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Abstract. In this paper it is proved that, when @ is a quiver that admits
some closure, for any algebraically closed field K and any finite dimensional
K-linear representation X of Q, if Ext}{Q(X, KQ) = 0 then X is projective.
In contrast, we show that if @ is a specific quiver of the type above, then there
is an infinitely generated non-projective KQ-module M,,; such that, when K
is a countable field, M Ay, (Martin’s axiom for X; many dense sets, which is
a combinatorial axiom in set theory) implies that Ext}(Q (Mw,,KQ) =0.

Introduction.

Bound quiver algebras of finite connected quivers strongly influence research on
representation theory of Artin algebras. Gabriel found a correspondence between finite
dimensional algebras and linear representations of bound quivers ([13], [3, II]), so it fol-
lows that studying modules of finite dimensional algebras is reduced to studying modules
of bound quiver algebras. In this paper, we concentrate on the study of path algebras,
which is one type of bound quiver algebras.

Nakayama conjecture, Tachikawa conjecture, and Auslander—Reiten conjecture are
some major research projects in ring theory that present sufficient conditions for projec-
tive modules. Related to this, it has been known the following result for Artin algebras:
(x) For any finite dimensional algebra' A over an algebraically closed field of finite global
dimension and any finitely generated A-module M, if Ext%l(M, A) =0, then M is pro-
jective (Theorem 1.2). A typical example of finite dimensional algebras is a path algebra
of a finite acyclic quiver over an algebraically closed field. Since any path algebra of a
quiver over an algebraically closed field is hereditary (even when the quiver is not finite,
see e.g. [14, Subsection 8.2]), that is, its global dimension is not larger than 1, the follow-
ing assertion also holds: For any algebraically closed field K, any finite acyclic quiver Q
and any finitely generated KQ-module M, if Ext}“;,(M7 KQ) =0, then M is projective.
In Theorem 1.10, it is shown that the above assertion is also true for finite dimensional
K-linear representations of some infinite quivers, one of which is the following quiver of
A type, denoted by A% :

0=—1=—2<~—---=—n=<=—n+1=—- -
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Let A7 be the opposite quiver of A% : the set of the vertices of A7 is the same as
AL, but the arrows are reversed, that is, each arrow in A7 is of the form n—n+1.
The category ModK A of K AZ-modules is known to be somewhat simple, actually
is pure semisimple, that is, every K A7-module is a direct sum of finitely presented
K AZ2-modules [5, Section 2]. In [7, Theorem 3.1], a characterization of projective repre-
sentations of A7} over a unital ring is given. The category of representations of A% also
has been studied, for example, a characterization of projective representations of AS_ over
a field is presented in [4, p.102, Example], and this is extended to such representations
over a unital ring in [8, Section 3.

In this paper, we consider some specific quivers (), as specified in Theorem 2.11, one
of which is the quiver AS_ to construct an infinitely generated non-projective K Q-module,
which is denoted by M,,. To analyze such a K@Q-module M, , MAy, (Martin’s axiom
for 8 many dense sets) is used. M Ay, is a combinatorial axiom of set theory that can
neither be proved nor refuted from Zermelo-Fraenkel axiomatic set theory ZFC with the
axiom of choice [18], [21]. M Ay, is applied in many areas of mathematics to show that
some mathematical statements cannot be refuted from ZFC (see e.g. [12]). One of such
examples is Shelah’s solution of Whitehead problem [20]. Our main result states that
if K is a countable field and MAy, holds, then Ext}(Q(Mwl,KQ) = 0 (Theorems 2.4,
2.9 and Theorem 2.11). Therefore, under MAy, and the assumption that K is a count-
able field, the above assertion () fails for quivers Q as in Theorem 2.11 and infinitely
generated K @Q-modules. Trlifaj’s construction is used to build such infinitely generated
K @Q-modules, which will be presented in Subsection 1.4.

This paper is intended to be fairly self contained, but we will assume some basic
knowledge about ordinals (see e.g. [11, IL.1, I1.4] and [17, 1.7, IIL.6]). Section 1 provides
necessary knowledge, which includes some facts on path algebras and set theory. Section 2
provides the proof of the main result of this paper.

1. Preliminaries.

Throughout this paper, a ring R means a ring with enough idempotents (hence
R may not be unital), and an R-module means right R-module. For a ring R, ModR
denotes the category of the R-modules, and modR denotes the category of the finitely
generated R-modules. For an R-module M and a subset X of M, (X), denotes the
R-submodule of the module M generated by X. For an R-module M and R-submodules
Ny, i€, of M, %, ; N; denotes the R-submodule that is the R-linear span of the set
Uier Ni-

We follow the notation of outer direct sums in [11, 1.2]. For a family {M; :i € I'}
of modules, the product module [, ; M; is the module whose underling set is the set
of functions f with domain I such that for each ¢ € I, f(i) belongs to the set M;, and
the operations are defined coordinate-wise. For a member f of the product [[..; M;, the
support supp(f) of f is defined by the set

fi € I: f(i) #0u,}.

M; of a family {M; : i € I} of modules is the submodule of

iel

The outer direct sum €,



Some infinitely generated non-projective modules over path algebras 415
the product module [],.; M; which consists of the members of the set [],., M; whose
supports are finite.

