 2(c1(TX), A) — 2Dw(A)
<2n—8+2(D, — D)w(A).

Now w(A)>1 due to the integrality of [w] and the assumption that f is
nonconstant. Hence ind(A) < 0 if D > max(D,, D«+n—4), so by hypothesis

(i) f cannot exist.

(b) Suppose f is a nonconstant K-holomorphic sphere of energy at most
E in X which intersects Y in at most 2 distinct points in the domain. Again
after replacing f by its underlying simple curve, we may assume that f
is simple. Let A€ Hy(Y;Z) be its homology class. For I < D,E +n + 1
let M3(Y,T; A, K) be the space of all simple K-holomorphic spheres in the
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class A that have local intersection number at least I (i.e., a tangency of
order > T — 1) with Y at one point. By hypothesis (ii) and Proposition 6.9

M*(Y,I; A, K) is a smooth manifold of dimension
dim M*(Y,T; A, K) =2n — 4 + 2¢,(A) — 21 > 0.
Hence the local intersection number of f with Y at each point satisfies
I<c(A)4+n—-2<Dw(A)+n—2.

On the other hand, if D > 2max(D,, D.+n—2), then the global intersection
number of f with Y satisfies

[f] - [Y] = Dw(A) > 2(Dyw(A) +n —2) >2I

(where we have used again w(A) >1). Hence f must have at least 3 inter-
section points with Y, which contradicts our assumption. O

We will also need the following version of the previous proposition for
families of almost complex structures. As above let Y C X be a hypersurface
Poincaré dual to D[w] with 6(Y;w, J) < 02. Let CC J(X,Y; J,6p) be a fam-
ily of almost complex structures smoothly depending on a parameter 7€ P
varying in a k-dimensional manifold P. Moduli spaces of K—holomorphic
spheres are spaces of pairs (u,7), where 7€ P and u is a K;-holomorphic
sphere (possibly with constraints). The corresponding transformation groups
act on u only. The (expected) dimension of the moduli spaces is increased by
k compared to the expected dimension of the corresponding moduli spaces
with fixed almost complex structure. The proof of the following proposition
is literally the same as the one of Proposition 8.13, each time adding k to
the term representing the dimension of the moduli space.

Proposition 8.14. Let E > 0 and suppose:

(i) All moduli spaces of simple KC-holomorphic spheres in'Y of energy at
most E are smooth manifolds of the expected dimension.

(ii) All moduli spaces of monconstant simple K-holomorphic spheres of
energy at most E& in X with prescribed tangency of order £ < D, E +
n+k toY are smooth manifolds of the expected dimension.

Then the following holds.

(a) If 2D > max(2D,,2D, + 2n — 8 + k), then all K-holomorphic spheres
of energy at most E contained in Y are constant.

(b) If D > 2max(Dy, D,+n—2)+k, then every nonconstant KC-holomorphic
sphere of energy at most E in X intersects Y in at least 3 distinct points
in the domain.
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Definition 8.15. For (J,Y) as above and E > 0 let
j*(X)YaJveluE)CJ(X5Y7J791)

be the subset of those K for which the conclusions (a) and (b) of Proposi-
tion 8.13 hold, i.e.,

(a) all K-holomorphic spheres of energy at most E contained in Y are
constant.

(b) every nonconstant K-holomorphic sphere of energy at most E in X
intersects Y in at least 3 distinct points in the domain.

Define
D*:=D*(W,w, J) :=2(D, + n).
Note that each degree D > D* satisfies the conditions in (a) and (b) of
Proposition 8.13.

Corollary 8.16. Let (J,Y) be as in Proposition 8.13 and suppose D>D*
(Xw,J). Then J*(X,Y;J,01,FE) is open and dense in J(X,Y;J,01) for
every E > 0. Moreover, for 6 < 01 any two elements in J*(X,Y; J, 6, F)
can be connected by a path in J*(X,Y;J,01,F).

Proof. Condition (a) is open by Gromov compactness. Indeed, if (a) were not
open at some K € 7*(X,Y; J, 01, E) there would exist a sequence KV — K
in J(X,Y; J,01) with nonconstant K”-holomorphic spheres f” of energy at
most E contained in Y; Gromov compactness would yield a nonconstant
K-holomorphic sphere of energy at most £ contained in Y, contradicting
KeJ*(X,Y;J,0;,FE). Openness of condition (b) is proved similarly. Sup-
pose by contradiction that there is a sequence of K” € J(X,Y’;J,01) not
satisfying (b) and converging to K € 7*(X,Y’; J, 61, E). Then there exists a
sequence of nonconstant K”-holomorphic spheres f” : 5¥ — X of energy at
most F intersecting Y in at most 2 points. Then Gromov compactness yields
a nonconstant K-holomorphic sphere of energy at most E intersecting Y in
at most 2 points, contradicting K € 7*(X,Y; J, 01, E).

For density of 7*(X,Y’; J, 01, E), observe that the set of K € J(X,Y’; J,61)
satisfying conditions (i) and (ii) of Proposition 8.13 is dense: For condition
(1) this is [19, Theorem 3.1.5] (cf. the proof of Lemma 4.1 above). Density
of condition (ii) follows from Proposition 6.9 (or Lemma 6.7) with k=1,
Z1:=Y and V:=X \ Y. (Here we assume that (i) already holds, and hence
by conclusion (a) every nonconstant K-holomorphic sphere of energy at most
E passes through V.)

