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Abstract. In connection with generalized cluster algebras we introduce
a certain generalization of the celebrated Rogers dilogarithm, which we call
the Rogers dilogarithms of higher degree. We show that there is an identity
of these generalized Rogers dilogarithms associated with any period of seeds
of a generalized cluster algebra.

1. Introduction.

It is widely known that the (Euler) dilogarithm

Lis(z) = Z % / l()g(ly_y)dy (1.1)

appears and plays important roles in several branches of mathematics (e.g., [Lew81],
[Kir95], [Zag07]). The function is remarkable in the sense that it satisfies a variety of
functional equations, which are generally called dilogarithm identities.

The quantum dilogarithm [FV93], [FK94]

H 1_|_q2k+1 , (1-2)

is regarded as a quantum analogue of the dilogarithm, and it is as important as the
classical (i.e., nonquantum) one (1.1). It is related to its classical counterpart in the
asymptotic limit as follows:

W, (z) ~ exp <_Lli(2);;q§)> , g—17. (1.3)

The classical and quantum dilogarithms are intimately related to the cluster algebras
[FZ02], [FZ07] and quantum cluster algebras [FGO09a], [FGO09b], respectively. This
connection was discovered via the quantization of the moduli space of Riemann surfaces

[FC99], [FG09a], [FGO09b]. Then, it was also spotlighted through the Donaldson-
Thomas theory [KSO08], [Nagll], [Kelll], and through the Y-systems in conformal
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field theory [Cha05], [Naklla], [Nak11lb]. In particular, we reached to the following
very general theorem.

THEOREM 1.1. (I). There is a dilogarithm identity associated with any period of
seeds of a cluster algebra [Nak11b).

(I1). There is a quantum dilogarithm identity associated with any period of seeds of a
quantum cluster algebra [Kelll], [KN11].

A heuristic (but not rigorous) derivation of Statements (I) from Statement (IT) was
also given in [KN11].

Recently Chekhov and Shapiro introduced generalized cluster algebras [CS14]. As
the name suggests it is a generalization of cluster algebras. In fact, it is a very natural
generalization so that all nice properties of cluster algebras are shown or expected to hold
[Rup13], [Nak15b]. Naturally one can further define the quantum generalized cluster
algebras as well [Nak15a]. For ordinary quantum cluster algebras, the quantum dilog-
arithm (1.2) plays a key role to control their mutations [FG09a], [FG09b]. Likewise,
for generalized quantum cluster algebras, a generalization of the quantum dilogarithm,
called the quantum dilogarithms of higher degree play the same role, and they look as
follows: (This notation is used only here.)

WP (@) = [[ Pl a)", (1.4)
k=0

where P(z) is an arbitrary monic polynomial in x with unit constant; furthermore, here
we assume that all coefficients of P(x) are nonnegative real numbers.

In the simplest case deg P(x) = 1, we have P(z) = 1 + = and it reduces to the
ordinary one (1.2). (In [Nak1l5a] P(x) is assumed to be reciprocal, but this assumption
can be removed with slight change of mutations therein. See [NR16].) Then, it is rather
straightforward to generalize Statement (II) in Theorem 1.1 in the following way:

THEOREM 1.2. (II). There is a quantum dilogarithm identity of higher degree
associated with any period of seeds of a quantum generalized cluster algebra [Nak15a].

Under this circumstance it is just natural to expect the following generalization of
Statement (I), which is also the classical counterpart of Statement (IT’):

(I"). There is a dilogarithm identity of higher degree associated with any period of seeds
of a generalized cluster algebra.

In fact, a classical counterpart of the function (1.4) was already introduced in [Nak15a],
and it looks as follows: (This notation is used only here.)

Ll () = — /O_I IOgjj(y)dy. (1.5)

Two functions in (1.4) and (1.5) are related in the same way as (1.3):
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\I'f;(;v) ~ exp (_Lig(—:@) , g—17. (1.6)

log ¢2

Now let us explain the obstacle to establish Statement (I’) we have been confronted
with so far. In the ordinary case the derivation of Statement (I) in [Nak11b] is not as
straightforward as its quantum counterpart (II). The reason is that the dilogarithm nat-
urally concerning with the identities in Statement (I) is not exactly the Euler dilogarithm
(1.1); rather, it is the Rogers dilogarithm defined by

L(z) = —;/0 {log(ly_ v iof‘?;}dy, (1.7)

where two dilogarithms are related by
1
L(z) = Lig(z) + 3 logz - log(1 — ). (1.8)

Then, the main issue is to set the proper definition of the Rogers dilogarithms of higher
degree so as to match the desired Statement (I’), which is not a priori clear.

In this paper we resolve this problem, and we give a proper definition of the Rogers
dilogarithms of higher degree. The key idea is to generalize the Rogers dilogarithm, not
through the familiar definition (1.7), but through a less familiar expression,

L(Hxx) ) ;/Ox{log(l;ry) B ioig;}d% (<) (1.9)

Then, for the same polynomial P(z) in (1.5), we define the corresponding Rogers dilog-
arithm of higher degree as follows: (This notation is used only here.)

(5) -5 (g wea o

Once this part is cleared, it is rather straightforward to follow the argument of the
proof of Statement (I), and we prove Statement (I’), which is our main result (Theorems

4.7 and 4.8). To complete the picture, we also give a heuristic derivation of Statement
() from Statement (II') following [KIN11].

The function (1.10) may formally reduce to (the analytic continuation of) the ordi-
nary one (1.9) if we factorize the polynomial P(z) into polynomials of degree one with
complex coefficients. However, we need to correctly choose the path of the analytic con-
tinuation of (1.9) very carefully, and that makes the things very complicated. Therefore,
it is natural to keep the function (1.10) as a single package.

The organization of the paper is as follows. In Section 2 the connection between
the Rogers dilogarithm and cluster algebras is reviewed. In Section 3 we introduce the
Rogers dilogarithms of higher degree and prove the constancy condition. In Section 4
we show that there is a dilogarithm identity of higher degree associated with any period
of a generalized cluster algebra. In Section 5 we give a proof of Theorem 4.4, which is
the key theorem for our main result. In Section 6 some explicit examples are given. In
Appendix, as independent reading, we give a heuristic (but not rigorous) derivation of
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our dilogarithm identity of higher degree from the quantum one.

ACKNOWLEDGEMENTS. The author would like to thank the referee for useful com-
ments and suggestions.

2. Rogers dilogarithm and cluster algebras.

In this section we quickly recall and summarize some known properties of the Rogers
dilogarithm and its relation to cluster algebras, which we will generalize in this paper.
The whole section may serve as a useful guide to show where we are heading. Here we do
not provide any proof, but the main theorems will be reproved in a more general setting
in the later sections.

2.1. Rogers dilogarithm.
The Euler dilogarithm Lis(xz) was originally defined by the following power series
with convergence radius 1 (see [Lew81], [Kir95], [Zag07] for backgrounds):

Lig(z) = > % (2.1)

n
We have
. . 7
Liz(0) =0, Liy(1)=¢(2) = 5 (2.2)
where ((s) is the Riemann zeta function. We also have the integral expression
¥ log(1 — ¥ log(1
Ligr) = — [ B gy [N o ey
0 0

The integrals in (2.3) can be extended on the whole complex plane C. However, there
is a branch point at x = 1, and the function Lis(z) becomes multivalued on C. Here
we restrict our attention only on the region x < 1 so that there is no ambiguity of
multivaluedness.

The Rogers dilogarithm L(z) is defined by

L(a:):—;/om{log(ly_ Y . iOgZ}dy, 0<z<1), (2.4)
— TLis(z) + %ng og(1 — ). (2.5)

Again, we restrict our attention only on the region 0 < x < 1, and there is no ambiguity
of multivaluedness.
By (2.2), we have

L(0)=0, L(1)=—. (2.6)

We also have



Rogers dilogarithms of higher degree 1273
L)+ L1 —2)=L(1), (0<z<1). (2.7)

The following equalities hold:

(i) [P 2 s

1
= —Lis(—2x) — B log z - log(1 + ). (2.9)

These equalities are less well-known than (2.4) and (2.5), but they are crucial for our
purpose. They are easily proven by taking the derivative. Since the function /(14 z) is
monotonic on R>¢ and yields a bijection from R>q to [0, 1), one may view (2.8) and (2.9)
as an alternative definition of L(z) on [0, 1], where L(1) is defined by the limit 2 — oo
in (2.8).

In view of the form (2.8), it is useful to rephrase the equality (2.7) as

L( x >+L
1+

Note that there is a duality of the variables in (2.10):

(lJlr:r> =L(1), (0<az). (2.10)

1 x

1+ 14z

. (2.11)
r=x—1

2.2. Constancy condition.
Let G be any multiplicative abelian group. Let G ® G be its tensor product over Z,
that is, the additive abelian group with generators f ® g (f,g € G) and relations

(fo)@h=f@h+g®h, [fR(gh)=fRg+ f®h. (2.12)

Note that 1®@ h = h®1 = 0. Let S2G be the symmetric subgroup of G ® G, namely, the
subgroup generated by all f®@g+g® f (f,g € G). We define the wedge product of G as
N G=GoG/S2%G.