We adopt ordinals as the von Neumann ordinals, that is, an ordinal o means the set
of ordinals less than «. So for ordinals a and (3, « is less than g if and only if « € 5. w
is the set of all finite ordinals (non-negative integers), w; is the least uncountable ordinal
(which is a cardinal). Lim denotes the class of all limit ordinals.

iel

The following is a well-known equivalence about projectivity.

THEOREM 1.1 (e.g. [1, Propositions 17.1, 17.2]).  For a ring R (with enough idem-
potents) and an R-module P, the following statements are equivalent.

(1) For every R-epimorphism f from an R-module M onto an R-module N and every
R-homomorphism g from P into N, there exists an R-homomorphism h from P into
M such that g = f o h.

(2) Ewery R-epimorphism from an R-module onto P splits, that is, it is right invertible.

(3) The functor Hompg (P, —) within the category ModR is exact, that is, for every R-
module M, Exth (P, M) = 0.

(4) P is isomorphic to a direct summand of a free R-module.

1.1. Path algebras and quiver representations.

This subsection is devoted to the basics of representation theory of rings. The readers
can skip this subsection if they are familiar with path algebras and quiver representations.
Quivers, path algebras, and linear representations of quivers are some basic concepts
of representation theory of Artin algebras. Our notation and terminology are fairly
standard, see e.g. [2], [3]. In the next paragraphs, we refer to [3, Chapters II-11I] for
definitions, notation, and terminology.

A quiver denotes a directed graph. Any quiver () consists of a pair of a set Qg of
vertices and a set )1 of arrows. Each arrow a is equipped with its source s(a) and its
target t(a). A quiver Q = (Qo, Q1) is called finite if both Qp and @ are finite sets. A
path of the quiver @ is a finite sequence agpa; - - - a,, of arrows of the quiver ) such that,
for each 7 with 0 < i < n, the target of the arrow a; coincides with the source of the
arrow a;41. The path aga; - --a, has length n + 1. For each vertex v of the quiver @,
we agree to associate with it a path of length 0, called the trivial path or the stationary
path at the vertex v, which is denoted by e,. A cycle is a non-trivial path whose source
and target coincide. A quiver is called acyclic if there are no cycles in the quiver. For a
quiver @, Q denotes the underlying graph of Q that is obtained from @ by forgetting the
orientation of the arrows, and a quiver @ is called connected if the graph @ is a connected
graph. For a field K and a quiver @, the path algebra KQ of the quiver QQ over the field
K is the K-algebra whose underlying set is the K-vector space whose basis is the set
of all the paths of the quiver ) (which includes all the stationary paths) such that the
product of two paths agay - - - a1 and bgby - - - b, _1 is defined as follows:

apQq - - - am_1b0b1 e bn—l 1f t(am_l) = S(bo)
apgal - Q1 * bObl e bn—l =
Orq otherwise.
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The product of basic elements is extended to arbitrary elements of K@ by distributivity.
We note that, for any field K and a quiver Q) with Qg finite, K@ also has an identity,
which is of the form Zuer e». However, for any quiver ) with infinitely many vertices,
K@ does not have an identity. We recall that any path algebra K@ of a quiver @ over an
algebraically closed field K is hereditary even when a quiver @) is not finite (see e.g. [14,
Subsection 8.2]), that is, its global dimension is not larger than 1.

For a quiver @Q = (Qo, Q1) and a field K, a K-linear representation of the quiver
Q is a system X = (X,, X, : v € Qp,a € Q1) such that, for each vertex v € Q, X, is
a K-vector space and, for each arrow a € @1, X, is a K-linear map from the K-vector
space Xy(,) into the K-vector space &j). A K-linear representation is called finite
dimensional if each X, v € @, is a finite dimensional K-vector space. For two K-linear
representations X and Y, a morphism from X into ) is a tuple ¢ = (p, : v € Qo) such
that, for each v € Qq, ¢, is a K-linear map from the K-vector space X, into the K-vector
space Y, and, for each arrow a € @1, the following diagram commutes:

Xg
Xs(a) — Xi(a)

L%m)l \L@t(a)

ya
Ysa) — Vi)

Rep @ denotes the category of the K-linear representations of a quiver @ over a field
K, and rep ) denotes the category of the finite dimensional K-linear representations X’
of @ over K. In [3], these are defined for finite quivers, however, we adopt them for all
quivers.

There is a correspondence between K(Q-modules and K-linear representation of @)
(see e.g. [3, Theorem III. 1.6]). For a K@-module M, define the K-linear representation
F(M) of @ such that, for each v € Qo, F(M), := Me, = {me, : m € M}, and, for each
a € Q1, F(M), is the K-homomorphism from F (M), into F(M),) such that, for
each x € F(M)y(,), F(M).(xz) = wa. For a K-linear representation X of @, define the
KQ-module G(X) whose underlying set is the direct sum €, A» such that, for each
element m = 3> o v of @, cq, v (in this notation, for all but finitely many v € Qo,
x, is the zero of X)), w € Qo and a € Q1, mey 1= x,, and ma := Xy(mey(y)), and the
product by any arbitrary element of K@ is extended by distributivity. We notice that,
for every K-linear representation X of @, F(G(X)) = X, and, for every K@Q-module M,
if M =75 cymKQ then G(F(M)) = M. Therefore, if @ is a finite connected quiver,
then the category Mod K () is equivalent to the category Rep @ by the functors F' and G
[3, Theorem III. 1.6] and, for any finite acyclic quiver @, modKQ is equivalent to rep - Q
[3, Theorem III. 1.7].