For the last statement let Jy, J; € 7*(X,Y; J, 0, E). By Lemma 8.9, they
can be connected by a smooth path (J7);¢(o,1) in J(X,Y; J, 01, E). By argu-
ments similar to the previous ones, conditions (i) and (ii) of Proposition 8.14
can be achieved for a path J arbitrarily close to J;. In particular J'(0) and
J'(1) are arbitrarily close to Jy and Jq, respectively. Since J*(X,Y’; J, 01, E)
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is open, which means that we may assume that Jy and J; can be connected
in this set.
This concludes the proof. O

Extension to two hypersurfaces. The preceding discussion will suffice
for the proof of Theorems 1.1 and 1.2. For the proof of Theorem 1.3, we need
to extend it to the case of two symplectic hypersurfaces. As most arguments
immediately carry over, we will only indicate the required modifications.
As above, consider a closed symplectic manifold (X,w) with integral class
[w]. Fix constants
0<b3<b < <by<1

as in Lemmas 8.9 and 8.7(b) and a constant € > 0. For the remainder of
this section, we fix a quadruple (Jo, Yy, J1, Y1) consisting of w-compatible
almost complex structures J; and hypersurfaces Y;, Poincaré dual to D;[w],
satisfying

HJO_JlHO < 03, Zm(Yb,Yl)ZaE, Q(Y;;w,Ji) < 03 fOI“iZO,l.
Here || ||o denotes the norm with respect to w(-, Jo-) and we have set

i (Yo, Y1):= inf 2, (1,Yy, T,Y1).
m( 07 1) yegolﬁYl m( Yy 07 Yy 1)

Remark 8.17. The existence of such quadruples follows from the (Stabi-
lization) property in Theorem 8.1. Given a Jy-holomorphic hypersurface Yy,
there exists a hypersurface Y7 such that the above conditions are satisfied
with Jo=J;. We allow the case Jy # J; for later use.

By Lemma 8.7(b), there exists an w-tame almost complex structure K on
the vector bundle T'X |y, ny, with

IK = Jollyony, <02, K(TYy)=TY,, K(TY1)=TY;.

Arguing as above, using Lemma 8.9, we can extend K to an w-tamed
almost complex structure on X satisfying

|K — Jol| <01, K(TYy)=TYy, J(TY1)=TY:.
Thus the space
J(X,Youhi)={K e J(X) | K(TY)=TY,,K(TY;)=TYy,}
contains a nonempty open subspace
J(X,YoUY1;Jo,01) ={KecJ(X,YoUY1) | [|K — Jo| <61}

Again, any two elements in J (X, YyUY7; Jy,01) can be connected in the
space

J(X,YoUY1;Jo,00) ={KeJ(X,YoUY1) | ||K — Jo|| < 6o}

We need the following variation of Proposition 8.13.
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Lemma 8.18. Let (Jo, Yo, J1, Y1) be as above, K € J (X, Yy UY1; Jo,00), and
E > 0. Suppose that all moduli spaces of simple K -holomorphic spheres in
the intersection YoNY1 of energy at most EE are smooth manifolds of the
expected dimension and Dy + Dy > max(Dy, Dy + n — 5). Then all K-
holomorphic spheres of energy at most E contained in Yy N'Y7 are constant.

Proof. We have
c1 (T(YQ N Yl)) = Cl(TX|yOmy1> — Do[w] — Dy [w]

Hence the expected dimension of the moduli space of simple K-holomorphic
spheres in Y in a homology class A satisfies

ind(A)=2(n—2) — 6+ 2(c; (T(YoNY1)), A)
=2n — 10 + 2(01(TX), A> — 2(D0 + Dl)w(A)
< 2n — 10+ 2(Ds — Dy — D1)w(A).

If A is nontrivial, then w(A) > 1 and the hypothesis Do+ Dy > max(D,, D+
n — 5) implies ind(A) < 0. In view of the regularity hypothesis (and again
passing to underlying simple spheres), this shows that all K-holomorphic
spheres of energy at most E contained in the intersection YgNY; are
constant. O

Definition 8.19. For £ > 0 let
TH(X,YoUYi;Jo, 01, E) C T (X, Yo UY7; Jo, 01)

be the subset of those K for which the conclusions (a) and (b) of Proposi-
tion 8.13 hold for each Y;, i.e.,

(a) All K-holomorphic spheres of energy at most E contained in YpUY;
are constant.

(b) Every nonconstant K-holomorphic sphere of energy at most E in X
intersects Y; in at least 3 distinct points in the domain for ¢ =0, 1.

Note that if D; > D*=2(D, + n) for =0, 1, then each D; satisfies the
conditions in (a) and (b) of Proposition 8.13 and Dy + D; satisfies the
hypothesis of Lemma 8.18. We have the following analogue of Corollary 8.16.

Corollary 8.20. Let (Jo, Yo, J1,Y1) be as above and suppose D;> D*
(X,w,J) for i=0,1. Then J*(X,YoUY7;Jy,01,F) is open and dense in
J(X,YoUYi; Jy, 61) for every E > 0. Moreover, for 03 <01 any two elements
in J*(X,YoUYq; Jo, 02, E) can be connected by a path in J*(X,YyUY7;
Jo, 01, E).

Proof. Openness follows from Gromov compactness as in the proof of
Corollary 8.16. For density, it suffices to prove density of the set of
K e J(X,YoUYq; Jy, 61) satisfying conditions (i) and (ii) of Proposition 8.13
for both hypersurfaces Y;. For this, we first apply [19, Theorem 3.1.5] in
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YoNY; to conclude density of the set of K € J(X,YyUY7;Jy,01) for which
all moduli spaces of simple K-holomorphic spheres in YyNY; of energy at
most E
are smooth manifolds of the expected dimension. Then by Lemma 8.18 all
K-holomorphic spheres contained in Yy NY] are constant. Based on this, we
can apply [19, Theorem 3.1.5] in Yj and Y; (varying K on Yo U Y7\ (Yo NY7))
to conclude density of the set of K € J(X,YyUY; Jy, 61) satisfying condi-
tion (i) of Proposition 8.13 for both Y;. Finally, we apply Proposition 6.9 (or
Lemma 6.7) with k=1, Z;:=Y; and V:=X \ (YpUY7) (varying K outside
YoUY7) to conclude density of condition (ii). This finishes the proof. O

Addendum. We conclude this section with a finiteness result for homology
classes represented by K-holomorphic curves for w-tamed K, although this
result will not be needed in this paper. For a compatible almost complex
structure J and 0 < 0y < 1 set

J(X;J,00) :={Ke€T(X)| [[K—J| <bo}.

