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Abstract. It is shown that for each Hecke pair of ergodic discrete mea-
sured equivalence relations, there exists a Hecke pair of groups determined by
an index cocycle associated with the given pair. We clarify that the construc-
tion of these groups can be viewed as a generalization of a notion of Schlichting
completion for a Hecke pair of groups, and show that the index cocycle cited
above arises from “adjusted” choice functions for the equivalence relations. We
prove also that there exists a special kind of choice functions, preferable choice
functions, having the property that the restriction of the corresponding index
cocycle to the ergodic subrelation is minimal in the sense of Zimmer. It is then
proved that the Hecke von Neumann algebra associated with the Hecke pair
of groups obtained above is *-isomorphic to the Hecke von Neumann algebra
associated with the Hecke pair of equivalence relations with which we start.

1. Introduction.

The present authors initiated in [3] an intensive study on a certain type of inclu-
sions of ergodic discrete measured equivalence relations which produce, via the famous
Feldman—Moore construction ([9]), discrete inclusions of factors in the sense of Izumi—
Longo-Popa ([13]). Later, it was recognized in [4] that this special kind of pair of
ergodic equivalence relations resembles what is called a Hecke pair in group theory. A
pair of a group G and a subgroup H of G is said to be a Hecke pair if the subgroup
{9€G; [H: HNg 'Hyg] < oo, [H: HNgHg '] < oo} coincides with the whole G.
Once a Hecke pair (G, H) is given, one can construct out of it a von Neumann algebra
W*(G, H), called the Hecke von Neumann algebra of (G, H). One can also construct a
C*-algebra, whose theory has attracted many operator-algebraists. To each pair (R,S)
of ergodic equivalence relations of the type mentioned above, we can similarly associate
a von Neumann algebra H*(R,S) too (see [4, Section 9]), in such a way that if (R,S)
happens to be of the form (G x P, H x P) for some ergodic equivalence relation P and a
Hecke pair (G, H) of groups acting “nicely” on P, then H*(R,S) is precisely the Hecke
von Neumann algebra of the Hecke pair (G, H). Because of this, such a pair (R,S) was
also termed a Hecke pair in [4]. That a Hecke pair of equivalence relations can be viewed
in some sense as a generalization of a Hecke pair of groups was verified also in [1], by
showing that (R,S) is a Hecke pair if and only if it admits a distinctive set of choice
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functions. Hence we believe at this point that it is worthwhile to further investigate this
analogy between Hecke pairs of groups and Hecke pairs of equivalence relations. This is
exactly what we do in this paper. Our first project along this line of investigation is to
study the Schlichting completion of a Hecke pair of groups. The Schlichting completion
is, as the term suggests, regarded roughly as a completion of a (countable) group. It is
known (see [14] or [21] for example) that for any (reduced) Hecke pair (G, H) of groups,
there exists a unique pair (C?', H), up to isomorphism, in which

e Gisa totally disconnected locally compact group;

e Hisa compact open subgroup of é, such that

* Nyea9 'Hg = {e} (e, (G, H) is reduced);

e there is an (injective) group homomorphism 0: G — G satisfying:

— 0(G) is dense in G;
— 071 (0(G)NH) = H.

The main purpose of this article is to prove that

(1) there does exist a measure-theoretical counterpart of the Schlichting completion
(¢, K) in the case of a Hecke pair (R,S) of ergodic equivalence relations (Theo-
rem 7.1 and Proposition 7.5);

(2) the Hecke von Neumann algebra W*(¥¢, K) associated with the Schlichting com-
pletion (¢, K) exactly coincides with the von Neumann algebra which appears
in the tower of relative commutans of the inclusion of factors W*(R) 2 W*(S)
(Theorem 10.3).

The organization of this paper is as follows.

In Section 2, we introduce notation and terminology used in this paper.

As already cited above, the first author gave in [1] a nice characterization for an
inclusion § C R of ergodic equivalence relations to be a Hecke pair from the viewpoint
of the choice functions it produces. Although the original definition of a Hecke pair quite
involves operator-algebraic arguments, his characterization is purely measure-theoretical.
It often provides us with a useful insight into how the subrelation S sits inside of R. In
Section 3, we will give yet another characterization of a Hecke pair in terms of the choice
functions. The property we are interested in is the one that Kaiszewski, Landstad and
Quigg focused on in [14], where they discuss the Schlichting completion of a Hecke pair
of (countable) groups from their viewpoint.

In Section 4, as an application of the result obtained in the previous section, we
shall prove that the asymptotic range r*(¢) of some index cocycle o for S C R and the
asymptotic range r*(o|s) of the restriction o|s together form a Hecke pair of groups.

In Section 5, we will show that if (R,S) is a Hecke pair of ergodic equivalence
relations, then we can always choose a set of choice functions for S C R so that the
restriction of the resulting index cocycle to S is a cocycle into a compact group which is
minimal in the sense of Zimmer. We say that a set of choice functions is preferable if it
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enjoys the property described above. We believe that preferable choice functions are the
most natural choice functions for Hecke pairs of ergodic measured discrete equivalence
relations.

In Section 6, starting with preferable choice functions {1;};cs for a Hecke pair (R, S),
we will construct a pair (¢4(c), K (o)) of two subsets in the Polish group Per(I) of all the
bijections on the index set I; ¥ (o) is a locally compact group with the relative topology
and K (o) is a compact and open subgroup of Per(I). We call the pair (¥ (o), K(0)) a
Schlichting completion of the Hecke pair (R,S). This will answer the above-mentioned
question as to whether there is a counterpart of the Schlichting completion in the case
of a Hecke pair (R,S) of equivalence relations.

In Section 7, it is shown that the pair (¥(o), K(0)) constructed in the previous
section does not depend on the choice of preferable choice functions, up to conjugacy in
Per(I) (Theorem 7.1). We will also demonstrate how any two sets of preferable choice
functions are related to each other (Theorem 7.2). Although the construction performed
in Section 6 seems different from that considered in Section 4, it will be proved that
(r*(o),r*(cls)) coincides with (4(0), K(0)).

In Section 8, we revisit the construction of the Hecke von Neumann algebra H*(R, S)
associated with a Hecke pair (R, S) of equivalence relations considered in [4].

In Section 9, we will briefly review the construction of the Hecke von Neumann
algebra W*(G, K) associated with a Hecke pair (G, K) of groups.

In Section 10, starting with a Hecke pair (R,S) of equivalence relations, we will
prove that the von Neumann algebra H* (R, S) is *-isomorphic to the Hecke von Neumann
algebra W*(¥(c), K(0)). Since it was shown in [4] that H*(R,S) is realized in the tower
of relative commutans of the inclusion of factors W*(R) 2O W*(S), one finds that the
Hecke von Neumann algebra W*(¥4(c), K (o)) is independent of the choice of a set of
choice functions for S C R.

ACKNOWLEDGMENTS. The authors are grateful to the referee for his/her useful
and valuable comments on the earlier manuscript, which really pushed this work forward
to the current stage.

2. Preliminaries.

In this section, we introduce symbols that will be repeatedly used in the whole of
this paper. We also collect basic facts about discrete measured equivalence relations and
the Jones’ basic extension of an inclusion of factors, which are necessary for our later
discussion. The readers are referred to [3], [8], [9], [10], [13] regarding these topics.

We assume that all von Neumann algebras in this paper have separable preduals.

For a faithful normal semifinite weight ¢ on a von Neumann algebra M, we set

ng = {r € M: ¢(z*r) < 0o}, my = njng, mJ i=my N M.

More generally, for an operator valued weight 7' ([20]) from a von Neumann algebra M
to a von Neumann subalgebra IV, we set

np:={zx € M: T(z*z) € Ny}, mp:=ninp, mb:=mgpnM,.
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The Hilbert space obtained from ¢ by the GNS-construction will be denoted by H, and
we let Ay: ng — Hy stand for the natural injection.

2.1. Discrete measured equivalence relations.

Throughout this paper, we fix a discrete measured equivalence relation R on a
standard probability space (X,9, 1) in which p is quasi-invariant for R. We denote by
v the (o-finite) measure on R given by

v(E) = /X\r_l({:v}) N E|du(x) (E: Borel subset of R),

where r: R — X is the projection onto the first coordinate, and |S| in general stands
for the cardinality of a (countable) set S. Replacing r by the map s: R — X given by
s(z,y) = y on the right-hand side of the formula above, we obtain another (o-finite)
measure on R, which we denote by v~!. The measures v and v~ ! are absolutely contin-
uous with each other, and the Radon-Nikodym derivative dv/dv—!, called the module
of R, will be denoted by 4.

We also fix a (normalized) Borel 2-cocycle w from R into the one-dimensional torus
T in what follows. We then write W*(R,w) for the von Neumann algebra on the Hilbert
space L%(R,v) obtained by the Feldman-Moore construction ([9]) from R and w.

We define [R]. to be the set of all bimeasurable nonsingular transformations p from
a Borel subset Dom(p) of X onto a Borel subset Im(p) of X satisfying (x, p(x)) € R for
p-a.e. x € Dom(p).

For a Borel 1-cocycle ¢ from R into a Polish group K (i.e., a separable, completely
metrizable topological group K), the essential range of ¢ is the smallest closed subset
o(c) of K such that ¢c~!(co(c)) has complement of measure zero. The asymptotic range
r*(c) of ¢ is by definition

ﬂ{U(CB)S B € % and u(B) > 0},

where ¢p stands for the restriction of ¢ to the reduction R N (B x B) It is known that
r*(c) is a closed subgroup of K.

Assume now that R is ergodic. Let S be a Borel subrelation of R. By [10], we
may choose a countable family {¢;}ic; of Borel maps from X into itself such that (i)
(z,9;(x)) € R for all i € I and prae. x € X; (ii) for prae. x € X, {S(¢i(x))}ier is
a partition of R(z), where R(z) := {y € X: (x,y) € R}. The family {t;};cs is called
choice functions for S C R ([10]). Unless otherwise mentioned, we always agree that
I equals {0,1,...,N — 1} if I is finite, or equals {0,1,2,...} when I is infinite, and
that 19 = idx. Once choice functions {1; };c; are fixed, we can define the index cocycle
o: R — Per(I) of the pair § C R, where Per(I) denotes the set of all bijections on I, by
the following rule:

olz,y)(i) =j <<= (Wi(y),¥;(x)) €S.
For any i € I, define

Ci:={(r,y) € R: Iz € X s.t.(x,2) € S and (¢;(2),y) € S}.
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By definition, every C; is an S-invariant Borel subset. Clearly, we have R = (J,.;C

2.2. Basic extension.

Let B C A be an inclusion of factors with a faithful normal conditional expectation
Ep. (In our situation considered in the following sections, such an expectation always
exists uniquely.) Fix a faithful normal state ¢g on B and set ¢ := ¢y o Eg. Then the
equation egAgy(a) := Ay(Ep(a)) defines a projection ep € B(Hy) onto [Ag(B)], where
[S] is in general the closed subspace spanned by a set S. We call ep the Jones projection
of the inclusion B C A. The basic extension of this inclusion (by Ep) is the factor,
denoted by A;, acting on H, generated by A and ep. It is known that A; = J,B'Jy,
where Jy is the modular conjugation of ¢.

According to [15] (see also [13, Section 2]), there exists a faithful normal semifinite
operator valued weight E/';g, called the operator valued weight dual to Eg, from A; to A.
It satisfies .E\B(CB) =1 [15, Lemma 3.1], so that AepA C mg~. The inclusion B C A is

said to be discrete (see [13, Definition 3.7]) if E;|Am3/ is semifinite.

2.3. Hecke pairs of ergodic equivalence relations.

Let us assume that our discrete equivalence relation R is ergodic, and consider the
factor A := W*(R,w) on the Hilbert space L*(R,v) for some 2-cocycle w. We also
consider an ergodic Borel subrelation S of R and its associated subfactor B := W*(S,w)
of A. There exists a unique faithful normal conditional expectation Eg from A onto B.
According to [3], the commensurability groupoid CG(B) of B in A is by definition the set
of all partial isometries v € A satisfying the following two conditions:

e Both v*v and vv* belong to B.

e The projections z, and z,- belong to m/\ where, for an element a € A, z, denotes

the projection onto [BaB&p] which belongs to A1 N B’. Here & is the characteristic
function of the diagonal set {(z,x): z € X}.

It is shown among others in [3, Theorem 7.1] that the inclusion B C A is discrete in
the sense explained in Subsection 2.2 if and only if the subfactor generated by CG(B)
coincides with A. We say that (R,S) is a Hecke pair if CG(B)"” = A, that is, B C A
is discrete. We refer the reader to [1] as well for a measure-theoretical approach to this
notion.

3. Definition of a Hecke pair—revisited.

The purpose of this section is to give a characterization of an inclusion S C R of
ergodic equivalence relations being a Hecke pair in terms of the corresponding choice
functions. We start with an ergodic R and an ergodic Borel subrelation S of R.

3.1. Choice functions for S C R when (R, S) is a Hecke pair.
We first assume that (R,S) is a Hecke pair. Thanks to [1, Theorem 3.8], we may
select choice functions {¥;};er for S C R which satisfy the following:

(CF1) There exist a countable set A and natural numbers {ny}aca such that the index
set I'isequal to {(A\,n): A€ A, n=1,...,n)\}.
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(CF2) The index Ind(¢ ,,) of ¥ ([1]) is equal to ny for each (A\,n) € I.

(CF3) For each Ae A and n,me{1,...,n\}, S(¥an(S(x))) is equal to S(Ya,m(S(x))) for
a.e. € X. Moreover, S(1x »(S(z))) is equal to a disjoint union of {S(1xk(z))},2,
for a.e. z€ X.

Here refer to [1] for the definition and the basic properties of the index of a “nonsingular”
map p. In what follows, we fix choice functions {¢ ,} as stated above.

REMARK. By the proof of [1, Theorem 3.8|, the natural numbers {ny}rea stated
above are determined as the values of the minimal projections in the relative commutant
A;NB’ under EE; |4,np’ in the basic extension (see Subsection 2.2). It means that neither
the countable set A nor the natural numbers {ny}rea depends on the choice of a family
of choice functions satisfying (CF1)-(CF3). Namely, if {¢)}, ,,}r is another family of
choice functions for S € R with I’ = {(X,n'): X € A/, n' = 1,...,n),} satisfying
(CF1)-(CF3), then there exists a bijection f from A’ to A which satisfies n, = nz)
for each \' € A’.

Under this identification, we may and do assume that each family of choice functions
in this paper are always indexed by I = {(A\,n): A€ A, n=1,...,n)\}.

Let o be the index cocycle associated with the choice functions {¢y ,}. Let C;
(j € I) be the S-invariant set introduced in Section 2.1. So, under the situation we are
now considering, we have, for each (A, n) € I:

Cam:={(z,y) ER: Tz € X s.t.(x,2) € S and (Yan(2),y) € S}.

As noted in [4, Section 8], we have that, for a.e. (z,y) € R and (A\,n) € I, (z,y) is in
Can if and only if y € (J' | S(¥a,m(2)). It is also true that C ,, is equal to Cy ., up to
a null set. Put Cy :=Cy 1. We note that {Cx}area is a measurable partition of R.

Let A € A and (N, n') € I. For any x € X, define a subset K(A)\,’n,)(z) of I by

Ky (@) = {(A1,m1) € It (a0 (@), ag,n0 (7)) € Ca

We regard this assignment z € X — K (’\/\,m,)(:z:) as a map from X into the family 27 of
all subsets of I, where 27 is equipped with the Fell topology ([11]) by viewing I as a
discrete topological space. Note that 27 is then a Polish space (see [11] or [5]).