1.2. Path algebras of infinite quivers.

Throughout this subsection, F' denotes the canonical functor from ModK(@Q to
Repx @, and G denotes the canonical functor from Repr@Q to ModK@Q, for a field K
and a quiver @, as in the last paragraph of the previous subsection. The following the-
orem gives a sufficient condition for finitely generated projective modules over a finite
dimensional algebra. For example, the following is mentioned without proof in the proof
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of [19, Theorem 4.7].

THEOREM 1.2 (folklore).  Suppose that A is a finite dimensional algebra over an
algebraically closed field K with finite global dimension. Then for any finitely generated
A-module M, if Extlz\l(M, A) =0 then M is projective.

PROOF. Suppose that M is a finitely generated A-module and Ext/%l(M, A) =0.
The point of the proof is to show that, for any finitely generated projective A-module P,
Ext%l(M ,P) = 0. To see this, let P’ be a complementary direct summand of P such
that P @ P’ is isomorphic to a direct sum A™ of finitely many copies of A. Then for each
integer k > 1,

Bt (M, A") = (Bt (0, A))n — 0,
and
Extk (M, A™) = Extk (M, P) @ Extk (M, P').

Therefore, Extk (M, P) = 0. Hence Ext%l(M, P)=0.
Let d be the projective dimension pdM of M. Since A has finite global dimension,
0 < d < co. Assume, towards a contradiction, that d > 1. Let the sequence

0 Py fa Py, fa1 R £ Py o m 0

~
QI-1pm
\

0

be a projective resolution of M of length d such that each P; is finitely generated, where
Q4=1M is the (d — 1)-th syzygy of M. Since pdM = d, the projective dimension of
the A-module Q%10 is exactly 1, in particular, Q4 1M is not projective. Applying
Homy (—, Py) to the short exact sequence 0 — Py — Py_1 — Q4~1M — 0, we obtain the
following exact sequence

0— HomA(QdflM, Pd) —

Homa (fa,Pa)
- = 5

Homy (Py_1, Py) Homy (Py, Py) — Ext} (Q4'M, P,) .

Since Py is a finitely generated projective A-module,
Exth (1M, P;) = Ext$ (M, P;) = 0.

Thus Homy (fq4, Py) is surjective. So there exists a homomorphism gg from P,;_; into
P, such that the composition g4 o fy is the identity on P;. Therefore the short exact
sequence 0 = Py — Py 1 — Q1M >0 splits, and hence Q410 is a direct summand
of the projective module P;_1, which is a contradiction. O

DEFINITION 1.3. For a ring R and a subclass 9t of Mod R, we define the assertion
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P (M) that means that, for any M € M, if Ext7' (M, R) = 0 then M is projective.

REMARK 1.4. For any Noetherian ring A with finite global dimension and any
finitely generated A-module M, there is a projective precover of M which is finitely
generated. So the above proof works for any Noetherian ring of finite global dimension.
Therefore, for any Noetherian ring A of finite global dimension, P 5 (modA).

It is known that any path algebra K () over an algebraically closed field K, even when
the quiver @ is not finite, is hereditary, that is, its global dimension is not larger than 1
(see e.g. [14, Subsection 8.2]). So any path algebra over an algebraically closed field is
an algebra with finite global dimension. Therefore Theorem 1.2 implies the following.

COROLLARY 1.5.  Suppose that K is an algebraically closed field and Q is a finite

acyclic quiver. Then P xg(modK Q). In particular, for any finitely generated K Q-module
M, if Ext}“g (M, KQ) =0 then M is projective.

REMARK 1.6. A finite quiver of the form

7 \
A\ /

is called a cyclic quiver. Since the path algebra of a cyclic quiver () over an algebraically
closed field K is Noetherian with finite global dimension, it follows from Remark 1.4 that
Pro(modKQ).

We can extend the above corollary to some infinite quivers. To introduce such
infinite quivers explicitly, we define the following notions.

DEFINITION 1.7. 1. A quiver P = (P, P1) is called a subquiver of a quiver QQ =
(Qo, Q1) if Py and Py are subsets of Qo and @1 respectively (hence, for any a € Py, s(a)
and t(a) belong to P).

2. For a quiver (), a subquiver P of (), a field K and a K-linear representation X of @,
the K-linear representation X' [ P of the quiver P is called the restricted representation
of X by P if for every v € Pyand a € Py, (X [ P), = X, and (X | P), = X,.

3. For a quiver @ = (Qo, Q1) and a subset Pj of Qo, the closure of P} under @ is the
subquiver F(QQ = ((F{)Q) , (F(’)Q) ) of the quiver @@ such that
0 1

(F(SQ)O :={v € Qo : there exists a path from a member of P

to the vertex v through the quiver Q}

and
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(?6@)1 = {a €Q1:s(a) € (?O’Q)O}.