Let C = C([0,1],R) be the set of all positive-real-valued and differentiable functions
on the interval [0,1] in R. Regarding it as a multiplicative abelian group, we have the
wedge product /\2 C.

The following theorem is the starting point of deducing identities satisfied by the
Rogers dilogarithm.

THEOREM 2.1 ([FS95, Proposition 1]).  Let f1, ..., fm € C be differentiable func-
tions on the interval [0,1] which especially takes values in the interval (0,1). Suppose
that they satisfy the following relation in /\2 C: (Constancy condition)

th/\(l—ft)ZO (2.13)

Then, the sum of the Rogers dilogarithm
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m

> L(fi(u)) (2.14)

t=1
is constant as a function of u € [0,1].
In view of the form (2.8), it is useful to rephrase Theorem 2.1 as follows:

THEOREM 2.2 (cf. [Cha05, Equation (2.3)]). Let y1, ..., ym € C. Suppose that
they satisfy the following the relation in \>C: (Constancy condition)

Emjyt A1 +y)=0. (2.15)

Then, the sum of the Rogers dilogarithm

iL (%) (2.16)

t=1
is constant as a function of u € [0,1].

2.3. Seed mutations.

To make use of wonderful Theorem 2.2, it is essential to find a family of functions
Y1y .- Ym € C which satisfy the constancy condition (2.15). This is where cluster algebras
take part. See [FZ07] for a general reference on cluster algebras.

First we recall the notion of a semifield, following [FZ07].

DEFINITION 2.3. A multiplicative abelian group P is called a semifield if it is
endowed with a binary operation & which is commutative, associative, and distributative,
ie., a(b®c) = ab@ ac. The operation @ is called the addition.

Here we mainly use the following examples.

EXAMPLE 2.4. (1) The set R4 of all positive real numbers is a semifield, where
the product and the addition are given by the usual ones.

(2) Let y = (y;)I, be an n-tuple of formal commutative variables. We say that a
rational function f(y) in y with coefficients in Q has a subtraction-free expression if it is
represented as f(y) = P(y)/Q(y) such that P(y) and Q(y) are nonzero polynomials in y
with nonnegative integer coefficients. Let Q4 (y) be the set of all rational functions in y
having subtraction-free expressions. Then, Q4 (y) is a semifield, where the product and
the addition are given by the usual ones for rational functions. We call it the universal
semifield of y.

(3) Let y = (v;)_; be an n-tuple of formal commutative variables. Let

Trop(y) :{ ﬁyf a; € Z}. (2.17)
i=1

Then, Trop(y) is a semifield, where the product is given by the usual one for Laurent
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monomials, while the addition is given by the following tropical sum:

[Tve @ Tt = [T (2.18)
i=1 =1 =1

We call it the tropical semifield of y.

Let P be any semifield. By regarding it as an abelian multiplicative group, let Z[P]
be its group ring. It is known that Z[P] is a domain [FZO02], i.e., there is no divisor.
Thus, the field of the fractions of Z[P] is well-defined, and it is denoted by Q(P) here.

We say that an (integer) square matrix B is skew-symmetrizable if there is a diagonal
matrix R = diag(ry,...,r,) of the same size with positive (integer) diagonal entries
T1,...,7, such that RB is skew-symmetric, i.e., (RB)T = —RB. Also we call such
R a skew-symmetrizer of B. Note that if RB is skew-symmetric, then BR™! is also
skew-symmetric.

Now let us give two most important notions in cluster algebras, namely, a seed and
its mutation. (We do not give the definition of a cluster algebra itself, because it is not
essential in this paper.)

DEFINITION 2.5. Let us fix a positive integer n € Z and a semifield P, which are
called the rank and the coefficient semifield (of a cluster algebra under consideration).
Let w = (w;)?, be an n-tuple of formal commutative variables, and let F = (Q(PP))(w)
be the rational function field of w with coefficients in Q(P). We call F the ambient field.

(1). Let (B, z,y) be a triplet such that

e B = (bi;)};—1 is a skew-symmetrizable integer matrix of size n,
e © = (z;)", is an n-tuple of algebraically independent elements of F,
e y = (y;)i is an n-tuple of elements of P.

We call such (B, z,y) a seed, and call B, x, and y the exchange matriz, the xz-variables,
and the y-variables of a seed (B, x,y), respectively. Also, we set

Qi:yinmgjie-;-, i=1,...,n, (2'19)
j=1

and call them the §-variables of a seed (B, z,y).
(2). For any seed (B, z,y) and any k = 1,...,n, we define a new seed (B’,z',y’) =
(B, x,y), called the mutation of (B, x,y) at k, as follows:

—by; i —korj=k
b, =4 Y toRony (2.20)
bij + [=bik)+-bkj + bik[brjl+ 4,5 # kK,

R I R I S T
x T —7 i=k
T Jl;ll J 1@y (2.21)
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-1 .

=k

y; = Uk [bril+ —bp; Z (2'22)
Vi (1@ yr) T i F k.

Here and elsewhere, for any integer a, we define
[a]+ = max(a,0). (2.23)

The following facts can be easily checked:

(1). The mutation py is an involution, i.e., ux(ug(B,2,y)) = (B, z,y).

(2). If R is a skew-symmetrizer of B, then R is also a skew-symmetrizer of B’.
(3). The g-variables transform in F as the y-variables; namely,

L et i=k
v {@iz)}f“”(l ) i # R 224
2.4. Dilogarithm identities.
In this section we specialize the coefficient semifield P in Definition 2.5 as P = Q4 (y)
in Example 2.4 (2) with generators y = (y;)"_;. Let us choose a seed (B, z,y), where B
and z are arbitrary, but we especially choose y to be the generators of Q4 (y). Let us
call (B, z,y) the initial seed, and consider a sequence of mutations starting from it:

(B,z,y) = (B[] 2[1],y[1]) % (B[2],2[2], y[2)) " (2.25)
e (Bimo+ 1, 2m + 1), y[m + 1)).

Let R = diag(ry,...,r,) be a common symmetrizer of B[1], ..., B[m + 1], and let
r be the least common multiple of r1,...,r,. We set #; =r/r; € Z,.

DEFINITION 2.6.  We say that the sequence (2.25) is o-periodic for a permutation
oof {1,...,n}if

ba(i)a(j)[m + 1] = biju Lo (i) [m + 1] =Zi,  Yo(i) [m + 1] = Yi, (27] =1,... 7n)'
(2.26)

The following fact connects cluster algebras and dilogarithm identities.

THEOREM 2.7 ([Nak11b, Proposition 6.3 and Section 6.5]).  Suppose that the se-
quence (2.25) is o-periodic for some permutation o. Then, it satisfies the following
“constancy condition” in the wedge product \*> Q4 (y), where we regard Q(y) as a mul-
tiplicative abelian group:

kat (yg, [t] A (1L 4+ yx,[t])) = 0. (2.27)

Combining Theorems 2.2 and 2.7, we obtain the first half of the dilogarithm identity
associated with any period of seeds.
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THEOREM 2.8 ([Nak11lb, Theorems 6.4 and 6.8]).  Suppose that the sequence (2.25)
is o-periodic for some permutation o. Let

¢:Qu(y) > Ry (2.28)

be any semifield homomorphism. Then, the following sum does not depend on the choice
of ¢:

ifktL ((p (%)) . (2.29)

REMARK 2.9. Theorem 6.8 in [Nakl1lb] was proved under the assumption of
the sign-coherence property of the c-vectors, which is now proved by [GHKK18]. See
Theorem 2.10 below.

The second half of the dilogarithm identity is about the constant value of (2.29). To
describe it, we introduce the semifield homomorphism (tropicalization map)

7 : Q4 (y) — Trop(y)

2.30
Yi = Yi ( )
We then apply the map 7 to each y-variable y;[t] in (2.25), and express it as
cjilt
(yilt]) = [T v (2.31)
j=1
Thus, we have a family of square matrices C[t] = (c;;[t])7 ;= for t =1,...,m + 1, which

are called the C-matrices for the sequence (2.25). Alternatively, they can be directly
defined through the following system of recursion relations [FZ07]:
(initial condition)

cii[1] = 644, (2.32)

(recursion relation)

- _ —cik, [t] J =k
clt + 1 {cijm+[—cikt[tn+bm[t]+cikt[tnbm[tn+ PRV

The ith column vector ¢;[t] = (c;i[t])7_; of the matrix C[t] is called the c-vector of y;[t].
By the definition of (2.31), it is the “exponent vector” of the tropical y-variable 7(y;[t]).

The following property is fundamental in the theory of cluster algebras, and it is
originally conjectured by [FZ07] and proved in full generality recently:

THEOREM 2.10 ((Sign coherence) [GHKK18, Corollary 5.5]).  Fach c-vector ¢;|t]
18 a mnonzero vector, and all its components are either nonnegative or nonpositive.