By (the proof of) [1, Theorem 3.8], there exists a p-null subset Ny of X such that
R(z) = |;c; S(Wi(x)) (disjoint union) and

7L>\1

S(Wn.m (S(2))) = | | S, x(x)) for all 2 € N§ and all (Ay,n1) € I. (3.1)
k=1

Put Ny :=J;c;%; '(No). Let 2 € Nf. Then we have

(/\1,77,1 € K?‘/\/m/)(x)
— (w)\’,n’ (x)a ¢)\177b1 (Jf)) S C>\
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— ’(/}>\11n1 (x) € 8(1/1,\,1(3(1#,\/,n' ('T))))
— Fke{l,2,....nx} 8.t (VY 0y (), Urk(W¥x 0 (2))) €S (by Equation (3.1))
— Jke{l,2,....nx}st.(A,n) = oz, ¥n n(x) (N E).

Thus we get
Koy (@) = {o(@,dxr e (2) (A k) k€ {1,2,... ,na}} (3.2)
In particular, we find that
K3 (@) =na forallze Nf, A€ Aandall (X,n') € 1.

By [1, Remark], there exists a v-null subset Ny of X such that, with Sy := SN
(NS x N§), for any (x,y) € Sp and for any (A, n) € I, there is a unique m € {1,2,...,n,}
satisfying

(wh,n(x% wk,m(y)) S S.
Set N3 := U;c; w;l(Ng) and N := N; U N3. To sum up, we have the following.
LeEMMA 3.1.  There exists a p-null subset N of X such that

(1) R(@) = Lies S@i(x)) and SWx, 0, (S(2))) = LIp24 S(as 1(x)) for all w € N° and
all (A1,nq1) € I

(2) We have
K()‘X’n,)(aﬂ) ={(A1,n) €I: 3k e {1,2,...,n7} s.t. (Yx, ny (@), Ur k(N 0 (2))) € S}
={o(z, Yy () (N k) k€ {1,2,...,nx}},
and |K()‘)\,7n,)(as)| =mny forallz € N°, AN € A and all (N, n') € I;

(3) With S := SN (N° x N°), for any (x,y) € So and for any (\,n) € I, there is a
unique m € {1,2,...,nx} satisfying (¥xn(x), Yrm(y)) € S;

(4) The properties listed in (1)-(3) are enjoyed if x is replaced by v;(x) for any i € I.
For any = € X, let
LE;;:; )(:E) = {(Al,nl) cl: ()\/7n/) c K(A)\l’n)(fﬂ), ny € {1,2, A ,n)\l}}.
LEMMA 3.2.  The function xz € X — Lgil;g/)(:r) € 2! defined above is Borel.

PRrROOF. First, we briefly review the definition of the Fell topology. For a subset
E of I, one defines the following subsets of 27:

E-:={Ae2": AnNE#0}, ET:={Ac2':ACE}.
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Keeping in mind that I is equipped with the discrete topology, the Fell topology on 27

has, by definition, as a subbase all sets of the form V~, where V is a subset of I, plus

all sets of the form (K€¢)*, where K is a finite subset of I. Hence, in order to prove
7o\ —1 s\ —1

our claim, it suffices to show that both (Lgi nT; )> (V7) and (LE; nT; )) ((K€¢)*) are

Borel in X for any subset V' and any finite subset K. We simply write L for LE)‘ ) Let

go: X = X X X be go(z) := (z,x). Then we have

zeLTNVT) < 3(\,m)eVst.(N,n)eKy, (2)
< H(Al,nl) cV s.t. (1/»\,"(1),1/&/,”/( )) € C>\1
<~ 3()\1,711) cVst.oxze ((w)\m X w)\’,n’) Ogo)_l(C)\l).

This shows that

Lil(Vi) = U ((wA,n X T)Z)A/,n’) © 90)71(C>\1)7

(A1,n1)EV

which in turn implies, since V is countable, that L=1(V ™) is a Borel subset. Similarly,
we easily obtain

LYE) = U (@anxvvw)og) (Cn)

(Al,nl)EK
Therefore, L~1((K¢)T) is Borel. O

LEMMA 3.3. Let N be the p-null set in Lemma 3.1. Then
(1) L )(x) is not an empty set for all v € N

(Amn)
(ii) For each x € N, LE:\\J; ) ‘ =ny, if (A\1,n1) € LE/\ ) )(x)

Proor. Fix any x € N°.

Since ar o (2) € R(Uan(®)) = |ic; S(Wi(1an(x))), there is a unique (A1, ny) € 1
such that

(V0 (), ay iy (VA n(2))) €S,

Thus (N, n') EK(/\/\n)( x), i.e., (A1,n1) ELE?‘,S)( ). In particular, L/\’T:;)( ) # 0.

Let (A1, m1), ()\g,ng) LY (@), Then (4 n(x), o m (2)) € Cr, and (¥ (),
Y n(x)) € Cy,. So there are u,v € X such that (z,u) € S, (z,v) € S and (¥, 1(u),
Yy (2) €S, (Y, 1(V), Yr () € S. Hence

TL)\l

v () € Sl0n, (S = L] S0, ana

UDPY

Y n ( ) € S(’(/J)\z, |_| S 1/1/\2;
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From this, we find that A\; = A2. By the definition of L(Alnl)(x), (A,mq) € L('\/’"/)(x)

(A,n) (A,mn)
if and only if (A1,n2) € LE;\\ TZ )(:z:) for ny,m2 € {1,2,...,ny, }. Therefore, we conclude
that ‘L&ln’;')(x)‘ = ny, once we know that one (A1,n1) belongs to L&’;L’;/)(x). O

LEMMA 3.4. Let \,\' € A. There exists a finite subset Ly of I such that

n')

Um, U, Lg:n) (x) = Lax for a.e. z € X.

PROOF. For any z € X, set L(z) := U2, U, Lgil;:;/)(x). Take the null set N

in Lemma 3.1. From Lemmas 3.1 and 3.2, we find that the map z € N° — L(z) € 2! is
also Borel (cf. [19, Section 3.3]). Note also that L(x) is a finite set for all z € N°, due to
Lemma 3.3. .,
With Sy defined in Lemma 3.1, let (z,y) € Sp. Take any (A\1,n;) € L&;:; )(x)
So (Yan(x), ¥a n(x)) € Cy,. Since (z,y) € So, there are m € {1,2,...,ny} and m’ €
{1,2,...,nx} such that (¥ n(2), Yam(y)) € S and (Y n/ (@), ¥rrm (y)) € S. From this,
we obtain (¥x m (Y), ¥ar,m/(y)) € Cx,. This yields (A\1,n1) € Lgi,nﬁ;l)(x) C L(y). Hence
L(x) is contained in L(y). By reversing the roles of z and y in the above arguments, we
obtain the reverse inclusion. Consequently, we have L(xz) = L(y). Since z € X — L(x)
is a Borel map from X into the Polish space 27, it follows form the ergodicity of S that
there exists a finite subset Ly of I such that L(xz) = Ly y for a.e. v € X. O

For each (A, n) € I, set
Ran = {(z,y) € R: o(z,y)(A\,n) = (A\,n)}.
It is easy to see that (¥, X ¥rn) " H(S)NR = R n.

PROPOSITION 3.5.  Let (A\,n),(N,n')el. There exists a v-conull subset Ry ,,(N',n')
of Ran such that the set

{o(z,y)(N.n): (2,y) €RAn(N 1)}
is finite.

ProOOF. Consider N and Sy defined in Lemma 3.1. Then (¢, X ¥rn) " (Sp) is a
v-conull subset of R ,,. By Lemma 3.4, there exist a g-null subset N’ of X and a finite
set Ly n of I such that UZ;1 Z%'Zl Lgi/nrg/)(x) = Ly for all € (N')°. Let Ly =
{(Ak, k) 1 < k <t} be an enumeration of Ly . We also know that there exist a p-null
subset N” of X and finite subsets K& (1 < k <) of I such that J_, K(S‘;,m) (z) C K§
for all z € (N”)°. Put N := {J;c; ¥, "(NUN'UN"). Set

Ron(N 1) i= (han X ¥an) " (So) N (N x N©).
Clearly, R (N, n') is v-conull in R ,,. Let (z,y) € Ran(N,n'). Then

oz, y)(N,n') = o2, a0 ()0 (Van (@), van®)o(@rn(), y)(N,n).  (3.3)
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With (A, ny) == o(¢xn(y),y)(N,n). We have

U(W,n(y),y)()\’»n’) =\ypny) = (\,n') = 0oy soan(¥)) (Ays ny)
= (N,n)e K(,\ n)( Y)

= () €255 ),

In particular, (A, ny) = o(¥an(y),y)(N,n) belongs to Ly . Since (¢xn(x), Yrn(y)) €
So, it follows that there exists a unique m, € {1,2,...,ny, } such that o (¢ » (), 1/1)\ 2(y))
(Ay,ny) = (Ay,my). Finally, thanks to Lemma 3.1 (2), one has o(x, ¥ n(2))(Ay, my) €
K(A;’n) (x). With the results obtained above, we get
t ~
{o(e, )V, n): (@) € Ran(N,n)} € | { K (2): 7 € N7
k=1
t A _ ~
c U U {3 .@:wen]
k=1m=1
¢
c ks
k=1
This proves our proposition. U

3.2. Characterization of a Hecke pair in terms of choice functions.

As in the preceding section, let S be an ergodic subrelation of R. As usual, put
A = W*(R,w) and B = W*(S,w). Motivated by Proposition 3.5, we consider the
following condition for a set of choice functions {t; };es for S C R:

with R; := {(z,y) € R: o(x,y)(i) =i} (Vi € I), there exists, for each j € I,
a v-conull subset R;(j) of R; such that {o(z,vy)(j): (z,y) € Ri(j)} is finite.

LEMMA 3.6.  Suppose that there exist a set of choice functions {1;}icr for S CR
satisfying (#). Then (R,S) is a Hecke pair.

PrOOF. Let C; (i € I) be the S-invariant set introduced in Section 2.1. Since
every C; is S-invariant, x¢, belongs to A1 N B’, where A; is the basic extension of B C A.
Here xg in general stands for the characteristic function of a set E.

Let Ny be a p-null subset of X such that R(z) = | |;c; S(¢i(x)) for all z € N§. We
may and do assume that Ny is S-invariant.

Fix any k € I. We know that

Zxck ($,¢Z($))

i€l

is constant for a.e. € X. So there exist a p-null subset Ny of X and a C' € NU {00}
such that
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ZXCk (z,i(x)) =C for all z € Ny.
icl
In the meantime, by assumption, there exists a p-null subset Ny of X such that, if
E:={(x,y) € Ro: © € N§}, then £ C Ry(k) and v(Ry \ (Ro N (NS x N§))) = 0.
Let Iy == {i € I:v(C, NT(y;)) > 0}. For any i € (Ij)°, there is a u-
null set N(i) of X such that xc,(z,¢(x)) = 0 for all x € N(3)°. Put N/ :=
Uer o7 (Uie(lk)C N({)UNyUN U Ng). We clearly have

Z Xe, (@, ;(z)) =C  for all z € (N')°.

il
Thus, if we put Iy(z) := {i € I: (x,¢;(z)) € Cx} for each x € (N')°, then we have
C = |Ix(z)| for any = € (N')°. Fix any a € (N')°. For each i € Ii(a), there is a
z; € X such that (a,z;) € S and (¢¥r(2;),¥i(a)) € S. Since a belongs to (No U N2)¢ and
(a,z) € S, it follows that (a, z;) is in € C Ro(k). Similarly, we find that (g (2;), ¥i(a))
belongs to £ C Ry(k). Hence we have

i(a))(0)

(a,zi)o(zi, Vr(zi))o (Y (2:), ¥i(a))(0)

(a,2i)0 (2, ¥e(2:))(0) (. (Yw(2),%i(a)) € € € Ro)

=o(a,z)(k) € {o(x,y)(k): (z,y) € Ro(k)} (. (a,z) € E CRy(k)).

7=

)

=

a,

Q
Q

Q
S

Hence Ij(a) is contained in the finite set {o(z,y)(k): (z,y) € Ro(k)}. In particular, C
is a finite number.

By the result of the previous paragraph, we find that E/’\B(Xci) is finite for all i € I.
Since R = J,¢; Ex
is discrete. Namely, (R,S) is a Hecke pair. (]

C;, it follows that Ep|a,np is semifinite. Therefore, the inclusion B C A

THEOREM 3.7. Let R be an ergodic discrete measured equivalence relation on a
standard Borel probability space (X,B,u) and S be an ergodic Borel subrelation of R.
Then the following are equivalent:

(1) (R,S) is a Hecke pair.
(2) There exists a set of choice functions {1;}ier of S C R satisfying ().

PrOOF. Theorem follows from Proposition 3.5 and Lemma 3.6. (]

4. Index cocycles associated with Hecke pairs.

4.1. The range of an index cocycle.

The arguments given in this subsection overlap the exposition given in [14], but we
have decided to present them here for the reader’s convenience.

Let X be a set equipped with the discrete topology, and let Map(X) denote the set
of maps from X into itself, equipped with the product topology. Namely, we identify
Map(X) with the product space [ [, y Xz, where X, := X forallz € X. Foreacha € X,
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let p, denote the projection from Map(X) onto X: p.(f) := f(a)(Vf = {f(x)}zex €
Map(X)). By definition, a fundamental system of (open) neighborhoods of f € Map(X)
consists of subsets of X of the form

pe, (U) Np  (U2) N Npy H(Uy),

where 1, za,...,2, € X, n € N, and Uy, Us, ..., U, are subsets of X with f(xy) € Uy, for
any k = 1,2,...,n. (Note that p; *(U) is also closed, since p; *(U) = (p; 1(U))¢.) Hence
each point in Map(X) admits a fundamental system of open and closed neighborhoods.
In this topology, a net {f;}ics in Map(X) converges to f € Map(X) if and only if, for
any a € X, there exists an ig € I such that f;(a) = f(a) for all ¢ > ip. In other words,
the topology on Map(X) we are considering is just the topology of pointwise convergence
arising from the discrete topology on X. It then easily follows that the topological space
Map(X) is Hausdorff and totally disconnected.

Let Per(X) be the set of bijections of X onto itself, with the relative topology from
Map(X). One can readily check that Map(X) is a topological semigroup, and that
Per(X) is a topological group.

Note that the discrete topology on X is given by the metric dy on X defined by

wen={y (7

Let us assume for the moment that X is a countable set. So X is of second countable.
Let X = {x,} be an enumeration of the elements of X. Then Map(X) can be equipped
with a metric d, called the product metric [19, Section 2.1], given by

1 1
d(6.9) =Y sorgdo(dan) ¥(@)) = Y gy (6,4 € Map(X)).
n n: ¢(xn)#Y(Tn)

LEMMA 4.1.  The metric topology on Map(X) introduced above coincides with the
product topology.

Proor. It suffices to prove the case where X is an infinite countable set. Thus
X = {x,}52,. Suppose that ¢, — ¢ in the product topology of Map(X) (note that the
product topology is of second countable). By assumption, there exists a k1 € N such
that ¢p(z1) = ¢(x1) for all & > k;. Suppose that we have constructed natural numbers
k1 < ko < --- < ki satistying

¢r = ¢ on the set {z1,29,...,2;} (Vk > kj),

for any j = 1,2,...,l. Since ¢ — ¢ pointwise, we may choose k;11 with kj41 > ki so
that ¢r = ¢ on {x1,...,2;, 241} for all & > k;11. Thus we obtain a strictly increasing
sequence {k;};°, C N satisfying

¢r = ¢ on the set {z1,22,..., 2} (Vk > ki),

for any I € N. Fix any € > 0. Choose an m € N such that 2! < ¢. If k > k,,, then
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or = ¢ on {x1,z9,..., 2y}, so that

d(¢k7¢) = Z 2n1+1 = Z 2ml+2 <€

n: ¢k(mw)?£¢(zn) m

Hence ¢, — ¢ in the metric topology.

Suppose conversely that ¢, — ¢ in the metric topology. Set J := {k € N: ¢, = ¢}.
It suffices to assume that N\ J contains an infinite number of elements. Otherwise, there
is a kg € N such that ¢ = ¢ for all £ > ky. In particular, ¢ — ¢ in the product
topology. So let us suppose that N\ J = {ky, ka,...,k;,...}. Fix any 2 = z,, € X. For
each [ € N, define

I = {n € N: ¢kz (mn) # ¢(xn)}> ng = min [;.

