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FIBERWISE VOLUME GROWTH VIA LAGRANGIAN
INTERSECTIONS

URS FRAUENFELDER AND FELIX SCHLENK

We study certain topological entropy-type growth characteristics of
Hamiltonian flows of a special form on the cotangent bundle T* M over
a closed Riemannian manifold (M, g). More precisely, the Hamiltonians
generating the flows have to be of the form H (¢, ¢,p) = f(|p|) for |p| > 1,
and the growth characteristics reflect how the Riemannian volumes of
the unit balls in the fibers of 7% M grow with the flow. Using a version
of Lagrangian Floer homology and recent work of Abbondandolo and
Schwarz, we obtain uniform lower bounds for the growth characteris-
tics that depend only on (M, g) or, more precisely, on the homology of
the sublevel sets of the energy functional defined by the Riemannian
metric g on the space of based loops of Sobolev class W2 in M. These
lower bounds, in turn, can be estimated from below by purely topo-
logical characteristics of M. Our results in particular refine previous
results of Dinaburg, Gromov, Paternain, and Paternain—Petean on the
topological entropy of geodesic flows.

As an application, we obtain that for Riemannian manifolds, all
of whose geodesics are closed (so-called P-manifolds), the fiberwise
volume growth of every symplectomorphism in the symplectic isotopy
class of the Dehn—Seidel twist is at least linear. This extends the
main result of our paper [30] from the class of all currently known
P-manifolds to all P-manifolds.

1. Introduction and main results

1.1. Topological entropy and volume growth. The topological entropy
htop () of a compactly supported C L_diffeomorphism ¢ of a smooth manifold
X is a basic numerical invariant measuring the orbit structure complexity of
. There are various ways of defining hiop(¢), see [39]. If ¢ is C*°-smooth, a
geometric way was found by Yomdin and Newhouse in their seminal works
[76] and [54] respectively: Fix a Riemannian metric g on X. For j €
{1,...,dim X'} denote by X; the set of smooth compact (not necessarily
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closed) j-dimensional submanifolds of X and by p4(0) the volume of o € ¥;
computed with respect to the measure on ¢ induced by g. The j-th volume
growth of ¢ is defined as

| m
vj(¢) = sup liminf —log piy (¢™(0))

O'EEj m—0oo 1N
and the volume growth of ¢ is defined as

vip) = _max  vi(®).
Newhouse proved in [54] that hp(¢) < v(g), and Yomdin proved in [76]
that hop(w) > v(p) provided that ¢ is C*°-smooth, so that

(1.1) hiop(p) = v(p) if ¢ is C*°-smooth.

The topological entropy measures the exponential growth rate of the orbit
complexity of a diffeomorphism. It therefore vanishes for many interesting
dynamical systems. Following [30, 40], we thus also consider the j-th slow
volume growth

sj(¢) = sup liminf
P TR Togm

log p1g (¢™ (o))

and the slow volume growth

s(p) = anglg;r(nxsy'(w-
It measures the polynomial volume growth of the iterates of the most dis-
torted smooth j-dimensional family of initial data. Note that v;(y),v(¢),
5j(¢), s(y) do not depend on the choice of g and that vaimx(p) =
sdim x (@) = 0.

The aim of this paper is to give uniform lower estimates of localized ver-
sions of v(¢) and s(p) for certain symplectomorphisms of cotangent bundles.
We consider a smooth closed connected d-dimensional Riemannian manifold
(M, g) and the cotangent bundle T*M over M endowed with the induced
Riemannian metric g* and the standard symplectic form w = Z?:l dpjNdg;.
We abbreviate

D(r) = {(q,p) € T*M | |p| < r} and Dy(r) =T;M N D(r).

Let ¢ be a C'-smooth symplectomorphism of (T*M,w) which preserves
D(r). If ¢ is C*°-smooth, (1.1) says that the maximal orbit complexity
of ¢[p(ry is already contained in the orbit of a single submanifold of D(r).
Usually, lower estimates of the topological entropy do not give any informa-
tion on the dimension or the location of such a submanifold. An attempt to
localize such submanifolds for symplectomorphisms was made in [30], where
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we considered Lagrangian submanifolds only. In this paper, we further
localize and consider for ¢ as above the fiberwise volume growth

1
Ofibre (03 7) = sup lim inf — log pg+ (@™ (Dg(r
fbre(p37) = sup lim fnf - log s (€™ (Dy(r)))

and the slow fiberwise volume growth

Stibre (3 7) = sup lim inf 1og g (™ (Dq(r)))-

qgeM m—oo logm
In fact, we shall give uniform lower estimates of the (slow) volume growth

of each fibre by considering the uniform fiberwise volume growth

| m
Ufibre (¢; 7) = inf liminf —log pig= (go (Dq(r)))

qeEM m—o0 M

and the uniform slow fiberwise volume growth

1og fig+ (™ (Dy (7))

Stibre (3 7) = qlélj\f4 I%gglof logm

Writing v(p;r) = v ((p\D(T)) and so on, we clearly have

(1.2) v(p;7) = va(;7) = Vfibre (95 7) > Vtibre (5 7),

(1.3) s(¢;37) = 84(057) > Bfibre(9;7) 2> 3fibre (95 7).

We shall obtain lower estimates of Ugpe(9;7) and Sgpre(w;r) in terms of

the growth of certain homotopy-type invariants of M. We introduce these
concepts of growth right now.

1.2. Energy hyperbolic manifolds. Let (M, g) be a closed Riemannian
manifold. We assume throughout that M is connected. We fix q9 € M
and denote by Q'(M, qy) the space of all paths ¢: [0,1] — M of Sobolev
class Wh? such that ¢(0) = g(1) = go. This space has a canonical Hilbert
manifold structure [44]. The energy functional & = &;: Q1(M,q0) — R is
defined as

I S
€)= 5 [ la@)"dt,
0
where |G(t)|? = gy (4(£),(t)). For a > 0, we consider the sublevel sets
£%q0) = {g€ Q' (M,q0) | E(q) < a}.

Let P be the set of non-negative integers which are prime or 0, and set
F, = Z, and Fy = Q. Throughout, H, denotes singular homology. Let

e Hy (E%(q0); Fp) — Hy, (21(M, qo); Fp)

be the homomorphism induced by the inclusion £%(qp) < Q'(M, qo). It is
well known that for each a, the homology groups Hy(£%(qo); Fp) vanish for
all large enough k, cf. [5], and so the sums in the following definition are
finite.
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Definition 1.1. The Riemannian manifold (M, g) is energy hyperbolic with
exponent C(M, g) if

1
C(M,qg) = supliminf—logz:dimw€ Hy, (5(1/2)m2(qo);Fp) > 0.

m—oo M
peP k>0
We also set

1
¢(M) := supliminf
pep m—oo logm

log Z dim ¢, Hy, (5(1/2)m2 (qo); Fp) .
k>0

Remarks.

(a) The numbers C(M,g) and ¢(M) are less mysterious than they may
look at first sight: They just measure the maximal exponential resp.
polynomial homological growth of the energy sublevels £(/ 2)mQ(qO)
viewed as subsets of the full loop space Q*(M, qo).

(b) Since M is connected, C'(M, g) and ¢(M) do not depend on gq.

(c) Since M is closed, neither the property “energy hyperbolic” nor ¢(M)
depend on g. We say that the closed manifold M is energy hyperbolic
if (M,g) is energy hyperbolic for some and hence any Riemannian
metric g on M.

(d) For all A > 0, we have C(M,\g) = % C(M,qg).

Examples of energy hyperbolic and non-energy hyperbolic Riemannian
manifolds are given in Sections 1.4, 1.5, and 1.6.

1.3. Main result. Consider again a closed Riemannian manifold (M, g),
and let H: [0,1] x T*M — R be a C?-smooth Hamiltonian function meeting
the following assumption: There exists rg > 0 and a function f: [0,00) — R
with f'(rg) # 0 such that

(1.4) H(t,q;p) = f(pl) for |p| >rH.
The Hamiltonian flow ¢}, of the time-dependent vector field Xy given by
w(Xp,, ) = —dHy(-) is defined for all ¢ € [0,1]. We abbreviate i = ¢},
Theorem 1.2. Consider a closed Riemannian manifold (M,g), and let
H:[0,1] xT*M — R be a C?-smooth Hamiltonian function satisfying (1.4).

(i) If (M, g) is energy hyperbolic, then

Oivre (P TH) = 2| f(rE)| ra C(M, g) > 0.
(ii) In general,
Stibre(PH3 TH) = ¢(M) > 1.

