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SYMPLECTIC INVARIANTS OF SOME
FAMILIES OF LAGRANGIAN T3-FIBRATIONS

RiCcARDO CASTANO BERNARD

We construct families of Lagrangian 3-torus fibrations re-
sembling the topology of some of the singularities in Topolog-
ical Mirror Symmetry [8]. We perform a detailed analysis of
the affine structure on the base of these fibrations near their
discriminant loci. This permits us to classify the aforemen-
tioned families up to fibre preserving symplectomorphism.
The kind of degenerations we investigate give rise to a large
number of symplectic invariants.

1. Introduction

There is increasing interest in the geometry of Calabi-Yau manifolds. Much
of this interest is motivated by an intriguing relation between pairs of Calabi-
Yau manifolds called Mirror Symmetry. This relation interchanges— in a
highly non-trivial way —the complex structure of a Calabi-Yau manifold, Y,
with the symplectic structure of its mirror, Y. There are several approaches
to Mirror Symmetry; one of these is proposed by Strominger, Yau and Za-
slow (SYZ) [21]. The SYZ Conjecture claims— based on string theoretic
arguments —that the mirror relation can be explained in terms of certain
duality between T"-fibrations on a pair of mirror Calabi-Yau manifolds.

The purpose of this paper is primarily motivated by the SYZ Conjecture;
we are interested in the symplectic geometry of Calabi-Yau manifolds fibred
by tori. Let (Y, J,w) be a compact Kdhler manifold of dimg(Y') = n with
complex structure J and Kéhler (symplectic) form w. We say that Y is a
Calabi-Yau manifold if the canonical line bundle has a non-vanishing global
section 2 such that ¢ A Q = w" for some constant ¢ [9]. A very popular
example of a Calabi-Yau 3-fold is the (smooth) quintic hypersurface in P4
defined by:

(1) TOT1T2T3T4 + t(:rg + x“;’ + xg + x?, + :BZ) =0,
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where t € Dy C C a small punctured disk around 0.

A submanifold L of YV is called Lagrangian if w|;, = 0 and dimg L =
n. A Lagrangian submanifold L satisfying Im Q|;, = 0, is called special
Lagrangian. This term was coined by Harvey and Lawson [13].

A first attempt to state the SYZ Conjecture using mathematical language
can be outlined as follows (c.f. [10], [5] and [6]):

Conjecture 1.1. Let Y and Y be a mirror pair of Calabi-Yau n-folds satis-
fying certain additional conditions. Let B be a compact connected manifold.
Then there exists C> maps f:Y — B and f: Y — B such that for b € B
the fibres f~1(b) and f~1(b) are special Lagrangian. There is a codimension
2 closed subset A C B such that the fibres f~1(b) and f~1(b) over b € B\ A
are dual n-tori.

The idea of duality in Conjecture 1.1 can be explained in the following
way. First consider the T"-bundle fy : Yo — By = B\ A, resulting from
removing the singular fibres of f. Let G be a group (G = R or Z for our
purposes) and denote by RF fo.(G) the locally constant sheaf on By induced
by the presheaf R*fo.(G) = {U — H*(f~Y(U),G),U C B}. Denote by
€ = R'f0.(R) ® C*®(By). This gives a rank n vector bundle & — By with
R fo.(Z) being a family of rank n lattices lying inside &. Letting Yy = &/
R fo«(Z) we can define the dual of fy as the T"-bundle:

(2) fo . Y/O — Bo.

According to Conjecture 1.1 one expects to recover the mirror of Y as a com-
pactification of Yp, obtained by means of gluing on suitable singular fibres.
This method raises a number of issues demanding careful consideration. As
pointed out in [21, §5], understanding the structure of the singular fibres is
probably one of the crucial issues.

Conjecture 1.1 appears to be the right approach if one pays attention to
the topology only, i.e., forgetting about the complex and symplectic struc-
tures and considers Y and Y as C* manifolds only. Under some mild
assumptions on the singular fibres— they are assumed to be semi-stable, i.e.,
with unipotent monodromy —the SYZ duality explains a topological version
of Mirror Symmetry for the quintic:

Theorem 1.2 (Gross [8]). Let Q C P* be a smooth quintic 3-fold and = a
A-simplex. There is a T? fibration g : Q — O= with semi-stable fibres. The
dual § : Q — OZ has only semi-stable fibres and Q is diffeomorphic to a
mirror pair of Q.

Both fibrations g and ¢ have the same discriminant locus which consists
of a trivalent graph I' lying over the faces of OZ. There are three types of
singular fibres present in both @ and ). Let s € I' and let Qs be a singular
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fibre of either g or §. Let (b1, by) where b; = rank H(Qs,Z), i = 1,2. Then
Qs can be one of the following types:

e type (2,2). This fibre is S x I, where I is a Kodaira type I fibre
(a pinched torus). So, fibres of type (2,2) are singular along a circle.
Fibres of type (2,2) lie over the edges of T

e type (1,2). This fibre is obtained by collapsing a torus 72 x {p} on
T? x S' to a point. Fibres of this kind lie over some vertices of T';

e type (2,1). Let S C T? be a “figure eight” (c.f. [8, fig. 2.2]). This
fibre is obtained by collapsing the circles {p} x S', p € S, on T? x S1
to a point. Fibres of this kind lie over some vertices of I.

The (2,1) fibre is dual to the (1,2) fibre (their local monodromy represen-
tations are dual), whereas the (2,2) fibre is self-dual.

One can try to add on structures to the above topological picture. First,
one can try to put suitable symplectic structures on Q and @ making g and §
into Lagrangian fibrations. The next step would be to put suitable (almost)
Calabi-Yau structures on Q and Q making g and § into special Lagrangian
fibrations. Recent development on special Lagrangian geometry (c.f. Joyce
[15]) suggests that this program may not be fully completed in the strong
terms of Conjecture 1.1. This is not conclusive, however.

There has been some progress in the symplectic category. Wei-Dong Ruan
[18], [20] constructs Lagrangian torus fibrations on the quintic. Ruan’s
method consists, roughly speaking, on a certain gradient flow deformation
of a well known Lagrangian fibration on the normal crossing quintic to a
neighbour non-singular quintic. This produces a piecewise C'*° fibration with
codimension 1 discriminant locus. The topology of this fibration differs from
the topological T2 fibration in [8]. Ruan argues [19] that the codimension 1
discriminant can be deformed to codimension 2, in which case the resulting
fibration coincides, topologically, with the one in [8].

In this paper we are interested in the semi-global symplectic geometry in
a neighbourhood of the singular fibres rather than in the global picture. We
follow the spirit of [8] and construct singular local models of Lagrangian 7
fibrations first. We are able to construct C* Lagrangian T° fibrations with
singular fibres resembling the topology of the (2,2) and (1,2) fibres. To
date there is no symplectic model for the (2,1) fibre and it is not yet clear
whether there exists a Lagrangian T fibration on the quintic presenting
singular fibres of type (2,1).

In two dimensions, it is known that the Kodaira type I; degeneration
of an elliptic fibration, has an infinite number of symplectic invariants (c.f.
Vii-Ngoc [22] and [1] for an alternative approach and for the C*-symplectic
case). We show that a similar behaviour appears in dimension n > 3: the
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families of Lagrangian 7" fibrations considered in this paper have infinite
dimensional classifying spaces.

Gross and Wilson [11] and, independently, Kontsevich and Soibelman
[16] propose an alternative interpretation of SYZ Conjecture, which can be
regarded as a relaxed version of Conjecture 1.1. This new proposal posits
that the SYZ Conjecture is true in certain limiting sense as the mirror pair
of Calabi-Yau manifolds approach large complex structure limits. The SYZ
duality is then interpreted as a certain kind of Legendre transform between
(singular) affine structures on the bases of the fibrations. This conjecture is
proved for K3 surfaces by Gross and Wilson [11]. For the case of the quintic,
Gross constructs an affine structure on the complement of the discriminant
locus (c.f. [9, §19.3]). This affine structure, in turn, induces a symplectic
structure on the complement of the union of the singular fibres. The results
here can be interpreted as a description of how this affine structure may
become singular at the discriminant locus and the symplectic invariants
arising from this degeneration.

Statement of the main results. Let g : Q — 0= be the T fibration on
the quintic as in Theorem 1.2. Let sg € I and consider U C 0= an open
neighbourhood of sg. Assume U is small enough so that it contains at most
one vertex of I' and such that I' N U is connected. Then ¢~1(U) C Q is a
neighbourhood of the fibre g~!(s¢) and the restriction of g to g~ (U) gives
a T? fibration, g~ *(U) — U, which is singular along T N U.