Then we have

1 1
W<Zﬁzd(¢km¢) — 0 (l—)oo)

nel;

0<

This implies that lim;_, o n; = co. Hence there is an [y € N such that n; > m for all [ > [.
This means that m & I, for all k > k;,. Particularly, ¢r(x) = ¢r(zm) = ¢(am) = ¢(x)
for any k > k;,. Therefore, ¢ converges to ¢ in the product topology. 0

The next result can be found in [19, Sections 2.2 and 2.4].

COROLLARY 4.2. If X is countable, then Map(X) is a Polish space; Per(X) is a
Polish group.

Let us return to an ergodic discrete measured equivalence relation R and an ergodic
Borel subrelation & of R. We choose choice functions for § € R. Throughout the
rest of this note, we always assume that the index set I is an infinite (countable) set.
Thus Per(I) is a Polish group thanks to Corollary 4.2. We assert that the index cocycle
o: R — Per(I) associated with {¢;} is Borel. Indeed, for each i € I, then f; := p; o o is
given by f;(z,y) = o(z,y)(i). So f71(J) = Ujes (¥ x ¥;) 71 (8)N'R for any subset J of
1. Tt follows that f; is Borel. Hence we find that o is Borel, as asserted. It thus makes
sense to consider the asymptotic range 7*(o) of the index cocycle o.

4.2. Asymptotic range of an index cocycle associated with a Hecke pair.

In this subsection, we assume that (R,S) is a Hecke pair. From Theorem 3.7, we
may choose a set of choice functions {t; };er for S € R whose associated index cocycle
o satisfies the condition (#) defined in Section 3.2.

Foreach i € I, set N (i) := U;c; Ri\Ri(j), which is a v-null set. Put R = R\N(i).
By definition, R; is a v-conull subset of R; with the property that {o(z,y)(j): (z,y) €
R;} is a finite set for all j € J.

THEOREM 4.3.  The asymptotic range r*(o) of the index cocycle o obtained from
the special choice functions {1;}icr as above is a locally compact, totally disconnected,
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closed subgroup of the Polish group Per(I). The stabilizer subgroup r*(c)o at 0 is a
compact open subgroup of r*(o). Therefore, (r*(c),r*(c)o) is a Hecke pair of groups.

PRrROOF. Fix an arbitrary 7 € I and consider the stabilizer subgroup r*(o); at i. Let
¢ € r*(0);. Take any j € I. Since pfl({i})ﬂpgl({qﬁ(j)}) is an open neighborhood of ¢, it
follows from the definition of r*(c) that o~ (p; ! ({i})ﬂp}l ({¢(4)})) has positive measure.
Clearly, o~ (p; " ({i})"p} ' ({6(4)})) is contained in R;. So o~ (p* ({i})Npy " ({6(4)})N

R still has positive measure. We pick any (z,y) € o~ (p; ' ({i}) N p; ' ({8(7)}) N R..
Then o(z,y)(i) =i = ¢(4) and o(z,y)(j) = ¢(j). This means that ¢ = (¢(j)),er belongs
to [[e {o(z,y)(d): (z,y) € R;}, which is compact by the Tychonoff theorem. Thus
r*(0); is contained in the compact set [[;c {o(z,y)(j): (z,y) € R;}. Since r*(0); is
closed, we find that r*(o); is compact. Because r*(o) has a compact neighborhood of
the identity id;, namely any r*(o);, it is locally compact. Total connectedness of r*(o)
follows from that of Map([I).

As we saw in the preceding paragraph, the stabilizer subgroup r*(o)o at the point
0 € T is compact and open. Hence (r*(o),r*(c)g) forms a Hecke pair. O

PROPOSITION 4.4.  The asymptotic range of the cocycle o|s obtained by restricting
o to the ergodic subrelation S coincides with the stabilizer subgroup r*(c)o at 0.

PROOF. Let us denote o|s by c.

Take any ¢ € 7*(0). Let B be a Borel subset of X of positive measure. We also let
1,12, ..,1, be any points in I and Uy, Us, . . ., U, be any subsets of I satisfying ¢(ix) € Uy
for 1 < k < n. Then, since p, ' ({0}) N ﬂzzlpi_kl(Uk) is an open neighborhood of ¢, it
follows that (o5) ™ (py ' ({0}) NN 1p;1(Uk)) has positive measure (with respect to v).
If (x,y) € R belongs to (op) ' (py " ({0}) NN 1p_l(Uk)), then we have o(z,4)(0) =0
and o(x,y)(ix) € Uy for 1 <k < n. So (x,y) particularly lies in SN (B x B). Hence we
obtain

(oB)” ( ({0} n ﬂpzk Uk> (ﬂp—l Uk>

Hence ¢ € r*(c¢). Therefore, we have r*(c)o C 7*(c).
Suppose conversely that ¢ € r*(c). Because py ' ({¢(0)}) is an open neighborhood

of ¢, it follows that v(c(py ' ({#(0)}))) > 0. Let us take any (z,y) € ¢~ (py " ({¢(0)})).
Then we have ¢(0) = ¢(z,y)(0) = o(x,y)(0) = 0, since (z,y) is in S. Thus we find that
¢ belongs to the stabilizer subgroup Per(I)o. Let B, {ix} and {Uy} be as in the previous
paragraph. By definition, we have

u((cB)1 (ﬁ pi_kl(Uk)>> >0
k=1

If (2, y) belongs to (c) ™" (N Pi, Y(U)), then (z,9) € SN(B x B) and o(z,)(ix) € Uy
for all k. In particular, we have o(x,y)(0) = 0. Hence (x,y) is in (o5) ' (py ' ({0}) N
ﬂZzlpi_kl(Uk)). So we get
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CB>1<ﬂ pikl(Uk))Q(“B)l (”“ onn (] )
k=1 et

This in turn implies that (05) = (Nj_; p;,"(Ux)) is of positive measure. Thus ¢ € r*(o).
Therefore, we have ¢ € r*(0)o. We conclude that r*(¢) = r*(o)o. O

Let us compute the Hecke pair (r*(o),7*(0)o) obtained above in the case where
(R,S) is of a special form.

For a discrete measured equivalence relation P on a standard Borel probability
space X, we define [P] := {¢ € [P].: Dom(¢) = Im(¢) = X} and call it the full group
of P. The normalizer N[P] of the full group [P] is by definition the set of all Borel
automorphisms ¢ of X satisfying ¢[P]¢~! = [P].

Suppose now that there exist an ergodic Borel subrelation P contained in S, a
countable discrete group G in N[P] and a subgroup H of G such that

(1) GN[P] = {e}, i.e., the action of G on P is outer;

(2) (SCR)=(HxPCGXP);

(3) (G, H) is a Hecke pair of groups, i.e., G ={g € G: [H: HNg 'Hg] < co}.
Thus we have

S={(z,y) € X x X: 3h € H s.t.(z,h(y)) € P},
R =A{(z,y) € X x X:3g € G s.t.(z,9(y)) € P}.

In this setting, it is known (see [4, Section 11]) that (R,S) is a Hecke pair.

Let {tq}qema € G be a set of representatives of the right coset space H\G with
ty = e. For each ¢ € H\G, set ¢, := t,. We see that {¢g},em\¢ is a set of choice
functions for § € R. Hence the index set I of the choice functions for S C R is in this
special case the quotient space I = H\G, and the distinguished point 0 € [ is H € H\G.
Thus the index cocycle ¢ is a Borel 1-cocycle from R into the Polish space Per(H\G).
By outerness of the action of G, we may and do assume that, for each (z,y) € R, the
mapping o(z,y): H\G — H\G is the right translation 0(g): 6(g9)q := q9~ (¢ € H\G),
where ¢ is determined by the condition (g(z),y) € P. In particular, P is included in
Ker(o).

PROPOSITION 4.5.  In the situation considered above, we have (r*(o),r*(o)m) =

(0(G),0(H)). Therefore, (r*(c),r*(c)m) is the Schlichting completion of the Hecke pair
(G, H) in the sense of [14].

PROOF. Let g € G and B € B be such that u(B) > 0. Since P is ergodic, there
exists a v € [P]. such that Dom(y) C g(B) and Im(y) € B. So g~ !(Dom(y)) C B. Put

& :={(z,7(g(x))): x € g~ (Dom(v))},

which is included in B x B. If z € g~ '(Dom(y)), then (g(z),v(g(z))) € P. This
implies that (z,7v(g(z))) belongs to R. Hence & C RN (B x B). Note that v(€) has
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positive measure, because v(€) equals u(g~1(Dom(v))). For any (z,7(g(x))) € € with

x € g~ (Dom(y)), we have o(z,v(g(x))) = 0(g), since (g(x),v(g(x))) € P. This means

that 6(g) belongs to 7*(o). It follows that 6(G) C r*(¢). In particular, (G) C r*(o).
Let ¢ € (o). Also let F':={q1,...,¢,} be any finite subset of H\G. Set

Vi = (] pa. ({(ar)})-

k=1

We know by definition that {Vr: F is a finite subset of H\G} forms a fundamental sys-
tem of neighborhoods of ¢. Since ¢ € r*(¢), we have v(Er) > 0, where

Er ={(z,y) € R: o(z,y)(qk) = ¢(qx) (1 <k <n)}.

For each g € G, set & = {(z,y) € &: (9(x),y) € P}. Since & = U, &y, there is a
gr € G such that v(&,,) > 0. By definition, if (z,y) € &,., then o(x,y) = 6(gr). Hence
we have 0(gr)|r = ¢|p. This implies that 6(gr) belongs to Vp. So Vg NO(G) # 0,
which shows that ¢ is in 0(G). Consequently, 7*(o) is contained in 6(G). Therefore,

r*(o) = 0(G).
The identity 7*(o)y = 6(H) can be proven similarly. So we leave the verification to
the reader. 0

5. Preferable choice functions for Hecke pairs.

We shall show in this section that any index cocycle which arises from a Hecke pair
can be changed, within its cohomology class, into a new one which behaves nicely in our
context.

Let us begin with an ergodic discrete measured equivalence relation R on a stan-
dard Borel probability space (X,B, 1) and an ergodic Borel subrelation S of R. As in
Section 3, let us fix a set of choice functions {1, }(xn)er for S € R satisfying (CF1)-
(CF3), and let o be the associated index cocycle. For each A € A, denote by P())
the permutation group Per({1,2,...,n,}). Consider the direct product compact group
K =] ea P(N). Take any f = (fa)rea € K. It induces a map f: I — I given by

FOn) = ) (Y(An) € D).
It is easy to see that f belongs to Per(I).

LEMMA 5.1. Themap f € K —» f € Per(I) is a topological isomorphism onto
its 1mage.

PrROOF. The map defined above is clearly a homomorphism.

Suppose that a net {f, = ( ,&n))/\eA}n € K converges to f = (fa)aea € K. Let
(\ k) € I. By assumption, we have lim,, fi") = fx in P(\). So there is an ng such that
for any n > ng, one has f(”)( k) = fx(k). This means that f,(\, k) = f(\ k). Hence
lim,, f = f Namely, the map is continuous.

Conversely, suppose that lim,, f — f for a net {f.=( in)) AcA Jn and an element
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= (fx)rea. Take any A € A. By assumption, there exists an n; such that for any n >
ny, we have E()\, k) = f(\ k) for all k € {1,2,...,n,}. This means that ()\7f§n)(k)) =
(A, fa(k)) for all k, which yields f;") = fy for any n > ny. Since A € A is arbitrary, we
obtain lim, f, = f. O

By this lemma, we may and do identify K with its image in Per(I), so that K is
regarded as a totally disconnected compact subgroup of Per([). Since ]2'(0) = 0 for every
f=(f\)aer € K, K is contained in the stabilizer Per(I)o at 0 € I.

Let Sy be the Borel subset of S defined in Lemma 3.1. Take any (x,y) € Sp. By
Lemma 3.1 (3), for a fixed A € A, there exists a unique f € P(X) such that o(y,z)(A\,n) =
(A, f(n)) for any n € {1,2,...,ny}. Motivated by this, we define, for any A € A and any
f € P()\), asubset So(A, f) of Sp by

So(, f) = {(z,y) € So: a(y,2)(A,n) = (A, f71(n)) (1 <Vn <ny)}.

Since

DN

So(A, f) = m (Vam ¥ l/lx,ffl(n))_l (8) N So,

n=1

So(A, f) is Borel. Clearly, we have

|_| SO()‘vf)

ferP()

From the argument given above, we find that for each (z,y) € Sp, there exists an element
(f/\(l‘, y)))\eA of K such that

o(y.x)(An) = (A fa(z,y) " (n)  (V(An) €1).
For (z,v), (y,2) € Sp and (A, n) € I, we have
(A (@, 2) 7 (n) = o(z,2)(\,n) = o(z,y)o(y, ) (A, n)
(A

y)o(
=0o(z,9)(\, falz,y) " (n))
N Iy, 2) (e )™

This shows that

I, z) = (@, 9) Ay, 2) (5-1)

for all A € A. In particular, fa(y,z) = fa(z,y)~* and fr(z,2) = id. Hence, under the
identification of K with its image in Per(I), the restriction of o to S coincides almost
everywhere with the map ¢: § — K given by

C((E y) — (f)\(xvy)))\el\ eEK if (l'7y) € 807
' €K otherwise,
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where ey stands for the identity of K. For any A € A, let 7y denote the projection from
K onto P(\). If F' is a subset of P(\), then we have

(ﬂ')\ o C)_l(F) NSy = U S()()\, f)

fer

This implies that ¢ is a Borel map. Moreover, by (5.1), we have

c(z,y)ely, 2) = e, z)

for all (z,y),(y,2z) € Sp. From [18, Theorem 3.2], it follows that there exists a Borel
1-cocycle ¢’ from S into K such that ¢ = ¢ a.e. Let us denote ¢’ by ¢ again.

By [23, Corollary 3.8 (i)], ¢ is equivalent (cohomologous) to a minimal cocycle ¢’
Recall (see [23, Definition 3.7]) that a Borel cocycle o from a Borel equivalence relation
T into a compact group H is said to be minimal if there is no Borel cocycle 8: T — H
cohomologous to « such that Hg C H,, where for a cocycle v: T — H, H, stands for
the closed subgroup generated by (7). Hence there exists a Borel map ¢: X — K such
that the cocycle ¢/(x,y) := ¢(z)c(x,y)¢p~*(y) is minimal in the sense stated above. Set
¢y = my o ¢ for each A € A, which is clearly Borel. It is easy to check that m) oc is a
Borel 1-cocycle on S into P(A) for any A € A.

Now we introduce a family of maps {wﬁ\,n}(/\,n)el from X into itself by

’(ﬂi\n(ﬂf) = w)\,qu(x)*l(n)(‘r) (J? € Xa (Aan) € I)
LEMMA 5.2.  The maps ) ,, defined above are Borel for all (\,n) € I.

PROOF. Take an arbitrary (\,n) € I. Since ¢y is Borel, {¢y'({7}): 7 € P(\)} is
a Borel partition of X. Take any F € B and 7 € P(\). For z € ¢, '({r}), we have

ze (W) THE) = Yag@im(@) €EE
= Urrm)(@) €E

= € Wrrrm) (B)

From this, it follows that one has

W) B = | @) ENe U = L @armi) THE) N ().

TEP(N) TEP(N)
This shows that (¢} ,,)”"(E) is a Borel subset. Therefore, ¢, ,, is Borel. O

LeEMMA 5.3.  The functions {{} ,,}(xn)er defined above are choice functions for
S C R satisfying (CF1)—(CF3). Moreover, the index cocycle o’ which comes from these
functions satisfies the following:

o'(z,y)(An) =\ maod(z,y)(n)  ((x,y) €S),

where ¢’ is the minimal cocycle from S into K that appeared above. In particular, the
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restriction of o’ to S is a minimal cocycle into the compact group K.