Lemma 8.21. For each E>0 and 0<0y <1, all homology classes A€
Hy(X;Z) with (w,A) < E that can be represented by a K-holomorphic
sphere for some K € J(X;J,60p) are contained in a finite set A(E,0y) C
Hy(X;Z) depending only on w, J, E and 0.
Proof. For a 2-form o on X define

= inf -

v(0):= inf v(ow),

where (o) is defined as above with respect to (w, J) and the induced metric
on T'X. Fix a constant ~q satisfying

0<by<y <1
and define
Q:={0cQ*X) |do=0, () >y}

By the properties of 7, €2 is a cone consisting of symplectic forms taming
J, and w € . Hence its image [Q] € H?(X;R) in cohomology is an open cone
containing [w]. Denote by

Q" :={Ae€ Hy(X;R) | (0,A) >0 for all o0 €Q}

the dual cone in homology. Then for given E > 0 the set {4 € [Q]* | (w, A) <
E} is bounded. (This is a general property of cones in finite dimensions which
can be seen as follows. Write A=) i Ajv; in a basis of cohomology whose
dual basis satisfies [w] = v} € [Q] for all j; then 0 < (w £}, 4) < B+ A
implies |A;| < E for all j.) Therefore, the set

A= {Ac[Q" | (w,A) < E} N Hy(X;Z)

is finite. Since 6y < 79, Lemma 8.5(b) and the definition of Q show
that J(X;J,0p) consists of almost complex structures which are tamed
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by all 0 €Q. Now suppose that a class A€ Ho(X;Z) with (w,4) < E
can be represented by a K-holomorphic sphere f : S$? — X for some
K e J(X;J,6p). Then (0, A) = [q» f*0 >0 for all o0 € Q, which implies A € A.

O

9. Proof of transversality

In this section we prove Theorems 1.1 and 1.2 from the introduction, as
well as their extensions to the case of two hypersurfaces. Throughout this
section, (X,w) denotes a closed symplectic manifold of dimension 2n.

Before beginning the proofs, let us summarize the transversality results
proved in Sections 5 and 6 in the form we will use them. Here conditions (a)
follow from Corollaries 5.8 and 5.9, and conditions (b) follow from Corollar-
ies 6.11 and 6.12.

Proposition 9.1. Let J€ J. Let Z be a countable collection of J-complex
manifolds not equal to X and set V := X \Uz ¢ zZ, thus Jp+1(V) is the set of
coherent almost complex structures that agree with J along Uz c zZ. Then
for all £>3 there exist Baire sets J,.5(V; Z;J) C Ty (V) such that for
each I-stable k-labelled tree T, homology classes Ay € Hy(X;Z) for a €T,
Zi€ ZU{X} and integers {; > — 1 for i€ R (the reduced index set), and
Ke Jﬁﬁ_l(V; Z:J) the following conditions are satisfied.
(a) The moduli space Mi.({An}, K;{Z;}) of stable K-holomorphic maps
modelled over (T,{As}), passing through Z; at the points z; for i€ R
and without a nonconstant component entirely contained in a Z € Z,

18 a smooth manifold of dimension

dim M7({Aa}, Ki{Zi}) = 2n— 6+ Y 2c1(Aa) + 2k — 2¢(T)
aceT

—2 Z codim¢ Z;.
i€ER
Moreover, the evaluation map ev® factors as
evh s Mp({Aa}, Ki{Zi}) — My o ({Aa), K5 {Zi)) — XF

through a smooth manifold of dimension

dim M% o ({Aa}, Ki{Zi}) = 20— 6+ Y 2c1(Aq) + 2|R|
acT
—2e(mp(T)) =2 codimg Z;.
1€ER
(b) Suppose that A, # 0 for a unique vertex v (so the reduced index set

R labels the special points on o). Then the moduli space M(Aq, K;
{Z;,0;}) of stable K-holomorphic maps modelled over (T, Ay), tangent
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to Z; of order {; at the special points zo; on the component a and not
entirely contained in a Z € Z, is a smooth manifold of dimension

dim M7 (An, K;{Z;i, l;}) =2n — 6 + 2¢1(Aq) + 2k — 2¢(T)
— 2> (4 + 1)codime Z;.
1€ER
Moreover, the evaluation map ev® factors as
evh : M3 (Aa, K;{Zi, i}) — Mg (Aa, K;{Zi, i}) — X*
through a smooth manifold of dimension
dim M (Ao, K;{Zi, 4i}) = 2n — 6 + 2c1(Aq) + 2| R

— 2 (4 + 1)codimg Z;.
i1€ER
We first turn to the proof of Theorem 1.1. From now on we suppose that

[w] € H?(X;Z), and we have fixed constants ¢ > 0 and 0 < 3 < 6 < 01 <
fp < 1 as in the previous section. Also recall the definition

D*(X,w,J)=2D.(X,w,J) + 2n,
where D, (X,w,J) is the constant from Lemma 8.11.

Definition 9.2. A Donaldson pair of degree D is a pair (J,Y') consisting of
an w-compatible almost complex structure J and a hypersurface Y22 C X
Poincaré dual to D[w] satisfying

0Y;w,J) <03, D>D"(X,w,J).

Remark 9.3. The proof of Theorems 1.1 and 1.2 only uses the weaker
hypothesis 0(Y;w, J) < 2. The stronger hypothesis is needed in the proof
of Theorem 1.3.

Let (J,Y) be a Donaldson pair of degree D on (X,w). To each integer
multiple £ >3 of D, we associate the energy

E;:={/D.

For this energy, let J*(X,Y;J,01,E;) CJ(X,Y;J 61) be the set of
almost complex structures from Definition 8.15, which is open and dense
by Corollary 8.16. Let Jy+1 be the set of coherent almost complex struc-
tures from Section 3.