A subquiver P of a quiver @ is called a closed subquiver of QQ if P is a closure of some
subset of Q¢ under Q. A subquiver P of a quiver @ is called a finite closed subquiver of
Q if P is a closed subquiver of ) and it is also a finite quiver.

PROPOSITION 1.8.  Suppose that K is a field, Q is a quiver, X is a K-linear
representation of Q) such that Ext}(Q(G(X),KQ) =0, and P is a closed subquiver of
Q. Then Extyp(G(X | P), KP) =0.

PRrROOF. Let S be the functor from the category Rep, @ into the category Repy P
such that, for each K-linear representation ) of @, S()) := Y | P, and let T be the
functor from Repy P into Repy @ such that, for each K-linear representation Z of P,
T(Z) is the K-linear representation of @ such that T'(Z), := Z, for every v € Py, T(Z),
is the trivial K-vector space for every v € Qo \ Po, T(2), := Z, for every a € P;, and
T(Z), is the unique K-linear map from the trivial K-vector space T'(Z)y(,) into the
K-vector space T'(Z)(q) for every a € Q1 \ P1. We notice that both S and T" are exact
functors, and the functor T is a right adjoint of the restricted functor S. Moreover, since
P is a closed subquiver of Q, T is well-defined, that is, the above T(Z) is certainly a
K-representation of (). We also notice that the composition S oT is the identity functor
over Repy P, and

KP = @ ey KP = @ e, KQ,
vEPy vE Py

which implies that T'(F (K P)) is a direct summand of F(K Q). Note that G(T(F(KP)))
is just K P as a K(Q-module, so it follows from our assumption that Ext}(Q(G’(X), KP)=
0.

Extyo(G(X), KP) = 0 means that any short exact sequence of K-linear represen-
tations of ) of the form

0—T(F(KP))— € 5 Xx —0

splits. We note that in such a short exact sequence, for any v € Qo \ Py, &, = X, and ¢,
is an automorphism of X, (because T'(F (K P)), is the trivial K-vector space). So, for
any short exact sequence of K-linear representations of P of the form

L': 0—~FKP)—=¢&¢ —=X|P—0,
there exists a short exact sequence of K-linear representations of @ of the form
L: 0—T(F(KP))—=&—X—0

such that S(L) = L’. Therefore, it follows that any short exact sequence of K-linear
representations of P of the form
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0—FKP)—& —-=X|P—0

splits, which is equivalent to say that Extj p(G(X | P), KP) = 0. O

PROPOSITION 1.9.  Suppose that K is a field, Q is an acyclic quiver that contains
the quiver

Vp<— V] <—Ug<— " <=—VUp<—VUpp] <— """

as a subquiver, and X is a finite dimensional K -linear representation of (Q such that, for

eachn € w, X, # {0k}, and X | {vn}Q is a direct sum of finitely many copies of the cor-
responding K -linear representation F(e,, KQ) of e,, KQ. Then Ext}{Q(G(X), KQ) #0.

In [9, Definition 3.5], some type of quivers is defined, which is called rooted. It is true
that a quiver () is rooted if and only if ) does not contain the quiver AS; as a subquiver
[9, Proposition 3.6]. So a quiver that satisfies the assumption of the proposition is not
rooted. For example, let @ be the following quiver

wo w1 w2 w3 Wy

Voo

Uo%vl%vz%vg%v4%~-~

and let P := {v, :n € w}Q. Then the quiver @ is a non-rooted quiver, and the quiver
P is different from @, in fact, Py = {v, : n € w}. For another example, let @ be the
following quiver

w1 w2 ws wWaq

oo

Uo%vlev2%v3%v4%---

and let P:={v, :n € w}Q. Then the quiver P is equal to the quiver ) in this case, and
Po\{vp :n€w} ={w, :n e w}

PrOOF. Let P := {v,:n¢€ w}Q. By Proposition 1.8, it suffices to show that
Exthp(G(X | P), KP) # 0. Since

KP = (@ e, KP) @ D exr
new vEPy\{vn:nEw}
and
]3}({;}(@(]\47 NO @ Nl) = EXt}(Q(M, N()) @ EXt}(Q(Ma Nl)

in general, it suffices to show that Ext} p(G(X | P), @
For each n € w, let

ey, KP) # 0.

new
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d, := max|{p: p is a path from v; to v, on P}|,
1€w

when such maximum exists as a finite number, or d,, := oo otherwise. Notice that, for
each n € w, the dimension of the K-vector space F'(e,, KQ)y, is equal the number of
paths from v, to vg. So, if infinitely many d,, were larger than 1, then the dimension
of X,, had to be infinite. Thus, for all but finitely many n € w, d, = 1. Therefore,
without loss of generality we may assume that, for every n € w, d,, = 1. Hence there is
a d € w\ {0} such that, for any n € w,

X1 () =@ F(e, KP),
d

where the last term is the outer direct sum of d many copies of F(e,, K P). (Notice that
d is the dimension of X, .) For each n € w, let a,, be the unique arrow from v, 11 to v,
and, for each v € Py, let

m(v) := min {m € w: there is a path from v, to v}.