Remarks.

(a) As the identity mapping illustrates, the assumption f’(rg) # 0in (1.4)
is essential.
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(b) Theorem 1.2 extends well-known results from the study of geodesic
flows, see [56, Corollary 3.9 and Chapter 5]: These results imply
Theorem 1.2 if there exists an e¢>0 such that H= %]p|2 on
D(rg)\D(rg—e). In this situation, these results as well as Theorem 1.2
itself imply (i) with Ogne(@m;TH) replaced by the uniform spherical
volume growth

§ |
Osphere (173 711) = Inf liminf —log g (5 (0Dy(rm)))-
(c) Assume that M is energy hyperbolic, and let G(M) be the set
of Riemannian metrics ¢ on M with Vol (M,g) = 1. In view of
Theorem 1.2 (i), one may ask whether

inf {C(M,q) | g€ G(M)} > 0.

This is not so in general. Denote by ¢, the geodesic flow on the unit sphere
bundle D(1). Then,

htop(9) = hiop(g) = v(@g) > Usphere(pq; 1) > 2C(M,g) > 0.

As shown in [58], many energy hyperbolic manifolds M carry a sequence
of Riemannian metrics {g,} C G(M) such that hyp(gn) — 0 and thus
C(M,gn) — 0.

In the following three sections, we describe lower bounds for C' (M, g) and
¢(M) by homotopy-theoretical invariants of M. This will provide more com-
putable lower bounds for fibre growth, will show that “most” closed mani-
folds are energy hyperbolic, and will reveal that Theorem 1.2 refines results
of Dinaburg, Gromov, Paternain, and Paternain—Petean on the topological
entropy of geodesic flows.

In general, our lower bounds for C(M,g) and ¢(M) will be the sum of
two growths, namely the homological growth of (a part of) the based loop
space (M) of the universal cover of M and the growth of the fundamental
group 71 (M). A direct approach combining both of these growths is given
in Section 1.6. For pedagogical reasons, we first look at the case of finite
m1 (M), where the lower bounds come from Q(M) alone, and then describe
quantitative lower bounds provided by 71 (M) alone.

1.4. Finite fundamental group. Consider a closed manifold M with
finite fundamental group m(M). Let Q(M,qo) be the space of continu-
ous paths ¢: [0,1] — M with ¢(0) = q(1) = go endowed with the compact
open topology. Since M is connected, the homotopy type of Q(M, qy) does
not depend on ¢y and is denoted Q(M). For each m € N and p € P, set

(M3 Fp) = dim Hy (Q(M);Fy) .
k=0
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The manifold M is called hyperbolic if for some p € P, the sequence
rm(M;F,) grows exponentially in m (i.e., there exists C'>1 such that
rm(M;Fp) > C™ for all large enough m), and M is called elliptic if for
each p € P, the sequence r,,(M;F,) grows at most polynomially in m (i.e.,
for each p € PP, there exists ¢, < oo such that ry,(M;F,) < m® for all m).
We set

1
(1.5) p(M) = supliminf1

log rp, (M;F)).
pep m—oo logm

If M is elliptic, the supremum over p € P is attained and p(M) is finite
[50]. It is conjectured that every closed manifold M with finite 71 (M) is
either elliptic or hyperbolic. This is known if dim M < 5, see [57, Section 3].
Moreover, the dichotomy “r,,(M;F,) grows either exponentially or polyno-
mially” is known for p = 0 and p > dim M, and if r,,(M;F,) grows faster

than polynomially, it grows at least like CV™ for some C' > 1, see [19].

Example 1.3.

(a) It is easy to see that M is elliptic resp. hyperbolic if and only if its
universal cover M is, and that p(M) = p(]ﬁ), see Lemma 2.12(a). We
thus assume that M is simply connected. In dimensions 2 and 3, the
standard sphere is the only such manifold up to diffeomorphism in view
of the proof of the Poincaré conjecture; it is elliptic. In higher dimen-
sions, “most” simply connected manifolds are hyperbolic. In dimension
4, the simply connected elliptic manifolds up to homeomorphism are

St CP?, S?x S CP24#CP°, CP2#CP?

and in dimension 5, the simply connected elliptic manifolds up to dif-
feomorphism are

S°, S2% x §3, S%x 83, SU(3)/S0(3),

where S% x S3 is the non-trivial S3-bundle over S2, see [57]. If M
is a sphere or CP?, then p(M) = 1 (see Section 1.7), and for the six
other manifolds above, p(M) = 2. For the above 5-manifolds, a proof
is given in [57, Section 3], and a variation of their proof also applies
to the above 4-manifolds.

(b) Examples with p(M) <2 are rare in view of McCleary’s theorem
from [49]. If p(M) < 2, then p(M) = 1. Equivalently, the (reduced)
integral cohomology ring of the universal cover of M is generated by
one element and hence agrees with the cohomology ring of a compact
rank one symmetric space (CROSS). This implies further restrictions
on the topology of M, see Section 3.

(c) Fix a prime number p € P, and let M, be a simply connected
5-manifold with Ha(M,;Z) = F, & [, see [68]. Then the sequence



FIBERWISE VOLUME GROWTH 123

rm(Myp; Fp) grows exponentially, while for all p’ € P\ {p}, the sequence
rm(Mp; Fpy) grows linearly, see [57, Section 3].

We refer to [18—-20,45,46,57] and the references therein for more infor-
mation on elliptic and hyperbolic manifolds. Using results of Serre, Gromov,
and Benci, we shall prove

Proposition 1.4. Consider a closed manifold M with m (M) finite.

(i) M is hyperbolic if and only if M is energy hyperbolic.
(ii) In general, (M) = p(M) > 1.

Suppose that the conjectured dichotomy “M is either elliptic or hyper-
bolic” is true. Proposition 1.4 then implies that a closed manifold M with
finite m (M) is either energy hyperbolic or elliptic with ¢(M) finite.

Discussion 1.5. Theorem 1.2 and Proposition 1.4 show that for a closed
Riemannian manifold (M, g) with finite 71 (M) and H as in Theorem 1.2,
(i) Vgbre(wm;rH) > 0 if M is hyperbolic,
(i) Sabre (1) > c(M) = p(M) = 1 in general.

ad (i). If H is C*°-smooth, then hiop (@ r;7H) > Vfibre (@ r; 7H) by Yomdin’s
theorem and (1.2). Together with (i) we find that the topological entropy
hiop(@r; TH) is positive. This implies and is implied by the positivity of the
topological entropy hiop(g) of the geodesic flow of a C*°-smooth Riemannian
metric g on a hyperbolic manifold, a result found by Gromov and Paternain
[56, Corollary 5.21].

ad (ii). There exist Riemannian manifolds and Hamiltonians H with
Sbre(@m; ) = 1 for all large enough r, see Discussion 1.15 (a). The estimate
in (ii) is thus sharp.

1.5. Infinite fundamental group. Assume now that 71(M) is infinite.
Since M is closed, m1 (M) is then an infinite finitely presented group. Con-
sider, more generally, an infinite finitely generated group I'. The growth
function g associated with a finite set S of generators of I' is defined as
follows: For each positive integer m, let vs(m) be the number of distinct
group elements which can be written as words with at most m letters from
SUS~L Asis easy to see, [53], the limit

v(S) := lim log is(m) € [0,00)

m—00 m

exists, and the property v(S) > 0 is independent of the choice of S. In this
case, the group I is said to have exponential growth.

Example 1.6. If a closed manifold M admits a Riemannian metric of
negative sectional curvature, then 7 (M) has exponential growth [53]. For
d = 2, the converse to this statement holds true, while for d > 3 there
are closed d-dimensional manifolds for which 71 (M) has exponential growth
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and which carry no Riemannian metric with negative sectional curvature,
see [48, Corollaire II1.10] and [16, p. 190].

If I’ does not have exponential growth, I' is said to have subexponential
growth. In this case, the degree of polynomial growth
o(T) := liminf log 75(m) € [0, o]
m—oo  logm
is independent of the choice of S. The group I' has intermediate growth
if o(I") = oo and polynomial growth if o(I') < co. While there are finitely
generated groups of intermediate growth [16, 32], it is still unknown whether
there are finitely presented groups of intermediate growth; we shall thus not
consider a more refined notion of growth for such groups. According to a
theorem of Gromov [34], the group I has polynomial growth if and only if I"
has a nilpotent subgroup A of finite index. Let (Aj)r>1 be its lower central
series defined inductively by A; = A and Agiq = [A, Ag]. Then,

o(T) = kdim ((Ar/Axs1) @2 Q),
>1

see [4, 36, 69, 74]. We, in particular, see that o(T") is a positive integer.