Definition 9.4. We call an open subset B* C J*(X,Y; J, 61, Ey) 02-contrac-
tible if it is contractible in J*(X,Y; J, 61, E;) to a point of J*(X, Y; J,
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02, Ey). Then we define

T (XY J,07)
={K € Jpy1 | K(Q) € T(X,Y;J,01) for all (€ Mgy,
K ({)|y independent of (}
Tt (X.Y5.0,00)
={K € Jps1 | K(¢)€B* for all { € My, 1,
B*CJ*(X,Y; J,01,Ey) O2-contractible, K(¢)|y independent of (}.

Note that Jy41(X,Y’; J,01) is a Banach manifold, and J;, , (X, Y J,01) C
Je+1(X, Y5 J,071) is open and nonempty by Corollary 8.16 and Lemma 8.9.

Proof of Theorem 1.1. Fix a Donaldson pair (J,Y") of degree D. Consider a
homology class A € Hy(X;Z) with w(A) > 0 and let

0:=Dw(A)=[Y]- A,
thus Fy=w(A). For K € 7 | (X,Y;J,01) and k >0 define the moduli space
Mio(AK;Y) :={(z, f) |z € S? distinct, f : S — X, Oxf=0, [f]=A4,
fz)eY fori=k+1,... k+}/Aut(S?)

of K-holomorphic spheres in the class A passing at the last £ points through
Y. More generally, for an ¢-stable (i.e., stable after removing the first &k
marked points) (k 4 ¢)-labelled tree T', homology classes A, € Ha(X;Z) for
a€T with )7 Ay =A, and K € J/ (X,Y;J,01) consider the moduli space

MT({Aa}aK; Y)
={(z,f) e Mr({Au}, K) | fo,(zi) €Y fori=k+1,...,k+(}

of stable maps modelled over (T',{A,}) passing at the last £ marked points
through Y. Note that for elements of Mp({A.},K;Y) every noncon-
stant component passes through V:=X \ Y. This follows from property
(a) in Definition 8.15 because K(()|y is independent of ¢ and belongs to
J*(X,Y;J, 601, E).

For any J € J*(X,Y; J, 01, E;), we apply Proposition 9.1 with k replaced
by k + ¢, the index set I={k + 1,...,k + ¢} and the collection Z={Y},
thus V=X \Y. Let 78 (V;{Y};J)C Jo:1(V) be the Baire set provided

l+1
by Proposition 9.1 and set

TEE(X,Y:,0:) = U Tt (Vi VB )N T8 (X, Y57, 61, ).
Je J*(X,Y;J,01,E)

Note that elements in j;jgl(v; {Y'}; J) not necessarily satisfy the conditions
(a) and (b) of Definition 8.19 nor are they close to J. Hence we intersect
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here with 77, | (X, Y J, 01, E;). Then for K € %rigl(X, Y'; J,01) the following
holds. Let A € Hy(X;Z) with £ = Dw(A), and T be an ¢-stable (k+¢)-labelled
tree with weights A, > A, = A, such that every ghost tree contains at most
one of the last ¢ marked points. This condition implies that the reduced
index set R satisfies {k + 1,...,k + ¢} C R. So by Proposition 9.1(a), the
moduli space M7 ({A,}, K;Y) of stable K-holomorphic maps modelled over
(T,{An}) and passing through Y at the last ¢ marked points is a smooth

manifold of dimension
dimp Mp({Ax}, K;Y) =2n—6+2¢1 (A)+2(k + £)—2e(T) —2¢ codime (Y)
=2n—6+ 2c1(A) + 2k — 2e(T)
=2d —2¢e(T).
This proves Theorem 1.1. O

In particular, applying Theorem 1.1 to the tree T" with one vertex (which
has no ghost components), it follows that the moduli space My ¢(A, K;Y)
is a smooth manifold of dimension

dimp My o(A, K;Y)=2n — 6 4 2k 4+ 2¢;(A) =2d.

Next we turn to the proof of Theorem 1.2. We need to show that the
evaluation map at the first k£ points

evh i My (A, K;Y) — XF
is a 2d-dimensional pseudocycle. The following result is the key to the proof.

Proposition 9.5. Let K€ J/ | (X,Y;J,6h), k>0, and A€ Hy(X;Z) with
¢=Duw(A). Suppose that a sequence [f*] € My1e(A, K;Y) converges in the
sense of Gromov to a stable map [z,f]. Then the nodal curve z is {-stable.

Proof. Arguing by contradiction, suppose that z is not ¢-stable. Then there
exists a nonconstant component f, of f whose domain S, carries at most
two special points after removing the first £ marked points. According to
condition (3) after Theorem 5.2, f is K+, (z)-holomorphic, where 7y is defined
by removing the first £ marked points and then stabilizing. As my maps S,
to a point, this means that Ok, fo =0 for some K, € J*(X,Y;J,01) (not
depending on points on S,,).

By condition (a) in Definition 8.15 (since f, is nonconstant), f, is not
contained in Y, and by condition (b) it intersects Y in at least three points
in the domain. Thus f, must intersect Y at a point that is neither a node
nor one of the last £ marked points. By Proposition 7.1, intersections persist
under small perturbations. So the definition of Gromov convergence implies
that for v sufficiently large, f” intersects Y at a point which is not one of the
last ¢ marked points. On the other hand, by Proposition 7.1 each of the last
¢ marked points contributes at least one to the intersection number (since



346 K. CIELIEBAK AND K. MOHNKE

fy : 8% — X is a smooth K-holomorphic curve with distinct marked points).
Hence we conclude [Y]- [f’] > ¢=[Y]- A, in contradiction to [f*]=A. O

Proposition 9.6. For all K € J,5(X,Y;.J,01) (as defined above) the fol-
lowing holds. Let A€ Ho(X;Z) with ¢ =Dw(A), T be an (-stable (k + ¢)-
labelled tree with more than one vertex, and A, € Hy(X;Z) for a €T with
S Ay =A. Then the evaluation map ev® : My ({A}, K;Y) — X* factors
through a manifold of dimension at most 2d — 2.