PROOF. By definition, ¢y(x) € P()\) is bijective for each z € X and A € A. So
we have that the set {1} , ()}, coincides with {1)x »(z)},2;. Hence {4} , }(xn)er are
also choice functions for S C R.

The second half assertion follows from a direct computation, using ¢'(z,y) =

o(x)e(z, y)oly) . u

We regard the cocycle ¢’ as a (minimal) cocycle from § into the compact group K, .
Then the skew-product relation K. x X is ergodic by [23, Corollary 3.8 (ii)]. This is
equivalent to saying that the crossed product E; x W*(S) by a. is a factor, where a.s
is a coaction of K. on W*(S) induced by ¢ (see [2] for coactions induced by 1-cocycles
on measured equivalence relations).

It follows from [17, Chapter IV, Corollary 1.6] and [17, Chapter V, Corollary 2.7]
(see [2] also) that the Connes spectrum I'(a), or equivalently the asymptotic range
r*(c’), equals K.

LEMMA 5.4.  The 1-cocycle ¢\, := myoc' is a minimal 1-cocycle on S onto a (finite)
subgroup (we denote it by Ly) of P(\) for each A € A. In particular, each Ker(c)) is an
ergodic subrelation of S with the index [S : Ker(cy)] equals |Ly|.

ProoOF.  This follows from [23, Proposition 3.10] and the fact that ¢} is a 1-cocycle
onto a finite group. O

From the results we have established so far, we get the following:

PROPOSITION 5.5.  For each Hecke pair (R,S) of ergodic equivalence relations,
there exist choice functions for this pair satisfying (CF1)—(CF3) such that the restriction
of the associated index cocycle to S, which we denote by c, is a minimal cocycle into a
compact group K. The asymptotic range r*(c) equals K.. Moreover, 7y o c is a minimal
cocycle whose kernel is ergodic for each \ € A.

DEFINITION 5.6. Let (R,S) be a Hecke pair of ergodic discrete measured equiv-
alence relations on a standard Borel probability space (X,B,u). We say that a set of
choice functions for § C R is preferable if they enjoy the property mentioned in Propo-
sition 5.5.

We note that if the Hecke pair (R,S) has the form (R = G x P,§ = H x P) as
discussed just before Proposition 4.6, then the set of choice functions {1, }4c i\ ¢ defined
there is preferable with A = H\G/H.

6. Construction of the sets &(o) and K (o).

Throughout this section, unless stated otherwise, we fix a set of preferable choice
functions {x n}(an)er of a Hecke pair (R,S). As usual, we denote by o: R — Per(I)
the index cocycle derived from {Tﬁx,n}( an)er- From this cocycle, we will construct two
subsets ¥ (o) and K (o) of Per(I). By preferability, the restriction ¢ := o|s of o to S is
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a minimal cocycle into the compact group [[,c, P()). Write K (o) or simply K for the
closed (hence compact) subgroup of [], ., P()\) generated by the image ¢(S).

LEMMA 6.1.  Let {¢; }ier be general choice functions for S C R. Let {C;}icr be the
subset defined in Subsection 2.1. Suppose that N is a null subset of X. For each i € I,
set

Cl:={(z,y) € R: 3z € N¢ s.t. (x,2) € S and (Y;(2),y) € S}
Then v(C; \ C}) =0 for any i € I.

PrOOF. Fix an arbitrary ¢ € I. By the definition of the measure v, we have

v(C\Cl) = /X [P (@) N (G \ €))| dula).
Put
E={zeX: [rHz)n(C:\C))| > 0}.

Take any a € E. Then there is a b € X such that (a,b) € C; \ C;. This means that there
exists a z € N such that (a,z) € S and (¢;(2),b) € S. Choose a countable subgroup
H of the full group [R] such that S = {(z,hx): © € X, h € H}. Since (a,z) € S,
it follows that a € (J,cy hN. Hence we obtain £/ C (J,cy hN. Because N is a null
set, 50 is (J,c gy ANV, This implies that E is also a null set. Therefore, we conclude that

For any € X and A € A, define a subset <7 (x, 0, \) of Per(I) by

o (x,0,\) = U Ko(z,Yan(z))K.

n=1

Since K is compact, so is &7 (x,0,\). As before, we regard this assignment z € X
o (x,0,) as a map from X into the family .# (Per(I)) of all the closed subsets of Per(I)
equipped with the Fell topology.

LEMMA 6.2.  For each A € A, the function x € X — o/ (x,0,\) € F(Per(1)) is
Borel.

PROOF. Recall that the Fell topology on .#(Per(I)) has as a subbase all sets of
the form V', where V is an open subset of Per(I), plus all sets of the form (C¢)*, where
C' is a compact subset of Per(I). Hence it suffices to shows that the inverse images of
V= and (C°)™ under the map under consideration are Borel subsets in X for any open
set V' and any compact set C' of Per(I). As before, let go: X — X x X be go(z) = (z, ).
Then we have

A (x,0,\) €V «—= e d(x,0, )NV
< Jky,k2 € K and In € {1,...,n2} s.t. kyo(z, ¥y n(2))ke €V
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< Tk, ks € K and 3n € {1,...,n)} s.t. oz, Prn(x)) € by 'VEy*

UDN

& zx € U (00 (idx x an)ogo) "(KVK).
n=1
This shows that
[N
{zeX:d(x,0,0) eV} =|J(o0(idx x ¢rn)o0g0)  (KVE).
n=1

Clearly, the set on the right-hand side is a Borel subset of X. Similarly, one can show
that

[N
{reX: d(x,0,)) € (C)}=|J(o0(idx x ¥an)ogo)  (KCK).
n=1
This completes the proof. O

LEMMA 6.3.  Let A € A. There exists a compact subset o/ (o, \) of Per(I) such that
A (x,0,\) = A (0,)) for a.e. v € X. We have <7 (0,0) = K.

PROOF. Assume that (x,y) € Sp, where Sy is the set defined in Lemma 3.1. Take
any 0 € @/ (x,0,)). By definition, there exist ki,ks € K and an n € {1,...,n,} such
that 6 = kio(z, ¥ n(x))ks. By Lemma 3.1 (3), there is a unique m € {1,...,n,} such
that (¥xn(2),¥rm(y)) €S. Then

0 = kio(z,Yxn(x))ks
= k10(2,9)0 (Y, Uam ()0 (x.m(Y), oxn(@))ka € Ko (y, bam(y))K C < (y,0,N).
~——

in K in K

Thus & (z,0,\) C &/(y,o0,\). By changing the roles of 2 and y in the argument above,
we obtain the reverse inclusion. Hence we have &/ (z,0,\) = &/(y,0,)\). From this
and Lemma 6.2, it follows that the Borel map = € X — &/ (z,0,)\) € Z(Per(l)) is
S-invariant. From the ergodicity of S, we find that this Borel map is constant up to a
null set.

By definition, we have o (x,0,0) = Ko(z,vo(x))K = KK = K for all z € X, which
implies that «7(0,0) = K. O

By Lemma 6.3, there exists a null subset N, of X such that &/ (o, \) = & (x, 0, \) for
all z € (N,)¢ and all A € A. We choose an z¢ € (N,)¢ such that o7 (o, \) = &/ (xg,0, \)
for all A € A. For each (A, n), define 8y, = o(zo,¥rn(z0)). So we have o/ (o,\) =
Uk, K6y, K.

LEMMA 6.4. We have o/ (o,\) N/ (0, N') = O whenever X\ # \'.

PROOF. Assume that A # ). Suppose that o7 (o, \) N o/ (o,\') # 0. This means
that there are elements ki, ko, k1, ks € K, n € {1,...,nx\} and n’ € {1,...,ny\} such
that k10x nke = Ki0x k5. Then the map on the left transforms 0 € I to (A, m) for
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some m € {1,...,n,}, while the map on the right transforms 0 to (X, m’) for some
m € {1,...,ny}. This is a contradiction. O

Define ¥ (o) = U o (o,\) C Per(I).
AEA

LEMMA 6.5.  For each \ € A, the subset o/ (o, \) is compact and open in G (o) with
respect to the relative topology.

Proor. We already know that every </ (o, ) is compact. It suffices to prove that
it is open in ¥(o).

Fix an arbitrary A € A. Define Uy = {(\,1),..., (A, nx)}. We agree that Uy = {0}
if A\ = 0. By the definition of the topology of Map(I), py*(Uy) is open (and closed)
in Map(I). As we saw in the proof of Lemma 6.4, every element in </ (o, \) sends
0 € Ito (\n) for some n € {1,...,ny}. This shows that (i) &7 (c,\) C py  (Ux); (ii)
(o, \) N py(Uy) = 0 whenever N # . From this and Lemma 6.4, we find that

G(o)Npy (Ux) = |J (0, N)npg ' (Ux) = (0, \) N H(U) = (0, 0). (6.1)
NeA

This proves that o7 (c, \) is open in (o) with respect to the relative topology. O

LEMMA 6.6. The set 4(o) is closed in Per(I).

PrROOF.  Take any v in the closure ¢(o) of 4 (o). Thus there is a sequence {v;}72;
in & (o) such that lim;_, v; = 7. Suppose that y(0) = (\,n) € I. Then py*({(\,n)})
is an open subset of Per(I) that contains 7. Hence there exists jo € N such that v; €
o ({(\,n)}) for all j > jo. From the proof of Lemma 6.5, we know that ¢(o) N
po ' ({(A\,n)}) is included in the compact set <7(o,)). So v; € </(0,)) for all j > jo.
Compactness of &/ (o, A) now implies that v € o7 (0, A) C 4 (o). Therefore, 4 (o) is closed.

O

PROPOSITION 6.7.  The set ¥ (o) is a locally compact (Hausdorff) space with re-
spect to the relative topology from Map(I).

ProoOF. By Lemma 6.5, every element 6 € ¢ (o) has a compact and open neigh-
borhood &7 (o, \) when 6 € o7 (o, \). O

LEMMA 6.8.  We have o(z,y) € Y(o) for a.e. (z,y) € R.
ProOOF. For each A € A, consider the subset Cy. By definition, we have
Cr={(z,y) e R: Fz € X st.(z,2) €S, (Ya1(2),y) € S}
Set
Ci(o) ={(z,y) e R: Fz € (N,) s.t. (x,2) € S, (Yr1(2),y) € S}.

By Lemma 6.1, we have Cx(c) is conull in Cy. This then implies that (Jyc, Ca(0) is
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conull in R.

Let (2,9) € Uyea Ca(0). Then there is a unique A € A such that (z,y) € Cx(0).
Hence there exists a z € (N, )¢ such that (z,z) € S and (5 1(2),y) € S. Since z € (Ny)°,
we find that &7 (z,0,\) = &/(0, X). This implies that o(z, 9 1(2)) belongs to <7 (o, A).
Since &7 (o, A) is a two-sided K-invariant set, we have

o(z,y) = olx,2)-0(z,9x1(2)) -0(or1(2),y) € & (0, A).
——

in K in o (o, \) in K

Thus we are done. t

As before, let H be a countable subgroup of the full group [R] such that & =
{(z,hz): © € X, h € H}. Then define X, := (J;c; ¥; "(HN,))". Since N, is null and
;s are non-singular in the sense that ;" L(N) is null whenever N is null, it follows that
X, is a conull subset of X. Because X, C (N,)¢, we see that & (z,0,\) = o/ (o, \) for
all z € X, and all A € A.

In the next lemma, recall that for each A\ € A, there is a unique A~' € A such that
(Cy) " =Chae

LEMMA 6.9. If0 € o/(0,\) for some X\ € A, then 6= € o/ (o, \"1). In particular,
if 0 € 9(a), then 671 € 4 (o).

PrOOF. Let a € X, and 6 € &/ (a,0,)). Thus there exists k1, k2 € K and an
n € {1,...,nx} such that 6 = kyo(a,¥rn(a))ks. So 0! = ky'o(¥an(a),a)k; . Since
(a,¥x.n(a)) belongs to Cy,, = Cy, we find that (¢ n(a),a) € (Cx)~' =Cy-1. So there is
a z € X such that (1), (a),2) € S and (1r-1(2),a) € S. If z € N,, then the fact that
(Yan(a),z) € S would imply that a € z/J;L(HN ), which leads to a contradiction that a
belongs to X,. Hence we have z € (N,)¢. So o (z,0,A\"!) = &/(0,\"!). From this, it
follows that

07 = ks to(Yan(a), a)ky?
=ky 'o(¥an(a), 2)o(z, ¥r-11(2)o(Vr-1,1(2), a)ki
= k2_10-(7/))\,n(a)7 Z) . O-(Z’w/\*l,l(z)) : 0-(1;[})\*1,1(2)7 a)kl_l € "Qf(za g, /\71):&{(07 )‘71)'
| S ——

in K in K

This completes the proof. O
For each (A, n) € I and each x € X, define a subset F() ,,)(x) of {1,...,n\} by
F()\,n)(w) = {m € {17 s ,nA}: U($»¢A,m($)) € Kg)\,nK}

By the definition of the set N,, we have for any = € (N, )

DN
KOxnK C | ) KOxmK = o/ (20,0,)) = o (z,0,)) U Ko(z, 1 m(@)K

m=1 m=1
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Thus there is at least one my € {1,...,n,} such that
K05 uK 1 Ko (2, (2)) K # 0.

From this, we immediately see that o(z, ¥ m,(x)) € K0y ,K. In particular, we obtain
(&

My € Fiy (). It follows that F(y ,)(z) is non-empty for all z € (N,)®.
We now set

f)x,n(x) = ‘F(/\,n)(x)| (l‘ € X)

By the result of the previous paragraph, we see that f ,(z) > 1 for a.e. z € X. We
claim that f, is constant almost everywhere. In fact, let (x,y) € Sp, where Sy is the
subset of S defined in Lemma 3.1. Take any [ € F() »)(x). Thus o(z,¥x (7)) € KOx , K.
Meanwhile, there exists a unique g(I) € {1,...,nx} such that (¥x(z), x40 (y)) € S.
Then we have

oy, Urq) W) = oy, z)-o(z,r1(x)) - o(ri(x),Vrqu)(¥) € K- KO\ n K- K= K0y , K.
——

in K in K

This shows that q(I) € F(\,)(y). Thus we obtain a map q: Fo\ ) (z) — Fn(y)-
Suppose that q(l1) = q(l2) for some Iy,1s € Fy )(z). Since

(U (@), Vxgany(¥) €S and (¥ 1,(2), ¥ q00)(y) € S,

it follows that (a1, (2),¥r1,(x)) € S. Because {1;} are choice functions, we have to
have [; = Iz, which shows that ¢ is injective. Let m € F(y ,)(y). By changing the roles of
x and y in the argument above, we get an element [ € Iy ,(x) such that m = ¢(l). So
q is surjective as well. Hence q: Fy »)(x) — F(xn)(y) is bijective. In particular, we have
Ian(@) = [Foan (@) = [Fon (W) = fan(y). We have shown that fy,, is Sp-invariant.
By the ergodicity of &, we find that f),, is constant almost everywhere, as claimed.

By the result of the preceding paragraph, there exists a conull subset Y (o) of X
contained in (N, )¢ such that f , is constant on Y (o) for each (A, n) € I. We assert that
we may assume from the outset that xo belongs to Y (o). Indeed, choose one element
21 € Y(0) and set

Ao = (1,00 (1)),
F(’A,n)(x) ={me{l,...,n\}: oz, ¥rm(x)) € KG;\JLK},
f;\,n(x) = |F(,)\,n)(‘r)|

Since 21 € Y (o) C (N,)¢ we have that o/ (x1,0,\) = &/(xg,0,\). Thus, for each
n € {1,...,ny}, there exists an n’ € {1,...,n,} such that KG;\JL,K = KO\, K. It
follows that for each n € {1,...,ny}, there exists n’ € {1,...,n,} such that f, is equal
to f3 - Then we obtain f} ,.(z) = fan(z) = fan(z1) = f3 . (21) for any z € V(o).
Hence what we have established concerning 0y, F(x ) and fy, is also true for 93\’n,
F(’/\’n) and f3 . From this, we see that we may assume that z¢ belongs to Y (o) by
replacing xg by x1.
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We shall show that for each A € A, there exists a Borel map ¢y: X — P(\) which
satisfies the following;:

U(”J‘aw)\,du(m)(n)(m)) S K@)\}nK (nE {1,...7n,\}).