Example 1.7.

(a) For the fundamental group of the torus, o(Z%) = 1-d = d.
(b) For the Heisenberg group

10
I'= x 1 x,Y,z2 €L,
zZ Yy

0
0
1
we have A; = T' and Ay = {M(z,y,2) €' |z =y =0} = Z and
A ={e} for k>3,sothat o(I') =1-242-1=4.
Much more information on growth of finitely generated groups can be found
in [16].

Consider now a closed Riemannian manifold (M, g) such that 71 (M) has
exponential growth. Given a finite set S of generators, let £(S, g) be the
smallest real number such that for each ¢ € M each generator s € S of
m (M) = w1 (M, q) can be represented by a smooth loop based at ¢ of length
no more than ¢(S, g). Then set

v(S)
(S, g)’

where the supremum is taken over all finite sets S generating m(M). A
simple argument will prove

v(M,g) = sup

Proposition 1.8. Consider a closed Riemannian manifold (M,g) with
w1 (M) infinite.
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(i) If (M) has exponential growth, (M,g) is energy hyperbolic with
C(M,g) > v(M,g).
(ii) In general, ¢(M) > o (w1 (M)) > 1.

In small dimensions, the converse to Proposition 1.8 (i) holds true. Assume
that dim M < 3, and if dim M = 3 also assume that the orientation cover
of M is geometrizable.! Then, 7;(M) has exponential growth if and only
if M is energy hyperbolic. We refer to [2, 31] for a proof.

Discussion 1.9. Theorem 1.2 and Proposition 1.8 show that for a closed
Riemannian manifold (M, ¢g) with infinite 71 (M) and H as in Theorem 1.2,

(1) Ogbre(r;re) > 2|f (re)| ra v(M, g) if 71 (M) has exponential growth,
(i) Sabre(@m;re) > (M) > o(m(M)) > 1 in general.

ad (i). Yomdin’s theorem and (i) yield the positive lower bound

htop(g) > 2v(M, g)

for the topological entropy of the geodesic flow of a C'**°-smooth Riemannian
metric g on a manifold whose fundamental group has exponential growth.
This is a version of Dinaburg’s theorem, which holds for C?-smooth g, (see
[15] or [56, Theorem 5.18]).

ad (ii). For the flat torus 7¢ and H = %pQ, we have Sgpre(@m;r) =
o(Z%) = d for all » > 0, so that (ii) is sharp.

1.6. Arbitrary fundamental group.In Sections 1.4 and 1.5, lower
bounds for C(M,g) and ¢(M) have been obtained via the homological
growth of Q(M) if 71 (M) is finite and via the growth of m (M) if w1 (M)
is infinite. If 71 (M) is infinite but of subexponential growth, the bound
c¢(M) > o(m(M)) from Proposition 1.8 (ii) is often far from optimal. Indeed,
recent work of Paternain and Petean [58] implies that in this situation, a
better lower bound for ¢(M) or even energy hyperbolicity of M can often
be established by adding to the growth of 71 (M) the homological growth
coming from the based loop space of a suitable simply connected complex
in M.

Given a continuous map f: (X,z) — (Y, f(x)) between path-connected
pointed spaces, let Q(f): Q(X) — Q(Y) be the induced map between based
loop spaces and let

H. (2(f); Fp) = Ha (AX); Fp) — Ha (Q(Y); Fy)

be the map induced in homology. We say that a closed connected manifold
M is hyperbolic if there exists a finite simply connected CW complex K and

!Thurston’s geometrization conjecture says that any closed orientable 3-manifold is
geometrizable. This conjecture has been proven in many cases, see [10, Section 4], and
Perelman’s work presumably implies it in general.
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a continuous map f: K — M such that for some p € P, the sequence

m
rm(M, K, f;Fp) = Zranka (Q(f);Fp)
k=0
grows exponentially in m. In general, we set

(1.6) p(M) := sup supliminf

log (M7K7 f;Fp)a
(K.f) peP m—r0 logm

where the latter supremum is taken over all finite simply connected CW
complexes K and continuous maps f: K — M. Notice that in the case of
finite 71 (M), the term “hyperbolic” and p(M) were defined in Section 1.4
in a different way. An elementary argument shows that these definitions are
equivalent, cf. Lemma 2.12 (a).

Example 1.10. Let M be a closed 4- or 5-manifold with 71 (M) infinite
and of subexponential growth. As shown in [38, 58], “most” such manifolds
are hyperbolic:

If dim M = 4, then M is hyperbolic unless M is finitely covered by S3 x S!
or by a manifold s-cobordant to S? x T2 or unless M is aspherical. In
particular, T4#@2 is hyperbolic.

If dim M = 5, then M is hyperbolic unless its universal cover has the
rational homotopy type of a finite simply connected elliptic CW-complex.

The papers [38, 58] contain many further restrictions on the topology of
non-hyperbolic manifolds with infinite 71 (M ).

Using an extension of Gromov’s theorem from [33] proved in [58], we
shall obtain

Proposition 1.11. Consider an arbitrary closed connected manifold M .

(i) If M s hyperbolic, then M is energy hyperbolic.
(ii) In general, c((M) > p(M) + o(m(M)) > 1.

Discussion 1.12. Theorem 1.2 and Proposition 1.11 show that for a closed
Riemannian manifold (M, g) and for H as in Theorem 1.2,

(1) Vsibre(@m; ) > 0 if M is hyperbolic,

(ii) Sabre(pm;rE) > (M) > p(M) + o(m(M)) > 1 in general.

ad (i). Again, Yomdin’s theorem and (i) imply the positivity of the topo-
logical entropy of the geodesic flow of a C*°-smooth Riemannian metric g
on a hyperbolic manifold with (M) infinite, a result found by Paternain
and Petean in [58].

ad (ii). Choose mi,...,m; > 2 and n > 1, and endow M = S x --- x
S™ x T™with the usual product Riemannian metric. For H :%\pP, we have
Sibre(pm;T) =1+ n=p(M)+ o(m (M)) for all » > 0, so that (ii) is sharp.

Given a Riemannian manifold (M, g), we denote by ¢, its geodesic flow
on T*M. The numbers s(g) := s(pg;7r) and Sgpre(9) := Sfibre(g; ) do not
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depend on r > 0. Note that for M = S! we have s5(9) = 3apre(9) =
p(M) + o (m (M) = 1.

Question 1.13. Consider a closed Riemannian manifold (M, g) with infi-
nite w1 (M).

(a) Does p(M) + o(m(M)) < 2 imply M = S'?

(b) Does s(g) =1 or 3gpre(g) = 1 imply M = S*?

A partial answer to Question 1.13 in the affirmative is given in [31].

1.7. Volume growth in the component of the Dehn—Seidel twist. A
P-manifold is a connected Riemannian manifold all of whose geodesics are
periodic. Such manifolds are closed and except for S' have finite fundamen-
tal group. As we shall see in Section 3, every P-manifold M different from S*
is elliptic with ¢(M) = p(M) = 1. The known P-manifolds are the CROSSes

s RP?, CP", HP", CoP?

with their canonical Riemannian structures, their Riemannian quotients
(which are all known), and so-called Zoll manifolds, which are modelled
on spheres. It is an open problem whether there are other P-manifolds.
More information on P-manifolds can be found in [8, 30], Section 10.10 of
[7], and Section 3.

Let (M, g) be a P-manifold. It is known that the unit-speed geodesics of
(M, g) admit a common period, and we shall assume g to be scaled so that
the minimal common period is 1. We choose a smooth function f: [0, c0) —
[0, 00) such that

(1.7) f(r)= %72 near 0 and f'(ry=1 forr>1,

and following [3, 65, 66], we define the (left-handed) Dehn-Seidel twist ¥ to
be the time-1-map of the Hamiltonian flow generated by f(|p|). Since (M, g)
is a P-manifold, 9 is the identity on T*M \ T} M, so that 9 is a compactly
supported symplectomorphism, ¥ € Symp® (T*M). We shall write ¥ for
any map vy with f satisfying (1.7). The class [)] in the symplectic mapping
class group mp (Symp® (T*M)) clearly does not depend on f. Given ¢ €
Symp® (T* M), we set Sgbre(©) = Sfibre(p; 1), where r > 0 is any number such
that ¢ is supported in D(r). In Section 2.5, we shall use Theorem 1.2 (ii)
to prove

Corollary 1.14. Let (M, g) be a P-manifold, and let 9 be a twist on T*M.
If ¢ € Symp® (T*M) is such that [p] = [9™] € 7o (Symp® (I*M)) for some
m € Z\ {0}, then Sgpre(p) > 1.
Discussion 1.15.
(a) A computation given in [30, Proposition 2.2 (i)] shows that 5(19}”) =
3fbre (19’]1‘) = 1 for every m € Z\ {0} and every f. Corollary 1.14 is
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thus sharp and shows that twists minimize slow volume growths in
their symplectic isotopy class.