Proof. If every ghost tree in T' contains at most one of the last ¢ marked
points the conclusion of the proposition follows from Theorem 1.1 because
e(T) > 1 if T has more than one vertex.

It remains to analyze the case that there exists a ghost tree T C T con-
taining at least two of the last ¢ marked points. Let R be the reduced index
set (retaining only the point with maximal index i on each ghost tree) and
T :=mg(T) the tree obtained by removing the marked points outside R and
stabilizing. By Proposition 9.1(a), the evaluation map ev® factors through
the manifold M%({Aa}, K5{Z;}), where Z; = X fori=1,...,k and Z; =Y
fori=k+1,...,k+ £. Now we distinguish two cases.

Case 1. T has more than one vertex. Then by Proposition 9.1(a), the eval-
uation map ev® factors through the moduli space Mk ({Aq}, K;{Z;}) of
dimension at most 2d — e(T) < 2d — 2.

Case 2. T has only one vertex. This happens iff A, # 0 for exactly one
vertex «, so we are in the situation of Proposition 9.1(b). Now recall that
by assumption 71" had at least two of the last £ marked points on the same
ghost tree 7. So Lemma 7.2 shows that for each (z,f) € My ({4.}, K;Y)
the map f, has local intersection number with Y at least 2 (hence order of
tangency at least 1) at the marked point zj, j >k + 1, at which the ghost
tree 1" is attached. Hence by Proposition 9.1(b), the evaluation map ev*
factors through the moduli space MTR\(AM K;{Z;,¢;}), where Z; =Y and
¢;>0foralli>k+1, and £; > 1. So the dimension formula in Proposition 9.1
(b) shows that

dim My (Aa, K;{Zi, ti}) <2d—2 Y 4 codimeY < 2d —2.
i€ER,i>k+1

This proves Proposition 9.6. (|

Proof of Theorem 1.2. Theorem 1.2 follows immediately from Propositions
9.5, 9.6, and the definition of a pseudo-cycle. O

Extension to two hypersurfaces. Now we extend the preceding discus-
sion to the case of two hypersurfaces.
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Definition 9.7. A Donaldson quadruple of bi-degree (Dy, Dy) is a quadru-
ple (Jo, Yo, J1,Y1) consisting of two Donaldson pairs (J;,Y;) of degrees D;
satisfying

(Yo, Y1) >¢,  ||Jo — Jillo < 0s.

The following is the analogue of Theorem 1.1 in this case.

Theorem 9.8. Let (Jy, Yy, J1,Y1) be a Donaldson quadruple on (X,w) of
bi-degree (Do, D1). Then for all integers >3 there exist mnonempty sets
je’rj% (X, YoUY1; Jo, 01) C Tp (X, Yo UYr; Jo, 01) with the following property.
Let A€ Hyo(X;Z) be a homology class with w(A) > 0 and set ¢;:= D;w(A)
and £:=Vly+ 1. Let T be an I-stable (k+ ¢)-labelled tree for some k>0 and
a subset I C{k+1,...,k+ L} satisfying |I| >3 and |I| > min(Dy, D;)w(A).
Let Ay € Ho(X;Z) for a €T such that Y Aq = A and such that every ghost
tree in (T, {Aq}) contains at most one of the last ¢ marked points. Then for

each K € \7|l}e\i1(Xv YoUYi; Jy, 01) the moduli space Mr({Aa}, K;YoUY1) of

stable K -holomorphic spheres modelled over (T{Ay}), mapping the middle
o marked points to Yy and the last {1 marked points to Y1, is a smooth
manifold of real dimension

dimg Mp({Aa}, K; YoUY)) = 2<n — 34 k4 ci(A) — e(T)).

Proof. To each integer £ >3 we associate the energy
EZ = Z/min(Do, Dl)

(We use £ because £ will have a different meaning below.) For this energy,
let J*(X,YoUY1;Jo,01,E7) CT(X,YoUY1;Jo,61) be the set of almost
complex structures from Definition 8.19, which is open and dense by
Corollary 8.20. Let J7,, be the set of coherent almost complex structures
from Section 3.

Definition 9.9. We call an open subset B* C J*(X,YoUY1; Jo, 61, Ej) 02-
contractible if it is contractible in J*(X,YyUY1; Jo, 01, E7) to a point in
J*(X,YoUYq; Jo, 62, E7). Then we define
T (X, Yo UYr; Jo, 61)
={K €Ty, | K(C) € T(X,YyUYi; Jo,01) for all ¢ € My,
K({)|lv,uy, independent of }
T (X, Yo UYrs Jo, 1)
={K €Tz, | K(¢)€B* for all (€ Mg,
B* C J*(X,YoUY1; Jo, 01, Ej) 6a-contractible,
K({)|lv,uy, independent of (}.
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Note that J;, (X, Yo UY1; Jo, 61) is a Banach manifold, and Z*+1(X’ Yo U
Y15 Jo, 01) C T4 (X, Yo UY1; Jo, 01) is open and nonempty by Corollary 8.20
and Lemma 8.9.

Now consider a homology class A € Hy(X;Z) with w(A) > 0 and set

li:=Dw(A)=[Y;]- A, L:=ly+ 1.
For k>0 we denote points in the Deligne-Mumford space My 410,41 Dy

zZ= (207 <o Rl Rl+1y - - oy Rk+Ly s Rk+Lo+15 - - - 7Zk:+€()+€1)a

so the first components after zg correspond to k, the middle ones to £,
and the last ones to ¢;. Fix a subset I C{k+1,...,k+ ¢} with |I| >3 and
|I| > min(Dy, D1 )w(A), hence

Denote by
I Mk+£o+€1+1 — /\71|1\+1

the obvious projection (forgetting the marked points outside I and stabi-
lizing). Recall that a k + ¢y + ¢1-labelled tree is called I-stable if it is still
stable after removing the marked points outside I.