Accordingly, we set the tropical sign e(y;[t]) € {£1} of y;[t] as 1 (resp. —1) if all
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components of ¢;[t] is nonnegative (resp. nonpositive). For simplicity, let us write
et = (yr, [1])- (2.34)

Now, continuing from Theorem 2.8, we can state the second half of the dilogarithm
identity.

THEOREM 2.11 ([Nak11lb, Theorems 6.4 and 6.8]).  Under the assumption of The-
orem 2.8, we have the following equality for any choice of ¢ in (2.28):

t=1

Using (2.10), we also have an alternative form of the identity (2.35), which is
constant-term free.

THEOREM 2.12 ([KN11, Theorem 2.9]). The identity (2.35) is equivalent to the
following one:

We are going to generalize Theorems 2.11 and 2.12 based on generalized cluster
algebras.
3. Rogers dilogarithms of higher degree.

In this section we introduce the Rogers dilogarithms of higher degree. Then, we
prove the constancy condition which is parallel to Theorem 2.2.

3.1. Rogers dilogarithms of higher degree.
Let d be any positive integer, and let z = (z5)¢_, such that zp = z4 = 1 and

Z1,...,%2d—1 € Rxq are arbitrary. Let P, .(z) be the polynomial in a single variable z
defined by
d
Py (x) = Z zs®. (3.1)
s=0

Below we assume the following generic condition for z:
The polynomial P; ,(x) has no root on R except for x = —1. (3.2)

In [Nak15b] the (Euler) dilogarithm Lis.q .(z) of degree d with coefficients z is defined
as follows (cf. (2.3)):

Lig.. () = — / 1ngj(y)dy (z < 1). (3.3)
0
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By the condition (3.2), there is no ambiguity of multivaluedness in the region « < 1.
In view of (2.8) and (2.9) we define the Rogers dilogarithm L .(x) of degree d with
coefficients z as follows:

1
= —Ligg.(—x) — 3 log z - log Py .(z), (3.5)

where P (z) denotes the derivative of Py .(z). Since the function x?/ P, .(x) is mono-
tonic on R>¢ and yields a bijection from Rx>q to [0,1), (3.4) and (3.5) unambiguously
determine the function L4 .(z) on [0,1], where Ly (1) is defined by the limit + — oo
in (3.4).

For the above z = (z,)?_,, we define its reverse z* as

2= () = (3.6)

Clearly, it holds that (2*)* = z. Also, we have
Py (27" =2 Py.(), (3.7)
Pl o (2)|yeg—r = —2*79P) _(2) + da' Py . (2). (3.8)

By (3.7), a # 0 is a root of Py~ (x) if and only if a™! is a root of Py (z). Thus, z* also
satisfies the generic condition (3.2).
The following is the counterpart of the equalities (2.10) and (2.11):

ProposiTION 3.1.  We have the equalities

Lw<&j@)+mf(&;@)_uxn—Lw4m O<w,  (39)

1 _ x¢
Pd7z($) Pd,z* (x)

. (3.10)

PROOF. The equality (3.10) is immediate from (3.7). Let us show (3.9). First, we
show that the left-hand side of (3.9) does not depend on z. To do it, we apply (3.10) in
the second term of the left-hand side of (3.9), then take the derivative with respect to .

Then, by (3.4), we obtain

1 <log Py .(x) log = P’7Z(x)>

2 x a Py.(x) @ (3.11)
— 1 -2 logpd,z* (1,71) o log‘ril (P/ ( ) ) .
21’ 1 Pd,z* (.T_l) dz x=x~1! '

Then, using (3.7) and (3.8), it is easy to check that (3.11) vanishes. Thus, the left-hand
side of (3.9) is a constant C with respect to z. Then, taking x — oo in it, we have
C = Ly (1), while setting x = 0, we have C = Lg .~ (1). O
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Let us also introduce the function id,z(aﬁ) by

L (%) = Lz (ded(x)> , (0<). (3.12)

Then, by (3.10), the equality (3.9) is written as
La.(2) 4+ Lag~(x71) = Ly .(00) = Ly .-(0), (0<2), (3.13)
where id7z(oo) = limg 00 f)d,z(z). Though we are attached to the function Ly .(z),

since it is more directly related to the classic Rogers dilogarithm L(z), all results in this
paper are more simply described with the function Ly ,(z) as (3.13). So, from now on,
we mainly use the function Lg . (z) instead of Lq ().

3.2. Constancy condition.
Recall that C = C([0,1], R, ) is the set of all positive-real-valued and differentiable
functions on the interval [0, 1] as defined in Section 2.2.

THEOREM 3.2 (cf. Theorem 2.2). Let y1, ..., ym € C, and, fort =1,...,m, let
Py, ., (x) be a degree d; polynomial in x whose coefficients z, satisfy the generic condition
(3.2). Suppose that they satisfy the following relation in /\2 C: (Constancy condition)

>y APy, 2, () = 0. (3.14)

t=1

Then, the sum of the Rogers dilogarithms of higher degree

> Lavz (9e(w) (3.15)

is constant as a function of u € [0,1].

PrOOF. The proof essentially repeats the one for Theorem 2.1 due to [FS95],
whose idea originates in [Blo78]. By (3.4), for each t = 1,...,m, we have

o () = 5 (108 P, () - - Lo ()

du . du (3.16)
—log ye(u) - =108 Pay =, (4:(1))).
On the other hand, by the assumption of (3.14),
m k
Z Yt @ P, 2, (y) = Z(gi ® hi +hi ® g;) (3.17)
t=1 i=1

for some k > 1 and g;,h; € C. For any u,v € [0,1], we have an additive group ho-
momorphism ¥, , : C®C = R, f ® g — log f(u) - logg(v). Applying it on (3.17), we
have
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m k
> logyi(u) - log Py, -, (y1(v)) = > (log gi(u) - log hi(v) + log s (u) - log gs(v)). (3.18)
i=1

Then, taking the derivative for u and setting v = u, we have

- d
Z Ju log i (u) - log Py, =, (y(u))
t=1

L ; (3.19)
= Z ( log gi (u) - log hi(u) + —-log hi(u) - log gi(“‘)) :

Similarly, taking the derivative for v and setting v = u, we have
ZIOgyt 5 log Pdt,Zt (yt( ))
(3.20)

- Z (1oggz ) A tog ) +loghi(u) - - log) ).

Note that the right-hand sides of (3.19) and (3.20) are identical. Thus, by (3.16), (3.19),
and (3.20), we obtain the equality

S L () =0 (3.21)
t=1 d

4. Identities associated with periods of generalized cluster algebras.

In this section we show Statement (IT’) in Section 1; that is, there is a dilogarithm
identity of higher degree associated with any period of seeds of a generalized cluster
algebra.

4.1. Seed mutations for generalized cluster algebras.

Generalized cluster algebras were introduced by [CS14]. Here we present the defi-
nitions of a seed and its mutation for a generalized cluster algebra, following [Nak15b],
[NR16]. (Again, we do not give the definition of a generalized cluster algebra itself,
because it is not essential in this paper.)

DEFINITION 4.1.  Let us fix a positive integer n and a semifield P, which are called
the rank and the coefficient semifield (of a generalized cluster algebra under considera-
tion). In addition, we also fix an n-tuple d = (d;)?_; of positive integers, which is called
the mutation degree. For the simplest choice d = (1,...,1), it reduces to the ordinary
cluster algebra case. Let w = (w;)?_; be an n-tuple of formal commutative variables and
let F = (Q(P))(w) be the rational function field of w with coefficients in Q(P), which is
called the ambient field.

(1). Let (B, z,y, z) be a quartet such that

e B = (b;);;— is a skew-symmetrizable integer matrix of size n,
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e © = (z;)!", is an n-tuple of algebraically independent elements of F,
e y = (y;)’ 4 is an n-tuple of elements of P.

e z=(z,]i=1...,ns =0,...,d;) is a collection of elements of P such that
zio =24 =1foranyi=1,...,n.

Here we call such (B,z,y,z2) a seed, and call B, z, y, and z the exchange matriz, the
x-variables, the y-variables, and z-variables of a seed (B,z,y,z), respectively. Also,
we set

n
;&izyin?jie]-', 1=1,...,n (4.1)
j=1
as before, and call them the g-variables of a seed (B, z,y, z).
(2). For any seed (B,z,y,z) and any kK = 1,...,n, we define a new seed
(B, 2,y ,2") = pi(B, x,y, ), called the mutation of (B,x,y, z) at k, as follows:
—byj i =korj=k
B, =4 teRony (4.2)
bij + di([=bir] +brj + bi [brj]+) i,j # Kk,
dy,
-1 [=bjk]+ Pay, 2, @k) .
x x; —RER L =k
1’; = F J];[l ’ Pdk,zk (yk)hl” (43)
-1 .
Yy 1=k
vi = el ) b (4.4)
vi (W) Pauw)le) ™ i R
%5 = Zidi—s- (4.5)

Here and elsewhere, for the z-variables z = (2;)i=1,...,n;s=0,....d;» W€ set

2= (2h,s) o, (4.6)
and
dk dk
Pz, (9r) = Z Zk,s Uk P, 2, ()l = @ 2k, Y- (4.7)
s=0 s=0

The following facts can be easily checked:

(1) The mutation py is an involution, i.e., ux(ux (B, x,y, 2)) = (B, z,y, 2).