In what follows, we fiz an arbitrary X € A, unless otherwise stated. We then choose
natural numbers 1 = m; < -+ < My < M\ SO that KOy, K, ..., KOy, , K are all
A

distinct and satisfy o7 (o, \) = U;li1 K0xm,; K. Then we have for any z € Y (0):

’

{L...,na} = UF(/\,m]-)(‘T)' (6.2)

Note that the union is disjoint, because K0y 1, K, ..., K0y, , K are distinct. We set
A
Fj = F(xm,)(20) for each j =1,...,n). So {F]};L;l is a partition of {1,...,ny}.

LEMMA 6.10. Letn € {1,...,n\} and k € {1,...,n\}. Then n is in Fy if and
only if KOy K = K0, K.

PROOF. Suppose that n is in Fy. So we have that n € F() ,,,)(20). This means
that Oy, = o(x0,¥rn(x0)) belongs to KOy, K. It follows that the two-sided cosets
K0y, K and K6 ,,, K with respect to the subgroup K are equal to each other.

Conversely, suppose that K6, ,K is equal to K@) ,,, K. This implies that 8, =
(20, Yan(w0)) is in KOy 4, K. It follows that n € F( m, (7o) = F}. O

For each k € {1,...,n)} and each subset F of {1,...,n,}, define X}, p = {2 € X:
F(A7mk)(1') = F}

LEMMA 6.11. X}, p is Borel.

PRrROOF. Note that K0, ,, K is a compact subset of Per([) for each n € {1,...,n,},
because K is. Since both ¢ and )y ,, are Borel for any n, so is the map «a,,: X — Per(I)
given by o, () := o (@, (). It follows that Xy, ,, := a,, ' (K0 m, K) is a Borel subset
of X. We claim that X3, p is equal to (), cp Xi.n N ),cpe (Xk,n)¢. For this, suppose first
that z € X r. So we have F(),,,)(z) = F. It follows that for each n € {1,...,nx},
o(z, Py n(x)) is in KOy, K if and only if n is in F. This means that = € X}, ,, for each
n € F and ¢ & Xy, for each n' € F.

Conversely, suppose that 2 € (), cp Xpn N (Npepe(Xkn)® Then o(z,¥x,(z)) €
KOy 1, K for any n € F, and o(z, Y n (2)) & KOy m, K for each n' € F. It means that
Fixm,,)(x) is equal to F', so that € Xy p. Thus our claim has been proven.

Since each X}, ,, is Borel, we conclude that X, r is also Borel. [l

LEMMA 6.12.  For any fized k € {1,...,n\}, the family
{Xk,F: F g {17...,71)\}, IFI = ‘Fk|}

is a Borel partition of X.
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Proor. Fix k € {1,...,n)}. By Lemma 6.11, we know that each X}, p is Borel.
It is obvious that © € Xy r, ,. (x) for all # € Y(0). Moreover, we have [F(y ,)(2)| =

P (@) = | Fil.
We next show that Xy p N Xy g = 0 whenever F # F' with |F| = |F'| = |F}l.
Indeed, if  belongs to Xy p N Xy pr, then F' = Fiy ) (z) = F'. O

For each subset F of {1,...,n)} with |F}| elements, there exists |Fj|! bijections from
F}; to F. Let us choose and fix one such map from them and denote it by s, r.

LEMMA 6.13. Fiz any k € {1,...,n\} and any F' C {1,...,n)\} with |F| = |F|.
Then o(2,Vx k. p(n) (7)) 08 0 KO\ m, K = KO\, K for any n € Fy, and any v € Xy, .

Proor. Fix k € {1,...,n\} and F C {1,...,n)\} with |F| = |F}|. Let n € F}
and x € Xy p. Since kg p(n) is in F' = F(y m,)(z), it follows from Lemma 6.10 that
(2,05 sy p(n)(2)) belongs to KOy, K = K0y , K. O

For each « € X, we define a map ¢, (z) from {1,...,n,} into itself by the following
rule:

o If x € Y(0)¢, then define ¢ (x) = id. Otherwise, proceed to the next step.

o Take any n € {1,...,nx}. Then there is a unique k € {1,...,n}} such that n € Fj,.
By Lemma 6.12, there exists a unique F' C {1,...,ny} with |F| = |F}| such that
x € Xp p. Remark that F is realized as F(y ,,,)(x).

e Define ¢x(z)(n) = kr,r(n). Equivalently, ¢x(x)(n) = ki r, ., ) (n) by the re-
mark above.

We will show below that ¢, (x) thus defined is a bijection.

LEMMA 6.14.  Let n € {1,...,nx} and x € Y (o). Then o(x,Vx 4, ()n)(T)) €
KOy, K.

PROOF.  Let nand z be as above. If n€ Fy,, we have that ¢x(z)(n) =,k ,, @)m)(7)
€ Fiympy(z). It follows from the definition of Fiy ,,,)(z) and Lemma 6.10 that
0($7¢A1¢A(m)(n)($)) (S K@,\,ka = K@)\JLK. O

LEMMA 6.15.  For any x € X, the map ¢x(z) is in P()\).

PRrROOF. By definition, ¢, () is bijective if 2z € Y (0)¢. So let 2 € Y (o). It suffices
to show that ¢y (x) is injective. Suppose that ¢x(z)(n) = ¢a(z)(n’) with n € Fj, and
n' € Fy,. This implies that

Kk, Fx mp) (@) (n) (n) = H’C”F(,\,mk,)(m)(n) (n/) and U($7w¢x(1)(n) (.Z‘)) € Ke/\,ka N KH)\’mk,K.

Thus k = k’. Tt follows that :‘ik7F(>\1mk)(z)(n) = Kk, Fiy ) (@) (n'). Since Bl F oy (2) 15 @
bijection, we conclude that n = n'. O

LEMMA 6.16.  The map ¢x: X — P(\) is Borel.
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Proor. It suffices to show that {x € X: ¢»(z)(n) = m} is Borel for any n,m €
{1,...,nx}. Note that

{z € X: oa(z)(n) =m} ={z € Y(0)": ga(2)(n) = m} U{z € Y(0): da(2)(n) = m}.

The first subset on the right-hand side equals either Y (0)¢ or (), depending upon n = m
or not. In any case, it is Borel. So we examine the second subset. Suppose that n € Fj.
We then claim the following identity:

{x €Y (0): pr(x)(n) =m} = U XerNY(0). (6.3)

FC{1,....,nx\}, kg, p(n)=m

Indeed, if # € Y (o) satisfies ¢(z)(n) = m, then we have that . p, , @)(n) = m.
Moreover, we clearly have x € Xk,p(hmm(z). Conversely, if z € Xy p NY (o) for some
F which satisfies #x #(n) = m, then, by Lemma 6.12, we have that ' = F{() (%) and
oa(z)(n) = kg, p(n) = m. So we our claim has been proven.

Since each X}, r is a Borel subset of X by Lemma 6.11, it follows from the claim
stated above that {z € Y(0): ¢x(z)(n) = m} is also Borel. O

For each (A\,n) € I, we define a map ¢ ,: X — X by ¥} () := ¥x ¢, (2)(n) (¥)-

LEMMA 6.17.  For any (A\,n) € I, the map v ,, defined above is Borel and nonsin-
gular, and satisfies I'(4}, ,,) € R.

ProOF. Let (A,n) € I. We immediately see that I'(¢)} ;) € R, due to the fact
that T(¢xn) C R.
Take any Borel subset E of X. Clearly, we have

(WA HE) = ((5,,) " (E)NY (0)°) U ((¢5,,) " (E)NY ().

From the definition of ¢}, ,,, we see that (¢} ,)~*(E) NY (o) = 45 ,,(E) N Y (0)¢, which
is Borel. In the meantime, it is easy to check the following identity:

W) THE)NY (0) = [ {z € Y(0): da(2)(n) = m} Ny ), (B).
m=1

The subset on the right-hand side is Borel, as we saw in the proof of Lemma 6.16 (see
Equation (6.3)). Therefore, W\,n is Borel, as desired. From the two identities displayed
above (and the nonsingularity of vy ,,), we easily find that (¢} ,,)~"(E) is null if E is. OJ

LEMMA 6.18.  Ifni,ng € {1,...,n\} satisfy n1 #na, then S(Y) ,, (2))NSY) ,,, (7))
=0 for a.e. xe X.

PROOF.  Since {¥xn}(xn)er are choice functions for & C R, there exists a conull
set Xy of X such that for each x € X, one has S(¥x1(2)) N S(Wrm(x)) =0 if I,m €
{1,...,nx} with I # m. Now let 2 € X(. By Lemma 6.15, we know that the map ¢ (z)
is injective. So ¢x(z)(n1) # éa(z)(n2). Hence we conclude that
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S 1, (2)) NSy (7)) = SV 6 (2) (1) () NS (x5 (2) (mo) (7)) = 0.

Thus we are done. g

LEMMA 6.19. We have

WA a(@):1<n<my} = {Pan(2): 1 <n<ny}
for any x € X.

Proor. Fix any x € X. Since ¢,(z) is bijective by Lemma 6.15, it follows that
{¥hn(@): L<n <na} ={rg @ (@) L <n<na} = {van(): L <n<nyb

So we complete the proof. O
LEMMA 6.20.  The maps {} ,,}(anyer are choice functions for S C R.
ProOOF. This follows from Lemma 6.17, Lemma 6.18 and Lemma 6.19. 0

LEMMA 6.21. For each n € {1,...,ny\}, there exist an m € {1,...,n\} and a
nonnull Borel subset F' of X such that ¢x(z)(n) =m for all x € F.

PrOOF. Foranyn,m € {1,...,ny\}, put X,, , := {x € X: ¢x(x)(n) = m}. By the
proof of Lemma 6.16, {X,, ,, 1>, is a Borel finite partition of X for eachn € {1,...,n)}.
So there exists an m € {1,...,n,} such that X, ,, is nonnull. Put F := X, ,, and we
get the conclusion. O

REMARK. Lemma 6.21 can be strengthened as follows. Let E be a nonnull Borel
subset of X. Then, for each n € {1,...,n)}, there exist an m € {1,...,n,} and a
nonnull Borel subset F' of E such that ¢y(z)(n) = m for all x € F. Indeed, if we
consider X, . = {x € E: ¢x(z)(n) = m} instead of X, ,, in the proof of Lemma 6.21,
then {X], ,,},; is a Borel finite partition of E for each n € {1,...,nx}.

LEMMA 6.22.  For any ni,nz €{1,...,n\}, we have S ,, (S(x))) =S¥} ,,,(S(z)))
for a.e. xeX.

ProOOF. By [1, Theorem 3.8 (4)], there exists a null subset Ny of X such that
S(Wx1(S(2))) = S(Whrm(S(x))) for all I,m € {1,...,nx} and all x € (Ny)°.

Meanwhile, it follows from Lemma 6.21 that for each | € {1,...,n)}, there exist an
n; € {1,...,ny} and a nonnull subset F} of X such that ¢, (z)(l) = n; for all z € F;. By
[1, Theorem 3.8 (3)], for each [ € {1,...,ny,}, there is a null subset N; of X such that
SWrn, (S())) = S |r (S(x))) for all z € (N;)¢. We then set Xy = (NoUU;2, V),
which is a conull subset of X.

Let x € X be an arbitrary element, and let I € {1,...,n)}.

Take any y € S(¥}, ;(S(w))). So there is a 2z € X such that (z,2) €S and (¥} ,(2),y) €
S. Thus (Vx4 (2)1)(2),y) €S, which implies that ye€S(¥x 4,)0)(S(7))). Hence
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y is in Uply S(am(S(2)) =S¥ 1(S(x))). Therefore, we obtain S(¢} (S(x))) C
S(¥x1(S())).
Conversely, we have
S(@/JS\J(S((E))) ={yeX:3z€ X st.(x,2) €S and (¢} 1(2),y) € S}

D{yeX:3ze Fst.(r,2) €S and (V) ,(2),y) € S}
={yeX: e Fst(r,2) € Sand (¥ e,)0)(2),y) €S}
={yeX:3zec F st (r,2) €S and (Yrn(2),y) €S}
= S(Wam|r (S(2)))
=S(¥an (S(@)))
= S(a1(S(2))).

Therefore, we obtain S(¢) ;(S(x))) = S(¥x1(S(x))) for all I € {1,...,n\} and all z €
X, O

) € I and E be a nonnull Borel subset of X. Then we

COROLLARY 6.23.  Let (A1
(S(x))) for a.e. x € X.

have S(¢ ;(S(x))) = S(Y\ e

ProOOF. Fix an arbitrary (A1) € I. Let Ny be the null subset in the proof of
Lemma 6.22. By the remark just before Lemma 6.22, we see that for each n € {1,...,n)},
there exist an m,, € {1,...,nx} and a nonnull subset E,, of E such that ¢5(z)(n) = my,
for all x € E,. As in the proof of Lemma 6.22, we may choose a null subset N, of
X such that S(¥Yam, (S(x))) = S(Wrm, e, (S(x))) for all z € (N})°. We then set
X5 = (NoUUpx, N,)°, which is a conull subset of X. Let z € X}. From the proof of
Lemma 6.22 again, we find that

S(Wxa1(S(x)))

S(%\l( (2)))
(1/%\ e(S(2)))
(W\1lE (S(2)))
(

(

(

v 1y

Vol (S()))
Yam, (S(2)))
Ya1(S(@))).

Therefore, we obtain S(¢) ,(S(z))) = S} ,|e(S(2))). O

S
S
S
S
S

PROPOSITION 6.24.  Let A € A. For any ny,na € {1,...,n)\}, we have KO, K =
KOy n, K

Proor. It suffices to show that K@) ,,K N K0),,K is not empty. By
Corollary 6.23, there is a conull subset Xy of X such that S(¢), (S(z)) =
S5,y (o) (S(2))) for any z € Xo. Set Zy := Y (0)N X, which is again conull. Take any
7€ Zo. S0 Sy (S(2))) = S lyo) (S(x))). Since ¥4, (x) € S, (S(x))) =
S\ 1,y (0)(S(x))), there is some z € Y (o) such that
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(z,2) €S and (¢} ,,(2), %), (7)) € S.

Remark that by Lemma 6.14, o(x, v} ,, (z)) belongs to K0y, K, while o(z,¢} ,,,(2))
belongs to K6 ,, K. It follows that

KOxn, K 3 0(2,9) 5, (7)) = 0(2,2) - 02,93, (2)) - (¥ 1, (2), ¥\, (%)) € KON, K

eK EKON ny K €K

Thus we complete the proof. O
Thanks to Proposition 6.24, we immediately obtain the following
COROLLARY 6.25.  For any A € A, we have o7 (0,\) = KO\ 1K =--- = K0, K
LEMMA 6.26. Let A € A. Then the following are equivalent:
(1) For any k € K and any n € {1,...,nx}, kb, is contained in Oy n) K.
(2) For anyn € {1,...,n,\}, KO\, K is equal to |J"_, Or mK
(3) For anyn € {1,...,n\}, o(x,¥xn(x)) is contained in 0y, K for a.e. v € X.

Proor. ((1) = (2)): Let n € {1,...,n,\}. By assumption, we see that K0, ,, is
included in [J_, O, K (recall that every element of K moves only n in (A, n)). Thus
we obtain K6, ,K C U 10x,m K. For the reverse inclusion, just note that we have
OmK C KOy K = KHAmK due to Proposition 6.24.