(b) Assume that ¢ € Symp® (T*M)\{id} is such that [¢] = [¢°] = [id]. If
d > 2, this means that ¢ is a non-identical compactly supported Hamil-
tonian diffeomorphism of 7% M. If the support of ¢ misses some fibre,
then $gpre(p) = 0. On the other hand, combining a result in [28] with
the arguments in [60] one finds that s1(p) > 1, see [29]. It is not hard
to construct examples with s(¢) = s;(p) = 1forall j € {1,...,2d—1},
see [29].

(c) It was proved in [66, Corollary 4.5] that the class [)] of a twist gener-
ates an infinite cyclic subgroup of 7y (Symp® (7*M)). Corollary 1.14
yields another proof of this.

(d) Corollary 1.14 was proved in [30] for all currently known P-manifolds.
The proof there only used Lagrangian Floer homology and a symmetry
argument for (CP", gcan)-

We conclude with a question motivated by results in Section 3. For a
closed Riemannian manifold (M, g) with finite 71 (M),

(1.8) $(9) = Stibre(9) = (M) = p(M) = 1

according to (1.3) and Discussion 1.5 (ii). For a P-manifold, the compu-
tation in [30] shows that s(g) = 1, so that all numbers in (1.8) are 1.
Conversely, p(M) = 1 implies that H*(M;Z) is the cohomology ring of a
CROSS and hence of a P-manifold in view of Mc Cleary’s theorem mentioned
in Example 1.3 (b).

Question 1.16. Consider a closed Riemannian manifold (M, g) with finite
w1 (M).

(a) Does p(M) =1 imply that M is homotopy equivalent to a P-manifold?
(b) Does s(g) =1 or 3ame(g) = 1 imply that (M, g) is a P-manifold?

Question 1.16 (a) is partially answered and further discussed in Section 3.

2. Proofs

2.1. Proof of Theorem 1.2. Our proof is along the following lines. Using
an idea from [30], we first show that fiberwise volume growth is a conse-
quence of the growth of the dimension of certain Floer homology groups.
Applying the isotopy invariance of Floer homology and a recent result of
Abbondandolo and Schwarz, these homology groups are then seen to be iso-
morphic to the homology of the space of based loops in M not exceeding a
certain energy.
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Step 1. Volume growth via Floer homology

Geometric set-up. Consider a closed Riemannian manifold (M, g) and a
Hamiltonian H: [0,1] x T*M — R as in Theorem 1.2. We abbreviate 5 =
f'(rg), and we assume without loss of generality that 3 > 0. Fix € > 0 and
let K:[0,1] x T*M — R be a C*°-smooth function such that

(2.1) K(t,q,p) =Blp> if |p|>rg+e
1

For m = 1,2,..., we recursively define K;" = K; + Kgn_1 o (<ptK)_ .
Then @7 = pgm. For qo,q1 € M, let Q' (T*M,qp,q1) be the space of
all paths x: [0,1] — T*M of Sobolev class W2 such that 2(0) € Tz M and
x(1) € T; M. This space has a canonical Hilbert manifold structure [44].
The action functional of classical mechanics Agm: Q' (T*M, g0, q1) — R

associated with K™ is defined as
1
Agem (z) = / (A (&) — K™ (t,2))dt,
0

where A = 2?21 pj dg; is the canonical 1-form on 7*M. This functional is

(C°°-smooth, and its critical points are precisely the elements of the space
P (q0,q1, K™) of C*°-smooth paths z: [0,1] — T*M solving

i(t) = Xgn (2(t), t€[0,1,  @(j) €T;M, j=0,L

Notice that the elements of P (qo,q1, K™) correspond to the intersection
points of ¢ (T;OM) and Ty M via the evaluation map x — z(1).

Fix now qp € M, and let V(qo, K™) be the set of those ¢; € M for which
O (Dgo(re + 2€)) and Dy, (ri + 2€) intersect transversely.

Lemma 2.1. The set V(qo, K™) is open and of full measure in M.

Proof.  Since Dy, (rm + 2¢) is compact, V (qo, K™) is open. Applying Sard’s

theorem to the projection @3 (Dy,(rg + 2€)) — M, one sees that V(go, K™)

has full measure in M. O
Consider the “annuli-bundle”

A(e) ={(q,p) €T*M | rg + € < |p| < 7y + 2¢},

set Agy(e) = A(e) N Ty M, and let W(go, K™) be the set of those ¢ €
V(qo, K™) for which @ig (Agy(€)) N Ag, (€) is empty. For g1 € W(qo, K™),
the set

P(QO?QlaKmer +2€) = {l‘ S P(QOthKm) | T C D(TH +26)}

is finite and contained in D (rg +¢€). In view of the Lagrangian folia-
tion given by the fibers of T*M, the Maslov index pu(x) of each x €
P (qo,q1, K™, rg + 2¢) is a well-defined integer, which in case of a geodesic
Hamiltonian agrees with the Morse index of the corresponding geodesic path,
see [1, Section 1.2].
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Lagrangian Floer homology. Floer homology for Lagrangian intersections
was invented by Floer in a series of seminal papers, [23—26]. We shall
use a version of Lagrangian Floer homology described in [30, 41], with
the only add on that we work over arbitrary coefficient fields IF,, instead
of Fy only. In the above situation, we define the kth Floer chain group
CF (o, q1, K™, r + 2€;F,,) as the finite-dimensional F,-vector space freely
generated by the elements of P (qo, q1, K™, rg + 2¢) of Maslov index k and
the full Floer chain group as

CF* (CJOaQLKma?"H + 26;FP) = @CFR (Q(],(h,Km,?“H + 2€;Fp)'
kEeZ

In order to define the Floer boundary operator, we follow [9, 14, 72]
and consider the non-empty and connected set J of ¢-dependent smooth
families J = {J;}, t € [0,1], of w-compatible almost complex structures
on D (rg + 2¢) such that J; is convex and independent of ¢ on A(e). This
particularly means that J is invariant under the local flow of the Liouville
vector field Y =) p;0p; on A(e). For J € J, for smooth maps u from the
strip S = R x [0,1] to D (rg + 2¢), and for 2% € P (qo, q1, K™, rg + 2€),
consider Floer’s equation

dsu+ Jy(u) (Opu — Xgm (u)) =0,

(22) U(S’j) € T;]Ma J=0,1,
lim w(s,t) =2%(t) uniformly in ¢.
s—+oo

Lemma 2.2. Solutions of (2.2) are contained in D(rg + €).

Sketch of proof. Since q1 € W(qo, K™),
(2.3) lim wu(s,t) = 2(t) C D(rg +¢).

s—+oo

In view of the strong maximum principle, the lemma follows from the con-
vexity of J on A(e) and from (2.3) together with the fact that the special
form (2.1) of K on A(e) implies w (Y, JXgm) = 0, cf. [30, 41]. O

We denote the set of solutions of (2.2) by M (z~, %, K™ rg + 2¢;J).
Note that the group R freely acts on M (z~, 2%, K™, ry + 2¢;J) by time-
shift. Lemma 2.2 is an important ingredient to establish the compactness
of the quotients M (z~, 2%, K™ rg + 2¢;J)/R.  The other ingredient is
that there is no bubbling-off of J-holomorphic spheres or discs. Indeed,
[w] vanishes on mo (T*M) because w = d\ is exact, and [w] vanishes
on oy (T*M, T;J_M) because A vanishes on T;J_M, j = 0,1. See, for
instance, [24, 62] for more details.