(2) If R is a skew-symmetrizer of B, then R is also a skew-symmetrizer of B’.
(3) The g-variables in (4.1) transform in F as the y-variables, namely,

gt i=k

~7
L PN b
i (y;[ck H) (Pay 2 (1)) 0% i # k.
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4.2. Dilogarithm identities.

Let n and d = (d;)!~; be the ones in Section 4.1. Let Q4(y,z) be the uni-
versal semifield with generators (formal commutative variables) y = (y;)7; and z =
(2i,5)i=1,...n;s=0,...,d; as defined in Example 2.4 (2). However, in accordance with our sit-
uation, z; o and z; 4, (1 = 1,...,n) are specialized to the identity element 1. For example,
in the case d = (1,...,1), we have Q4 (y,2) = Q4 (y).

From now on we specialize the coefficient semifield P in Definition 4.1 as P =
Q4 (y,2). Let us choose a seed (B,z,y,z), where B and z are arbitrary, but we es-
pecially choose y and z to be the generators y and z of Q4 (y, z). Let us call (B, z,y, z)
the initial seed, and consider a sequence of mutations starting from it:

(B,2,y,2) = (B[, (1], y[1], 2[1]) =¥ (B[2], 2[2],y[2], 2[2]) =% - wo)
A (Blm + 1], 2[m + 1], y[m + 1], z[m + 1]).
Let R = diag(r1,...,,) be a common skew-symmetrizer of B[1], ..., Blm+1], and

let = be the least common multiple of r1,...,7r,. We set 7 =r/r; € Z.

DEFINITION 4.2.  We say that the sequence (4.9) is o-periodic for a permutation o
of {1,...,n}if

ba(i)a(j)[m+1} :bijv xo(l)[m""” = Ty, ya(z)[m+1] =Y (Zvj = 17"'7”)'

PROPOSITION 4.3.  If the sequence (4.9) is o-periodic, then we have
To() =Ti, (i=1,...,n). (4.11)

Proor. Without losing generality, one can assume that B = B[1] is decomposed
into a block diagonal form such that each block is indecomposable. By (2.20), mutations
preserve the block diagonal form. Moreover, by (2.22) and the assumption y,;)[m +
1] = y;, o only permutes the indices in the same block. On the other hand, for each

indecomposable block (bij)g_’ j=p its skew-symmetrizer is unique up to a multiplicative

constant. In particular, there is a unique minimal skew-symmetrizer diag(r;77 . ,ré) of
the block. Then, by the assumption by (o (j)[m + 1] = by, diag(r(’,(p)7 ... ,r(’j(q)) is also
the minimal skew-symmetrizer of the block. Therefore, we have r(’j( o= rh(i=p,...,q).
Thus, 753y =7 (i =p,...,q) holds. O

The following fact connects generalized cluster algebras and dilogarithm identities
of higher degree.

THEOREM 4.4 (cf. Theorem 2.7).  Suppose that the sequence (4.9) is o-periodic for
some permutation o. Then, it satisfies the following “constancy condition” in the wedge
product /\2 Q4+ (y, 2), where we regard Q4 (y, z) as a multiplicative abelian group:

> e (b [ A Pa, 10 [6))) = 0. (4.12)

t=1
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Our proof of Theorem 4.4 relies on some detailed results on the y-variables obtained
in [Nak15b], and it will be given in Section 5.

Admitting Theorem 4.4, we give the first half of the dilogarithm identity of higher
degree associated with any period of seeds.

THEOREM 4.5 (cf. Theorem 2.8).  Suppose that the sequence (4.9) is o-periodic for
some permutation o. Let

¢:Qi(y,2) = Ry (4.13)

be any semifield homomorphism such that o(z;) = (p(2i.s))%, satisfies the generic con-
dition (3.2) for any i =1,...,n. Then, the following sum only depend on the images of
the z-variables p(z; s), and does not depend on the images of the y-variables ¢(y;):

D L, g n ) (2 (e [1])) - (4.14)

t=1

PROOF. The argument is standard (e.g., the proof of [Nak1l1lb, Theorem 6.4]).
Suppose that there are two semifield homomorphisms ¢y and ¢ from Q4 (y,2z) to Ry
such that ¢o(z;s) = ¢1(z,s). Then, we can interpolate them by a family of semifield
homomorphisms ¢,, (u € [0,1]),

ou: Qi (y,2) — Ry
Yi = (1 —u)o(yi) + upr(yi) (4.15)
Zis = polzis) = @1(2is)-

Let us introduce positive-real-valued and differentiable functions Y; € C (t = 1,...,m)
on the interval [0, 1] defined by

Yi(u) = @u(y, [1])- (4.16)

Applying the family of homomorphisms ¢, (u € [0, 1]) to (4.12), we have the constancy
condition in A*C:

Z Tk, (Yt A Pdk#?o(zkt [t])(Y}/)) =0, (4.17)
t=1

where we used the fact that ¢, (zx,[t]) = wo(zk,[t]) for any u € [0, 1]. Then, by Theorem
3.2, the dilogarithm sum

> Ly oz, 1) (Yi(w) (4.18)

t=1

is constant as a function of u € [0, 1]. In particular, setting u = 0 and 1, we have

>k, Lay oo (e 1) (P0 W, (1)) =D Py Lt o, 1) (21 (U [1])) (4.19)
t=1

t=1
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which is the desired result. O

The second half of the dilogarithm identity of higher degree is about the constant
value of (4.14). To describe it, we introduce the semifield homomorphism (tropicalization
map)

7 : Q4 (y,2) = Trop(y, 2)
Yi = Y (4.20)
Zi,s — Zi,s-

Here, Trop(y,z) is the tropical semifield with generators y = (y;)7.; and z =
(%i,5)i=1,....n:s=0,....d; as defined in Example 2.4 (3), but again z, o and z; 4, (i =1,...,n)
are specialized to the identity element 1.

We then apply the map 7 to each y-variable y;[t] in (4.9). It is known that the image
7(y;[t]) does not depend on z-variables z [Nak15b, Lemma 3.6]; thus, it is expressed as

w(yilt)) = [T o7 (4.21)
j=1

Thus, we have a family of square matrices C[t] = (c;;[t])7 ;= for t =1,...,m + 1, which

are called the C-matrices for the sequence (4.9). Alternatively, they can be directly

defined through the following system of recursion relations [Nak15b, Propostition 3.8]:
(initial condition)

cii[1] = 644, (4.22)
(recursion relation)
cij[t +1] = {Cikt 2 ‘7 =h (4.23)
cijlt] + d, ([—cin, [t]]+0n, 5[] + cin, [1)br 5 [E]]4) T # K.

The ith column vector ¢;[t] = (cji[t])7—; of the matrix C[t] is called the c-vector of yl[t];.
By the definition of (4.21), it is the “exponent vector” of the tropical y-variable 7(y;[t]).

It is known that the sign-coherence property of the c-vectors still holds for generalized
cluster algebras.

THEOREM 4.6 ([Nak15b, Theorem 3.20]).  Each c-vector ¢;[t] is a nonzero vector,
and all its components are either nonnegative or nonpositive.

Accordingly, we set the tropical sign e(y;[t]) € {£1} of y;[t] as 1 (resp. —1) if all
components of ¢;[t] is nonnegative (resp. nonpositive). For simplicity, let us write

et = e(yg, [t])- (4.24)

Now, continuing from Theorem 4.5, we can state the second half of the dilogarithm
identity of higher degree.
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THEOREM 4.7 (cf. Theorem 2.11).  Under the assumption of Theorem 4.5, we have
the following equality for any choice of ¢ in (4.13):

m

m

= _ 1l—g =
> Tkl oo, ) (2 Wk ) = D P =5 Lay, p(er, 1) (20)- (4.25)
t=1 t=1

PROOF. Again, the argument is standard (e.g., the proof of [Nak11lb, Theorem
6.4]). Let ¢ be any such semifield homomorphism. Then, we consider a family of semifield
homomorphism ¢, (u € (0, 1]) as follows:

ou: Qy(y,2) — Ry
Yi — up(y;) (4.26)
zis  —p(zis)

First, we claim the following behavior of y-variables in the limit v — 0:

0 €t:1

i oo (g, [1]) = {OO c— 1. (4.27)

This follows from the forthcoming expression of the y-variables (5.3), together with the
sign-coherence property in Theorem 4.6 and the fact that all polynomials F}[¢](y, z) in
(5.3) have the constant term 1 [Nak15b, Proposition 3.19].