Now suppose there is a non-compact symplectic manifold (X, w) together
with a proper Lagrangian fibration f : X — B. In addition, suppose there
are diffeomorphisms ® and ¢ giving a commutative diagram:

X -2 g7LU)

(3) fl l

¢

R N U

Let A = ¢~} (I'NU) and by := ¢~ (sg) € A. Then f is a Lagrangian T
fibration having A as discriminant locus and the fibre X; = f~1(bg) is
homeomorphic to the fibre g=!(sq).

Definition 1.3. Let £(X},) denote the set of triples F = (X,w, f) where f :
(X,w) — B is a Lagrangian fibration arising as in diagram (3). We say that
two elements (X, w, f) and (X', ', ') in L(X},) are symplectically equivalent
if there is a symplectomorphism ¥ : X — X’ and a diffeomorphism 1) : B —
B such that ¥ (bg) = by and f' oW =)o f. The set of equivalence classes
under this relation will be denoted by L£(Xj3,). The elements of L(Xp,) can
be regarded as germs of Lagrangian fibrations around the singular fibre Xj,.
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There are three families to be considered: £(2,2), £(1,2) and £(2,1)
corresponding to Xp, of type (2,2), (1,2) and (2,1) respectively. Their
discriminant loci are as depicted in Figure 1.

(a) k=2 (b)y k=1

Figure 1. The discriminant loci A C B.

Theorem 1.4. There is an element Fy € L(k,2), k = 1,2, for each H €
C*>(B).

Theorem 1.5. The germs of fibrations of type E(/i, 2), k =1,2, are classi-
fied by C(B), the space of germs of C* functions on B vanishing at A to
all orders.

2. Preliminaries

We recall the construction of action-angle variables on Lagrangian 7™ bun-
dles. This is an extensively used technique in the context of Hamiltonian
mechanics. The material presented here is standard (c.f. [2] and [6, §2]).

Let (X, w) be a symplectic manifold of dimension 2n and B a n-dimensio-
nal manifold. We shall assume X and B to be connected but not necessarily
compact.

Definition 2.1. Let f: X — B be a proper C'*° map with connected fibres
and denote by Crit(f) C X the set of points in X where the differential fi
is not surjective. Let X# = X \ Crit(f) and f# denote the restriction of
f to X#. If the fibres of f# are Lagrangian with respect to w we say that

f is a Lagrangian fibration. We denote a Lagrangian fibration as a triple
F=(X,w,f).

Observe that the Arnold-Liouville theorem implies that the regular fibres
of F as in Definition 2.1 are diffeomorphic to T™.

Definition 2.2. Let ¥ = (X, w, f) be a Lagrangian fibration. Denote X; =
() and let Crit(X;) = Crit(f) N f~1(b) the set of singular points of Xj.
We say that F is admissible if

(1) Crit (Xp) is connected and the fibres of f# are connected;
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(2) A= f(Crit(f)) is a closed codimension two subset of B and
(3) f#(X#) = B and for any point # € X# there is a local C* section of
f passing through z.

Observe that (3) in Definition 2.2 implies that f does not have singular
fibres dropping dimension. The fibres of f# over A are diffeomorphic to
T* x R % From now on we only consider Lagrangian fibrations which are
admissible.

Now let By = B\ A, Xo = f~Y(By) and fy = f|x,- The map, fo: Xo —
By defines a T™ fibre bundle, denoted by (Xo, fo). Consider R"!fy.7Z, a
local system as defined in §1. Since fj is proper, one can identify the stalk
(R f0.7), with Hy(Xy,Z) using Poincaré duality.

Now consider f# : X# — B and let Xf = f#~1(b). We define a sheaf
on B, with stalk! Hg(Xf,Z) as follows. Let U C B and consider the
presheaf defined by U + H(f#~1(U),Z). The latter induces a sheaf, de-
noted RéffZ, with stalk (RéffZ)b = ﬁ(XZ#,Z). Again, we can identify
H (X[, Z) with (R2" f¥Z),.

Now we define a map R?~1 ff Z — T} as follows. For each U C B open
and b € U let v(b) € Hy(X],Z) = H'Y(X[",Z), v € Tyyp and @ a lifting of
v. Define the map (b,v(b)) — Ay, where

(@) (o) = — / e

This gives a local section b — X, of T, i.e., a 1-form on U C B. One can
check that the above formula does not depend on the lifting of v.

Definition 2.3. Let A C T; be the image of R f#7 under the map (4).
We call A the period lattice of f.

Now let us consider R" ! fy,Z. Choose a local section v of R"~! fo,Z over
an open set on U C By. The image of this section under the map (4) gives
us a period 1-form A,. This form is closed, since it is the differential of the
action function:

(5) A, (b) = / o

Here o is such that do = w. We can ensure that such a o always exists on
fo L(U) by taking U C By small enough. This means that the sections of
A are given locally by the image of a closed 1-form and, in particular, A is
Lagrangian with respect to the canonical symplectic structure on 717.

"Here H?( - ,Z) denotes compactly supported cohomology with coefficients in Z
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The above construction gives us an exact sequence:

(6) 0 —— Rz T3 TH/A —— 0

Proposition-Definition 2.4. The sequence (6) defines a symplectic man-
ifold, J#* := Ty /A, and a Lagrangian fibration J : J# — B with fibre
3]71(17) =Tp,/Np. We call §y the Jacobian fibration of f.

Proof. The Lagrangian nature of A C T implies that translations over A
along the fibres of T} are symplectic transformations. Therefore, J # .= T%/
A inherits the canonical symplectic structure of 7. The bundle projection
T; — B induces the map gy : J # — B. It follows immediately that the
fibres of J are Lagrangian. O

The following result is deduced from [2] (c.f. [6, §2]):

Theorem 2.5. Let (X,w, f) be a proper Lagrangian fibration. Let Jf :
J# — B be the Jacobian fibration of f as defined in (2.4). Then,

(i) if f# has a global section, . : B — X7, then there is a fibre preserving
diffeomorphism W : J# — X#

(ii) of ¥ is Lagrangian, then the diffeomorphism in (i) is a symplectomor-
phism.

Duistermaat [2] observed that a Lagrangian 7" bundle fy : Xo — By has
three invariants: its monodromy, its Chern class and [w] € H?(Xy,R). This
tells us that, by taking U C By contractible, we can define a set of action-
angle (canonical) coordinates on f~1(U) C X which allows us to write w
on f~}(U) as the standard symplectic structure. Furthermore, the action
coordinates provide By with an integral affine structure.

3. The family L(2,2)

Lagrangian T?-fibrations with singular fibre of type I; are better known in
symplectic geometry as focus-focus singularities; they appear in a number
of “physically relevant” integrable Hamiltonian systems.

Theorem 3.1 ([1]). Let D C C be an open disk with coordinates s =
s1++v/—1sy. For any function h € C°°(D) there is a Lagrangian T? fibration
F = (X,w, f) with singular fibre of focus-focus type and whose period lattice
is generated by 71 = —log|s|ds1 + Arg(s)dsg + dh and 75 = 271ds,.

Remark 3.2. There is an alternative proof of Theorem 3.1 proposed by
Vi-Ngoc [22].

Proposition 3.3. Let f : X — D be a T? fibration as in Theorem 3.1 and
(0,1) an open interval. Let X = X xS1x(0,1) and define f : X — Dx(0,1)
to be the composition of the projection onto X x (0,1) and f x id. Then,
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there is a symplectic structure w on X making the fibres of f Lagrangian.
Furthermore the fibres over A = {0} x (0,1) are diffeomorphic to I x S*.

Proof. Let (r,0) be coordinates on (0,1) x S'. Define w = @+ dr Adf. One
can verify f is Lagrangian with respect to w. O

Definition 3.4. Let M be a symplectic manifold and let fi,...,f, €
C*°(M) define an integrable Hamiltonian system on M. Let x € M and

let (tj;2) — qﬁ;j (z) be the flow generated by the Hamiltonian vector field
of fj. We call (¢1,...,tp;2) — ¢glro-- o0 (bil (z) the Poisson action of the
system. If all flows ¢; are complete the Poisson action is an R"-action on
M which preserves the fibres of the map x — (fi(z),..., fu(x)).