There exists a generic subset Jieg of J such that for each J € Jeq, the
moduli space M (z7, 2", K™, rg + 2¢;J) is a smooth manifold of dimension
w(z™) —p(a™) for all 2% € P (qo,q1, K™, 7 + 2€), see [27]. Fix J € Jreg. It
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is shown in [1, Section 1.4] that the manifolds M (z~, 2", K™ rg + 2¢;J)
can be oriented in a way which is coherent with gluing, so that with the
usual definition of the Floer boundary operators

Ok (J): CFk (g0, q1, K™, 1 + 2€6;Fp) — CFr_1 (qo, q1, K™, rp + 2€;Fp)

one finds 01 (J) 0 O (J) = 0 for each k. The proof makes use of the com-
pactness of the zero- and one-dimensional components of M(x~,z %, K™,
rg+2€J)/R, see [1, 23, 64]. As our notation suggests, the Floer homology
groups

ker 8k (J )
im 8k+1 (J)

do not depend on the choices involved in their construction: They neither
depend on coherent orientations up to canonical isomorphisms, [1, Section
1.7], nor do they depend on J € Jieg up to natural isomorphisms, as a
continuation argument shows [23, 64]. The same continuation argument
also shows that the Floer homology groups do not alter if we add to K™ a
function supported in [0, 1] x D(rp +¢€). The function G := mp|p|? is such
a function so that

(24) HF, (qO7 a1, Kma rH + 2€; Fp) = HF, (QO, q1, Gglv rH + 2€; H-‘?‘p)y

HF} (o, 1, K™, rig + 26, Fp) =

provided that ¢; also belongs to V' (qo, Gg‘)

Remark 2.3. For most applications of Floer homology found so far, it
suffices to work over the coefficient field Fy. In view of Example 1.3 (c), it
is important that we can work over arbitrary coefficient fields [F,,.
Proposition 2.4. Assume that q1 € W(qo,G’ﬁ”).

(i) If (M, g) is energy hyperbolic, there exists p € P such that
dimHF, (qo, q1, GF, g + 26, F,) > eOrnC@Lo)m

for all large enough m € N.
(ii) In general, for every § > 0, there exists p € P such that

dim HF, (qo, a1, G + 26;Fp) > meM)—o
for all large enough m € N.
Proposition 2.4 will be proved in the next step. In the remainder of this

step, we show

Proposition 2.4 = Theorem 1.2. We show that Proposition 2.4 (i)
implies Theorem 1.2 (i). Assume that (M,g) is energy hyperbolic with
exponent C(M,g). Let K be as before, and pick ¢1 € W(qy, K™) N
W {(qo, G"ﬂ”) Since the generators of CF. (qo, q1, K™, rg + 2¢; F),) correspond
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to @R (Do (r +€)) N Dy, (ra +€), we find together with (2.4) and
Proposition 2.4 (i) that

#(go% (Dgo(rer +€)) N Dy, (ra + 6)) = dim CF. (g0, q1, K™, 7 + 2¢;F))
(2.5) > dim HF (g0, g1, K™, rH + 2¢;F))
= dim HF,, (qo,ql, Gy, ru + 26;Fp)

for some p € P and for m large enough. Recall now that 8 = f/'(ry).

We thus find a sequence ¢; — 0 and a sequence K;: [0,1] x T*M — R of
C*°-smooth functions such that

Ki(t.q,p) = Blpl* if [p| > + e
and such that
(K1) Kilp(ry+e,) is uniformly bounded in the C?-topology;
(KQ) Ki|D(7“H) — H|D(7“H) in the 02—t0pology.

Note that w: T*M — M is a Riemannian submersion with respect to the
Riemannian metrics ¢* and g. Applying (2.5) to K;, we therefore find

(2.6) pg (R, (Dgo(rr + €)))
Since ¢; — 0, we have
Zlggo g (0, (Ale))) = Zlggo L+ ((pg‘ﬁ (A(e))) =0,
so that, together with Lemma 2.1,
(2.7) lim pg(W(qo, Ki") N W(qo, G})) = lim py(V (g0, Ki") NV (g0, G}3'))
1—00 1—00

= pg(M).
Moreover, ¢; — 0 and (K1) imply
(2.8) lim pige (@5, (Do (r1 + ) \ Do (1)) =0,
and (K2) implies
(2.9) Y g (@, (Dyo (1)) = tg (94 (Dao (i)

Using (2.9), (2.8), (2.6), and (2.7), we find that
g (5 (D)) = e@5ruCOLa)m, (r)
for m large enough. Since gy € M was arbitrary, this yields dgpre(pr;rg) >
26ryC(M, g), as claimed.
In a similar way, Proposition 2.4 (ii) implies that in general Sgpre(©m; 7H)

> ¢(M) — ¢ for every 6 > 0 and hence Sgppe(wm;rH) > ¢(M). The estimate
¢(M) > 1 is guaranteed by Propositions 1.4 and 1.8.
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Step 2. From Floer homology to the homology of the path space

In this step, we prove Proposition 2.4. Viterbo [71, 72] was the first to
notice that the Floer homology for periodic orbits of T*M is isomorphic to
the singular homology of the free loop space of M. Different proofs were
found by Salamon-Weber [63] and Abbondandolo-Schwarz [1]. The work
[1] also establishes a relative version of this result: the Floer homology for
Lagrangian intersections of T* M is isomorphic to the singular homology of
the based loop space of M. It is this version that we shall take advantage of.

We abbreviate p = rg + 2¢. In order to estimate the dimension of
HF, (qo,ql,GgT, p;Fp) from below, we first describe these Fj-vector spaces
in a somewhat different way. Set

PmﬁpQ (qo,ql,Gﬁm) = {II? epP (QO7Q17GEL) | AG’B”(x) < mBPQ}'
Lemma 2.5. PmﬁpQ (qo,q1,GgL) == P(QO,Q1aGglaP)~

Proof.  Assume that x € P(qo, qi, ng) For ty € [0,1], we choose geodesic
normal coordinates g near 7(x(tp)) in M. With respect to these coordinates,
the equation = Xgm (x) at to reads

p(tO) = 07

q(to) = 2mpBp(to).
Therefore, A (i(to)) —G (2(to)) = 2mB|p|*—mBp[> = mpIp|* = G7 (x(to))-
Since G} is autonomous, G'(x(tp)) does not depend on to. Integrating over
[0, 1], we thus obtain Acrm (z) = G§'(z). The lemma follows. O

We define the kth Floer chain group CFLnﬂp2(qo,q1,Gg“;IE‘p) as the
finite-dimensional F,-vector space freely generated by the elements of
pmBp? (QO, qi, G?) of Maslov index k. Lemma 2.5 yields

Lemma 2.6. CFTﬁpz(qmql, G7;Fp) = CFu(qo, 1, GF, p; Fyp).

Denote by j the set of families J = {jt} of almost complex structures
on T*M such that j] D(p) € J and J is invariant under the flow of Y on
T*M\D(rg + €). For J € 7, for smooth maps u: S — T*M, and for
ot e pmbe* (qo, q1, G?) consider Floer’s equation

Osu + jt(u) (atu — XGZL (u)) =0,

(2.10) uls,g) €Ty M, j=0,1,
lim wu(s,t) =25(¢t) uniformly in ¢.
s—+oo

We denote the set of solutions of (2.10) by Mm[gPQ(:U*,x*,Gg‘;j).
Lemma 2.5 and 2.2 imply
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Lemma 2.7. MmBPQ(JS*,xﬂGg;j) = M(z~, 2%, G}, p; J).

A standard argument shows that .Aggz (x7) > Acr (zT) for each u €
MmBp? (x™,x™, G§; j) For generic Je j, the usual definition of the Floer
boundary operator therefore yields boundary operators

O (3): CFI (g0, q1, G5 Fy) — CEI (g0, q1, G5 Ty).

As before, their homology groups HF?B ” (qo, q1, G [F,) neither depend on
coherent orientations of AM™5P* (x7,z™, G%n; j) nor on J. Lemmata 2.6 and

2.7 imply that Oy (j) = O (J ), whence
Proposition 2.8. HF.(qo, q1, G}, p;Fp) = HFTBPQ(qO,ql,Gg‘;Fp).

For qo,q1 € M, let QY(M, qo,q1) be the space of all paths ¢: [0,1] — M
of Sobolev class W12 such that ¢(0) = qo and ¢(1) = ¢1. Again, this
space has a canonical Hilbert manifold structure. The energy functional
E: QY M, qo,q1) — R is defined as

S R
Ela)=5 [ la@ dt.
0
For a > 0, we consider the sublevel sets
5a(Q07Q1) = {q € Ql(Ma quql) | E(Q) S CL}.
Proposition 2.9. HFTB’JQ(qO,ql,Gg‘;Fp) = H*((‘,’Q(ﬁpm)?(qo’ql);Fp).