On the other hand, by Theorem 4.5, one can replace ¢(yg,[t]) in the left side of
(4.25) with ¢y, (yg,[t]) for any u € (0,1] without changing the sum therein. Then, by
taking the limit « — 0, we obtain the right-hand side of (4.25) thanks to (4.27). O

Using (3.9), we also have an alternative form of the identity (4.25), which is constant-
term free.

THEOREM 4.8 (cf. Theorem 2.12).  The identity (4.25) is equivalent to the following
one:

m
D etk Ly, o, i) (@ (s, [0))) = 0, (4.28)
t=1

where

2k, [1] =1

(2 1) & =—1. (4.29)

(2, [t])° = {

REMARK 4.9.  One can force to set some of ¢(z; s) to be 0, and Theorems 4.7 and
4.8 still hold by continuity.
5. Proof of Theorem 4.4.

In this section we give a proof of Theorem 4.4, which is the core of this paper. The
proof here uses the same argument in the “second proof”’ of [Nak11lb, Proposition 6.3
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therein, whose idea originates in [FG09a, Proposition 6.3] and [FG09b, Proposition
2.14]. Interestingly, even though the statement of Theorem 4.4 only involves y- and z-
variables, the proof requires F'-polynomials as well, which are the specializations of the
accompanying x-variables.

Let us recall the notion of the F-polynomials for generalized cluster algebras
[Nak15b] in our context.

DEFINITION 5.1.  Let us consider the sequence (4.9). Apply the tropicalization
map of (4.20) to all y-variables involving in the mutation of z-variables (4.3). Then, it
is known [Nak15b, Proposition 3.3] that the resulting z-variable x;[t] is expressed as a
Laurent polynomial X;[t](z,y,z) € Z[z*',y, 2]. By specializing 2; = ... = z,, = 1 in
Xi[t](z,y, z), we obtain a polynomial F;[t](y, z) € Z[y, 2], which is called the F'-polynomial
of z;[t].

We use the following known properties of the F-polynomials, which generalize the
ones for ordinary cluster algebras by [FZ07].

PropoSITION 5.2. (1). ([Nak15b, Proposition 3.12]) The F-polynomials satisfy
the following system of recursion relations:
(initial condition)

(recursion relation)
di,
F/Ct H [ Ciky [t +F ]( )[ bik, (] +
Fi[t+1](yvz) = n (52)
Ciky t] .
% Pay, e | [T o5 Bl (g, 20 i = k
j=1

Filt)(y, 2) i # k.

(2). ([Nak15b, Theorem 3.22]) The following equality holds:
(Separation formula)

H il g1t (y, 2o, (5.3)

We note that due to the above recursion, F;[t](y, z) are also viewed as elements in

QJr (ya Z)
We also need the following periodicity property of the F-polynomials.

PROPOSITION 5.3.  Suppose that the sequence (4.9) is o-periodic for some permu-
tation o. Then, the F-polynomials obey the same periodicity, i.e.,

Fo’(i) [m+ 1](y,2’) = Fl[l}(lhz) =1 (54)
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Therefore, Fiim + 1)(y,z) =1 for anyi=1,...,n

Proor. This is because the F-polynomials are defined by the tropicalization and
specialization from the z-variables in (4.9). O

To each seed X[t] = (B[t], z[t], y[t], z[t]) (¢ =1,...,m+ 1) in the sequence (4.9), we
attach the following element in A Q. (y, 2):

Zn fnult) +5 3 bulth; (Rl A B (5:5)

Note that V[1] = 0 due to the initial condition (5.1).
The next result is crucial in our proof of Theorem 4.4.

LEMMA 5.4.  The following equality holds:

VIE+1] = VI = 7, (0,10 A Py, e 0 1) (5.6)

PROOF. We prove it by the direct and straightforward calculation. To make the
calculation a little more transparent, we separate the quantity V[¢] in (5.5) into two
parts,

=S R(EHAuE), V=g 3 bl (RUARK),  (67)

i=1 i,j=1

and calculate the difference V;[t + 1] — V;[t] separately. After a careful calculation, we
obtain the following results.

Vilt+1] — =Tk, ((H Ei[t bik, M) A Pdkt,zkt t] (Y, [ﬂ))

+ dk:t ,Fk)t (ykt [t] A <H y'L[_Cikt [t]]+> ) (58)
=1

+ Tk, (ykt [t} A Py, 2 1] (Y, [ﬂ)) ;

Valt + 1] — Valt] = —7, ((HF ””[t]> A Py, i, 181Uk, [ﬂ))

. (5.9)
— dy, 7, ((H ”) (H ol ))
i=1
To obtain them, we used (4.2), (4.4), (5.2), and also the skew-symmetric property
bis[t]rs = —bjilt]7s. (5.10)

Summing up (5.8) and (5.9) and using (5.3), we have
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V[t +1] = V[t] = du, 7, can [ 2 E—cikt[tm))
[t+1] = V[t] = dy, 7% <<Hy >/\<1:[1y o

+ Tk, (yk-t [t] A Py, i, 18 Uk, [7«‘])) :

Then, the proof of the lemma completes by showing the first term in the right-hand side
of (5.11) vanishes. Indeed, using the equality a = [a]4+ — [—a]+, we have

(ﬁ mtm) (H [—clkt[tm) _ (f[y o[t ) (H (e [t)+ ) (5.12)

Then, either the first or the second component in the right-hand side of (5.12) is 1 due to
the sign-coherence property of the c-vectors in Theorem 4.6. Thus, the right-hand side
of (5.12) vanishes as desired. O

Let us complete the proof of Theorem 4.4.

PROOF OF THEOREM 4.4. Due to the assumption of the periodicity (4.10) and
the resulting periodicities of the skew-symmetrizer (4.11) and the F-polynomials (5.4),
we have the periodicity of V[t], i.e

Vim+1] = V[1] = 0. (5.13)

On the other hand, by Lemma 5.4, we have

m
Vim+ 1) =Vim+1 - V(1] =Y #, (ykt [ A Pay, .11 (e [t])) . (5.14)
t=1
Combining (5.13) and (5.14), we obtain the constancy condition (4.12). O

6. Examples.

Here we provide three examples of periodicities in generalized cluster algebras which
are not regarded as the periodicities in ordinary cluster algebras. In all of them the
permutation o in Definition 4.2 is the trivial one. So far, we do not know any example
of a periodicity with a nontrivial permutation ¢ which is not regarded as a periodicity
in an ordinary cluster algebra. (For ordinary cluster algebras there are plenty examples
of periodicities with nontrivial permutations. See e.g. [IIK*13, Theorem 7.1].)

6.1. Involution periodicity.
Let (B, x,y, z) be any seed with any rank n and any mutation degree d. Due to the
involution property of the mutation uy, the mutation sequence

(B.a,y,2) = (B[], (1], y[1], 2[1]) = (B[2],z[2],y[2], z[2]) = (B[3]. (3], y[3], 2[3])-
(6.1)
is periodic, i.e., o-periodic with ¢ = id. The data for the associated dilogarithm identity
is given as follows:
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yelll = wk,  wl2) =y, ", (6.2)
€1 = 1, €9 = —1,

zi[l] = 2k, 2k[2] = #.
Thus, the dilogarithm identity in the form (4.25) is
"kLdy 2 (k) + FxLay zr (g ') = FrLay,z; (00), (6.5)

where for notational simplicity we omit the evaluation homomorphism ¢ : Q4 (y,z) — Ry
by identifying y; and zj with their images in Ry by ¢. The identity (6.5) coincides with
(3.4). Meanwhile, the dilogarithm identity in the form (4.28) becomes trivial.

'Fki/dk,zk (yk) - ,Fkidkyzk (yk) =0. (66)

6.2. Six term relation for type Bz /C5.
Let n =2 and d = (2,1). We consider an initial seed (B, x,y, z) with

B = ((1) _01) ;o= (1,a,1), 2z =(1,1). (6.7)

We choose ry =12 = 1, so that 71 = 75 = 1. Then, the following sequence of alternative
mutations is known to be periodic [Nak15b, Section 2.3]:

(B,a,y,2) = (B[], 2], y[1], 2[1]) = (B[2],z[2], y[2], 2[2]) =

i (6.8)
- 5 (B[7), 2([7), y[7], 2[7)).
The data for the associated dilogarithm identity is given as follows:
nlll =y, 92 =vp(+ay+97), 0B =y (1+y2+ vy +yiy),
y24] =y 2ys (1 + 2y2 + 43 + ayiye + ayiys + yivs), (6.9)
nl5) =y e t(L+y2), wel6] =ys ',
61182:1, 83:"'156:*1, (610)
z1[1] = 21[3] = z21[5] = 21, 22[2] = 22[4] = 22[6] = 22. (6.11)

Then, the dilogarithm identity in the form (4.28) is explicitly written as follows:

Loz (91) + L (y2(1+ ayy +97)) — Loz, (11 (1+ 42 + avnye + yiy) ")
—L (y%yg(l + 2yo + y% +ay1y2 + aylyg + y%y%)_l) (6.12)
— Lo, (y1y2(1+y2)7") — L(y2) =0,

where L(z) := L(x)1.., = L(z/(1 + x)) for the ordinary Rogers dilogarithm L(z).