Then, for any v € Py and n > m(v), any path from v, to v is of the form a,_1 - - - @p,()p’,
for some path p’ from v,,,(,) to v in P. Thus

xXp=a,
d

where X0 is the K-linear representation of P such that: for each v € Py, A is the
K-vector space whose basis is the set of all paths from v,,(,,) to v; for each n € w, an
is the K-linear map from X3n+l onto XSR such that Xgn(evnﬂ) = e,,; and, for each

a€ P\ {a,:n€w}, X0 is the K-linear map from Xso(a) onto Xto(a) such that, for each
path p from vp,(s@a)) to s(a), XY (p) := pa. Since

a

Ext p (EB Mi,KP> = [ [ Exticp(M;, KP)

i€l iel

in general, it suffices to show that Extjp(G(X0), DP,.c., v, KP) #0.

To see this, let 7 be the canonical K P-epimorphism from €, e, K P onto G(X°)
such that, for each n € w, 7(ey, ) := ey, , and, for each v € Py and each path p in P ending
in v of the form p = ap_1 -+ @p()p’, m(p) := p’. Then Ker(m) is the K P-submodule of
D,.c., v, K P which is generated by the set

{evm —Qp - Gy i M,N €W, M S TL}
Applying Homg p(—, K P) to the exact sequence

idker(r)

0 — Ker(m) P e kP - G(x°) =0,

new
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we obtain the exact sequence

0— HOII]KP(G(XO), KP) —

Homg p(Ker(rw), KP) .

Homp p (EB e,, KP,KP

> Hom ¢ p (idor () K P)
new

Then

Exthp (G(XO), &y evnKP> = Hompg p(Ker(), K P) / Im(Hom ¢ p (idker(x), K P))-

new

For each non-stationary path b, - - - bg of P, we fix the notation b; - - - by by induction
on ¢ < n in such a way that

bo ce bo = bo
and, for i < n,
bit1 by := biy1b; - bo.

For each m,n € w with m < n, define

n—m
oley,, — ap - Q) := E i ** Qi
=0

Then, for each I,m,n € w with [ <m <mn,

n—m
ey, — n - Qm)am—1 - a = E Amti = Qm | Q1 -+

=0
n—l1 m—1-—1

= (Daria = D wyia
=0 =0

— (p(eﬂz _an"'al)_@(evl _amfl"'al)
and
(evm *an"'am)am—l"'al = Q1 Q] — QAp - Q
= (ey, —apn- - a;) — (€y, — Gm—1--ay).

Thus, we can extend ¢ to a K P-homomorphism from Ker(r) into K P. To finish the
proof, it is sufficient to show that ¢ is not in Im(Homg p (idker(r), K P)).
Assume it is, and let ¢ € Homg p (D, ., €v, K P, K P) be such that

new

Y= HomKP(idKer(Tr)v KP)W)) = w f Ker(ﬂ-)'



Some infinitely generated non-projective modules over path algebras 423

For each n € w,
1/}(61)0) - w(evn+2)an+1 ceeag = w(evo) — w(anJrl -ag)

= ¢(€vo —Qp+1- aO)

:5 a; -+ ag.

Therefore, for every n € w, ¥(e,,) belongs to the set

<Zai~~a0> +Kp(an+1"'a0).
=0

However, this is a contradiction because 1 (e,,) have to belong to K P. O

THEOREM 1.10.  Suppose that K is an algebraically closed field, and @ is a con-
nected quiver such that, for any finite subset P} of Qq, the closure of P} under Q is a
finite acyclic quiver. Then Pro(repg Q).

For example, the following quivers satisfy the assumption of the theorem:

o] @] [¢]
O<=—0=<—0=<—0=<—0=<—0=<—0<—0<— """

N o= N ~

o

O\O
O\O\O

O0<—0=<—0=<—0=<— -

O<—O0=<—0=<— ---
O=<—O0=<—0
O<—O0=<—0=<— """

\ O<—0=<—0=<—+"+"

/

O<—O0=<—0

~~—

O<—20

O<—0=<—0=<—---

Note that any infinite quiver as in the assumption of the theorem contains at least one
of the following quivers as a subquiver:

O<=<—0=<—0=<— .= Q=<—0=<— +-+
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7 o\o/o ~ 7

PrROOF. This theorem has been proved when @ is a finite quiver in Corollary 1.5.
Suppose that @ is an infinite quiver, and X is a finite dimensional K-linear representation
of @ such that Ext}{Q (G(X), KQ) = 0. We show that X is projective. Since

Extjq (EB MZ-,KQ> = [[ Exticq(M;, KQ)

i€l i€l

in general, without loss of generality we may assume that X is indecomposable.

By Proposition 1.8, for every finite closed subquiver P of Q, Extlp(G(X |
P),KP) = 0. Therefore, by Pxp(modKP), X | P is projective. It is known that
any indecomposable projective K P-module is of the form e, K P for some v € Py [3,
Section III. 2]. Since P is a closed subquiver of @, the underlying set of e, K P is equal
to e, KQ, and F(e, KQ) [ P = F(e, KP). So, since X is finite dimensional, X’ | P is iso-
morphic to a direct sum of finitely many K-linear representations of the form F(e, KQ)
for v € Fy. Therefore, since X is indecomposable, only one of the following statements
holds:

1. X is isomorphic to F'(e, K@) for some v € Qq, or
2. @ contains the quiver

Vp<—UV] <— Vg <—+ " <—VUp <—VUpg] <— """

as a subquiver such that, for each n € w, &, # {0k}, and X | {vn}Q is a direct
sum of finitely many copies of F'(e,, KQ).