((2) = (3)): Let n € {1,...,n)}. Take any = € (N,)¢. By Corollary 6.25, we find
that

n

U 0)\7mK:K9)\,nK:JZ{(O'7>\) 33 a, >\ U KO' w)\ m ))

m=1

It follows that o(x, % n(z)) belongs to 0y, K for some m € {1,...,n5}. Note that
oz, Yan(x))(0) = (A, n), while every element in 0 ,,, K sends 0 € I to (A\,m). Thus we
must have m = n.

((3) = (1)): Define

Ky := {T e K: 7’9)\571 € (97()\7n)K(VTL € {17 e 7n>\})}.

Let 7,72 € Ko and n € {1,...,n)}. By definition, there is some ko € K such that
T20xn = Or,(a,n)k2. Note that 73(A,n) is of the form (A, n) = (A, m) for some m €
{1,...,n,}. Because 11 is in Ky, it follows that there exists a k1 € K such that 7160 ,,, =
arl(A,m)kL Thus

12000 = T107, (A n)k2 = T10xmko = 0. (\m)k1k2 = O ry (a0 (K1k2).

This proves that 717 belongs to K.
Fix any n € {1,...,n,}. Since 7, ' is in K, 7; '(\, n) has the form 7, ' (A, n) = (), 1)
for some I € {1,...,n)}. For this I, k; being in Ky, there is some k € K such that
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7105, = 0., (\ k. From this, we find that 7, "0, , = 971—1(/\’71)/{’1. This proves that 7, *
is in K. From the current and the previous paragraphs, we see that Ky is a subgroup
of K. One can show without difficulty that Ky is closed.

Now we proceed to the proof of the implication (3) = (1). Since K is by definition
generated by o(S), it suffices by the result of the preceding paragraph to show that Ky
contains ¢(S). By assumption, there is a null subset N of X such that o(x, ¢y ,(2)) €
Oy K for all x € N° and all n € {1,...,n5}. Choose a countable subgroup H of
the full group [R] such that S = {(z,hz): z € X, h € H}. With N defined just before
Lemma 3.1, set Xo = (Upepy h(N U H))C7 which is a conull S-invariant subset of X. Then
we consider the essential reduction S; := SN (X x Xg) of S to Xy. From the minimality
of the 1l-cocycle o|ls: & — K, we find that the closed subgroup generated by o(Si)
coincides with K itself. Hence it is enough to show that Ky contains o(S;). Take any
(x,y) € Sy and any n € {1,...,ny}. Since y € Xo C N°, we have o(y, ¥xn(y)) € OrnK,
so that there exists a k € K such that 0, = o(y, ¥ n(y))k. Hence we obtain

o(z,9)0\n = o(z,y)0(y, Van(y)k = o(x, YA n(y)) k.

Because (z,y) € 81 C Sp, where Sy is defined in Lemma 3.1, it follows that there is an
le{1,...,n,} such that (¢x(z),¥an(y)) € S. This means that o(x,y)(A\,n) = (A, 1).
Note that since z € Xo C N¢, we have o(x, ¥z, (x)) = 0,k for some k' € K. Thus

O—(Ia y)e)\,n - 0’(%, ¢A,Z(I))J(¢A,l(x)a ’lp)\,n(y))k
= O K o (i (), Yan(y))k
= ga(ac,y)()\,n) ' k/(f(?/)/\,l(fﬂ)ﬂb,\,n(y))k € ga(x,y)()\,n)K~

in K

Therefore, o(x,y) belongs to K. O

LEMMA 6.27.  If the equivalent conditions in Lemma 6.26 hold for each X € A, then
the set 9 (o) is a subgroup of Per(I).

PROOF. Thanks to Lemma 6.9, we already know that ¢ (o) is closed under taking
the inverse operation. Hence we show below that ¥ (o) is closed under the group multi-
plication. For this, it suffices by (2) to show that 0, k6;, € ¥ (o) for any k € K and any
11,19 € I. So let us fix arbitrary k € K and i1,i2 € I. By (3), there exists a null subset NV
of X such that o(x,¥;(z)) € 6;K forallz € N®and alli € I. Set Xo := (U,¢; wi_l(N))c,
which is conull in X. Take any z € Xy. Then o(z,;,(2)) € 6;, K. So 6;, has the form

0i, = 02,4, (2))k1

for some ki. Then, by (1), k1kb;, is in 0y, 4z, K, so that there is a ky € K such that
k1kO;, = Ok k(ip)ka. Since o (s, (2), Vi, k(in) (¥i, (2))) belongs to O, k(i) K thanks to (3),
we find that

Oki(is) = 0(Vi, (2), Yyi(in) (Vi (2))) s
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for some ks € K. Define iz := o(z,1;,(2))(k1k(i2)) € I. By definition, we have
(Vi5(2), iy k(in) (Wi, (2))) € S. Hence it follows that

0.

1

keiz = U(Z ’(/)“( ))klk@z

(2, i1 (2)) - Ok, k(in) k2

(2,90, (2)) - 0(Vi, (2), Vi, k(in) (Wi, (2))) ks ka
(

(

|
Q

Il
Q

o(z ¢k1k(12)(w11( )))k3k2
oz ¢13( )) (¢13(2)7¢k1k(i2)(wi1 (Z)))k3k2 € 913K - g(o')

in 0;5 K by (3) in K

So ¥4(0) is a subgroup of Per(I). O

Let Ao be a finite subset of A and denote by 7, the projection [T, , P(\) onto
[Ixen, P(A)- Define a 1-cocycle cp,: S = [[yep, P(A) by

CAy = TTAy ©C.

Thanks to [23, Proposition 3.10], ¢, is a minimal cocycle. Write Ly, for the subgroup of
[Trea, P(A) generated by ca, (S). As explained just before Lemma 5.4, we have r*(ca, ) =
Ly,. It follows that for each g € Ly, there exists p € [S]. such that ¢y, (z, p(z)) is equal
to g for all € Dom(p).

Put Py, := Ker(cp,). Since Ly, is a finite group, we have that Py, is an ergodic
subrelation of S.

LEMMA 6.28. For a.e. x € X, we have

{ens(2,2): 2 € S(@)} = {en, (9, 0): y € S(@)} = L,

PRrROOF. For each x € X, set Ly, (z) := {ca,(z,2): z € S(x)}. A direct computa-
tion shows that La, () is equal to L, (y) for a.e. (z,y) € Pp,. By the ergodicity of Py,,
there exist a subset S of L, and a conull Borel subset Xy of X such that Ly, (z) = S
for all x € X. Take any g € Lp,. As remarked just before this lemma, there is p € [S].
such that cp,(x, p(x)) = g for all © € Dom(p). Choose one g € Xo N Dom(p). Then

S = Lao (o) 3 eay (20, p(20)) = 9-
Therefore, S = Ly,. O
PROPOSITION 6.29.  The set 9 (o) is a subgroup of Per(I).

PrOOF. It suffices to show that Lemma 6.26 (3) always holds.

Fix any (A\,n) € I and set E := {z € X: o(x,¢¥xn(2)) & OxnK}. We will prove
below that I is a null set in X.

Suppose that E is not null. Since 8y ,K is closed, the condition o(z, s n()) &
O nK is equivalent to the one that some (open) neighborhood of o(x,¥xn(z)) does
not intersect with 6y , /K, which is in turn equivalent to saying that there is a finite



Schlichting completion of Hecke pairs of equivalence relations 1643

subset F' of I such that, with the notation p,: Map(I) — I in Section 4, we have
ﬂieri_l({o(x,wAvn(:v))(i)}) N0, K = (. Hence, if we define F(I) to be the family of
finite subsets of I, and if we define, for any F' € F(I), a Borel set X by

Xp:={x € X:Vk € K, Jiy, € F such that o(z, ¥ n(x))(ix) # Oxnk(ir)},

then we obtain

U X

FeF(I)

Because E is non-null, there exists Fj € .7-' (I) such that Xp, is non-null. Note that if
Fy is of the form Fy = {(A1,01),..., (A, lm)}, then, for every k € K, kFy has the form
EFy = {( A\, 00), o, Ay 1) T ThlS observatlon ensures that we may assume if necessary
that kFy = Fy for any k € K. With the map gx: I — A given by ga((\,n')) = N, define
a finite subset Ag of A by the following:

Ao =qga({0rn(i): i€ Fot U{(A\,n)}).

We assert that X g, is Pa,-invariant. To verify this, assume that © € Xg, and (z,y) €
Pro,- Since (z,y) € Pp,, we have o(z,9)|{(x1):1€{1,....na}} = id, which implies that

U(I,y)()\,’ﬂ) = ()‘7’”’)3 i'e'7 (¢>\,n(y),¢k,n(x)) € §. Thus U(¢A,n(y),¢A,n(I)) € K. Take
any k € K. Because x € Xp,, there exists ig € Fy such that o(z,¥xn(2))(io) #

O ko (Px n(y), Uan(x))(io). Set jo := o (¥rn(y), ¥an(x)) (i), which also belongs to Fj
since Fy is K-invariant. Then we have that

o (Y, Yan(y)) (o) = oy, 2)o (2, Pxn ()0 (Pxn(2), ¥rn(y)) (o)
(v, )o (2, Yxn(@))(i0)

(y, 2)0x nko

(y, )

e
a a Q9
8

Y, 2)0x nka (Y n(y); Yan (7)) (i0)
Yy, x HA,nk( )
Oxnk(jo (" qa(Ox,n(d0)) € Ao).

I
8

So we conclude that y is also in Xp,, which proves the P, -invariance of X, as asserted.
From the ergodicity of P,,, it follows that Xp, is conull.

On the other hand, we already have shown in the present section that o(z, ¥, (z)) €
K0y ,K for a.e. z€ X. Thus there is a conull Borel subset X such that o(z, ¥z ,(2))€
K0y, K for all z€ Xy. Let z=0) , K be the point in the quotient Polish space Per(I)/K.
We think of Per(I)/K as a Polish K-space. Then the K-orbit S of the point z is Borel
(see [22, Corollary 5.8] for example). Let K, be the stabilizer subgroup of z. Since K
is compact, the canonical map kK, € K/K, — kz € S is a homeomorphism (refer to
[24, Chapter 2]). We denote by f the inverse of this homeomorphism. Next we choose a
Borel cross section s: K/K, — K with s(K,) = e. Then define a Borel map &: Xg — K
by

(x) = s(flo(z, vrn(@)K))  (z € Xo).
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Because o(x, ¥ n(x)) € K0y, K for all z € X, the equation

() =05 ,€(@) To(@, Yan(z)) (v € Xo)

defines a Borel map n from X into K. Thus we have

oz, xn(2)) = £(2)0rnn(z) (¢ € Xo)

Set mr,(§(%)) = [Iren, ™ (§(7)) (z € Xo). Note that ma,(K) is a finite group, and
let {go = id,...,ga} be its enumeration. If Xo(j) := {x € Xo: ma,(&(x)) = gj} (J=
0,..., M), then at least one of X((j) is a non-null Borel set, because Xg = U o Xo(J)
Let Xo(j1) be such a set. By Lemma 6.28, there exists p € [S]. such that Dom( ) C
Xo(j1) and the equation

CAO(Q?,p(SC)) = 7T/\0(§($>) =95

holds for each x € Dom(p). Hence if i € Fy and x € Dom(p), then we have

o(p(2), Yrn () () = 0(p(2), 20 n(2) ()
= 9,95, Oxan(@)(@) o qa(Oran(2)(i)) € Ao)
=0 nn(z)(1).

Thus we have shown

o (p(@), Yam (1)) (i) = Oxan(z)(i)  for all i € Fp. (6.4)

A€ Ag. In particular, by the defini-

This holds true even if i =0, since g (0x,,n(x)(0)) =
)(0) = (A;n), so that (a n(p(2)),Pxn(z))

tion of O ,,, we get o (p(x), Y (2))(0) =0x nn(x)(
€S. It follows that for each i € Fpy, we have

o(p(x), Yan(p(x)))(2)
= U(p(l‘)v ’(/J/\,n(x))o-(w/\,n(x)’ ¢A7n(p($)))(l)
= O wn(x)o(Prn (), Yan(p(x)))(7) (. (6.4) and K-invariance of Fp).

Since n(x)o (Y n(z), Yrn(p(z))) € K, the result just obtained above indicates that the
non-null subset Im(p) of X is included in the null set (X, )¢ This is a contradiction.
Therefore, we complete the proof. O

DEFINITION 6.30. We call the pair (4(c), K (o)) a Schlichting completion of the
Hecke pair (R,S). As we proved in this section, ¥ (o) is a locally compact Hausdorff
totally disconnected group, and K (o) is an open and compact subgroup of 4 (o). Hence
(9(0),K(0)) is a Hecke pair of groups.
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7. Dependency of the construction of the pair (¥ (o), K(0)).

7.1. Dependency of the construction.

In the preceding section, we saw that every set of preferable choice functions for a
Hecke pair (R,S) of ergodic equivalence relations produces a Hecke pair (4 (o), K (o))
of groups in Per(I). The purpose of this section is to clarify how the construction of
(9(0), K(0)) depends on the choice of preferable choice functions.

Let 0: R — Per(I) be the index cocycle that arises from the preferable choice
functions {¢x ,} of the Hecke pair (R,S) which we have been considering so far. Thus
c:= 0|s is a minimal cocycle into the compact subgroup [[,., P(A) of Per(I). As before,
we set K := K (o), the closed subgroup of [[,., P()) generated by ¢(S).

Let o’: R — Per(I) be another index cocycle derived from another family of prefer-
able choice functions {1} ,}(xnjer of S € R. Since ¢’ is cohomologous to o, there is a
Borel function ¢: X — Per(I) such that

o' (z,y) = p(z)o(z, y)d(y) ™ (7.1)

for a.e. (z,y) € R. Thus there is an R-invariant Borel conull subset X’ of X such
that (7.1) holds true for all (z,y) € RN (X' x X'). Since {¢} ,,}(xn)er is preferable,
the restriction ¢/ := ¢'|s of ¢’ to S is a minimal 1-cocycle from S into the compact
group [],cp P()). Let H be the closed subgroup of [[,., P(A) generated by ¢/(S). By
definition, we have

d(z,y) = p(x)e(z, y)o(y) ™" thatis, (z,y)d(y) = ¢(x)c(z,y) (7.2)

for a.e. (z,y) € S. Tt follows that there exists an S-invariant Borel conull subset X (0) of
X, contained in X’ defined above, such that with S(0) := SN (X(0) x X(0)), which is a
conull subset of S, we have

c(z,y) = d(x)c(z,y)o(y) ™ (V(z,y) € S(0)). (7.3)

Multiplying both sides of the second identity of (7.2) by H from the left and by K from
the right, we obtain

Ho(y)K = Ho(x)K. (7.4)

It follows that the assignment © € X +—— H¢(x)K € H\Per(I)/K from X into the
double coset space H\Per(I)/K is a Borel S-invariant function. Since H\Per(I)/K is a
standard Borel space, we find that this function is constant up to a null set. So there
exist an element 7 € Per(/) and an S-invariant conull subset X (1) of X, contained in
X (0) introduced above, such that

Ho(x)K = HTK (7.5)

for all x € X(1). Define a Borel function ¢o: X — Per(I) by



1646 H. Aor and T. YAMANOUCHI

) ex) (e X(1)),
%(x)_{T (z € X\ X(1)).

Then ¢ obviously satisfies (7.5) for all z € X. We consider the set
A={(z,h) € X x H: h'¢p(2)K = TK}.