6.3. Eight term relation for type Gs.
Let n =2 and d = (3,1). We consider an initial seed (B, z,y, z) with



Rogers dilogarithms of higher degree 1291

5= (1) a=asn, 2= (6.13)

We choose r; = r9 = 1, so that 71 = 7 = 1. Then, the following sequence of alternative
mutations is known to be periodic [NR16, Example 3.7]:

(B,a,y,2) = (B[], «[1], y[1], 2[1]) = (B[2], x[2], y[2], 2[2]) =

) (6.14)
- =3 (B[9], (9], y[9], 2[9))-
The data for the associated dilogarithm identity is given as follows:
vl =y, 1202 = v2(1+ ays + Byi +97),
(3] = i '(L+ g2 + avaye + Byiyz + yive),
yold] =y ys (1 + 3y2 + 3y3 + 5 + 2012 + dayyi + 209195
+ Byiys + @Pyiys + 3ByTys + aPyiys + 267Y5
+aByiys +2a8yiys + 3yivs + 2y7ys (6.15)

+aytys + 20yl + BPytys + 28yTYs + yiys),
v1[5] =y %ys (1 + 202 + 45 + ayryz + aviys + Byiys + yivs),
Y2[6] = ¥y (1 + 3y2 + 33 + 3 + awryz + 200195 + ayrys
+ Bytys + Byiys + viy3),
nl =y 'y (L+w), wl8l=y"
g1=e9=1, eg=---=eg=—1, (6.16)
zi[l] = z1[5] = 21, z1[3] = 21[7) = 21,  22[2] = 22[4] = 22[6] = 22[8] = 22.  (6.17)

Then, the dilogarithm identity in the form (4.28) is explicitly written as follows:

Ly, (y1) + L (y2(1 + ayr + Byi +47))
—La., (yi(1+ y2 + ayiye + Byiye + yiy) ™Y)
— L(yfy2(1 4 3y2 + 3y3 + v5 + 200192 + day1ys + 20195
+ Bytya + &ytys + 3BTy + ’ytys + 2Bytys
+ aBylys + 208y Y3 + 3uiYs + 203y
+aylys + 2ayiys + B2yiys + 28y7ys + yivs) )
— Ly .: (yiy2 (14 292 + y3 + oy + oy + Byivs +viy3) ™)
— L(yty3 (1 + 3y + 395 + 45 + ayrya + 200193 + a1y
+ Bytys + Butvs + uiv3) )
— Ls., (121 +52)"") — L(y2) = 0.

(6.18)
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A. Derivation of classical dilogarithm identity from quantum one.

This appendix serves as independent reading.

Here we complete the picture by showing how the classical dilogarithm identity of
higher degree in Theorem 4.8 is obtained from its quantum counterpart in [Nak15a,
Theorem 4.1]. This is a generalization of the argument in [KN11] for the ordinary
cluster algebras with skew-symmetric exchange matrices. (Thus, this presentation is new
even for the ordinary cluster algebras with skew-symmetrizable exchange matrices.)

We rely on the saddle point method, which is standard in quantum mechanics (e.g.,
[Tak08, p. 95]). However, as in [KN11], we stress that the derivation here is only
heuristic, and not functional-analytically rigorous; for example, the uniqueness of the
solution of the saddle point equations, the specification of the integration contour through
the saddle point, and the total validity of the method are not pursued. Nevertheless, we
believe that the derivation presented here is useful for the readers. (At least it is better
than nothing.)

Here we follow and generalize the calculations especially in Section 4 and Appendix
A of [KN11]. Since this is a rather complicated subject, we try to write it in a self-
contained way at a reasonable level, but not completely, and we ask the readers to refer
to [KN11] (and also [Nak15a]) for further details.

A.1. Quantum dilogarithms of higher degree.
For any positive integer d, the quantum dilogarithm of degree d with coefficients
z = (z5)%_,, where zg = z4 = 1, is defined as [Nak15a]

o) =[] Pao-a® ), (A.1)
k=0

where Py .(z) is the polynomial in (3.1), whose coefficients z,’s are nonnegative real
numbers which satisfy the generic condition (3.2), and ¢ € C with |¢| < 1. Then, the
power series (A.1) converges for any = € C. Below let us concentrate on the region x > 0.
The function ¥, ,(z) is related to the dilogarithm of higher degree Lis.q () in (3.3)
in the asymptotic limit as follows [Nak15a]:

Lis.g.(—z _
Wy, () ~ exp <213g;2)> g1 (A.2)

A.2. Quantum Y-seed and mutations.
Let us recall the notions of a quantum Y-seed and its mutation in generalized cluster
algebras following [Nak15a] with slight modification.

DEFINITION A.1. As in the classical case, first we fix the rank n and the mutation
degree d = (d;)_;. Then, we consider a triplet (B,Y, z) such that

e B = (b;)};— is a skew-symmetrizable integer matrix of size n,

e Y = (Y;), is an n-tuple of noncommutative formal variables obeying the relation

ViV =YY g=0q, (A.3)
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where R = diag(ry,...,r,) is a skew-symmetrizer of B,
o 2= (zis]|i=1,...,n;8=0,...,d;) is a collection of commutative formal variables
with z;0 = 2,4, = 1 for any ¢ = 1,...,n; furthermore, z; ;’s commute with Y;’s.

We call such (B,Y, z) a quantum Y-seed, and call Y = (Y;)?_; the quantum y-variables
of (B,Y, z).

It is convenient to extend the above quantum y-variables to a family of noncommu-
tative variables Y («a € Z™) with the relations

¢ OIYYP =Y (o, B) = Y amibi By, (A4)
ij=1
where we identify Y; = Y for the i¢th unit vector e; of Z™.

DEFINITION A.2. For any quantum Y-seed (B,Y,z) and any k = 1,...,n, we
define a new seed (B',Y’,2') = uxp(B,Y,z2), called the mutation of (B,Y,z) at k, as
follows:

v, i=k
Y/ = [bril —sgn(by;) A5
' Y eitde[brilex H (Z Zk, Sq*Sgn(blm )(2m— 1)Sys> i #k, ( )
m=1

where sgn(a) = 1,—-1,0if a > 0, a < 0, a = 0, respectively, while B’ and 2’ are defined
by (4.2) and (4.5), respectively.

Indeed, it is easy to check that the following relation holds for the same skew-
symmetrizer R:

Ve 21’3'1' It
YY) =q; "Y]Y]. (A.6)
Again, the mutation uy is an involution, i.e., ug(ui(B,Y, 2)) = (B,Y, 2).

REMARK A.3. In [Nak15b] and [Nak15a] a skew-symmetrizer R was introduced,
not for the exchange matrix B itself, but for the matrix DB. Using this opportunity,
let us modify the convention to the one in this paper, which is simpler. For example,
Equation (3.2) in [Nak15a] is replaced with (A.3); and Equation (3.22) in [Nak15b] is
replaced with

HGHTRC = I (A7)

A.3. Quantum dilogarithm identity of higher degree.
Let us choose any quantum Y-seed (B,Y, z) as the initial seed, and consider a se-
quence of mutations starting from it:
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(B,Y,2) = (B, Y[1],2[1)) = (B[2],V[2], 2[2) = (A8)
- (Bm 410, Ym + 1], 2[m + 1]), |
where we use a common skew-symmetrizer R = diag(ry,...,r,) of B[1], ..., Blm + 1]

to define the commutation relation for Y[¢t] all ¢t =1,...,m + 1.

DEFINITION A.4. We say that the sequence (A.8) is o-periodic for a permutation
oof {1,...,n}if

ba(i)g(j) [m + 1] = bij, Yo’(i) [m + 1] =Y (Z,j =1,... ,n). (Ag)

Along with the sequence (A.8), let us also consider the sequence (4.9) of the muta-
tions of the classical seed, where the initial exchange matrix B is taken to be common in
the both sequences.

CONJECTURE A.5. The sequence (A.8) is o-periodic if and only if the sequence
(4.9) is o-periodic.

The conjecture is known to be true for the ordinary case d = (1,...,1) with skew-
symmetric exchange matrices, i.e., 7 = (1,...,1) ([KN11, Proposition 3.4] and [ITK 13,
Theorem 5.1]). However, we do not rely on this conjecture in the rest of the paper.

From now on we specialize the z-variables z of the initial seed (B, Y, z) in (A.8) to be
real positive numbers such that, for each i =1,...,n, z; ;== (zi’s)g"zo satisfies the generic
condition (3.2).

THEOREM A.6 ([Nakl5a, Theorem 4.1]).  Suppose that the sequence (A.8) is o-
periodic for some permutation o. Then, the following equality holds:

‘I’dkl 1Zkq 1150k, (YElel [1])61 T ‘Ildkm,ka [m],qr,, (Ysmc}cm [m])sm = la (AlO)
where z, [t] := (zkt,s)jl;‘o as before, cy,[t] is the c-vector for the sequence (4.9) defined by

(4.21), and £, is the tropical sign of c,[t] as in (4.24).