For K € JG‘H(X, YoUY7; Jo,01) (as defined above with = |I|) define the

moduli space

Mk-‘rfo-f—fl (Aa Kv%UYi) ::{(va) | Zi GSQ diStinCtaf : 52 — X,
Ors f =0, [fl=A, f(zi) €Yo for k+1<i<k+ L,
flz)eYifor k+Lo+1<i<k+/lo+1}/Aut(S?)

of K-holomorphic spheres in the class A passing at the middle ¢y points
through Yy and at the last ¢; points through Y;. More generally, for an
I-stable (k4 £y + £1)-labelled tree T, homology classes A, € Ha(X;Z) with
Y Ay=A,and K € jlji'H(X, Yo UY1; Jo, 61) consider the moduli space

Mr({Aa}, K;YoU Y1) :={(z,f) e Mr({Aa}, K) | fa;(2i) €Yo
fork+1<i<k+4¥, fai(zi)eyl fork+/0+1<i< k—{-fo—kfl}

of stable maps modelled over (T,{A,}), passing at the middle ¢y marked
points through Yy and at the last ¢1 points through Y7. Note that for elements
of Mr({An}, K;YpUY1) every nonconstant component passes through
V:=X\ (YoUY7): This follows from property (a) in Definition 8.19 because
K({)ly,uv; is independent of ¢ and belongs to J*(X,YoUY1;Jo, 01, Ep)),
and w(A) < By
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For any Jo€ J*(X,YyUY; Jo, 01, Ey7|) we apply Proposition 9.1 with k
replaced by k+¢, the index set I C {k+1,...,k+{} above and the collection

Z={Yo,Y1,YoNY1},

thus V =X\ (YpUY7). Let uﬂﬁil(‘/; {Y0,Y1,YoNY1}; Jo) C Jjrj41(V) be the

Baire set provided by Proposition 9.1 and set

T (X, YoUYa; Jo, 01) =

U 5V D0, Ve, YoV Jo) s (X, Yo U Yis Jo, 01, By

jo GJ*(X,YQUYUJ(),@LEHO

Then for K€.7|rfe|i1(X,YOUY1;JO,91) the following holds. Let A€ H,
(X;7Z) with ¢;=D;w(A) and £=4{y + ¢1. Let T be an I-stable (with I as
above) (k + ¢)-labelled tree with weights A,, > Ao =A, such that every
ghost tree contains at most one of the last ¢/ marked points. This condi-
tion implies that the reduced index set R satisfies {k+1,...,k+¢} C R. So
by Proposition 9.1(a), the moduli space M7 ({An}, K;YoUY1) is a smooth
manifold of dimension

dimg Mr({Aa}, K; Yo UY1)=2n — 6 + 2¢1(A) + 2(k +£) — 2¢(T)
— 250 COdim(c(Yg) — 261 COdim(c(Yl)
=2n—6+ 2c1(A) + 2k — 2e(T)
=2d —2¢e(T).
This proves Theorem 9.8. O

In particular, applying Theorem 9.8 to the tree T" with one vertex (which
has no ghost components), it follows that the moduli space My ¢ +s,
(A, K;YoUY7) is a smooth manifold of dimension

dimp Mg+, (A, K;YoUY7) =2n — 6 4 2k + 2¢1(A) =2d.

For the extension of Theorem 1.2 to the case of two hypersurfaces, we
need to show that the evaluation map at the first k& points

evh : Mk+éo+fl (A, K;Yy UYl) —s XF

is a 2d-dimensional pseudocycle. The key to the proof is the following result
which we will apply in the cases I ={k+1,..., k+4p} and I ={k+1,... , k+
Lo + fl}.

Proposition 9.10. For {k+1,...,k+ 4} CIC{k+1,....k+ by + {1}
let K € |§‘+1(X,1/()UY1;J0,91), k>0 and A€ Hy(X,Z) with {; = D;w(A).
Suppose that a sequence [f¥] € Mpyipy+e, (A, K;YoUY1) converges in the

sense of Gromov to a stable map [z,f]. Then the nodal curve z is I-stable.
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Proof. Arguing by contradiction, suppose that z is not I-stable. Then there
exists a nonconstant component f, of f whose domain S, carries at most
two special points after removing the marked points not belonging to I.
According to condition (3) after Theorem 5.2, f is K, (,)-holomorphic,
where 71 is defined by removing the marked points outside I and then sta-
bilizing. As 7; maps S, to a point, this means that dg, f, =0 for some
Ko e J*(X,YoUY1;Jo, 01, Ejp) (not depending on points on S,), where
Em = |I|/m1n(D0, Dl)

By condition (a) in Definition 8.19 (since f, is nonconstant), f, is not con-
tained in Yp UY7, and by condition (b) it intersects Yy in at least three points
in the domain. Thus f, must intersect Y at a point that is neither a node
nor one of the middle £y marked points. By Proposition 7.1, intersections
persist under small perturbations. So the definition of Gromov convergence
implies that for v sufficiently large, f¥ intersects Yy at a point which is not
one of the middle ¢y marked points. On the other hand, by Proposition 7.1
each of the middle ¢y marked points contributes at least 1 to the intersection
number (since f, : S — X is a smooth K-holomorphic curve with distinct
marked points). Hence we conclude [Yp] - [f¥] > o = [Yo] - A4, in contradiction
to [f¥]=A. O

Proposition 9.11. For {k+1,... . k+4} CIC{k+1,....k+ly+ {1} and
all Kej‘f,e‘il(X,YoUYl; Jo,01) (as defined above) the following holds. Let
A€ Hy(X;Z) withw(A) >0, ¢;=D;w(A), T an I-stable (k+£Ly+¢1)-labelled
tree with more than one vertez, and Ay € Ho(X;Z) fora € T with Y, Ap = A.
Then the evaluation map ev® : Mr({A.}, K;YoUYr) — X* factors through

a manifold of dimension at most 2d — 2.

Proof. If every ghost tree in T' contains at most one of the last ¢ marked
points the conclusion of the proposition follows from Theorem 9.8 because
e(T) > 1 if T has more than one vertex.