Observe that for f as in Proposition 3.3 all points = € Crit(f) are non-
degenerate and such that rank f,|, = 1. Regarding f as an integrable sys-
tem, one can check that the Poisson orbit of =, O, is diffeomorphic to S*
and each point in O, is a rank one critical point. Rank one singular orbits of
integrable systems are classified up to fibre preserving symplectomorphism.
We state here a special case of a result due to Miranda and Tien-Zung [17].

Theorem 3.5 ([17]). Let (M Q, h) be a (not necessarily proper) Lagrang-
ian fibration with a non-degenerate rank 1 singular orbit O of the Poisson
action. Let D* be a 4-ball and let V.= D* x (—=1,1) x S* be a symplectic
6-manifold with canonical coordinates (xj,yj,7,0). There exists a neigh-
bourhood U C M of O a Lagrangian fibration, L : V — D x (=1,1),
L(xzj,yj,7,0) = (q1(z5,95),q2(x5,y5),7), and a fibre preserving symplecto-
morphism 1 : U — V sending O to {x; = y; = r = 0} and such that q; can
be one of the following types:
elliptic type: q; = :v? + y?

hyperbolic type:  q; = x;y;

Qi = TYi + Tit1Yi+1
qi+1 = TiYi+1 — Ti+1Yi

focus-focus type: {

Definition 3.6. Let F = (X,w, f) be an admissible Lagrangian T3 fibration.
Let « € Crit(X) be a non-degenerate rank 1 singular point and O, its Poisson
orbit. We say that F is a Lagrangian fibration of type (2,2), denoted F €
L(2,2), if there is a neighbourhood U C X of O, such that X = f~1(f(U))
and the following commutative diagram:

(7) U v v

f|Ul \ J{q—(qhqmqg)
¢

fU) D x (0,1)
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where ¢ : U — V = D* x (0,1) x S! is a symplectomorphism, ¢ is a
diffeomorphism and ¢, ¢o are of focus-focus type, g3 = 7.

We shall denote B = D x (0,1) and b = (by,be,b3) € B. We can write
6 = (91, 62, 63) and 6o f = (f1, fas f3), where f; = ¢yo f. If we think of ¢ as
providing U with canonical coordinates, then f;|;y = ¢; or, with slight abuse
of notation, f|y = F where F(z;,y;) = (¢1,92,¢q3) as in (7). We regard F as
the normal form for the family £(2,2).

Let vg; be the Hamiltonian vector field corresponding to ¢; and let g§ its

flow. Let (1 = 1 + vV/—1z9 and (o = y; + vV/—1ys. Observe that (;(o =
q1 + v —1g2. The flows of gj : R x V' — V are given by:

gi (Clu CQ? T, 0) — (61?(17 6_'t<-27 r, 9)
(8) 95(G, G2, 7, 0) = (e"C1, € Ca, 7, 0)
gé(clv CQ: T, 6) = (<17 <27 r, 0 — t)

Observe that g and g4 generate a fibre-preserving 72 action on V.

Lemma 3.7. Let (X,w, f) € £(2,2). Then the compact fibres of f7* : X# —
B are diffeomorphic to T® whereas the non-compact ones are diffeomorphic
to T? x R. There is an open neighbourhood W C X of Crit (f) such that
the fibres of fu := flx\u are diffeomorphic to T? x [0,1]. Furthermore, fy
defines a trivial fibre bundle.

Proof. The first part follows directly from the definition. For the second
claim it is enough to take U a small connected neighbourhood of Crit(f)
which is invariant with respect to the T-action induced by vy, and vy, and
redefine B := ¢ o f(U). The triviality of fy follows from the fact that B is
contractible. O

Notice that f;j[y( = g; implies that the vector fields v,, extend vector
Hamiltonian fields v; on X which are tangent to the fibres, hence the flows
g! extend to X. Since the fibres of f are compact g! are complete.

Construction 3.8. Define an action IT : R* x X — X, (T,z) — 7 (x),
T = (t1,t2,t3) as the composition of flows:

(T, z) == g§ o g o gi*(x).

The restriction of II to X7 is just the Poisson action on f# : X# — B,
which is free and transitive along the fibres since f#~!(b) is connected. This
implies that for any two points z,y € f#~1(b), there is a multi-time 7" =
T(z,y) € R? such that I1” (z) = y. Similarly, consider now the Hamiltonian
vector fields vy, ,vg,,0¢,, on U € X. In an analogous way, we can define
an action on U, Iy : R x U — U, where R C R? is some open set, as the
composition of flows of v,,. Since F~1(b) is connected and non-singular for
be By = B\ A, Il is transitive along the regular fibres of F.
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We are going to use the actions Il and Il to compute the period lat-
tice of (X,w, f). Let € > 0 and write s = by + \/—1by, 7 = bs. Define,
Y1(s,7) = (5/€,¢,7,0p) and XNa(s,7) = (e,5/¢,7,00), g € S' = R/Z. These
give sections of F' which lie inside U and do not intersect Crit(F). Now
consider the equation:

(9) Ho(Tg(b), Zl(b)) = 22(()), b e By.
The solution Ty = (a1, a2, a3) is determined by the system:

emtior e = g/e
et gle = ¢

90 — Q3 = 90
One verifies that the (primitive) solution to the system is

a; = —log|s| +2loge, a9 = Arg(s), az=0.

Let U be a T? invariant neighbourhood of Crit(f), W C U as in Lemma
3.7. We can take U’ small enough so that we can regard ¥; and Y5 also as
sections of the 72 x R fibre bundle fiy over B.

Proposition 3.9. Let 31 and Yo be sections of fiv as above. The equation:
(10) 7O (35 (b) = 341(b), beB

has a unique solution, T(b) = (n1(b),n2(b),n3(b)), which depends smoothly
onbée B.

Proof. A solution to equation (10) exists since the action II is transitive
along the fibres of fiy. We shall see that 7'(b) depends smoothly on b € B.

Let S; = ¥;(B) and let zy € Sy such that f(zg) = by € B. Then, there
is tg € R3 such that I1%(x) = yo € S1. Let Uy be a small neighbourhood
of zg and let R be a neighbourhood of ty. Let Vj be a neighbourhood of
yo such that f(Vp) = f(Up) € B. Define P : R x (Uy N S2) — Vo, as
P(t,r) = I*(z). Notice that S; is transversal to the R3-orbit of II passing
through a point y € S7. This implies that P is transversal to S; N V. Then,
P:= P71(S;NVp) is a codimension 3 smooth submanifold of R x (Uy N Ss).

Now observe that since Il is an action, the “time” derivative of P evaluated
at (to,xo) is non-singular. Then, P can be described locally as the graph of
a C* map, g : U) — R, where Uj C (S2 N Up) is a small neighbourhood of
zg. Let B = f(U})) and define T : B C B — R, as T(b) = g o Xa(b) for
b€ B'. Then, T is a R3-valued C™ function such that II7(®) (35 (b)) = 1 (b).
From Lemma 3.7 we know that fi has trivial monodromy. Therefore these
local solutions can be glued together to give a single-valued global solution,

T(b) = (m(b),m2(b),n3(b)), b € B. a



LAGRANGIAN 72 FIBRATIONS 289

Define the 1-form 1 = n1dby + n2dbs + n3dbs on B where n; € C°°(B) are
as in Proposition 3.9.

Proposition 3.10. Let § = (X,w, f) € L(2,2). There are local sections
(e1,ea,e3) of R2f#Z such that the period lattice of F is generated by the
1-forms:

=10 +dH, T =2ndsy, T3=dr

where 19 = —log|s|dsy + Arg(s)dsy and H is a smooth function of b =
(s1,82,7) € D x I such that dH = n. The monodromy of f expressed in

1 0 0
terms of A = (11,72, 73) is represented by the matriz: (1 1 O) )
0 0 1

Proof. One can construct generators ej(b), e2(b), es(b) of Hi(Xp,Z), b € By
by means joining integral curves of v; in a suitable way. For instance, we
define a representative of e; to be the ordered composition of paths v =
(71,72, 73,71, Y2, 73). Here, ; is an integral curve of vy, starting at a point
x;—1 running a time ¢; € [0, ;] and finishing at a point z;. Similarly, 4; is
an integral curve of v; starting at a point #; 1 running a time #; € [0,7;]
and finishing at a point ;. Then, the curve v is determined by the initial
condition zg = X1(b), o = z3. It follows from equations (9) and (10) that
7 is closed and non-trivial. For constructing a representative of e;, j = 2,3,
we take an integral curve of v; starting at ¥;(b) and flowing from time 0 to
1. Now we can use formula (4) to compute the period 1-forms. It follows
that 71 = ) a;db; + > n;db;. Since 7 and 79 = —log |s|ds1 + Arg(s)dsa
are closed, then 7 = 79+ dH for some H € C*°(B). The computation of 7
and 73 is direct from (4). O

4. The family £(1,2)

There is a fairly complete understanding of the class of non-degenerate
(Morse-Bott) singularities of integrable Hamiltonian systems (cf. Eliasson
[3], Tien-Zung and Miranda [17]). Generically, the function components of
the fibration— i.e., the integrals of the system —can be reduced to quadratic
polynomials. In contrast, for some special Lagrangian singularities arising
from integrable Hamiltonian systems, one should expect cubic terms (cf. Fu

[4]).