REMARK A.7. The identity (A.10) is called the quantum dilogarithm identity in
tropical form in [Nakl5a] and proved only for the reciprocal case z} = z; therein,
where the z-variables do not mutate. However, it is straightforwardly extended to the
nonreciprocal case as above.

We will “derive” the classical dilogarithm identity (4.8) from (A.10) in the limit
g — 1. Note that we cannot simply apply the formula (A.2) to (A.10), since the quantum
y-variables therein are not real numbers, but noncommutative variables. So, our strategy,
which is standard in quantum mechanics, is as follows:

e Step 1. Represent those quantum y-variables in (A.10) by operators acting on
functions.

e Step 2. Take the expectation value of the left-hand side of (A.10), and express it
as an integral.
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e Step 3. Evaluate the integral in the limit ¢ — 1 by the saddle point method.

This process “magically” transforms the (Euler) dilogarithms of higher degree (3.3) into
the Rogers dilogarithms of higher degree (3.12). See (A.65)—(A.69) for a preview.

A.4. Step 1: Operator representation.
We express the deformation parameter g as
q=eNMT (A.11)

where £ is a positive real number, and A be a complex number sufficiently close to 1 such
that Im A > 0. Later we will take & — 0 and A — 1. (See [KN11, Appendix A.1] for the
explanation of introducing the parameter \.)

Consider the Hilbert space L*(R™). Let u = (u;)"; denote the coordinate of R".
Let 4; and p; be the standard position and momentum operators on L*(R™) (densely)
defined by

hoof

(@:f)(u) = uif (u),  (Pif)(u) = T Tou (w), feL*R. (A.12)
Thus, we have the commutation relations
[4;,15] = [pi, p5] = 0, [Pi, 5] = L%ﬂ (A.13)

Let B be the initial exchange matrix of the sequence (A.8). Define

n
Wi = bjitly, Dy =rip;+bi, Vi =exp(AD;). (A.14)
=1
Then, we have
(D, Dj) = 20/ 1r;b55,  ViY; = ¢, V;Yi (A.15)

Thus, we have a representation of the initial quantum y-variables satisfying (A.3). More
generally, for any a € Z", we define

Y =exp(AaD), aD = Z%’Di- (A.16)
i=1
Then,
g Py VP =Yt (a,B) = Z iribij 35, (A.17)
ij=1

Thus, they give a representation of Y*’s in (A.4).
Next we describe the mutations of the quantum y-variables. Along with the sequence
(A.8) with o-periodicity, we introduce a sequence of linear transformations
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R AR A .. YR SR (A.18)
where, for t =1,...,m,

Pt R" — Rn’ (ui)nzl — (u;)n:b

D e ds, ;[—etbﬂw [ u; 0= ke (A.19)
i j i@ # ki,
and
o R = R", (u)ly = (uh)ly, ul= U (i) - (A.20)

The sequence (A.18) induces the sequence of the maps

s

L2(R™) & [2(R) & .8 p2re) £ LR, (A.21)
where p;(f) = fop; and o*(f) = f oo for f € L*(R™).
LEMMA A.8. If the sequence (A.8) is o-periodic, the following periodicity holds:

0O ppo--0p =id, (A.22)
pio---op; oo =id. (A.23)

PROOF.  Suppose that the sequence (A.8) is o-periodic. Then, taking ¢ — 1 limit,
the corresponding (classical) y-variables in the sequence (4.9) are also o-periodic. Then,
the associated c-vectors in (4.21) are also o-periodic. Thus, the associated g-vectors
[Nak15b], which are not explained here, are also o-periodic due to the duality of ¢- and
g-vectors [Nak15b, Proposition 3.21]. On the other hand, the linear transformations p;
and o exactly describe the mutations of g-vectors along the sequence (4.9). Therefore,
we have the equality (A.22). The equality (A.23) follows from (A.22). O

For any invertible linear map Y : L2(R") — L2(R™) and any linear operator O
acting on L?(R"), let

Ad(T)(O) ;=T oOoY L. (A.24)

LEMMA A.9. The following formulas hold: Fort=1,...,m,

n

Ad(pr)(ﬂz) _ _akt + dkt jz::l[_gtbjkt [t]]+’&‘] i =k (A25)

U; i # ki,

Ad(}) () = 4 P ok (A.26)
pi + di, [—ebir, [t]] 1 Dr, @ F ki,

Ad(0")(t;) = Uy,  Ad(0™)(Pi) = Pogi)- (A.27)
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PROOF. The equalities (A.25) and (A.27) are immediate from the definitions of p;
and o. The equality (A.26) is obtained by applying the chain rule for the inverse of p;

() R SR, (W) > ()i,

K2
n

_u;ﬂ, + dkt Z[_stbjkt [tHJru; =k (A28)
j=1
u; i # k. O

K2

U; =

REMARK A.10. In [KN11] the separate symbols u[t] (t = 1,...,m + 2) are em-
ployed for the coordinate of each space R” in the sequence (A.21) from left to right.
Here, we do not use them for simplicity.

Let us define the following operators for t = 1,...,m. (For t = 1, it is already given
in (A.14) and (A.16).)

Wi[t] = iji[t]aj, Dilt] = rips + wilt],  Yilt] = exp(AD;[t]), (A.29)
Vot = exp(AaD[t]), aD[t] = Zaibi [t]. (A.30)

Then, like the t = 1 case (A.15), we have the following commutation relations: For
t=1,...,m,

[Dilt], Dy[t)] = 20/~ Trsbylt],  Vilt)¥;1t] = 42" Y5 V3], (A.31)

FOPHY )Y P = YOrP[L], (o, B)y = a;ribij [t (A.32)

LEMMA A.11.  The following formulas hold: Fort=1,...,m,

— W, |t i =k
Ad(py) (it + 1]) = Awkt[ ] ) e (A.33)
wj [t] + dkt [etbkti[t”"rwkt [t] ? 7& kta
« —Tk, Dk 1=k
Ad(p})(ripi) = e X _ (A.34)
! ripi + di, [Etbr,i[t]] 7k, P, T F Kt
Proor. They follow from Lemma A.9. O

REMARK A.12. A subtle difference between the second formulas of (A.26) and
(A.34) is important, since by, ;[t] # —bix, [t] in general.

The conclusion of this section is given as follows:

ProposSITION A.13. (1) Quantum tropical mutations: Fort=1,...,m,



1298 T. NAKANISHI

*\ (1 Yk‘t [t]_l i = ky
Ad(pr)(Yilt +1]) = {f/eﬁ-dkt letbryi[t]]+en, [t] i # ke (A.35)
(2) Fort=1,...,m,
Ad(p})--- Ad(p))(Yi[t 4 1)) = yelt+1], (A.36)

PrOOF. (1). This follows from Lemma A.11. (2). Note that the second formula
of (4.23) is also written as

cij[t + 1] = eij[t] + di, ([Can, [1]]+0n,5 8] + con, [6][ =5t 4) T 7 e (A.37)

In particular, for the tropical sign e, we have [—etc, [t]]+ = 0. Thus, it is also equiva-
lent to

cijlt + 1) = cij[t] + dr, cin, [t]ecbr, 5 [U]4 T 7# ke (A.38)

Comparing (A.35) and (A.38), we inductively obtain the formula (A.36) fort =1,...,m.
O

A.5. Step 2: Integral expression.

In the quantum dilogarithm identity (A.10) let us replace the initial quantum y-
variables Y; with their operator representations Y;. Then, multiplying the left-hand side
of the equality (A.23), we obtain the following equality:

}A/'Elch [1])51 (S}E,”Ckm, [m])sm pT - p’:ng* = 1d7 (A39)

‘Ildkl 22k (1545, ( R LT L

where the composition symbol o is omitted for simplicity.
Using (A.36) repeatedly, it is transformed into the following equality, which is a
generalization of the quantum dilogarithm identity in local form in [KN11]:

o, e Wan, Ve (057070, 20,00, Vea[272)°2 05

o (A.40)
W imlan,, Ve, [M]T)™ o 0™ = id.