Proof. Let L: TM — R be the Legendre transform of G?f. Applying
Theorem 3.1 of [1] to G} and L, we obtain

HET07 (g0, q1, G5 F,p)
1
~H, ({q e 2| [ Ll d0)ar < mﬂpQ} ;Fp).

Notice now that L(q,v) = 1/(4mf) |v|>. The set {---} on the right hand
side therefore equals 52(ﬁpm)2(q0, q1), and so Proposition 2.9 follows. O

Remark 2.10. Strictly speaking, Abbondandolo and Schwarz work in [1]
with almost complex structures which are close to the almost complex struc-
ture interchanging the horizontal and vertical tangent bundles of (T*M , g*).
They need to work with such almost complex structures in order to prove
a subtle L>-estimate for solutions of Floer’s equation below a given action
which is crucial for obtaining their Theorem 3.1 for a large class of Hamil-
tonians. For the special Hamiltonians va, appearing in our situation, one

can work with convex almost complex structures J IS j and does not need
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their L>°-estimate, since boundedness of solutions of Floer’s equation below
a given action then follows from Lemma 2.7.

Propositions 2.8 and 2.9 yield
Proposition 2.11. HF*(qo,ql,Ggl,p; F,) = H. (EQ(Bpm)Q(qo,ql);]Fp).

The dimension of this vector space is
Zdim Hy (5(1/2)(2’8pm)2(%,Q1);]Fp) szim vy Hy, (5(1/2)(2ﬁpm)2(QO7Q1)§Fp),
k>0 k>0
and the growth in m of the sequence on the right does not depend on ¢
and ¢q1. Since p = rg + 2¢ > rp, Proposition 2.4 (i) now follows in view

of the definition of C (M, g), and Proposition 2.4 (ii) follows in view of the
definition of ¢(M).

2.2. Proof of Proposition 1.4. Consider a closed connected Riemannian
manifold (M, g) with finite w1 (M). We first verify that we can suppose M
to be simply connected.

Lemma 2.12. Let (M, g) be the universal cover of (M,g).
(a) The manifold M s elliptic resp. hyperbolic if and only ifM is elliptic
resp. hyperbolic, and p(M) = p(M)
(b) The Riemannian manifold (M, g) is energy hyperbolic if and only if
(M, g) is energy hyperbolic, in which case C(M,g) = C’(M,g). In
general, c(M) = C(M)

Proof. ~ We only give a proof of C(M,g) = C(M ,g), since it essentially
contains a proof of the other assertions. Choose a point Gy € M over Qo €
M. The map Q'(r): QI(M, Go) — QY(M,qo) induced by the projection
M — M maps QI(M ,Go) homeomorphically onto the component C; of
the constant loop v1 = go; since g is the lift of g, it in fact maps each E% qo)

homeomorphically onto £%(qp) N Cy. Therefore, C(M, ) < C(M,g). In
order to prove the reverse inequality, we choose in each other component
C; of QY (M, qo) a loop 74, i = 2,...,1 = #m(M). Fix e € (0,1). For
v,y € QY(M, qo), define v *. v" € QY(M, qo) by

t
7()7 0§t§67
€

t_
’y'< 6), e<t<l.
1—c¢

It is easy to see that the map C; — C;, v — i *¢7, is a homotopy equivalence
with homotopy inverse I';: C; — Cy, v +— 'yl._l *¢ 7. Notice that

(v*e) () =

1 1
E(v*ev) = EE(’y) + :5(7’) for all v,7" € Q' (M, qo).
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Abbreviating £ (qo) = £%(qo) N C; and E = max {S(’yl-_l) li=2,..., l}, we
therefore have a y
L (& (a0) € &7 (qo).
Since I';: C; — C1 is a homotopy equivalence, it follows that
dim Lk Hk (gia(q()); Fp) = dim Lk Hk (Fz(gla((m)), Fp)
S dim Lk Hk (5{1/(176)+E/6 (qo); Fp)
— dim 1 Hy, (5a/ (1=9+E/e(Go): Fp).

Therefore,
!
dim ¢, Hy, (Ea(qo); Fp) = Z dim ¢y Hy (gia(QO); FP)

< I dim vy, Hy (5“/ (A=e)+E/ E(do);IFp),

and so
s (1/2)m? .
lifPJ?of - log Z dim ¢, Hy, (5 (q0); Fp)
k>0
i3 (1/2)(m/vI=¢)>+E/e/ ~ .
< lﬂlgof log Z ldim ¢, Hy, (8 ( ) (Go); ]Fp>
k>0
1

1/2)m?2 ( ~
= mliﬂlo%fmlogkzmdlm v Hy (5( /2)m (qo);Fp).
Since this is true for all p € P, we obtain C'(M,g) < 1//1 — 6C(M, g), and
since € € (0,1) was arbitrary, we conclude that C'(M, g) < C(M, g). O

In view of Lemma 2.12, we can assume that (M, g) is simply connected
throughout the proof of Proposition 1.4.

We next prove the implication “M hyperbolic = (M, g) energy hyper-
bolic” and the inequalities ¢(M)> p(M)>1. The length functional £ =
Ly: QY M, q) — R is defined as

co= [ i) de.

For a > 0, we consider the sublevel sets £L%(qo) := {g € Q" (M, qo) |L(q) < a}.

Lemma 2.13. There exists a constant Cg > 0 depending only on (M, g)
such that each element of Hy (Ql(M, qg);IFp) can be represented by a cycle

in EL/A(Cc k)Q(q()). In particular,

Zdlm Lk Hk(S(l/Q)(CGm (qo0); ZdlmHk M qQ);F ) for all m.
k>0 k=0
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Proof.  According to a result of Gromov, there exists a constant Cg > 0
depending only on (M, g) such that each element of Hy, (Q' (M, qo); Fp) can
be represented by a cycle lying in £¢6=2%(gy). Gromov’s original proof
of this result in [33] is very short. Detailed proofs can be found in [55]
and [35, Chapter 7A]. Let A* be the k-dimensional standard simplex, and
let ¢ = > mip': AF — £Cc=2k(g5) be an integral cycle. For notational
convenience, we pretend that i consists of only one simplex. By suitably
reparametrizing each path (s) near t = 0 and ¢ = 1 and then smoothing
each path with the same heat kernel, we obtain a homotopic and hence
homologous cycle 1 : A¥ — £k (g) consisting of smooth paths. We
identify 11 with the map

AF < [0,1] — M, (s,t) — 1(s,t) := (¥1(s)) (2).
Endow the manifold M x [0,1] with the product Riemannian metric, and
set o = (qo,0). We lift ¢y to the cycle ¢1: AF — QY (M x [0,1], o)
defined by Jl(s,t) = (¢1(s,t),t). This cycle consists of smooth paths
whose tangent vectors do not vanish. For each s, let ¢ (o(s)) be the

reparametrization of {Z;l(s) proportional to arc length. The homotopy
U: [0,1] x AF — Q! (M x [0,1], Go) defined by

(W(1,8))(t) = 1 (s, (1 — )t + 70 (5))

shows that 1’/;1 is homologous to the cycle 7:52(5) := W(1,s). Its projection 19
to QY(M, qo) is homologous to ¢ and lies in £¢¢=D¥(gq). Since for each s
the path 1y(s) is parametrized proportional to arc length, we conclude that

£(vals)) < E(Da(s) = 5 (L (s >))

= 5 {(ctate) +1}

1 1 1
< Z — 1) K2+-< = k)?
<3 (Ce—1)? 555 (Ca k)
for each s, so that indeed o C £1/2(Ca k)? (qo)- U

Recall that (M, qo) is the space of continuous paths ¢: [0, 1] — M with
q(0) = ¢(1) = qo endowed with the compact open topology. According
to [51, Chapter 17] or [43, Theorem 1.2.10], the inclusion Q'(M,qy) —
Q(M, qo) is a homotopy equivalence. The homotopy type of these spaces
does not depend on ¢y and is denoted Q(M). Together with Lemma 2.13,
we find

(2.11) Zdlm o Hy, <5(1/2)(0Gm q0); ) ZdlmHk Fp)
k>0

= rm(M;IFp)
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for all m € N and p € P. It follows that (M,g) is energy hyperbolic if
M is hyperbolic and that ¢(M) > p(M). The estimate p(M) > 1 follows
from Proposition 11 of Serre’s seminal work [67, p. 483]. Applied to our
closed simply connected manifold M of dimension d, it guarantees that for
every integer i > 0, there exists an integer j € {1,...,d — 1} such that
Hiyj (Q(M)§Fp) # 0.