T?-symmetric special Lagrangian singularities. Let X be a symplectic
6-manifold and f : (X,w) — B a Lagrangian fibration which is admissible
in the sense of Definition 2.2. Denote by wy = >, dx; A dy; the standard
symplectic form on C3 22 R® with canonical coordinates (i, yi), 2 = x; +
V—1y; and let Qo = dz1 A dzg A dzs.
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Definition 4.1. Let f : (X,w) — B be a Lagrangian fibration and let
p € Crit(f) and let £ = Rank f.|,. Let O, denote the Poisson orbit of p.
We say that O, is a rank k complexity one singularity if there is an open
neighbourhood W C X of O, and a Hamiltonian T2 action ® : T?xW — W
such that f(®(t,z)) = f(x) for each (t,x) € T? x W.

Remark 4.2. Regarding f|j as an integrable Hamiltonian system, we can
think of 72 as a symmetry group of the system. Notice that if k& = 0, i.e.,
p is a fixed point of the Poisson action, then p is also a fixed point of ®. It
is a standard fact that the Hamiltonian action of a k-torus on a symplectic
manifold M is completely determined on a neighbourhood of a fixed point
xo by the weights of the isotropy representation of the linear action of T* on
Ty, M. These are elements p1(xq), . .. pn(20) € t* = Lie (T*)* (cf. Guillemin
and Sternberg [12]).

Definition 4.3. Let f: (X,w) — B be a Lagrangian fibration, p € Crit(f)
and O, € X a rank k Poisson orbit of f. We say that O, is special if there
is an open neighbourhood U C X of O, and canonical coordinates (z;, Z;)
on U such that f|y is special Lagrangian with respect to (wp, o).

Example 4.4. Let (X,w, f) € £(2,2) and p € Crit (f). Then O, C X is a
special singularity, which is also a rank one complexity one singularity.

The Harvey-Lawson singularity. We review an example proposed by
Harvey and Lawson (cf. [13, §III.3.A]). This provides an example of a
special rank zero complexity one singularity.

Let us consider the map F': C" — R™ given by F' = (F},..., F,) where
(11) Fy=Im] [z, Fr=l|af —|af’, k=2,...n

The fibres of F' are Lagrangian with respect to the standard symplectic form
on C"; for this, one only needs to check that {F;, Fj} =0fori,j =1,...,n.
In other words, F' defines an integrable Hamiltonian system. One can also
check that Re(detc (0, I5)) = 0, hence the fibres of F" are special Lagrangian.
We observe that the map p := (Fb,...,F,) is the moment map of the
Hamiltonian 77! action on C" given by:

(217 s 7Zn) = (ewlzl’ SER) ewnzn)v
with 61 + --- 4+ 0, = 0. This action preserves the fibres of F'. Now let
= (x1,...,7,) € R" and let z € F~!(x). Denote by T -z the T" -orbit of
z. Then, T - z is homeomorphic to 777! unless z € Crit (F) = Ui<icj<n Bij
where,
(12) Pij={(z1,...,2n) € C" | z; = z; = 0}.

For z € Crit (F'), the orbit T - z is a torus of lower dimension and it is a
point when z = 0. A fibre F~!(2) disjoint from Crit () is homeomorphic
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to 7" ! x R and for z € A := F(Crit (F)) the fibre F~1(x) is a singular

fibre.

7 7
&

N

Figure 2. The fibres of F.

B
—©

Forn =3, A = A1 UAyUA3U {0} where Ay = {21 = 0,29 = 23 > 0},
Aj = {z1 = z; = 0,z; < 0}, for j = 2,3. The fibre over z € A; is
homeomorphic to

St x [R x S'/({point} x S1)],
whereas the fibre over 0 € R? is homeomorphic to
R x T?/({point} x T?)
In particular, we conclude that the map F' is not proper.

Remark 4.5. Joyce observed (cf. [14, §5] and [15, §4]) that, in three
dimensions, any connected special Lagrangian 3-manifold in C? which is
invariant under the above T2-action is a subset of some fibre of the map
(11).

The topological (1,2) fibre. We outline Gross’ construction of a topolog-
ical 3-torus fibration with fibre of type (1,2). For the details we refer the
reader to [8, Example 2.10].

Construction 4.6 (Gross [8]). Let B = B3 be a 3-ball. We define A C B
a cone over three points as follows. Identify B\ {0} with S$? x (0,1) and let
p1,p2,p3 € S%. Define A; = {p;} x (0,1). These are the “legs” of the cone.
Define A = A; U Ag U Az U {0}, where {0} is the vertex of the cone.

Let Y =S x Band Y/ =Y \ ({p} x A), where p € S'. Let L = Z? and
define T'(L) = L®yzR/L. Now consider a principal T'(L)-bundle 7’ : X’ — Y’
with Chern class ¢; € H?(Y’, L). Then the class c; is represented by a triple
(a1, az2,a3) where a; € L. It is shown (cf. [8, Ex. 2.10]) that by choosing
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c1 = ((1,0),(0,1),(—1,—1)) there is a unique manifold X such that X' C X
and a commutative diagram of smooth maps:

X——X

Y'Y

such that m is proper. Furthermore, it is shown that in a neighbourhood
U = C x R? C Y of the vertex of A, the map 7 : 7~ 1(U) — U coincides
with the map 7 : C3 — C x R? given by:

(13) ﬁ(21,22,23) = (2’12’223, ’21|2 — |Z2‘2, |2’1‘2 — ‘Z3’2) .

Now define f : X — B to be the composition of 7 : X — Y with the
projection Y — B. Then, f is a continuous map whose fibre over b € B\ A is
T3. The fibre over b € A; is homeomorphic to S* x [S x S /({point} x S1)],
i.e., it isa (2,2) fibre, whereas the fibre over the vertex of A is homeomorphic
to St x T?/({point} x T?), i.e., it is a (1,2) fibre.

Figure 3. Singular fibre of type (1,2).

It turns out that the T'(L) action on X’ action extends to X, moreover,
Crit(f) C X consists of the union of the critical orbits of this action. There
is a single fixed point p € Crit(f), which is singular point of f~1(0).

The symplectic structure. Let f : X — B as in Construction 4.6 and
suppose there is a symplectic structure w making f Lagrangian, i.e., defining
a triple (X,w, f) € £(1,2). Furthermore, assume the extended 7'(L) action
on X preserves w. It is follows from these hypotheses that p is a rank zero
complexity one singularity. Let t = Lie(T'(L)). Then we can regard L — t
and identify ¢; with the isotropy data (p1(p), p2(p), p3(p)) of the T'(L)-action
at p.
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Theorem 4.7. Let f: (X,w) — B be a Lagrangian fibration of type (1,2).
Assume there is a fibre-preserving T := T(L) action preserving w. Let
p € Crit(f) N f~1(0). Then there is an open neighbourhood U C X of
p, a symplectomorphism ¢ : U — V C (T,X,w) and a diffeomorphism
o : f(U) — R? such that gotp = po fly, where q : V — R3 is a Lagrangian
fibration given by q = (h, |21>—|22|%, |21|?—|23]?), h € C*°(V'). Furthermore,
if p is special, then h = Im z12923.