It remains to analyze the case that there exists a ghost tree T C T con-
taining at least two of the last ¢ marked points. Let R be the reduced index
set (retaining only the point with maximal index ¢ on each ghost tree) and
T :=mg(T) the tree obtained by removing the marked points outside R and
stabilizing. By Proposition 9.1(a), the evaluation map ev® factors through
the manifold M%({Aa}, K;{Z;}), where Z; =X fori=1,...,k, Z; =Y for
i=k+1,...,k+0y,and Z; =Y fori=k+4p+1, ..., k+£. Now we distinguish
two cases.

Case 1. T has more than one vertex. Then by Proposition 9.1(a), the eval-
uation map ev”® factors through the moduli space ME({Aa}, K5{Zi}) of
dimension at most 2d — e(T) < 2d — 2.
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Case 2. T has only one vertex. This happens iff A, # 0 for exactly one
vertex «, so we are in the situation of Proposition 9.1(b). Now recall that
by assumption 71" had at least two of the last £ marked points on the same
ghost tree T". There are three subcases.

Case 2(a). T' contains two of the middle ¢y marked points. Then Lemma 7.2
shows that for each (z, f) € M7 ({Aa}, K; Yo UY7) the map f, has local inter-
section number with Yj at least 2 (hence order of tangency at least 1) at
the marked point z.j, £k +1 < j < k + {y, at which the ghost tree T”
is attached. Hence by Proposition 9.1(b) the evaluation map ev® factors
through the moduli space MI*R\ (Ao, K;{Z;, 4;}), where Z; =Y, or Y7 and
¢;>0 for all i>k + 1, and ¢; > 1. So the dimension formula in Proposi-
tion 9.1(b) shows that

dimMTR‘(Aa, K;{Z;,t;}) <2d -2 Z ¢; codime Z; < 2d — 2.
i€R,i>k+1
Case 2(b). T' contains two of the last ¢; marked points. This is analogous

to Case 2(a).

Case 2(c). T' contains one of the middle ¢y and one of the last ¢; marked
points. Then for each (z,f) e Mp({A.}, K;YoUY1) the map f, maps the
marked point zo;, k+1 < j < k+£y, at which the ghost tree T” is attached to
the intersection Yy NY;. Hence by Proposition 9.1(a) the evaluation map evh
factors through the moduli space My, (Ao, K;{Z;}), where Z; =Yy NY; and

Z;=YporY for j #i>k+1. So the dimension formula in Proposition 9.1(a)
shows that

dim Mg (Ao, K {Z:}) < 20— 6+ 2c1(A) + 2| R

—2)  codime Z; < 2d - 2.
1€ER

This proves Proposition 9.11. 0

Propositions 9.10, 9.11 and the definition of a pseudo-cycle immediately
imply the following version of Theorem 1.2 for two hypersurfaces.

Theorem 9.12. In the notation of Theorem 9.8, for every k>1 the evalu-
ation map at the first k points

v Mpygore, (A, K;YoUYY) — XF

represents a pseudocycle of dimension

2d::2<n—3+k+cl(A)).
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10. Independence of the auxiliary data

In this section, we prove that different choices of the auxiliary data (Y, J; K),
where (J,Y') is a Donaldson pair and K € 7,5 (X,Y’; J, 1), give rise to ratio-
nal pseudo-cycles which are rationally cobordant.

Throughout this section we fix the following data:

a symplectic manifold (X,w) with integral class [w];

a homology class A € Ha(X;Z) with 0 < w(A);

an integer k> 1;

a constant € > 0 and constants 0 < 03 < 0y < 61 < 6y < 1 as in
Lemmas 8.9 and 8.7(b);

e a closed 1-form « representing the first Chern class of X.

As in the previous section, by a Donaldson pair we understand a pair
(J,Y), where

e J is an w-compatible almost complex structure on X;

e Y C X is a hypersurface whose Kéhler angle with respect to (w, J) sat-
isfies 0(Y;w,J) < 63 and such that [Y]= Dw] with D> D*(X,w, J),
where D*(X,w, J) is the constant defined in Section 9.

We always set £:=Dw(A). Theorem 1.2 assigns to each Donaldson

pair (J,Y") and domain-dependent perturbation K € jﬁ% (X,Y; J,01) in the
Baire set of Theorem 1.1 a pseudo-cycle

evF(JY; K) : Mppo(AK;Y) — XF.
We first prove independence of the perturbation K.

Proposition 10.1. For a Donaldson pair (J,Y) and Ko, K1 € J,5(X,Y;
J,61), the pseudo-cycles

evf(J,Y;KZ-) Mp(AKGY) — Xk i=0,1,
are cobordant.

Proof. Note that we can connect Ko, K1 by a smooth path K; C J/ (X, Y;
J,01). Indeed, by the #s-contractibility condition in Definition 9.4 we can
connect the K; in jg;l(X ,Y; J,01) to domain-independent almost complex
structures Kf € J*(X,Y;J, 62, FE), and by Corollary 8.16 we can connect
Kj and K} by a path in J*(X,Y;J,01, E). Now the proof works exactly
as in [19], repeating the arguments in Section 9 for a generic path K; in
Tra (X, Y5, 61). O

As in the previous section, we denote by Donaldson quadruple a quadruple
(Jo, Yo, J1, Y1) consisting of two Donaldson pairs (J;, Y;) such that Yp, Y7 are
e-transverse and ||Jop — Ji|lo < #3. Theorem 9.12 associates a pseudo-cycle

evF(Jo, Yo, J1, Y15 K) : Migggre, (A, K; YoUYy) — XF
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to each Donaldson quadruple (Jo, Yo, J1,Y1) and domain-dependent per-
turbation KE%?EEIH(X,% UY1;Jo,01) in the Baire set of Theorem 9.8
with ¢;:=D;w(A). Again, this pseudo-cycle does not depend on the

perturbation K:

Proposition 10.2. For a Donaldson quadruple (Jo,Yo,J1,Y1) and

Ky, K, € %26_%_£1+1(X7 YoUYi; Jy, 61), the pseudo-cycles

evi (Jo, Yo, J1, Y1; Ki) : Myygre, (A, Ki3 YoUYr) — XF =0, 1,
are cobordant.