We finally prove the implication “(M, g) energy hyperbolic = M hyper-
bolic” and the inequality ¢(M) < p(M). Choose conv(M,g) > 0 so small
that for each ¢ € M, the ball of radius conv(M, g) centered at ¢ is geodesi-
cally convex. According to the proof of Theorem 3.4 in [5],

m@,m“J

for all a > 0, go € M, and p € P. Here, [r] = max{ne€Z|n <r}. We
therefore find a constant D such that

ZdlmLka (5(1/2)771 q); ) ZdlmLka( 1/2)m (0);IFp)

k>0

H(€%(@)iFy) =0 ifk>d|

< Z dim Hy, (Q(M); F,)
k=0
for all m, from which the two claims follow.

2.3. Proof of Proposition 1.8. Consider a closed connected Riemannian
manifold (M, g) with infinite 7 (M). The starting point of the proof is the
crude estimate

Z dim (2% Hk (5a(q0); Fp) Z dim Lo H() (8a(q0); Fp) .

k>0
Denote by IIg(qo) (resp. 1I%(go)) the set of those homotopy classes of
Wh2-paths ¢: [0,1] — M with ¢(0) = ¢(1) = go which can be represented by
a path of energy (resp. length) at most a. The vector space ¢o Hy (8 “(qo); IE‘p)
is freely generated by the elements of I1¢(qo), i.e.,

dim ¢ Ho (€%(q0); Fp) = #11¢(q0).
Moreover,
(1/2)ym? m
#I1; (qo) = #II*(qo)  for all m.
Let now S = {h1,...,hyg} be a generating set of 71(M). In view of the
definition of ¢(.5,¢g) in Section 1.5, we can represent each h; by a smooth

loop based at gy of length no more than ¢(S,g). In view of the triangle
inequality and the definition of the growth function ~g, we obtain

#1117 (q0) > s Qf(Smg)J) :
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where again |r] = max{n € Z | n < r}. Summarizing, we have

> dim o Hy (0727 (q0); Fy) > s Qe(;,l g)D

k>0

for all m € N and all p € P, and so Proposition 1.8 follows in view of the
definitions of v(M, g) and o (m1(M)). O

2.4. Proof of Proposition 1.11. Consider a closed connected Riemannian
manifold (M, g). Let K be a finite simply connected CW complex and
f: K — M a continuous map, and fix p € P. According to (the proof of)
Lemma 2.1 in [58], there exists a natural number C¢ depending only on K,
f, M, g such that given any homology class [¢)] € Hy ((K);F,), the class
Qf)iu([¥]) = [f o] € Hg (2(M);Fp) can be represented by a k-cycle in
LCa=2k(g0) € QY(M, qo). As in the proof of Lemma 2.13, we then see that
[fo1)] can be represented by a k-cycle ¢! c £(1/2)(Ca k)? (qo). For h € w1 (M),
we denote by Cj, the component of Q(M, qo) containing h and abbreviate
EMqo) = E%(go) N Cp. Since K is simply connected, ¢! C 51(1/2)(CG k)Q(qO).
We conclude that

m

(2.12) rm(M, K, f;Fp) = > rank Hy ((f); Fp)
k=0

= dim(Hy (f); Fp) (Hy (UK);F,)))
k=0

S Z dlm Lk Hk (51(1/2)(CG m)2 (QO); IFP)
k=0

for all m € N. For h € m1(M), let £}, be the length of the shortest curve in
QY (M, qo) representing h, and let ej, = %K% be its energy. Arguing as in the
proof of Lemma 2.12 with e = 1/2, we find that

dim 2% Hk (8?(QQ); IFp) S d1m Lk Hk (€2a+26h (qO); Fp)

for all @ > 0. Using this estimate and the notation from the proof of Propo-
sition 1.8, we can estimate

dim Lk Hk (€4a(q0); Fp) = Z dim Lk Hk (géa(qo); Fp)
hemy (M)

S dimog Hy (€2 (0); Fy)
hem (M)

> dimg Hy (€7 (q0); Fp) -
heTlg (qo)

Y

v
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Together with #Hél/z)(oc m)? (q) = #HgGm(QO) > v5 ([Cam/l(S,g)]) and
(2.12), we conclude that

Z dim Lk Hk (52(00 m)2 (qo); ]Fp)
k>0

C : m)?
> s <\‘ Gm J) Z dim ¢, Hy, (51(1/2)(CG ) (q0); Fp)
US:9)1/ =

(55 s

and so (i) and the first inequality in (ii) of Proposition 1.11 follow in view
of definitions. The second inequality in (ii) has already been obtained in
Propositions 1.4 and 1.8. O
2.5. Proof of Corollary 1.14. For M = S', the claim follows from an
elementary topological argument, see [30]. We can therefore assume that
(M, g) is a P-manifold of dimension d > 2. Let Ham®(T™* M) be the group of
diffeomorphisms of T*M generated by compactly supported Hamiltonians
H:[0,1]xT*M — R, and let Symp§(7T* M) be the group of diffeomorphisms
of T*M which are isotopic to the identity through a family of symplecto-
morphisms supported in a compact subset of T*M. Since d > 2,
Ham® (T M) = Sympg (T M)

(see [30, Lemma 2.18]). Consider now a compactly supported symplecto-
morphism ¢ € Symp®(T*M) such that [¢)] = [9™] € 7o(Symp®(T*M)) for a
twist ¥ = ¥ on T*M and some m € Z\{0}. Then, y9~™ € Sympg (T*M) =
Ham® (T* M), so that we find a compactly supported Hamiltonian function
H:[0,1]xT*M — R with oy = 97"™. Then, ¢ = V"0 = Qm P = Pk,
where

K(t.q,p) =mf (Ip)) + H(t,9;"(q,p))-
Choose 7, > 1 so large that H is supported in [0,1] x {|p| < rx}. Since
ﬁ;m preserves the levels {|p| = const}, we then have K(t,q,p) = mf (|p|)
for |[p| > ri. Since f'(rx) = 1 and m # 0, Theorem 1.2 (ii) applies and
yields Sgpre (9 7K) > 1, as claimed. O

3. More on P-manifolds

Much information on P-manifolds can be found in the book [8] and in
Section 10.10 of [7]. In this section, we give a few additional results on
the topology of P-manifolds. It is easy to see that P-manifolds of dimension
at least 2 have finite fundamental group [8, 7.38].

Proposition 3.1. Let (M, g) be a P-manifold of dimension at least 2. Then,
M is elliptic, and ¢(M) = p(M) = 1.
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Proof.  Recall from Discussion 1.15 (a) in Section 1.7 that an elementary
computation shows gpre(¥f) = 1 for every twist on 7M. The proposition
thus follows from Discussion 1.5 (ii). O

The above proof of the inequality p(M) < 1 relies on Floer homology
and Gromov’s theorem invoked earlier. We now prove this inequality by
elementary means. A version of the argument proves c¢(M) < 1, cf. [66,
p. 129].

An elementary proof of p(M) < 1. Recall that we scaled g such that all
unit-speed geodesics have minimal period 1. For such a geodesic v: R — M
and t > 0, we let ind () be the number of linearly independent Jacobi fields
along v(s), s € [0,¢], which vanish at v(0) and ~(¢). If ind~(¢) > 0, then
7(t) is said to be conjugate to v(0) along 7. The index of 7| 4 defined as

ind7ljgq = Y ind y(t)
t€]0,a]

is a finite number, and according to [8, 1.98 and 7.25], the number k =
ind¥|jp,1) is the same for all unit-speed geodesics v on (M,g). Fix now
qo € M and choose ¢; which is not conjugate to qg. Then, there are only
finitely many geodesic segments 71, ...,7, from gg to ¢; of length smaller
than 1, see [8, 7.41]. Let ki, ..., ky be their indices. The energy functional on
QY (M; qo, q1) is Morse with indices k; +1(d—1+k), where 1 <i <mnand [ =
0,1,2,.... Since d— 14k > 1, we conclude that dim H;(Q(M; g0, ¢1); Fp) <
n for all j € N and p € P. Recall now that the inclusion Q(M;qo, q1) —
Q(M;qo, q1) is a homotopy equivalence. Therefore, dim H;(Q(M);F,) < n
for all j and p, and so p(M) < 1, as claimed. O

The subsequent results on the topology of P-manifolds will rely only
on the possibly weaker assumption p(M) = 1. We shall therefore assume
throughout that M is a closed connected manifold with finite 71 (M) and
p(M) = 1. We first consider the case that M is simply connected. All such
known P-manifolds are diffeomorphic to a CROSS S%, CP", HP", or CaP?
with its standard smooth structure.