Proof. Consider p @ X — t* the moment map of the T action around p.
According to [12], there is a neighbourhood U C X of p and an equivariant
symplectomorphism ¢ : U — V C (T,X,wp) such that p = ¢*M, where
M = c+ Y, pilz|?, ¢ € t*. Without loss of generality we can assume ¢ = 0
and choose a basis of t* such that p; = (1,1), po = (—1,0) and p3 = (0, —1).
Then we can write M = (M, Ma), where M; = |21|> — |2;|%. Let vj be the
vector field on V' determined by the equation: ¢(vj)wy = dM;. The orbits of
vj are periodic with period 27. Now let ¥ be a section of f over B’ := f(U)
such that 3(B’) C U \ Crit(f). Let y(b) = ¢(2X(b)) and g, : [0,27] — V be
an integral orbit of v; passing through y(b). Then g; pulls back to a loop
v;(b) C f7L1(b) N U, disjoint from Crit (f). We can assume there is a 1-form
o such that do = —w. Let A;(b) = fw(b) 0. One can verify that A; o f|y =
Mj o). Now let a be a Lagrangian section of T';, close to the zero section.
We can choose « such that o(0) AdA1(0)AdA2(0) # 0. Then there is an open
neighbourhood of 0 € B” in which a A dA; A dAs # 0 and a unique smooth
function A such that A(0) = 0 and dA = a. Then ¢ = (A, A1, As) defines a
diffeomorphism from a small neighbourhood of 0 € R? denoted, with abuse
of notation by B, into R, ¢ : B — o(B) C R3. Let h = Ao foy~!. Then h
is a T-invariant function on V hence q := (h, M1, M2) defines a Lagrangian
fibration on V' such that ¢ = ¢ o fly o ¢p~'. Now we can think of ¢ as
identifying U = V' C C3 such that po f|y = (h, My, M3). In view of Remark
4.5 and since ¥(Crit (f)) = Crit (¢) = Crit (M) = UJ;;{zi = z; = 0}, we see
that if p o f|y is special Lagrangian then there should exist a 1-form « with
the above properties and such that h = Im 21 2923. O

Remark 4.8. Observe that the T'(L)-action on X can always be assumed
to be Hamiltonian. Indeed, the above action is chosen so that f has the
desired monodromy, in particular, it induces monodromy invariant cycles
e1(b), ea(b) € Hi(f~1(b),Z) which can be used to compute the action in-
tegrals Ac,, Ae,. Then u; = A; o f define the moment map (p1, p2) of a
T = S' x S' action, which is defined on X as e; are monodromy invariant. It
is a consequence of [8, Prop. 3.3] and [7, Thm. 2.2] that p € f~1(0)NCrit (f)
can be made into a special singularity with respect to (wo, Qo).

Corollary 4.9. Let (X,w, f) € L(1,2). Let p € f~1(0) N Crit(f) and let
(T X, wo), where wy = 5> dzj ANdzj. There is a neighbourhood U C X of
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p and a 3-ball B centred at 0 € R3 such that f(U) = B, a diffeomorphism
¢ : B — ¢(B) CR? and a symplectomorphism ¢ : U — V C (T, X, wp) such
that po f|y = Fov where F(z1, 22, 23) = (Im 212923, |21]? —|22|%, |12 —|23/%).

Example of a Lagrangian fibration of type (1,2). Here we show that
the family £(1,2) is not void. We construct a Lagrangian fibration of type
(1,2) for each H € C*(B), B C R? an open ball. The arguments we use
here are valid in any dimension.

Consider the map F': C" — R", where F' = (F},...,F,) as in (11). The
quotient C"/T™~1 can be identified with C x R"~! by means of the map
7:C" - C xR,

(14) m(z) = <H zis|2a1” = |zl P - \%\2) :

Let [Tz = u++/—1by € C and b; = |z1]*> —|zj|* and b = (b1, ...b,). Letting
x; = |2]? the following relations hold:

(15) Iy o = 07404
J;l—:cj:bj, jZQ.

We can restate these equations (renaming z := z1) as:
(16) z[[(z =) —bf = .

Jj=2
Define Py(z) = z [[;5o(z — b)) — b?. We can regard Py(z) as a polynomial
in the variable x with b € R™ acting as a parameter. We notice that for
all values of b, Py(xz) = 0 has always a non-negative real solution. Define
2% = {¢(b) € R | Py(¢(b)) = 0}. This is an ordered set, so we can take
Co(b) = max 2. We observe that Py(z) > 0 for > (o(b); P(z) # 0 for

x > (p(b) and P}({p(b)) = 0 if and only if b € A. Observe that {o(b) becomes
a multiple root of Py(x) when b € A.

Lemma 4.10. The function (y(b) is smooth on R™\ A and continuous on
A. Let 8§kC0 denote an order k partial derivative of (o, Jr = J1,-- s Jns
1+ -+ jn==k. Let B CR" be a small neighbourhood of 0 € R™. Then,

k _ Gl(b,SU)kO
(17) a5, = lgo Bl

where Gy(b, z) is bounded on B and N\ € Z" is a finite power.

Proof. For b € R"\ A, P/((o(b)) # 0 and it follows that (o(b) is smooth on
R™\ A. Let G(b) = Py(¢o(b)) and consider 9y, G. We notice that G = 0 on
R™, hence 0,;G = 0. This implies

O, By .
P (o)

Db, Co =
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The function G, (b) = 0, B| ¢ 1 bounded on a small ball B C R" centred
at 0 € R™. The verification of the case k > 1 is left to the reader. O

Let € > 0 and let ((b) be the maximal real solution of P,(z) — €2 = 0.
Observe that (o(b) < ((b) and P](¢c(b)) # 0 for all b € R™. It is easy to
verify that (.(b) is a smooth function on R".

Corollary 4.11. Let F': C" — R? as in (11). Let {y and (1 be the mazimal
real solutions of Py(x) = 0 and Py(z) — 1 = 0 respectively. Let 01(b) =
Arg(£1 +iby). The maps ¥~ and 2T,

(18)  TEDb) = (V) - €D G (b) = b, ..., /G (B) = by),

are sections of F' which are smooth on R™. Let 0y(b) = Arg(ib1). The section

50(b) = (v/Co() - €O \/Co(b) — ba, ..., /Co(b) — by)

is smooth on R™\ A and continuous on R™.

Proof. It remains to verify that the above maps are sections of F'. Let 7 as
n (14). A direct computation shows that 7(X% (b)) = (£1 + by, ba, - -, by)
and 7(X%(b)) = (iby,ba,...,b,). Since F factors via 7 in an obvious way,
the claim follows. O

Now let ¢! be the flow of the Hamiltonian vector field Vg, and consider
the Poisson R"-action, ® : R™ x C" — C™:

(19) D(ty,... ty;2) = )ilo“'O@fl"(Z).

Remark 4.12. Observe that ® is free and transitive along the fibres of
F over R" \ A. Let by € R"\ A. Then, for each z = X7 (by) there is
(a,...,a%) € R™ such that ®(af,...,a%;2) € B (by). It follows from
similar arguments to the ones used in the proof of Lemma 3.9 that there
are locally defined C*° functions «;(b) on R™ \ A such that a;(by) = oY and

such that ®(ay(b),...,a,(b),z) € ZT(R™\ A) for all z € X (R"™\ A).

Denote by a := a; and ¢ the flow of V. Let O~ (b) and OT(b) the 77!
orbits of ¥7(b) and X1 (b) respectively; it follows that O~ (b) = OT(b)
Tt

It is easy to see that for z € O~ (b), ¢*®)(x) € OF(b). Let z(b) € O~ (b)
and w(b) € OT(b). Let ¢ denote the flow of 7. (Vg ). It is straightforward to
check that the solution to the equation ¢'® (7 (z(b))) = m(w(b)) is precisely
t(b) = a(b). We want to find an explicit expression of a(b). An easy
computation shows that 7. (Vg ) = —x0, where,

(20) Y = Z Hz 1 |zl| .

|Z'J|2

I



296 R. CASTANO BERNARD

Using formulae (15), we see that y = 9, P(z). Regarding C x R"~! = R*+!
with coordinates (u,b), we can write 7.(Vp, ) as the vector field in R™*1:

(21) —2u8xu§u

Observe that for b € R™ \ A this vector field is not singular.

Lemma 4.13. Let V be a vector field over R. Let py and p be two points
in R and assume V(u) # 0 for u € [po,p]. The time it takes to flow from pg
to p 1s:
A
po V(1)

Proof. Let ¢(t,u) be the flow of V. We want to find the time 7' = T'(p) such
that »(T,po) = p. We point out that i (¢, po)|i—r@w) = V(u). Then the
derivative of ¢(T'(u),pg) with respect to u is V(u)9,T(u) = 1. The claim
follows easily from this. O

Proposition 4.14. The function « is hypergeometric. Explicitly,
a®) g

(22) a(b) = —/ — 2 beR"\A,
) VB(x)

where (o(b) is the mazimal real Toot of Py(x) = x(x — by) -+ (x — by) — b2
and (1 (b) is the mazimal real solution of Py(x) —1 = 0.