Proof. As in the previous proof, by Definition 9.9 and Corollary 8.20 we can
connect Ky, K1 by a smooth path K; in *7ZZ+£1+1(X’YO UYi; Jo, o) and the
proof works as in [19], repeating the arguments in Section 9 for a generic
path K. O

In view of Propositions 10.1 and 10.2, we can drop the perturbation K
from our notation and denote by ev¥(.J,Y), respectively, ev*(Jo, Yy, J1, Y1)
the induced rational cobordism classes of pseudo-cycles.

The following result relates the rational pseudo-cycle associated to a
Donaldson quadruple (Jy, Yy, J1,Y7) to those associated to the Donaldson
pairs (J;,Y;).

Proposition 10.3. For each Donaldson quadruple (Jo, Yo, J1,Y1) there exist
rational cobordisms

I % k I %

TO!GV (JO;YO) ~ mev (J07Y07 J17Y1) ~ Tl!ev (le)/l)
Proof. We prove the first equivalence, the second one being analogous.
Choose a perturbation Koeﬂzefl(X,%UYl;JO,Ql) in the Baire set of
Theorem 9.8 depending only on the middle ¢y marked points. (This cor-
responds to taking the index set I ={1,...,¢y} in Theorem 9.8.) Then, in
particular, we have K € QZGEI(X , Yo; Jo, 61), and its pullback under the pro-
jection 7y, forgetting the last ¢ points satisfies 7; Ko € J, %, 1 (X, YoUY1;

lo+01+1
Jo,61). Thus 7y, induces a commutative diagram of pseudo-cycles.

Vk
Mistgre (A, ) Ko; YoUY)) —— XF

[ |
Vk
Mk—l—@o(Aa KO,Yb) ‘e_°_> Xk

Now note that the moduli space M.y,4¢, (A4, WZ‘O Ko;YpUY)) is obtained
from M4, (A, Ko;Yp) by simply adding the ¢; intersection points with Y;
as additional marked points. (All these intersection points are distinct in the
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top stratum because any coincidence leads to a tangency to Y; and thus to
a codimension 2 stratum.) Hence the map

Ty * Mk‘-l—[o—l—[l (A) T(-Z()KO; }/0 U }/1) — Mk-i—[o (A) KOa YO)

is a covering map of degree ¢! and preceding commutative diagram yields
the equality as currents
1
ev*(Jo, Yo; Ko) ~ 5ev*(Jo, Yo, Ji, Yi; 7, Ko).

/!

In view of Propositions 10.1 and 10.2, this proves the first equivalence
and hence Proposition 10.3. O

The final ingredient is invariance under homotopies of Donaldson pairs.

Proposition 10.4. Let (Ji, Y)ie[0,1) be a smooth family of Donaldson pairs.
Suppose that Yy = ¢1(Yo) for a smooth family of symplectomorphisms ¢ with
¢o=1. Then we have a rational cobordism of pseudo-cycles

evF(Jo, Yo) ~ evF(J1, 7).

Proof. After cutting the interval [0,1] into smaller ones, we may assume
without loss of generality that ||Jo — Ji|| is arbitrarily small and ¢ := ¢, is
arbitrarily C'-close to the identity. Then ||¢,Jo — J1|| will also be arbitrarily
small.

Let D be the degree of the Y; and £ := Dw(A). Choose Ky € %rjgl (X, Yo; Jo,
01/2), so ¢.Ko € T, 35 (X, Y1; duJo, 01/2). For ||p.Jo — Ji|| sufficiently small
this implies ¢, K€ @rjgl(X , Y715 J1,61). Composition with ¢ induces a com-
mutative diagram of pseudo-cycles.

. evk k
Mk-‘rﬁ(Aa KOvl/E)) — X

! 1
evk k
Mie(A, 0 Kp3 Y1) —— X
Since ¢ is smoothly homotopic to the identity, this implies the following
rational cobordisms of pseudo-cycles:
ev* (Jo. Yo; Ko) ~ ¢" 0 ev*(Jo, Yo; Ko) ~ ev* (J1, Y1; ¢, Ko).

In view of Proposition 10.1, this proves Proposition 10.4. O

Remark 10.5. Proposition 10.4 can also be proved, without using the sym-
plectic isotopy ¢, by considering the moduli space U ¢ (1] Mk10(A, Ki; Y7)
for a generic family (Kt);eo,1)-

Proof of Theorem 1.3. Let (J;,Y;), i=0,1 be Donaldson pairs of degrees D;
and set £; := Djw(A). Since 0(Y;;w, J;) < 03, Lemma 8.5(c) provides compat-
ible almost complex structures J; preserving T'Y; with ||.J; — J;|| < 05. By the
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(Stabilization) statement in Theorem 8.1, for each sufficiently large integer D
we find hypersurfaces Y; of “degree D such that (J;, Y5, J;,Y;) are Donaldson
quadruples for i =0, 1. Set £:= Dw(A). Connect .Jy and .J; by a smooth path
of compatible almost complex structures J;. By the (Uniqueness) statement
in Theorem 8.1, for D sufficiently large there exist smooth paths of hyper-
surfaces Y; and symplectomorphisms ¢; with ¢g=1 such that the (J;,Y;)
are Donaldson pairs and Y; = ¢;(Yp) for all ¢ € [0, 1]. Now Propositions 10.3
and 10.4 yield the following rational cobordisms of rational pseudo-cycles:

1 1 1 1
—ev (J(],Yb) _ev (J(),Y()) _ev (Jl,Yl) ~ —ev (Jl,Yl)
Lo! 12 2! 4!

This concludes the proof of Theorem 1.3. Il
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