With two Borel functions fi: X — Per(I)/K and fo: H — Per(I)/K given by fi(z) =
¢o(x)K and fa(h) = ht K, we have A = {(z,h): fi(xz) = fa(h)}. Tt follows that A is a
Borel subset of X x H. For each x € X, the section A, = {h € H: (z,h) € A} of A at x
is nonempty, thanks to (7.5). Moreover, since A, = {h € H: ht K = ¢o(x)K }, we easily
see that A, is closed, hence compact. By [19, Theorem 5.12.1], there is a Borel function
¢: X — H such that (z,0(z)) € A for all z € X. This means that

do(x)K = L(x)TK (Vz € X). (7.6)
By (7.6), we obtain a Borel function r: X — K satisfying

¢o(x) = L(x)Tr(x) (Vo € X). (7.7)
Let & := SN (X (1) x X(1)), which is a conull subset of S. By (7.3), we have

d(z,y) = Lx)rr(z)c(z,y)r(y) v y) ™" (V(zy) €S) o
Ox) M (@ y)l(y) =7 - r(@)e(@,yriy) 77" (V(z,y) € S). (7.8)

Note that the function c¢;(x,y) = r(z)c(x,y)r(y) "t ((x,y) € S) is a Borel 1-cocycle,
cohomologous to ¢, whose image is contained in K. Because ¢ is minimal, it follows that
the closed subgroup K., generated by ¢1(S) equals K. Likewise, the closed subgroup
K., generated by the 1-cocycle cp defined by ca(z,y) = £(x) =" (z,y)l(y) is equal to H.
From this and (7.8), we find that

H=71Kr"" (7.9)

Let N, be as before. From Lemma 6.8, we see that there is an R-invariant Borel
conull subset Z, of X such that we have o(z,y) € ¥(0) for all (z,y) € RN (Z, X Z,).
Set Z! .= (Uiel(vj;;)*l((Zg)C))c, which is again an R-invariant conull subset.

We also know that there is a null set N, of X such that 7 (c’,\) = & (x,0', \) for
all z € (N, )°. Set

C

X2 =xmnz,n| |JUgwhH (N)

geGiel
By definition, X (2) is an R-invariant conull set. Let z € X (2).

Ho' (2,9} ,(2)) H = Hp()o (x, 9}, ()@} (2)) T H
= Hi(z)rr()o (2, ), (@) () o () T 7704 L () T H
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= Hrr(a)o(z, ) ,(2))r() ,(2) 7 H

=77 'Hr-r(z)o(z, Y ()7 ( &n(x))71 A : L
=7 K -r(@)o(z, @), (@)@ ,(z) - K771

=7 Ko(z, ) ,(x))K - !

CTKY(o)KT !

=79 (o)

From this, we obtain
o (z,0",\) U Ho'(xz, ) () H C 7Y (o)L

It follows that ¥(0’) C 7% (o)~ !. Reversing the roles of o and o/, we get ¥(0) C
7714 (0")1. Therefore, we conclude that

G(o") =14 (0)T L. (7.10)
We now summarize what we have obtained so far in the theorems that follow.

THEOREM 7.1.  Let {thxn}t(rxn)yer and {1/)3\’”}()\,”)61 be two preferable choice func-
tions of the Hecke pair (R,S). Let o and o’ be the corresponding index cocycles re-
spectively. Then the associated pairs (4 (o), K(o)) and (4(c’), K(c')) are conjugate in
Per(I). To be precise, there exists an element T € Per(I) such that

G0 =19 (o), K(o') =71K(o)r L. (7.11)

Hence the conjugacy class of the pair (4 (o), K (o)) in Per(I) is independent of the choice
of preferable choice functions of the Hecke pair (R,S).

THEOREM 7.2.  Let {t)xn}(rn)er be preferable choice functions of the Hecke pair
(R,S) and o: R — Per(I) be the corresponding index cocycle.

(1) Letr: X — K(o) be a Borel function, {p;}icr be a family of maps in [S]. with
Dom(p;) = X, and 7 € Per(I) be such that it satisfies TK(o)7~' C [[,cp P(N). For
each i € I, define a function ¢j: X — X by ¥j(x) := pi(Yp@)-1--105)(x)). Then {;}
are also preferable choice functions of (R,S) whose associated index cocycle o' satisfies

(4(c"),K(c") = (79 ()7 1, 7K (o) 1).

(2) FEvery set of preferable choice functions of (R,S) arises in the manner described
in (1).

ProoF. (1) First, we prove that every ¢, is Borel. It suffices to show that the
map () = Yp(z)-1,-1(;) () is Borel for each i € I. Fix an arbitrary (\,n) € I and
write 77H(\,n) = (/\' ') Note that 7(x)~! has the form r(2)~1(\,n') = (N, f(z)(n')),
where f(x) € P(\). Since f: X — P()) is Borel, {f~1({¢}): ¢ € P(N)} is a Borel
partition of X. Take any E € B and £ € P(XN). For z € f~1({¢}), we have
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€ (mn) H(B) <= Y@ (@) €E
<~ ’(/})\’,f(x)(n/)<x) cF
= z€ (Wyewmy) (B).

From this, it follows that one has

() HE) = ] @A) EN TN = L Waeen) T E) DTS,

EeP(N) £eP(N)

This shows that (yx,)~"(E) is a Borel subset. Therefore, ¢ ,, is Borel.

The fact that {1}, ,} are choice functions can be easily verified, so we leave the
verification to the readers.

Let o' be the index cocycle associated with {1} , }. Suppose that o’(x,y)(i) = j.
This means that (6(2), 41(1)) € S, i.0., (By(a)-17-1() (2)s Yr()1r-1( (¥)) € 5, because
all p; are in [S]«. So

o(z,y)(r(y)"'r7H(0) = r(@) "7 TH(G) = r(@) T 0" (2, ) ().

It follows that

o'(z,y) = rr(z)o(@,y)ry) " ((@,y) €R). (7.12)

Define ¢ := o|s. By assumption, ¢ is a minimal cocycle into [],., P()\) whose image
generates K (o) as a closed subgroup.

CLAIM.  The restriction ¢’ of o’ to S is a minimal cocycle in the compact group
[Taea P(N). The closed subgroup generated by ¢/(S) is TK(o)7~*. (Note that since T
satisfies TK (o) 71 C [T cp P(A), 7K (0)77" is a compact group.)

(") The function ¢;(x,y) = r(z)c(z,y)r(y) "' ((z,y) € S) is a Borel 1-cocycle, coho-
mologous to ¢, whose image is contained in K (o). From the minimality of ¢, it follows
that the closed subgroup K., generated by ¢1(S) equals K(c). By (7.11), we find that
the closed subgroup generated by ¢/(S) is 7K(o)771. So ¢’ is a 1-cocycle of S into the
compact group 7K ()71, and the closed subgroup generated by ¢/(S) is 7K (o)7L

Take any Borel function ¢: X — 7K (o)7 !, and set ¢’ (z,y) = q(x)c (z,9)q(y)~
((z,y) € S). Then t(z) := 7~ q(x)7 - r(z) (x € X) is a Borel function from X into K (o)
and satisfies

1

ea(w,y) = t(@)e(z, yty) " € K(o)  ((z,y) €9).

Thus ¢ is a Borel 1-cocycle of S into K (o), cohomologous to ¢. From the minimality of
¢, it follows that the closed subgroup of K (o) generated by co equals K (o). This in turn
implies that

-1 1

" (z,y) = q(@)c (e, y)a(y) ™" =7 t@)e(, yty) ™" 77" = Tea(w,y) T

generates, as a closed subgroup, 7K(c)7~!. This proves that every l-cocycle into
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7K (0)7! cohomologous to ¢’ engenders as a closed subgroup 7K (o)7~!. Hence ¢
is a minimal cocycle into 7K (o)7~ 1. By [23, Theorem 3.9], ¢’ is still a minimal cocycle

into the compact group [],c, P(N).

By Claim above, we see that {1} , } are also preferable choice functions.

(2) Let {¥} ,,}(xn)er be another family of preferable choice functions of (R, S) and
o't R — Per(I) be the associated index cocycle. Since ¢’ is cohomologous to o, there is
a Borel function ¢: X — Per(I) such that

o' (x,y) = p(x)o(z,y)o(y) " (7.13)

for a.e.(x,y) € R. In fact, due to [10, Lemma 1.2 (b)], the function ¢ can be characterized
by the identity

S(’lﬂ:(l‘)) = S(’(/J¢(x)—1(i)(l’)) (VZ S I, Vo € X) (714)
Thus there is a family {p;};c; of maps in [S]. with Dom(p;) = X such that

Vi(x) = pi(Wg@) 1 py(x)) (Ve X). (7.15)

The restriction ¢’ := ¢’|s of ¢/ to § is a minimal 1-cocycle from S into the compact
group [[,ca P(A). Let H be the closed subgroup of [], ., P()) generated by ¢/(S) (that
is, H = K(0’)). As we have proved in this section, there is 7 € Per(I) satisfying (7.5),
where K := K(0). We know that 7K7~" = H C [[,., P(}). In particular, we have
Hrt = 7K. Thus

Hp(x)K = HrK = 7K.

Hence there exists a Borel function r: X — K such that ¢(z) = 7r(x)(x € X). Substi-
tuting this into (7.15), we completes the proof. O

7.2. Relation to the pair (r*(o),7*(0)0)-

As in the previous subsection, we fix preferable choice functions {x n}\nyer of a
Hecke pair (R, S), and denote by o the corresponding index cocycle, where I = {(\,n):
AeEA n=1,...,n\}.

First, let us note that by Proposition 4.4, the stabilizer r* (o) at 0 of the asymptotic
range 7*(0) of ¢ is nothing but r*(c¢), where ¢ := o|s. Recall that we explained at the
end of Section 5 that r*(c) actually coincides with K (o). As mentioned at the beginning
of Section 5, this property of the cocycle ¢ is usually referred to as regularity of c. We
explained in Section 5 how the regularity of ¢ follows from the results in [23] and [17].
Let us indicate that one can also show the regularity of ¢ by using [2, Proposition 7.4].
In any case, this fact together with Theorem 7.1 implies the following

PROPOSITION 7.3.  The stabilizer v*(c)o at 0 of the asymptotic range r*(o) of o
equals K (o).

PROPOSITION 7.4.  The asymptotic range (o) coincides with 4 (o).
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Proor. It suffices to show that ) , is in 7*(o) for each (A\,n) € I. For this, we
shall show that 6, ,, is in the essential range of o|rnx’xx+ for each nonnull Borel subset
X' of X.

Let the notation be as in the proof of Proposition 6.29.

We proved there that £ = {z € X: o(x,¢¥xn(z)) € 0),K} is a null set. Recall
that we have E' = (Jpc 7(y) Xp. Hence Xp is null for any I € F(I). Fix a K-invariant
Fy € F(I) and set Ag := ga(Fo). Put Xg = X’ N Xp,, which is a conull Bore subset of
X', By the definition of Xp,, we see that for every z € Xy, there exists k, € K such
that the equation o(x, ¥ »(2))(2) = 0x nkz(2) holds for all ¢ € Fy. Suggested by this, we
define a subset B of Xy x K by

B = {(x,k) € Xo x K: 05, 0(x,¥xn(2))(i) = k(i) (Vi € Fy)}.

So (z,k;) € B for all x € Xy. Remark that with the map p,: Map(I) — I introduced
in Section 4 and the continuous map f: Per(I) x K — Per(I) given by f(¢,k) = k™19,
we have

B = (65, 00 0 (idx, x banlx,) x idic) o 7! (ﬂ p;1<{z'}>).

ieF

This proves that B is Borel. Let pri: Xg x K — X be the projection onto the first
coordinate : pri(z,k) = x. Then, since (z,k,) € B, the map pry is onto. By von
Neumann selection theorem (see [7, Theorem I1.14] for example), there exist a conull
Borel subset Yj in Xy (hence conull in X’ in particular) and a Borel map &: Yy — K
such that (y,&(y)) € B for all y € Y. By using the same arguments as in the proof
of Proposition 6.29, there are non-null Borel subset Z; of Yy and an element ¢ in the
finite group ma, (K) such that ma,(£(z)) = g for all z € Zy. Since K = r*(o|s) C r*(0)
and Py, (C 8) is ergodic, there exists p € [S]. which satisfies Dom(p) C ¥ n(Zo),
Im(p) C X’ and 7p, (0 (¢xn(2), p(¥rn(x)))) = g~ 1. It then follows that for any z € Z
and any ¢ € Fp, we have

(2, p(Yan(2)))(0) = (2, V20 (2))0 (Yrn(2), P(Ur0(2))) (1) = Orng - 97 (i) = Orn(0)-

Since Fj is arbitrary, we conclude that 6y, is in the essential range of o|rnx/xx-
Therefore, we complete the proof. 0

PROPOSITION 7.5.  The Schlichting completion (4(c),K(o)) of the Hecke pair
(R,S) is reduced in the sense that K (o) contains no nontrivial normal subgroup of 4(o).

PROOF. Suppose that H is a subgroup of K (o) which is normal in ¢(0). We
shall show that H is trivial. Put P := o~ !(H). By Proposition 7.4, we have that H is
contained in 7*(¢). So it suffices to show that P coincides with Ker(o). By Lemma 6.27,
we have that ¢ (o) is equal to (J,.; 0:K (o) and o(x,v;(x)) € 6; K(o) for a.e. z € X. So,
for a.e. (z,y) € P and i € I, we have

o(Yi(x),%i(y)) = o(¥i(x),z)o(x,y)o(y,¥i(y)) € K(U)gi_lH@z'K(U) = K(o).
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It means that o(z,y)(i¢) = ¢. This completes the proof. O

8. On the Hecke von Neumann algebra H*(R,S).

We briefly review the construction of the Hecke von Neumann algebra H*(R,S).
Consider the set L>(I x X)S of all functions F in L>(I x X,y x i) satisfying

F(i,z) = F(o(y,z)(i),y) for a.e. (z,y) € Sand all i € I,

where . is the counting measure on I. By [4, Lemma 9.7], the map Z: I x X — A
defined by Z((\,n),x) = X induces a #-isomorphism Z* from ¢>°(A) onto L>=(I x X)S
given by Z*(f) := f o Z, where f € (*(A). Set F* := =*(d,) for all A\ € A. Refer
to [4, Sections 8 and 9] for basic properties of {F*} ca. We define a faithful normal
semifinite trace  on L°°(I x X)¢ given by

= > 1FWna,

AEA

where F' = Z*(f).
We denote by Z(R,S) the set of all functions F in L>(I x X)° satisfying, with
F=Z=*(f),

=) If(N)Inx < oo and =Y [f(An < oo

AEA AEA

For any F' € L>=(I x X)S, define a Borel function F* on I x X by

F(i,z) = F(o(¢i(2), 2)(0), ¢i(x))  ((i,2) € I x X),

which can be proved to belong to Z(R,S) as well (see [4, p.643]). Thus Z(R,S) is a
subspace of L>(I x X)® which is closed under the f-operation. Since Z*(dy) = F* for
any A € A, the linear span Zy(R,S) of {F*: X\ € A} is contained in Z(R,S). Because

To(R,S) is o-strongly™ dense in L>(I x X)®, so is Z(R,S). If F € ng and Z*(f) =
then

[Aa(F)* = >_1F(N)

AEA

From this, we see that Z(R,S) is contained in ng. Since Zp(R,S) is o-strongly® dense
k-subalgebra contained in ng, it follows that Aq(Zy(R,S)) is dense in the GNS Hilbert
space Hq. In particular, Aq(Z(R,S)) is total in Hy,.

Let F} and Fy be in Z(R,S). Define a Borel function Fy * Fy on I x X by

(Fy* Fy)(i,x) =Y Fi(of ;@) (i), () Fa (4, @). (8.1)
jel

This defines an associative product on Z(R,S) which makes it a f-algebra. Zy(R,S)
is a #-subalgebra of Z(R,S), which we call the algebraic Hecke algebra associated with



1652 H. Aor and T. YAMANOUCHI

(R,S). It turns out that Aq(Z(R,S)) is a left Hilbert algebra in Hg. We call the left
von Neumann algebra of Aq(Z(R,S)) the Hecke von Neumann algebra associated with
(R,S), and denote it by H*(R,S). Let m; be the left multiplication of the left Hilbert
algebra Aq(Z(R,S)). So, by definition, we have m;(Aq(Z(R,S)))” = H*(R,S). Thus

F e I(R,S) — m(Aa(F))

defines a x-representation of the involutive algebra Z(R,S), which we still denote by ;.
Hence

o-strong*

MR, S)) —H*(R,S).