Proof. First observe that m(z(b)) = (—1,b) and 7(w(b)) = (1,b). It follows
from Lemma 4.13 that:

W g
(23) —a(b) = /( d

—1,b) 2u81.u ’

Bearing in mind that u = +1/Fy(x), it is not difficult to see that « is as
claimed. g

Of course, we can integrate « explicitly only when n = 2. We are par-
ticularly interested in the case when n > 3, for which we need a precise
understanding of the behaviour of a(b) as b — A. Let us write,

Py = (z — Go)Qu(),
where @Qy(x) is a polynomial with real coefficients. We notice that (y(b)
becomes a (possible multiple) root of Qy(z) if and only if b € A.
Proposition 4.15. Let o as above and let 8§ka denote a partial derivative
of order k. Then, « is bounded from above by
2

24 =
2 (Qb(¢0))

D=
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There are finite powers wo, w1, ..., wn,_1 € Z*+, depending on Jj,, such that
near A\,

1
(25) |05,a =~

By(Co) ™ |Go = Bu|“t -+ +[Go = Bna[*n—1
where 3;(b) = Re p;(b) are the real part of the roots of Qp, Py = (x—(0)Qp(z).

Proof. The proof involves the use of a (truncated) asymptotic expansion
of a. Since the integration limits of o depend on b, the estimates of 9% 7.0
turn out to be rather messy, as they involve the derivatives of (3. Here
we estimate a to order k = 0 and refer the reader to [1] for the details
concerning k > 1.

_1
Let I = avand let f = Q, 2 and dg = (a:—(o)*%dx. Integrating I = [ fdg

by parts we get,
_/ﬁ_@—@) A
¢ (Qu(a)t*

Let R; be the first summand on (26), and let I; be the integral. We notice
that Ry = 2(Qy(¢1))"2. Since x is such that 0 < z — (o(b) < 1, then

IO|H

w—@%

26 I=
(26) o)

N= H
\_/

Co

N

G () dx 1
(27) ozth 79¢ﬁjzﬂ@mmv—@mm—]

Qp())' ">
Then we get, |I| ~ 2(Qy(Co)) 2. O

Remark 4.16. What Proposition 4.15 says is that the derivatives of a blow
up at A when the (y becomes a multiple root of Qp(z). Furthermore, o and
all its derivatives are bounded by a rational function having a pole of certain
finite order along A. For instance, when n = 3, (y becomes a root of Qy(z)
as b approaches to the spokes of A, so a blows up there with order at most
—%. This root becomes double at 0 € R3, so o blows up there with order at
most —1.

Now let B C R™ be an open neighbourhood of 0 € R", let By := B\ A
and let aq, ..., q, as in Remark 4.12. Define a map A : 3~ (By) — X (By)
as A(z) = (ozl, ..., ap; 2). In view of (18), we can write A explicitly as A :
(21,22, .., 2n) — (=21, 22, ... 2n). We verify that A is smooth, furthermore,
A extends smoothly to z € ¥7(B), regardless of the fact that the Poisson
action is not freely transitive over singular fibres.

Let 79 = Y a;dbj. We can find a 1-form n = > n;db; on B such that
T := 79 + 1 is closed. Indeed, let o be such that do = w and let v(b) be a
curve joining 37 (b), and X1 (b). One can verify that 7o) = dA, + R, where
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A, = fva and R, is a 1-form (c.f. (5)). Defining n = dH — R, for any
H € C*(B), we obtain 7 = d(A, + H).

Let A’ : ¥7(B) — X(B) := A(X7(B)) be the map, A'(z) = ®(m, ...,
Mn; 2). The composition @ = A’ o A,

(28) Q:¥X (B)— X(B).
is a C'°° map.

Proposition 4.17. Let 7 = 19 +n be the 1-form as in the paragraph above.
Then, there is a symplectic manifold (X,w) and a Lagrangian fibration f :
X — B such that 71 :== 7, and 7; = wdbj, j = 1,...n, are the period 1-forms
of f. Furthermore, when n = 3, f coincides topologically with the example
in Construction 4.6.

Proof. We saw in Proposition 4.15 that the function «;(b) is bounded from

above by —2(Qb(§0(b)))*%. We can find a smaller neighbourhood B’ C B
of A such that ay(b) +n1(b) <0 for b € B'. Let B) = B\ A. Now let O,
be the subset of F~!(b) defined by:

Ob = {(I)(t§z) | te [al(b) +771(b)70] X [07 27T] e X [0727T] - Rn}

Let U = Uyeps Op, this is a 7" -invariant subset of C". We see that for
b€ Bjy, UN F~!(c) is a bounded cylinder and for b € A it is a bounded set
in F~1(b). In both cases, the boundary of these sets are the 7" !-orbits:
T (b)=T-%(b) and T(b) =T - X(b).

Now let W € F~!(B’) be a small 7"~ -invariant neighbourhood of ¥~ (B’)
such that W N Crit(F) = (0. Let x € W such that F(z) = b. There is a
finite t € R™, ¢ = t(x), such that x = ®(¢,X(b)). Let Q : ¥~ (B') — X(B')
as in (28). Define a map Q: W — F~1(B'), Q(z) = y = ®(t(z),X(b)). It
follows that Q extends ). Moreover, similar arguments to the ones used in
Lemma 3.9 can be used to show that t(x) is C*°. Let W’ := Q(W). Then,
Q: W — W' is clearly invertible, moreover, Q is a diffeomorphism and Q
sends T~ diffeomorphically to 7.

Now let W =W UU U W' and let z,y € U. We define X = U/ ~ where
x ~y & either x =yory=Q(z)if £ € W and y € W. By means of
this identification, X is a smooth manifold. Intuitively, Q identifies the two
components on the boundary of U. F induces a smooth map f: X — B’
such that f|ly = Fl|y on a neighbourhood V C int U of Crit(f). If we
can make X into a symplectic manifold, then the periods of X are, by
construction, 71,...,Ty.

Now let w be the standard symplectic structure on C™. Then w restricts
to symplectic forms on W and W’. Let us consider 1-form 7 := 71 which may
be multi-valued on Bj. We can choose a domain D C B(, where 7 is single
valued. Let V; the vector field determined by the equation F*7 = +(V;)w.
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Since 7 is closed, V; is a symplectic vector field, i.e., its flow, 14, defines a 1-
parameter family of symplectomorphisms. In particular, its time s = 1 flow
map, 11, is a symplectomorphism. One can easily check that 1|y~ F-1(D) =
Q\mefl(D). This implies that Q extends 1 to W, in particular, Q*w and w
coincide on WNEF~1(D). Tt follows that Q*w and w coincide on W\ {f~(A)N
W} € W which is dense in W. Then, Q : W — W' is a symplectomorphism
and therefore X is a symplectic manifold. In dimension n = 3, it is not hard
to see that f coincides topologically with the example given in Construction
4.6. O

Remark 4.18. Observe that the symplectic structure in the example in
Proposition 4.17 can be deformed by considering the 1-form 1’ = n+dH for
any C'* function H. It turns out that there are cases for which H does not
induce a trivial deformation of the symplectic structure. In fact, the example
in Proposition 4.17 belongs to a large family of Lagrangian fibrations whose
members coincide topologically but may not be symplectomorphic.

Theorem 4.19. Let § = (X, w, f) € L(1,2). Then there are local sections
e1,€e9,e3 of RgffZ such that the corresponding period 1-forms are:

T =70+ dH, T =2mwdby, T3=2mdb3

where 79 = Y aydb; is as in Proposition 4.17, aq is as in (22) and H is
a smooth function. Let B C R3 be an open ball. Secondly, for each H €
C>®(B) there is a fibration Fy € L(1,2) with periods 71,72, 73 as above.
The monodromy representation of F € L(1,2) is generated by the matrices:

100 100 100
11 0),l0o 1 0],[1 1 0}.
00 1 101 10 1

Proof. The second statement follows from Proposition 4.17 and Remark
4.18. For the first claim, recall from Corollary 4.9 that any F € L(1,2)
can be normalised in a neighbourhood U C X of p € f~1(0) N Crit(f)
by F: U =C*— BCR? F = (F,F,,F;) as in (11). By redefining
X := f71(f(U)) if necessary, the restriction f|x\y induces a trivial bundle
over B with fibre T2 x [0,1]. We can define sections ey, es,e35 € R2f77Z
in terms of the action of the Hamiltonian vector fields v; = vg, on U and
their extension to X \ U. For i = 2,3 and b € B we take ¢;(b) represented
by integral curves 7; : [0,27] — F~1(b) of v;. For e1(b), b € B\ A, we
consider the sections ¥1 := ¥ and ¥y := X~ of F as in Corollary 4.11 and
define a representative ~y;(b) of e1(b) as a suitable composition on flows of
v1, V9, v3, starting on X1 (b) passing through 32 (b) and returning to X (b) in
a completely analogous way as we did in the proof of Proposition 3.10. The
reader may easily check that the period 1-forms computed over ~; are 7; as
claimed. O
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It is well known that the monodromy about the singular fibre of a focus-
focus fibration can be explained in terms of a Dehn twist. Similarly, for a
fibration ¥ € L(1,2), the monodromy of F can be understood as a “two
dimensional Dehn twist”. For each generator of 71 (B \ A,b), this twist is
given by a full turn of a T?-orbit, T(b), in one of the following ways:

1) once in the direction of vy;
2) once in the direction of vs;
3) the turn in 1) followed by the turn in 2).

e1(b)

Figure 4. Monodromy around a component of A — {0}.