Using the Dirac’s bra-ket notation, we introduce a family of common eigenvectors
|u) and |p) (u,p € R™) of the position operators @;’s and momentum operators p;’s,
respectively, and their complex conjugate (u| and (p|. They satisfy

ailu) = wilu),  pilp) = pilp), (A.41)

n

(ulu') H5 —uf),  (plp') = 2ah)" [ 6(p: - p)), (A.42)

i=1

<u|p>exp(*/,?up>, b = oo (5 tw) =Y

In particular, we have, for vectors (u| and |p),
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D[t "
WD) _ ], wile] = 3 bjilt)u;. (A.44)

(ulp) =

We also have the completeness property,
1= [aaul, 1= [ S (A.45)
- » T ] @rnyn PPE ‘
Let

O=%y . g, Ve D705 a, oo tmlan,, Vi [M) 77 o0 (A.46)

be the left-hand side of (A.40), which is actually the identity operator due to (A.40).
Choose an arbitrary position eigenvector |u[l]). Then, we introduce the momentum
eigenvector |p[1]) whose eigenvalues are given by

pi1] = wi[1] := Z bji[1]u;[1]. (A.47)

Let

(u[1]|O1B[1])
(u[1][p[1])

which is actually 1. Skipping some detail (see [KN11, Sections 5.2 and A.3]), we obtain
the following integral expression, using (A.44):

F(ull],p[1]) :== (A.48)

Fu[1],5[1]) = (2rh) "0 / dp[1] - - dplm — 1)dul2] ... dulm]

W, 1) 0 (a1 pl1 — 1)) -

€m )€ V-1 =
X Wiy, iy, e, Yk, [M]7™) 7 exp (hu[m] (plm] —p[ml]) | ,
(A.49)
where p;[m] is determined by
_ i =k,
e oaiolt) = e ’. (A50)
ripilm] + dy,, [embr,,i[m]] 4 7r, pr,, [m] 0 F

while p;[t] (t = 2,...,m) and yg,[t] (t = 1,...,m) are dependent variables of the inte-

gration variables such that, fort =1,... ,m — 1,
—r t 1=k
ripft 1] = 4 el ! (A.51)
TiDi [t] + dkt [Etbkti[t]]+rktpkt [t] ¢ 7é kt7

and, fort=1,...,m,
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Yr.[t] = exp (A(rrepr, [t] + w, [t])), wg, [t] = Z bjk, [t]u;t]. (A.52)

REMARK A.14. The symmetry of the skew-symmetrizer (4.11) is used to obtain
the relation (A.50). Without it, the left-hand side of (A.50) is 7P, -1(;), which we do not
want. (Compare with the forthcoming (A.64).)

A.6. Step 3: Saddle point method.
In our parametrization of ¢ in (A.11), the asymptotic behavior of the quantum
dilogarithms of higher degree in (A.2) is expressed as

v—-1 1

A _ +
n 2)\27’1'L12;d’z( LL‘)>7 h—0T. (A53)

Wy, (1) ~ exp (

We are interested in the asymptotic behavior of (A.49) in the limit & — 0*. Thus,
we may replace the quantum dilogarithms therein by the right-hand side of (A.53), and
we have

Fl1), 1)) ~ (2™ [ dpl1] - dplm — 1duf2] - dum

x exp (f > { G i (7)) - ﬁ[ﬂ)})
(A.54)

REMARK A.15. Due to our assumption of A = 1 with Im A > 0, y, [t] defined by
(A.52) is a complex number close to a positive real number. Accordingly, the functions
Lio.y, 2, (1] (z) in (A.54) are analytically continued in the vicinity of the negative real
line R_.

To evaluate the integral (A.54) in the limit A — 0T, we apply the saddle point
method.
To do that, we need the following formulas.

LEMMA A.16.
0 &t . . 1 . —b,i[t]/2
Tim <ML12;dkt7zm [t](—ykt [t]° )) = —Xlog (Pdkﬁzm (t] (Y. [t]° )) )
(A.55)
0 Et . et - 1 et —-1/2
apilt] <2>\27"kt Lisay, 2, (1) (— Yk, [t] )) = dik, y log (Pdkt,zkt i1 (Y, [1] )) . (A.56)

PRrROOF. These are obtained by (3.3), (A.52), and the skew-symmetric property of
RBt]. O

The saddle point equation of the integral (A.54) is the extremum condition of its
integrand with respect to the integral variables p[t] (¢t = 1,...,m — 1) and u[t] (¢t =
2,...,m).
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(a). Eatremum condition for u;(t) (t = 2,...,m). By differentiating the integrand
of (A.54) by u;(t) using (A.55), and multiplying r;, we have

1 o\ “elt]/2 )
— log (Pdktvzkt[t] (Y. [1] t)) + ripi[t] — ripift] = 0. (A.57)

Note that, in particular,
Pr.[t] = Pr.[1]- (A.58)

By (A.57) and (A.51), we also have, for t =2,...,m —1,

(eAmtimt [t])fl i=ky
eAriBilt+1] _ eAribilt] ((ex'"ktﬁkt [t])[Etbkti[t]]Jr)d’” (A.59)
R 7b)€t7‘,[t]/2 .
% (P e 0 (0, [0 i# k.

(b). Extremum condition for p;(t) (t = 1,...,m—1). By differentiating the integrand
of (A.54) by p;(t) using (A.56) and (A.51), we have, for i = k¢,

1 ~1/2
108 (P o (i [17))  + [t
n (A.60)
= di[eebtl]us [t + 1] + g [t + 1] = 0,
j=1
and otherwise,
ui[t] — Ui[t + 1] =0, 1 7é tr. (A61)
By (A.60) and (4.2) ( noticing that [=bik|+bk; + bik[brs]+ = [bik]+brj + bir[—brjl+ ), we
also have the following equations for w;[t] = Z?:I bji[tlu;[t] for t =1,...,m — 1:
(ekwkt [t])—l i=k
et = J ] (oo eeh b ) (A62)
—bk’i[t]/Q .
% (Payy et e l7)) i R

A complex (but almost positive real) solution u;[t] (¢ = 2,...,m), pi[t] (t =
1,...,m—1) of (A.57) and (A.60) is constructed as follows.

(1). (y-variables) We have u;[1] as initial data, from which w;[1] is uniquely determined.
We set y;[1] = exp(2Aw;[1]). Then, y;[t] (¢ = 1,...,m) are determined by the
mutation sequence (4.9).

(2). (u-variables) We determine w;[t] (¢t = 2,...,m) by the extremum condition (A.60)
and (A.61).

(3). (p-variables) Set p;[t] (t = 2,...,m) by exp(Arip;[t]) = w:[t]'/?. Then, determine
pilt] t=1,...,m—1) by (A.51), and p;[m] by (A.50).
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It is necessary to check that (A.52) and (A.57) are satisfied.

The condition (A.52): By (A.60) and (A.61), we have (A.62). Thus, we have
exp(Aripi[t]) = exp(Aw;[t]) = vi[t]'/2. Therefore, the condition (A.52) is satisfied.

The condition (A.57): Since exp(Arip;[t]) = yi[t]*/?, the condition (A.59) is satisfied.
Then, combining it with (A.51), we obtain (A.57) for t = 1,...,m — 1. To obtain (A.57)
for ¢t = m requires a little extra consideration. Extend the above construction for y;[m+1]
and p;[m + 1]. Then, the condition (A.59) is satisfied for ¢t = m. Moreover, thanks to
the o-periodicity of y-variables, we have

To(i)Pa(i) [m + 1] = ripi[1]. (A.63)
Thus, we have
(eArkmﬁkm [m])71 i = k‘m
Aol = & Aripilm] (A B ] ) [e1bn gl ) B (A.64)

—bg, i[m]/2 .
X (Pdkm,zkm [m] (ykm [m]Sm)) kmilml/ ¢ % km.

Then, combining it with (A.50), we obtain (A.57) for ¢t = m.

Thus, this is indeed a solution of the saddle point equation.

The saddle point method claims that, under “some” condition which we do not
pursue in this paper, the integral (A.54) in the limit & — 0 is approximated at the
value of the integrand at an extremum point, up to some multiplicative factor which is
irrelevant here. (See [Tak08, p. 95] for the explicit expression for the one variable case.)
Therefore, taking the above solution, ignoring the multiplicative factor, then taking the
logarithm and removing the factor v/—1/k, we have

> { Ly, o 1~y [17) + ult) 0 —ﬁ[t])} . (A.65)

2X2r
t=1 et

Recall that, for our solution,

) 1 o ~beasll/2
pilt] — pilt] = v log (Pdkt,zkt 1t (Y, [1] ’)) ; (A.66)
1
wilt] = BN log ;i t]. (A.67)
Thus, using the skew-symmetric property by, ;[t]r; ' = —big, [t]r,:tl, we have
- _ Im 1 [ bylt
Z ug [t](ps[t] — pilt]) = 3 Z o <—kt2[]> u;[t]log Py, 2, 11 (Y, [t]*)
i=1 i=1""
1 n
= bik, [tuilt] log Puy, 2., (1) (Y, [t]7)
20T, ; skl (A.68)

1 £
B Trkt’u}kt [f]1og Pdkt 12k (1] (Y. [1]7)
e

= m log y;[t]** - log Pdkt,Zkt [t] (Y. [t]**).
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Thus, the expression (A.65) is equal to

. 1
s {—le;dmm—yktmﬂ)—2logyz-[trt-logPdkt,Zkt[t]<ykt[tm}, (A.69)
k

which exactly yields the Rogers dilogarithms of higher degree (3.5). On the other hand,
this term is 0 from the beginning. Therefore, we have the classical dilogarithm identity
of higher degree (4.28) with complex (almost real) argument. Taking A — 1, we recover
the identity (4.28) with real argument.
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