By Proposition 1.9 and the assumption that Ext}(Q(G(X), KQ) =0, X is isomorphic to

F(e, KQ) for some v € Qp. By our assumption, mQ is a finite acyclic quiver, so e, is
an idempotent of K@Q. Hence e, K@ is projective, so is X. O

1.3. Martin’s axiom.

Martin’s axiom was introduced by Martin and Solovay [18]. This axiom can neither
be proved nor refuted from axiomatic set theory ZFC, so it is consistent with ZFC.
Martin’s axiom can be considered as a generalization of the Baire category theorem (see
e.g. [17, Theorem III. 4.7]). MAy, denotes Martin’s axiom for N; many dense sets.
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MAy, implies that 280 > RNy, In this paper we use UP?2, which is one combinatorial
consequence from MAy,.

DEFINITION 1.11. 1. A ladder system (on w;) is a sequence (C, : o € wy N Lim)
such that

e for each o € wy NLim, C, is a cofinal subset of «, that is, for any £ € «, there
is p € Cy, such that £ € n, and

e (, is of order type w, that is, the elements of C', can be enumerated as
{¢% : n € w} increasingly, that is, for every m,n € w, if m € n, then (% € (2.

2. A coloring {d,, : @ € w; N Lim) of a ladder system (C,, : @ € w; N Lim) is a sequence
of functions such that the domain of each d, is C,.

3. We say that a function f with domain wy uniformizes a coloring (d,, : & € wyNLim)
of a ladder system (C, : @ € wy NLim), C,, = {¢2 : n € w}, if for every a € wy N Lim,
the restricted function f [ C, of f by C, is equal to the function d, for all but finitely
many points, that is, there exists an N € w such that, for any n € w\ N, (%) = dn(¢2).

4. The assertion UP means that, for any sequence (Xgz: 8 € wy) of countable sets
and any coloring (d, : o € wy N Lim) of a ladder system (C, : @ € wy N Lim), whenever
do(Cry) belongs to X¢a for any a € w; N Lim and n € w, there exists a function with
domain w; which uniformizes the coloring (d,, : @ € w; N Lim).

THEOREM 1.12 (Devlin—Shelah [6, Theorem 5.2]). MAy, implies UP.

The assertion UP was inspired by Shelah’s proof that M Ay, implies the existence
of a non-free Whitehead group [20, Theorem 3.5] (see also [10]).

1.4. Trlifaj’s construction.

In this paper, our modules are built by modifying Trlifaj’s construction. As every
proof in Section 2 is fairly self-contained, the reader does not need to be familiar with
this construction. Trlifaj’s construction is a quotient module of the outer direct sum
Decen F¢ of some sequence (F¢ : € wy) of modules, defined in [22, Definition 1.1] and
[15, Notation 5.3], which seems to be inspired by Shelah’s solution of Whitehead problem
[20]. To fix our notation and understand our construction better, Trlifaj’s construction
is presented as follows.

Let R be a ring with identity and let

fO fl fnfl fn fn+1
FO Fl Fn Fn—i—l

be a countable direct system of R-modules. Let (C, : @ € wy N Lim) be a ladder system
such that

Co ={C¢} :n€w}

2This notation follows [11] but it is not that common in set theory.
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is an increasing enumeration and assume that, for each n € w, ¢% is of the form 6 +n+1
for some § € N ({0} U Lim) (there is such a ladder system). Define F? := {0g}; for
each v € wy \ Lim with v =6 + n, + 1 for some 6 € yN ({0} ULim) and n, € w, define
F7:=F,_ ; and, for each § € w; NLim, define Fo .= D, c, Fn- So, for each member z of
the outer direct sum @&wl F¢, 2 forms a finite support function with domain included
in wy and, for each o € wy, x() belongs to F*. Hence, if § € w; NLim, then x(4) belongs
to the outer direct sum F? := D,.c., Fn, which also forms a finite support function with
domain included in w. For each § € w; N Lim, define the R-submodule

Gs = <{x € @ F¢ : for some n € w, supp(x) = {Cg,d},

£€wr

supp(z(9)) = {n,n + 1}, 2(¢7) = z(8)(n),

and z(6)(n+1) = fn(x(é)(n)>}>

R

of the R-module P, F¢, and define

1, = Z Gs,

d€wiNLim

which is an R-submodule of the R-module ®§ew1 F¢. Trlifaj’s construction is the quo-
tient R-module P, F¢/I,, of the R-module D:co, F¢ by the R-submodule I, .
Trlifaj applied this construction for a non-left perfect ring [22], and Herbera—Trlifaj
applied it to analyze some classes of modules called Kaplansky classes or deconstructible
classes [15]. For further properties of this module, see [15, Section 5].

2. Some infinitely generated modules of path algebras.

Throughout this section, we fix a ladder system (C,, : @ € wq N Lim) such that
Co ={C:new}

is an increasing enumeration and, for each n € w, ¢ is of the form § + n + 1 for some
§ € an ({0} ULim). We note that, for any a, 8 € w; N Lim and m,n € w, if ¢& = ¢
then m = n. For v € wy \ ({0} ULim), let n, € w be the unique integer such that
v =0+ n,+ 1 for some (unique) 6 € w; N ({0} U Lim).