In higher dimensions the description is analogous.

5. The classification

Let ¥ = (X,w, f) be a Lagrangian T2 fibration over a smooth manifold
B and let A C B be the discriminant locus of f. We are shall consider
FelL(k):=L(k,2), k=1,2.
e Case k = 1: B is an open 3-ball centred at by € R3, A is a cone over 3
points. Let by € B be the vertex of A. There is only one singular point
p on the fibre Xj,, i.e., the Poisson orbit O, = Crit(X},) = p. There
is a neighbourhood U C X of p and a normal form ¢o f|y = qotp = F
as in Corollary 4.9. The period lattice of & is as in Theorem 4.19.
e Case k =2: B=D x(0,1), A ={0} x (0,1). Let by € A and X, the
fibre over by. A point p € Crit(f) over by belongs to a Poisson orbit
O, = Crit(Xp,) = S'. There is a neighbourhood U C X of O, and
a normal form ¢ o f|y = go1 = F as in Definition 3.6. The period
lattice of F is as in Proposition 3.10.

Definition 5.1. Let (b1, ba,b3) be coordinates on B and let ¢ € C*°(B).
Let 0j,¢ denote a partial derivative of ¢. We say that ¢ is k-flat at A if
Jj,.¢lp = 0 for each b € A and each J, < k. If k = oo we say that ¢ is flat
at A. Let ¢ : B C R? — R? be a C° map, written as ¢ = (o1, @2, p3). We
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say that o is tangent to the identity at A if for each i = 1,2, 3, the function
©i(b) — b; is flat at A.

Definition 5.2. Let o be a function on B which is C* on B \ A. We say
that « is of rational type if for each Jj, € Z>¢ and any flat function ¢,

bh—{% @0y, = 0.

Example 5.3. The function a(s,r) = log|s| on D x (0,1) is of rational
type. Similarly, a as in Proposition 4.14 is also of rational type.

Definition 5.4. Let F,F € L(k), kK = 1,2, and let 7 = 79 + dH and
7' = 19 + dH’ be the singular periods of F and F' respectively. We say that
F is formally equivalent to F if the function H — H' is flat at A.

Proposition 5.5. Let F = (X,w, f) and F = (X', ', ') in L(k). Let
7, and 1/, i = 1,2,3, be the corresponding period 1-forms. If § and F
are formally equivalent there is a C*°-diffeomorphism between two small
neighbourhoods of by € A, ¢ : B — ¢(B) =: B', such that ©*(1]) = 7; for
1=1,2,3. Conversely, if there is a diffeomorphism ¢ of B matching 1; and
7/ and such that ¢ is tangent to the identity, then F is formally equivalent
to (X', 0" o f).

Proof. Let 7 := 7 and 7" := 7{ be the singular periods of ¥ and F’, expressed
in the coordinates (b1, ba, b3) as in the previous section. We want to find a
diffeomorphism ¢ such that ¢*7" = 7 and 7; = "7}, j = 2,3. The latter
implies that ¢ should be of the form:

(29) b= (p1(b), b2, b3),

where 7 is a smooth function to be determined. Now, for ¢ € [0, 1], we define
a family of closed 1-forms 7z = 7 + ¢(7/ — 7). Then, 7|0 = 7 and T¢|;—1 =
7/. Suppose there is a l-parameter family of maps, Gy, varying smoothly
with respect to ¢, such that each G; is a diffeomorphism between small
neighbourhoods of 0 € C and such that G is the identity map. Additionally,
suppose that:

dGi

dt
Then, G717y, = Gy, and we could define ¢ := (1. It is standard to realise
G by means of integrating a time dependent vector field V;. Using Cartan
identity, we can rewrite equation (30) as:
Cth

(31) Gy (LVtTt + 7 > =G} (d(LVtTt) +7 - 7') =0.

Observe that 7/ — 7 = d(H' — H). Then, the solution to (31) is determined
by

(32) w,=H— H'.

(30) = 0.
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The solution should be of the form V; = ¢,(b)0, where ¢;(b) is a smooth
function of b and t. We observe that, since we want ¢(A) = A, then V;
should satisfy V;(A) = 0. The left hand side of equation (32) is:

(33) gi(b) - (a(b) + a% (H +t(H' - H))).

Define
o— H
%) = 30 T 9.0

where (b, t) = gTI{ —i—ta(}gb:H) is a C* function on B x [0, 1]. For k = 1 we
know from Remark 4.16 that « blows up at A with order at most —1. In
the other hand, for k = 2 a blows up at A as a logarithm. Since H — H'

vanishes at A to all orders, for k = 1,2 we have

g
lim M
b—A «

=0.

Therefore g; is continuous and g;(b) = 0 when b € A. In particular V;(A) =0
as required. A similar argument can be used to prove the smoothness of g;.
Indeed, for k = 1 the estimates carried out in Proposition 4.15 show that
all the functions 5, o blow up with finite order along A. This implies that
for any h € C°°(B) which is flat on A,

E}eri hdj o =0.

Now observe that the k-th partial derivatives of (H — H')/« are finite sums
of terms of the type
hdj, o
am

with m < 2k and h € C*°(B) flat at A. It is not difficult to see from this
that 07, g; is a continuous function on B which vanishes at A. A completely
analogous argument is valid for the case Kk = 2. Therefore g.(s) is a C*°
function on B and it is flat at A. This implies that the time one map of
Vi(b), ¢ := Gq, is a diffeomorphism which is tangent to the identity on A.

Now suppose there is a diffecomorphism ¢ matching 7; and 7/ which is
tangent to the identity at A. Since ¢*7{ = 71 we can write p*19) — 79 =
d(H — H' o ). Furthermore, ¢ can be written in coordinates (b1, bs,bs)
as before as ¢ = (¢1,ba,b3), with o1 = ¢1(b) a smooth function on B.
Observe that the 1-form T := ¢*1y — 79 is single valued and smooth on B.
Let us write T' = ) T;db;. We claim that the functions 7; are flat on A.
From this it follows directly that H — H' o ¢ is flat at A. Now we will see
that 05, T;|a = 0 for all i = 1,2,3 and for each J; < k, k € Z>o. Recall
that 7o = ) a;dbj, where a1 = « is a function on B of rational type (cf.
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Definition 5.2) and «y and a3 are locally defined. After an easy calculation
we obtain

Ty = (a1 09)0hp1 — 1
(34) Ty = (@10 9)Op,p1 + 20 — g

T; = (051 o gp)@bggpl + azo0p — as.
Since ¢ is tangent to the identity at A, Oy, ¢1/a = 1 and Oy, ¢1(b) > 0 for
b in a small enough neighbourhood of A. Then T1(b) — 0 as b — A but
since T} is continuous we have T7|a = 0. Similarly, 0y, 1, Op,1 and all the
higher order derivatives of ¢ vanish when restricted to A. In particular
Opy 01, Opsp1 are flat on A. Then (aq o gp)@bj<,01|A =0 for j = 2,3. Now let
us consider a (perhaps smaller) neighbourhood of A and a branch of a; in
this neighbourhood. Since ¢ is infinitely tangent to the identity at A, then
(ojoyp —ay)(b) — 0 as b — A. From the continuity of 7} we have Tj|a =0
for j = 2,3. One can use the argument above inductively to show that 0, T;
vanish on A for k& > 1. O

Proposition 5.6. Let F and F' be in L(k). Let ¢ : B — o(B) =: B’ be a
diffeomorphism, such that p(A) = A and ¢*(1]) = 7; for i =1,2,3. Then,
there are sections > and X' of f and f' and a commutative diagram:

x % x

b

B 2. B
where ® is an orientation preserving diffeomorphism sending ¥ to Y. The
map ® can be assumed to be equivariant with respect to the T?-actions in-

duced by 7; and 7']/- j =2,3. Furthermore, if ¥ and ¥’ are Lagrangian, then
P is a symplectomorphism.