Proposition 3.2 [49]. Assume that M is simply connected. Then p(M) =1
if and only if M has the integral cohomology ring of a CROSS.

Corollary 3.3. A simply connected manifold with p(M) = 1 is either
homeomorphic to S or homotopy equivalent to CP™ or has the integral
cohomology ring of HP™ or CaP2.

Proof. If H*(M;Z) = H*(S%,Z), then M is a simply connected homotopy
sphere by Hurewicz’s theorem and hence homeomorphic to S¢ by the proof
of the Poincaré conjecture. If H*(M;Z) = H*(CP";Z), then M is homotopy
equivalent to CP™ by a theorem of Klingenberg [42]. O
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In small dimensions, we obtain

Corollary 3.4. Assume that M is a simply connected d-manifold with
p(M) = 1.
If d =3, then M is diffeomorphic to S>.
If d = 4, then M is homeomorphic to S* or CP?.
Ifd =5, then M is diffeomorphic to S°.
If d = 6, then M is diffeomorphic to S® or homotopy equivalent to CP3.
Ifd =7, then M is homeomorphic to S”.

Remark 3.5.

(a) According to [73], the set of closed smooth 6-manifolds homotopy equi-
valent to CP? splits into infinitely many diffeomorphism types M,
k € Z; they are determined by their first Ponrjagin class p;(My) =
(48k+4)a?, where a is a generator of H2(Mj; Z). It would be interesting
to see whether CP3 = M, is the only diffeomorphism type carrying a
P-metric.

(b) Corollaries 3.3 and 3.4 partially answer Question 1.16 (a) in the sim-
ply connected case. There are, however, closed connected 8- and 16-
manifolds M with the integral cohomology ring of HP? and CaP? (and
hence with p(M) = 1) which are not homotopy equivalent to HP? and
CaP?, see [6, 17], and it is unknown whether these homotopy types
can be realized by P-manifolds.

In order to study manifolds with p(M) = 1 and non-trivial m (M), we
shall need the following well-known result, whose proof is given for the
reader’s convenience.

Proposition 3.6. Assume that X is a retract of a finite simplicial complex
whose integral cohomology ring is the one of CP?™ with n > 1 or of HP"
with n > 2 or of CaP2. Then each continuous self mapping of X has a
fized point.

Proof. We closely follow [37]. The cohomology ring H*(X;Z) = (a)/{a"1)
is generated by an element o € H¥(X;7Z), where k € {2,4,8}. If H*(X;7Z)
is the cohomology ring of CP?" with n > 1 or of HP" with n even or of
CaoP?, the claim thus follows at once from the Lefschetz fixed point theo-
rem, see, for instance, [37, Theorem 2.C.3]. Assume now that X has the
integral cohomology ring of HP", n > 3. The image of o in H*(X;Z3),
which is again denoted by «, generates H*(X;Zs). Let f be a continuous
self mapping of X, and define its degree dy = d3(f) € Z3 by f*a = dsa.
The following lemma shows that dy = 0 or dy = 1. If dy = 0, the Lefschetz
number of f*: H*(X;Z) — H*(X;Z) is 2?20(3l)j for some | € Z, and if
dp =1,itis D27 (1 + 31)7 for some [ € Z. Since both numbers are not 0,
the proposition again follows from the Lefschetz fixed point theorem.
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Lemma 3.7. The degree dy satisfies dy = d?c in Zs.

Proof. Recall that the Steenrod power operations for the odd prime 3 are
maps P': HY(X;Z3) — H"™(X;Z3) satisfying various axioms, see [37,
Section 4.L]. Define = € Z3 by

Pl(a) = za?.
From naturality P! f*a = f*Pla, we obtain djza? = J:dfcc@. Since n > 2,
we have o2 # 0, so that
a(df —d}) =0 in Zs.

It remains to show that x # 0 in Z3. Using the Cartan formula for P!, we
compute P'Pla = 22203, and since a has degree 4, we have P2a = a>. The
Adem relation P'P! = —P? applied to « thus yields 22203 = —a3. Since
n > 3, we have o # 0, so that = # 0. This proves the lemma. O

Every compact, locally contractible space that embeds into some R", and
hence every closed manifold, is a retract of a finite simplicial complex, see
[37, Theorem A.7].

Consider now a manifold with p(M) = 1 and non-trivial 71 (M). The only
known such Riemannian P-manifolds are the spherical space forms §27+! /T
classified in [75], the standard RP?" = §%"/Z,, and the quotient CP*"*1 /7,
obtained from the involution

[Z():Zl:“-ZZQn_H]l—)[flZ—fo:?g:—EQZ“':§2n+12—§2n].

The following corollary gives a partial answer to Question 1.16 (a) in the
non-simply connected case.

Corollary 3.8. Assume that M is a d-manifold with p(M) = 1 and non-
trivial finite w1 (M), and let M be its universal cover.

(a) If d is odd, then M is homeomorphic to S. If, in addition, w1 (M) is
cyclic, then M is homotopy equivalent to a lens space.

(b) If d is even, then either M is homeomorphic to S¢ and M is homo-

P2n+1 and

topy equivalent to RP?, or M is homotopy equivalent to C
1 (M) = Zg.

Proof. According to Lemma 2.12, we also have p(M) = 1. Since 71 (M) acts

smoothly on M without fixed points, Corollary 3.3 and Proposition 3.6 show
that M is homeomorphic to S or homotopy equivalent to CP?**1,
Assume now that d is odd and that 7 (M) = Z, is cyclic. According
to [11, Lemma 1], the quotient of a topological d-sphere by a smooth fixed
point free action of Z, is homotopy equivalent to a lens space.
Assume finally that d is even. According to [46, IV.3.1.], the quotient of
a topological d-sphere by a smooth fixed point free action of Zs is homotopy
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equivalent to RPY. It thus remains to show that 71 (M) = Zy. Denote the
diffeomorphism of M induced by ¢ € m (M) also by ¢. If ¢ is orientation
preserving, again the Lefschetz fixed point theorem implies that ¢ has a
fixed point, so that ¢ is the identity. Therefore, each ¢ € w1 (M)\{id} is
orientation reversing and of order 2. This implies at once that there is only
one p € m (M) \ {id}. O

Remark 3.9.

(a) The classification problem of homotopy lens spaces of dimension > 5
and with fundamental group Z,, ¢ odd, has been studied in [12] using
surgery theory. For the classification of lens spaces, we refer to [52, 70].

(b) ad (b). Exotic spheres of even dimension 2n € {6,...,14} admit no
fixed point free involution, see [46, V.6.2.]. It is conceivable that this
is true in all even dimensions. There are smooth free involutions of
S* whose quotient is homotopy equivalent but not diffeomorphic to
RP?, see [13, 21], and for k£ > 2, there are smooth free involutions
of homotopy S*’s whose quotient is homotopy equivalent but not
diffeomorphic to RP*, see [22]. All homotopy CP?®’s admit smooth
free involutions [59, 61].

(c) Assume that in the situation of Corollary 3.8, there exists a point
p € M such that all geodesics through p are closed and have equal
length. Then M is diffeomorphic to RP?, see [8, 7.23].

4. Outlook

The conceptual point of view of this paper was to look at entropy-type
quantities which are well understood for geodesic flows and to establish
the lower bounds for these quantities known for geodesic flows for arbi-
trary classical Hamiltonian systems by interpreting these quantities in Floer
homological terms and by using the deformation invariance of Floer homo-
logy. We were able to do this only for Hamiltonians meeting (1.4) by
using the Convexity Lemma 2.2. Already the autonomous Hamiltonians
H(q,p) = 5|p— A(q)* + V(g) modelling the dynamics of a particle in a
magnetic potential A(q) and a scalar potential V' (g) do not meet (1.4), and
the Convexity Lemma fails for such Hamiltonians. Lower bounds for the
topological entropy of Reeb flows on fiberwise star-shaped hypersurfaces in
T*M will be obtained in [47] by bringing into play the action filtration on
Floer homology and the sandwiching method.
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