For each subsection of this section, we deal with some quiver ) and build a non-
projective K@Q-module M, . For each quiver @) in each subsection, we use the following
notation. For each v € Qy, e, denotes the path of length 0 from the vertex v (to itself).
For v € wy \ Lim, @ € w; NLim and n € w, let F7* = F&™ := KQ, and let F'* be the
outer direct sum @, ., F*". For v € wy \ Lim and v € Qo, let €] be the member of the
outer direct sum @, F*¢ of KQ-modules such that

supp(e}) = {7}, e} (7) = eu.
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For o € w; NLim, n € w and v € Qp, let e5"" € @gewl F¢ be such that
supp(e”") = {a}, supp(eg™(a)) = {n}, 3" (a)(n) = e,
REMARK 2.1. The set
{ef, ey 1y €w; \Lim,v € Qp, € w; NLim,n € w}

is linearly independent with respect to K@ in @5@11 F¢.

2.1. On a quiver of A, type.
Throughout this subsection, let K be a field, and @ the quiver A% as follows:

ag a Qp—1 an Ap41

that is, the set Q¢ of vertices is the set of all non-negative integers and the set )1 of
arrows is defined by

{n<ain+1:n€w}.

Since @ is infinite, K@) does not have an identity. By simplifying the notation in this
subsection, for each a € w; N Lim and n € w,

0

-—_ av
=€, .

[e3
en

For each o € wy N Lim, define
Gy = <{e§;_e%+eg+lan:n€w}> )

KQ
Lo, == Y G
fewiNLim
For each x € @5€wl F¢, 241, denotes the equivalence class of  in the quotient module

Deco, F¢&/1,,. For each £ € wy + 1, define the KQ-module M by

<{67LV+IM :veé\Lim}U{eg—&—le :aegmLim,new}>KQ,

which is considered as a KQ-submodule of the quotient module EBfeM F¢/1,,.
REMARK 2.2.  The set {e%z —en+eniiay a€w NLim,n € w} is linearly in-
dependent with respect to KQ in @feﬂ F¢.

In this paper, @wl K@ denotes the outer direct sum of w; many copies of K@,
which is considered as a K @Q-module.

CramM 2.3. Ext}(Q(Mwl,@wl KQ) # 0. In particular, M, is not a projective
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KQ-module.

Proor. F,, denotes the K@Q-module

<{ez :’yewl\Lim}U{eg:aewlﬂLim,new}> o
v K
Applying Hompq(—, €D, KQ) to the exact sequence

id]w
1
0‘>Iw1 *>le ‘>Mw1‘>07

we obtain the exact sequence

0— HOHlKQ (Mwl,@KQ> —
w1

) HOII]KQ (idlwl ,@KQ)

- Hom (le,@}(@> .
w1

Homp o (le,@KQ
w1
Then

Extjcq (Mwl, EBKQ) = Homgq (le,@[(@> / Im (HomKQ (mlwl , @KQ)) .

By Remark 2.2, we can find a KQ-homomorphism ¢ in Homgq (1w, ,€D,,, KQ) such that
for each a € wy NLim and n € w,

COL
® (en" —ep tepiay ) = e,

We show that ¢ does not belong to Im(Homgq(idyz,,, , D, KQ))-
Assume that ¢ € Im(Homgq(idyz, , D, KQ)), and let ¢ € Hompq(Fy,, D, KQ)
such that

Hom (idlwl P KQ) (W) =oidy, = | L, = ¢.

We note that for each v € wy and n € w, supp(y(e)) is a finite subset of wy. So we
can take an o € wy N Lim such that, for every v € o and n € w, supp(¥(e})) is a finite
subset of a®. For each n € w,

U (e ) — o)+ eleni)an = (i — e +eiigan) = e

Therefore, by induction on n € w,

3This can be done by e.g. [17, Exercise III. 6.20]
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COL
wieg) = v (e ) — e +wleg)ao
= (e ) — e+ (v (") — e + vles)ar ) ao
_ o a ¢t
=1 le ) —ef +v(e7 ) ao — efao + Y(es)arag

w( CO>_60+Zw< f )ai—l"'aO_Ze?ai—l"'ao
=1

+¢( n+1) 'ao.

Hence, for every n € w, since each supp (1/) ( Ca)) does not contain « as a member,

Pleg)(@) € KQcn,

where KQ<,, is the K-subspace of K () generated by all paths of length < n. This is a
contradiction. g

The following is similar to [11, Theorem XII 2.2, Proposition XIII 0.2].

THEOREM 2.4. Suppose that K is a countable field. Then UP implies that
Ext}(Q(Mwl,KQ) = 0. In particular, Pro(ModKQ) fails.

PrOOF. Applying Homgg(—, K@) to the exact sequence
0— le — F, =M, =0,
we obtain the exact sequence

HomKQ(idel ,KQ)
0 - Homgqg(M,,, KQ) = Homgqg(F.,, KQ) Hompg (L., , KQ) .

Then
Extyo(My,, KQ) = Homkq(L,, KQ)/Im(Homgq(idy, , KQ)).