Proof. Recall that F is normalised in a neighbourhood U C X of the critical
Poisson orbit O, C X, by means of a symplectomorphism ¢ : U — (V,wy).
Similarly, for ¥ there is a neighbourhood U’ C X’ of O, and a symplecto-
morphism ¢’ : U — (V,wy).

Let W C (U) N4/'(U"). For simplicity denote U := ¢~1(W) and define
@y := (¢') "L o p|y. Then, @ is a symplectomorphism such that ®4(0,) =
O, and such that ¢ o F' = F' o ®;. Now let ¥ be a section of F' which does
not pass through O,. Defining ¥/ = ®((X) gives a section of " which does
not pass through O,/. Notice that ¥ and ¥’ also define sections of f and f
respectively. Since ®q is a symplectomorphism, if ¥ is Lagrangian, then ¥’
is Lagrangian too.

Let o be a local section of T%;. Let v, be the vector field determined by
the equation:

(35) Fra = 1(vg)w.
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If we consider the 1-form, db;, then vg, = vg,. As we observed before,
each v, extends to a vector field on X which is tangent to the fibres of
f. Therefore, v, extends to X and, since the fibres of f are compact,
the flow ¢!, of v, is defined for all ¢ € R. For each a define the map
T, = gt : X — X. Tt follows that o ~— T, induces a fibre preserving
action, T': T xp X — X. Now define the map 7 : T — X such that for
each ay € T}, (ap) = To(E(b)) =: x, which lies on the fibre f~1(b). One
can verify that z only depends on the value of « at b. So, for & such that
a(b) = a(b), Ta(2(b)) = Tu(E()) = z.

Let Z be the zero section on T%. We know from Theorem 2.5 that 7(T};) =
X# 7 1(#(Z)) = A is the period lattice of f and 71| y% : X# — T4 is
well defined modulo A. Moreover, 7~ !|y# composed with the projection
Ty — Th/A = Jf gives a diffeomorphism X # g ¢. If X is Lagrangian this
map is a symplectomorphism.

Now let us take o/ = (¢~ 1)*a; this is a local section of T%,. Consider
the vector field v,/ induced by (F')*a/ = t(vy)w’. Let g%, be the flow of
V. Again, this flow is complete, so we can define T,/ : X’ — X’ such that
T =gl Let @ : Tf, — X' such that 7/(a},) = T, (X'(V)) =: 2’. Define
the map ®# : X# — X'# as the composition:

(36) x e XH# o' e X'#
[aw] € Jy [og] € Iy

ol
The horizontal map, which is induced by the pull back of sections under ¢,
is well defined as ¢* sends A’ to A. The vertical maps, e.g. [ap] — gL (2(b)),
are independent of the choice of the representative of [oy] € Jy. Indeed, let
ap € [ap). Then, ap = ap + Ap, with Ay, € Ap. It follows that 93+A =g!. In
particular, g, \(2(b)) = g4(2(b)).
We can write explicitly,
(37) O (x) = g (Z'(1))

where z = gl (X(b)) for some [ap] € Jf and o = (p!)*a. Notice that ¢
induces a symplectomorphism between 1%, and 1. Hence d# is a diffeo-
morphism and, when ¥ is Lagrangian, ®# is a symplectomorphism.

Now let X# < X be the inclusion map and consider z € U N X# over
b € B. We define

| e#(2), zeX¥,
() = {@0@) zeU.
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The map ® extends ®# to X and the T?-equivariance of ® is verified a
priori. ® is C°° since the map Jy — Jy is. We still need to check, however,
that ®#(z) = ®g(z) on U N X#, i.e., that ® is well defined. We prove this
next.

Let z € UN X% over b € B and define v}, := ®¢.(v,) and let g!, denote
the flow of v/,. We claim that the equation x = g} (X(b)) implies that
(38) Do (@) = gy, (Po(2(D)))
To see this let us regard ~(t) := g%, (2(b)) as the integral curve of v, such
that v(0) = 3(b) and (1) = z. Now let v/(t) := ®g (y(¢)). This is a curve on
F'=Y1), v/ = o(b), such that 7/ (0) = ®o(2(b)) = X/(¥) and /(1) = Pg(z).

Furthermore, ~/ is an integral curve of v/,. Indeed, we see that:

dy' _ d(®ooy) _ _
E = T = q)o*(va) = Vq-

Therefore 7/(t) = ¢!, and g}, (¥'(b)) = ®o(x). Now observe that ®jw’' = w
implies that:

(39) ’U(/l = Vqo/-
To prove this we notice that F*a = ®§(F"*a’). Now we can write (35) as:
(40) o1 (L va)Bjw’) = F™*o/

The left hand side of (40) can be written as ¢(®psvq)w’. Then, it follows
that v/, = ®g,vs = V. Now, from (38) and (39) we conclude that:

Do(z) = g (X'())
which is equal to ®#(z) in (37), hence ® is well defined.

Observe that, for k = 2, we can start the above construction in terms of
the section ¥ = ¥; as in Construction 3.8, which is Lagrangian. Therefore
® turns out to be a symplectomorphism. In the case x = 1, the sections
¥+ as in (18) are not Lagrangian. This does not give much trouble as we
can always find a Lagrangian section. The argument is valid for k = 1, 2.
Let U C X be as before. Observe that for any given section ¥ of f with
Yo(B) C U, there exists a neighbourhood U C U C X of ¥y such that
U N Crit(f) = @ and a fibre-preserving symplectomorphism (U,wl[y) —
(Ty, ). Here ©Q = wp + B where wy is the standard symplectic structure on
T} and (8 is the pull-back under Tj; — B of a closed 2-form on B (if ¥g
were Lagrangian 3 = 0). Observe that in our situation 3 can be assumed to
be exact, so we have df = Q0 — wq for some 1-form 6 on B. Then —# defines
a section, g, of T which is Lagrangian with respect to €2. Then ¥y maps
to a Lagrangian section, 3, of f inside U. Using ¥ to define ® we obtain a
symplectomorphism. O
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Theorem 5.7. Let F = (X,w, f) and F' = (X',u', f') be Lagrangian fibra-
tions of type L(k), kK = 1,2. Then F is formally equivalent to F' if and only
if F is symplectically equivalent to F'.
Proof. Assume F and F’ are formally equivalent. Then Proposition 5.5 gives
us a diffeomorphism ¢ on B such that @*T]’- = 7;. In view of Proposition
5.6, o lifts to a fibre-preserving symplectomorphism ® : X — X’.

To prove the converse we suppose there is a symplectomorphism ¥ and a
suitable diffeomorphism ¢, making a commutative diagram:

(41) X v X/

T

B ? ~ B =¢(B)

One can always take a diffeomorphism, ¢, from a neighbourhood of by € B
into a neighbourhood, B € B', of @(by) = b}, and such that po@~! is tangent
to the identity at ANB. Let f = @of. Then, (X, w, f) and F define the same
germ. Now, U together with the map ¢’ := po@~! : B — ¢/(B) C B’ makes
(X, w, f ) and F’ symplectomorphic, with ¢’ being tangent to the identity at
A. Let us denote f := f and ¢ := ¢'.

We claim now that 7; = ¢*7/. To see this we take V/ to be the vector
fields determined by the equation

(42) frr = i=1,2,3.

These vector fields are defined on open sets f'~1(U’), where U’ C B} is an
open set on which a branch of 7{ is defined. It follows that V; are vector
fields whose flows are periodic. We can take integral curves of V/ to define
simple loops, 7/(b) and on f'~!(b), representing the cycles €/(b) generating
Hy(f'71(¥'),R). These loops can be used for computing the period 1-forms

/

of f" which are, tautologically, 7/. Now define V; to be the vector fields
determined by the equation ¢(V;)w = (f" o ¥)*7;. Since V¥ is symplectic,
U, V; = V/. The above implies that the flow of V; is periodic. One verifies
that suitable integral curves ; of V; generate Hj(Xp,Z), so we can define the
period one forms, 7; of f by integrating along ;. Now observe that, since
the diagram (41) commutes, V; also satisfies the equation ¢(V;)w = ¢*7/.
Therefore, 7; = ¢*7/. The conclusion follows now from Proposition 5.5. O
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