Let ¢ € Homgq(lw,, KQ). We show that ¢ belongs to Im(Homgq(idy, , KQ)).
For each o € w; NLim and n € w, define

Aol i= o (€5 — e+ €fyaam)
We notice that, for each n € w,
G G
oler —en —i—enﬂan en =10 er —en +en+1an ,

and, for any m € Qo \ {n},



430 A. ItaBA, D. A. MEJIA and T. YORIOKA
CS (0% [e3 _ 0 _ O
@ | ey —€n+en+1an €m = P @ F¢ | —VKQ-
f€wy

Thus, for each n € w, d,(¢%) belongs to the countable set

Z Kp.

p : path in Q ending in n

Therefore, by UP, we can find a uniformization f of the ladder system coloring
(do : @ € wy NLim), that is, for each « € wy N Lim, there is an N, € w such that,
for every n > N,, f(C%) = da(C2).

For each o € w; NLim and n € w, define

o v () = 1),
o Y(el) :=0xg when n > N,, and
e by downward induction on n < N,, define
wleg) = v (e ) + vlenr)an — o (e = i + eiaan) -
By Remark 2.1, ¢ can be extended to a K Q)-homomorphism from F,,, into K Q). Therefore
'l/} f le = ¢ ° idfwl = HOI’HKQ(id]wl 3 KQ)("/}) =¥,
which finishes the proof. O

REMARK 2.5. By a similar argument to the one in the previous theorem, it can be
proved that if K is a countable field and UP holds, then Ext}(Q(Mwl,@w KQ) =0.

REMARK 2.6. Jensen introduced the assertion <) which is true in Godel’s con-
structible universe. So < is one set theoretic axiom consistent with ZFC (see e.g. [17]).
For a stationary set S, {g is a variation of {», which is also true in Godel’s constructible
universe. Contrary to MAy,, ¢ (and {g) implies that 2% = X;. By a similar argu-
ment as in [10, Lemma 4.3], we can show that if K is a countable field, then <> implies
Ext}(Q(Mwl , KQ) # 0. The main ingredient to prove this is the following fact.

CLAIM 2.7.  Suppose that Extgg(May1/Ma, KQ) # 0, and let
0—KQ—Cy > M, —0

be a short exact sequence that splits, that is, there exists a homomorphism p from M,
into Cy such that mo p =idyr,. Then there exists a short exact sequence

0—KQ—Cy41 LI>MQ+1 —0
such that

7 Cp=m
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and there is no homomorphism p' from Mui1 into Coy1 such that
mop =idpy,41  and P’ | My =p.

Since K@ is countable and Claim 2.3 holds, a similar argument as in [10, Theorem 6.3]
works well to show that Extxg(M.,,,KQ) # 0. Moreover, by a similar argument as
in [16], we can show that, if K is a countable field and there is a set {Sqy : a € w1} of
pairwise disjoint stationary subsets of wi such that {$gs., holds for each a € wy, then the
cardinality of Extixo (M., , KQ) is greater than Rj.

2.2. On a circular quiver.
In this subsection, let K be a field and @ the following quiver.

ag 0 o
/ TN
k 1
”rk—l/ \él
k-1 2
!
ak—Z\ /a2

k-2 3

Then the path aga; - - - ay is a path in @ whose source and target are both the vertex 0.
We denote the path

(aoas -+ ax)’ = eo,
and, for each n € w, define the path

(apay - - - ag) apay -+ ag) " apay - - - a.

Recall that 3 o e, is the identity of KQ. For each a € wy N Lim, define

G, = <{ g” — ey +eg’"+1a0a1 ceaqpin € w}>

1, = Z Ge,

£€wiNLim

KQ'

and, for each £ € w; + 1, define the K@Q-module M by
({eg + 1y, vy €&\ Lim}U{eg" + I, € ENLim,n € wh g
which is considered as a K @Q-submodule of the quotient module @56% F¢/1,,.
CrAamv 2.8. Ext}(Q(Mwl, ®D., KQ) # 0. Therefore, M, is not projective.

ProoF. This can be proved in a similar way as in Claim 2.3. To see this, it suffices
to replace the formula
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") (e%: —ep+ egﬂan) = ey
by the formula
7 (egs —ey" + eg’”ﬂagal e ak) =€y
in the proof of Claim 2.3. O

Moreover, by a similar proof as Theorem 2.4, the following theorem can be proved.

THEOREM 2.9. Suppose that K is a countable field. Then UP implies that
Ext}(Q(Mwl,KQ) = 0. In particular, Pro(ModKQ) fails.

REMARK 2.10. As in Remark 2.6, if K is a countable field and < holds, then
Ext o (M, KQ) # 0.

2.3. Generalizations.
THEOREM 2.11.  Suppose that K is a countable field and Q' is a quiver that contains
a subquiver Q of one of the following types

AN

o o]
7 \
o o P<=—0<—0=<—+++  =—0=<—0<—++-
A /

in such a way that the set of all paths in Q' ending in v is countable. Then UP implies
the failure of Pxq (ModKQ').

ProOF. Let M,, be one of the K()-modules constructed before. Then, M, can
be considered as a K(@Q'-module and, by a similar argument as before, it can be proved
that Extye (Mo, , D, KQ') # 0, and that UP implies Extj (M, , KQ') = 0. O
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