It is also true that

o-strong®

HZo (R, S) —H(R,S).

It is proved in [4] among other things that if W*(S) C W*(R) C A; C A, is the basic
extension of the inclusion W*(S) C W*(R), then Ay N A’ is #-isomorphic to H*(R, S).
This particularly shows that H*(R,S) is independent of the choice of choice functions
for S CR.

Define ¢5°(A) = (%) HZ(R,S)) and (P (A) := (2*)"1(Zy(R,S)). By definition,
£3°(A) is the linear span of the set {Jx: A € A}. Hence £5°(A) consists of functions on
A with finite support. One can transport the f-algebraic structure of Z(R,S) to £5°(A).
We still denote by * and f the corresponding convolution and involution on ¢5°(A). Then
Lemma 9.8 in [4] tells us that

FF) = F() (8.2)

holds for any f € ¢5°(A). To see how the convolution on £3°(A) is defined, we pay
attention to the equality obtained on page 648 in [4], which is

Mxg

(FM s FA2)( Z Xe, (Vg k (@), Yan(2))- (83)

Throughout the remainder of this section, we consider the situation taken up in
Section 6. Let K be the open and compact subgroup K (o). Fix arbitrary A\, Ao € A in
what follows. By Lemma 6.26 (3), there exists a conull Borel subset X (/\2) of X such
that o(z, ¥a, m()) € Unr2 Ox, oK for all z € X(\p) and all m € {1,...,ny,}. Fix any
k1 €{1,...,n)} and any ko € {1,...,ny,}. Define ¢y,: X — K by

. o ke O (T 05 12 () if ze X(\2),
Phal) 1= {z'd if e X(h)C.

Since (2, Py ks (7)) € Oxy 1, K for all z € X (A2), the image of ¢y, is indeed contained
in K.
For the next lemma, recall that for each A\g € A, the Borel subset El;;’kQ defined by
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B = o € X (@0 (0, (1)) € Cro}
was introduced in Section 9 of [4] (see the discussion on page 649 there).

LEMMA 8.1. Let A\g € A. For x € X(\2) to belong to Ef;’kz, it is necessary and
sufficient that it should satisfy O, k, 00, (x)(A1,k1) € KOx 1 K.

PROOF. Let z € X(\2).
Suppose first that z € Ek1 "2 S0 (2, r, ey (Vrg.s (7)) € Cay- By the definition of
Cy,, there exists z € X such that (3:, z) € S and (¥x,,1(2), ¥,k (Vg k(7)) € S. Thus

o(x,z) € K and o(z,¥x, k(%)) (A1, k1) = (Mo, 1).
This yields
O’(.T, ¢/\2,kz (17))(A17 kl) = CT(JC, Z)(A07 1)

By the definition of ¢, , we have o (x, ¥x, k, (€)) =0x, .k, Pk, (). Hence the identity above
can be written as

Oxs k2 Pk () (A1, K1) = o (2, 2) (Mo, 1)
Because ¢, (2)(AM, k1) = Og,, (2)(2 k1) (0) and (Ao, 1) = 6x,,1(0), it follows that
O k2O, (2) (0 k1) (0) = (@, 2)01,1(0).
Namely,
(020.1) "0 (2,2)00, k20, (2) (A1 k1) (0) = 0.

This means that (6,1) to(z, )0, k. Oy, (x)(A1,k1) € K, because the stabilizer subgroup
of G at 0 € I coincides with K due to the results obtained before. Hence

0>\2,k29¢k2(9¢)(>\1,k1) S O'(IE,Z)Q)\OJK - K@)\OJK.

Assume conversely that  satisfies O, k,0s,, (x)(\1 k1) € KOx,1 K. By Lemma 6.26
(2), there exist h € K and m € {1,...,ny} such that O, .04, (2)(Ai k1) = Org,mh
Hence we have

O k20, (1) (0 ,80) (0) = Oxg,m P (0),
Oxa ks P () (A1, k1) = O, ( ),
(T, Pz, (7)) (A1, k1) = (Aoa m),
(Y0, m (), Yy ky (Yrg.1,(2))) €
(s s s (Va1 (7)) €

)\0 m T C}\O'
k1,k2
Therefore, x € By O

According to the arguments on page 649 in [4], there corresponds to each pair
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(k1,k2), where k1 € {1,...,ny,} and ko € {1,...,n),}, an index Mg, x, € A such that
E = ﬂ:;;l ﬂ:;il E¥vF2 s a non-null Borel subset of X. Put Ag := {Ap, .k, k1 €

Akq ko

{1,...,71,\1}, ko € {1,...,’[7,,\2}}.

LEMMA 8.2.  In the notation introduced above, we have
Ao={reA: Tk e{l,...,n\,} and Fka €{1,...,nx, } such that O, k,0x, 1, € KON1K}.

ProoOF. Take any A\g € Ag. By definition, there exist k1 € {1,...,n),} and ko €
{1,...,n,} such that A\g = Ag, r,. Choose any = € E = ﬂ:i;l ﬂZ;il E¥vF2Since x €

Aky ko
E’;i’lk;, it follows from Lemma 8.1 that 0, k,0s,, (2)(A1,k1) € KOx, 4, 1 K = KOy 1 K.
Because ¢, (z) is in K, ¢k, (x)(A1, k1) has the form (A1,m) = ¢, (z)(A\1, k1) for some
m € {1, C ,n)\l}. Then 0>\2,k20)\1,m € K@)\OJK.
Next let A€ A have the property that there exist ki €{l,...,nx} and ko€
{1,...,ny,} such that 0, x,0x, k, € K6)1K. Again, choose one z € E. Then there is a
unique m € {1,...,ny, } such that ¢, (x)(A1,m) = (A1, k1). By Lemma 8.1, we have

KO0\ 1K 2 0x, 1,05, 1y
= 9>\2J€26¢k2 () (A1,m)

m,k
€ KO, ,a K (xe B
It follows that K0y 1K = K6, , 1K. Hence we have to have A = Ap, x, € Ao. O

As in the arguments in Section 9 of [4] (see page 648 there), for each A € A, let us
look at the Borel subset K f\‘; 5 of X defined by

nx Mxg

KX = U {2 € Xt (0 (@), ¥an(@)) € Ca, ).

k=1ko=1
It was observed that
o K}!, is either null or conull;
e For any A € A\ Ay, K))\‘;’A is contained in F, so it is null.

LEMMA 8.3. For A € A to belong to Ag, it is necessary and sufficient that Kf\‘;’)\
1s conull. Therefore,

Ao ={X€A: K}, is conull}.

Proor. Let A € A.

As noted just before this lemma, A belongs to Ag if K :\\; 5 is conull.

Suppose that A € Ag. By definition, there are k1 € {1,...,n), } and ko €{1,...,nx,}
such that A = Mg, i,. Let us take an arbitrary € E. Since x particularly belongs to
E];l’kz = E¥vR2 i follows that (z,¥x, &, (.., (2))) € Cx. Thus there exists z € X

Akq ko’

such that (z,z) € S and (¥ 1(2), ¥, &, (¥r,k, (7)) € S. The second fact implies that
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(2, x5 (%)) (A1, k1) = (A, 1). Applying o(z, z) to both sides yields

O'(l‘, Yz ks (.%‘))()\1, kl) = U(xa Z)()U 1)'

Since o(z, z) € K, there is some m € {1,...,ny} such that o(x, z)(A,1) = (A, m). Hence
we obtain

(2,5, ks (7)) (A1, k1) = (A, m).

Due to the proof of Lemma 8.5 of [4] (or one of the results in Section 3.1), we see that
(Vg5 (), Ya,m(z)) € Cy,. Hence z belongs to Ki;A We have proved that the non-null

subset F is contained in K ))\‘21 - Because K;; ) is either null or conull, it must be conull.
O

Set X, x, = (nAer K))\‘;’Q N (ﬂAeA\Ao (Ki‘;)\) ) N X (A2). Thanks to the results
obtained so far, Xy, x, is a conull Borel subset of X. In [4] (refer to one of the equations

on page 648), we obtained the identity

Mxy

(F)\l * F)‘2)((/\,n),a:) = Z XCx, (¢/\2,k2 (x)7¢x,n($)) (84)

ko=1

As in the arguments on page 650 in [4], one can easily show by using the identity above
that (FM % FA2)((A\,n),x) = 0 whenever A € A\ Ag and z € Xy, »,.

Suppose now that A € Ag and & € X, »,. Due to the proof of Lemma 8.5 of [4] (or
one of the results in Section 3.1), we have

XCx, (wkz,/w (x)awk7n(x)) =1 (1/)/\2,%02 (»’U),%,n (.’L‘)) €Cx,
<— dky € {1, N % } s.t. ()\,’/l) = 0'(17,1//)\27]@ (x))()\l,kl)
Owing to this equivalence, (8.4) can be reduced to the form

7l)\1 n>\2

(FAM 5 F2)(An),2) = D> 6(0m). o(@abng iy (@) (Arskr)- (85)
k1=1ko=1

Since € X(\2), it follows that o(z, ¥k, (%)) (A1, k1) = Org ko Pry (@) (A1, k7). For a
fixed ks, we have

{¢k2($)()\1,]€1)2 ki € {1,. .. ,’I’LM}} = {()\1,]61)2 ki € {1,. .. ,’I’L,\l}},

because ¢, (r) € K. Hence (8.5) can be further reduced to the form

n,\l ’I’L)\2

(F)\l * FAZ)((A’n)Vr) = Z Z 5(>\7n),9>\2,k2(>\17k1)' (86>

ki1=1ko=1

We observe
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(An) =0x, 5, (A1, k1) <= Oxn(0) = 0x, 1,01, 1, (0)
= (Orn) MOr k00, 5, (0) =0
= (Oan) Orokbrik, €K
= O kO ky €O

From this, we obtain
(F’\1*F’\Q)(()\,n),x):|{(/€1,k2)€{1,...,n)\1}x{l,...,nM}:HAQ,kZHAl’kIGHA,nK}‘. (8.7)
So, for any n € {1,...,n)}, we define
PN)p = {(k1,k2) € {1,...ona F < {1, ..o na, b Oxy kO sy € Oan KT

Let n € {1,...,nx}. Since 05, € KO0 1K, there are hy,hy € K such that 0); =
h10xnhs. Take any (ki,k2) € P,. By Lemma 6.26 (1), there is a unique (k) €
{1,...,nx,} such that hi10x, k, = Oh, (rg,k) K = Ox,,6(k) K. This in turn implies that
there is a unique h € K such that hi0x, r, = Ox,,6(k,)h- By Lemma 6.26 (1) again, there
is a unique ¢(k1) € {1,...,ny, } such that hfx, r, € 0\, 4%, K. Thus we obtain

Oxz.6(k2)Onn0(k1) € Ongp(ha) - POX, 1y K
= Oxy (k)P Ory i K
= 10, ko Ox1 1 K
Chy - OnK-K (0 Oxyk00k €0AnK)
= MOy nho K
=0\, K.

Hence (¢(k1),v(k2)) € P(A)1. In this way, we obtain a map F': P(\),, — P()\); given
by F(ky,k2) = (¢(k1), ¥ (k2)).

CLAIM. The map F is bijective.

PROOF OF CLAIM. Suppose that F'(ky, k2) = F(k{, k}). First, by definition, ¢ (ks)
and ¢ (k}) are determined by the equations

hi(A2, ko) = (A2, (k) and  hi(Xa, ky) = (N2, ¥(k3)).

If (ko) = (k,), then ko = K by the bijectivity of hy. From this, we see that ¢(k;) and
o(k7) are determined by the equations

h(A1, k1) = (A1, 0(k1))  and (A, ) = (Ar, (k).

If (k1) = ¢(k)), then ky = Kk} by the bijectivity of h. Hence F is injective.

To prove that F' is surjective, take any (I1,l2) € P()\);. By Lemma 6.26 (1) again,
there is a unique ko € {1,...,ny,} such that hy*(Na,lo) = (Ao, ko) and (hy) 0y, €
Ox, .k, K. So there exists a unique b’ € K such that (hy) 10, 1, =0x, k,h'. By Lemma 6.26
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(1) again, there is a unique k1 € {1,...,ny, } such that h'(A1,l1) = (A1, k1) and h'0y, 4, €
O,k K. Thus we obtain

0>\2,k29)\17k1 € (hl)_19A2,12 (h/)_l . h/eAl,llK
= (h1) " Ox,1.00, 0, K
C(h) " O\1K - K (2 Oxs,1.0x0 0, €O011K)

This shows that (kq, k2) belongs to P()),,. Because of how k; and ks are defined above,
one can verify that F'(kq1, k) = (I1,12). O

Thanks to Claim, it makes sense to define
Oy = |P(\)1| e NU{0} (A1, A9, A € A).

Owing to Lemma 8.2, we find that C3*** > 0 for all A € Ag. Then from (8.7), we obtain

(FM « FA2)((\,n),z) = CR™2. (8.8)
Hence
FrMos e = 3" oy (8.9)
AEAo

This proves that we have the identity

Oa %0y, = > C3P™M0y (A, A € A). (8.10)
AEAQ

This, together with (8.2), completely describes the involutive(f)-algebraic structure of
¢3°(A). Note that we should write Ag(A1, A2) for Ay, for it completely depends on the
pair (Ah )\2)

9. Review on the Hecke von Neumann algebra W*(G, K) associated
with a Hecke pair (G, K) of groups.

Throughout this section, we fix a Hecke pair (G, K) of groups. Hence G is a locally
compact Hausdorff totally connected group, and K is an open and compact subgroup of
G. We freely identify

o the functions on K\G with the left K-invariant functions on G ;
e the functions on G/K with the right K-invariant functions on G;
e the functions on K\G/K with the two-sided K-invariant functions on G.

Let H(G, K) be the vector space consisting of all functions on the discrete space
K\G/K, identified freely with the two-sided K-invariant functions on G, with finite
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support. If we fix a complete set of the representatives {t,},cx\¢ of the right coset
space K\G satisfying tx = id, then the equation

(fixf)(g) = D AlgtyVfalty)  (fi,f2 € H(G,K)) (9.1)

geEK\G

defines an associative product operation on H (G, K), which is independent of a choice
of the representatives {t,},cx\g. We also have an expression

(rixfa)9) = > filspfa(sy'e)  (9€G), (9:2)

peG/K

where {s,},cq/k is a complete set of representatives of the left coset space G/K. We
also let {g. € K\G: ¢ € K\G/K} be a complete set of representatives of K\G/K
satisfying qx = K € K\G. We simply write ¢, for t,, for each ¢ € K\G/K. Consider
the right K-action K ~ K\G: (¢,k) € K\G x K — ¢q-k € K\G. One can easily check
that the stabilizer group K, at the point Kg € K\G equals K N g 'Kg. Note that
|Kkg\K| = L(g), where L(g) is in general defined by L(g) = [K : KNg~'Kg]. If Kg = q.
for some ¢ € K\G/K, then we get |K, \K| = |Kx¢ \K| = L(t.). For any c € K\G/K,
we choose a set {kzgc): 1 <i < Lt.)} € K of representatives of the right coset space
K, \K. Then, by construction, the points qckfc) (c e K\G/K,1 < i < L(t.)) are all
distinct and K\G = {g.k!”: c € K\G/K, 1 <i < L(t,)}.

Let f € H(G, K) with supp(f) := {¢ € K\G/K: f(c) # 0}. With the notation
introduced above, we have,

Lt.) Lt)
Soofo= Y D fak= 3 > fla) (9.3)
qeK\G cEK\G/K i=1 cEK\G/K i=1
= Z flae)L(te) = Z fle)L(te).
ceK\G/K cesupp(f)

This particularly shows that f belongs to ¢"(K\G) for any r € [1,00]. Now take any
¢ € (*(K\G). As in Equation (9.1), define a function f £ on G by

(f*&9) = D flat; et (9€@). (9.4)

qel\G

As we have observed before, we see that f x £ is independent of a choice of the repre-
sentatives {t,}, and that it is right K-invariant. Thus we regard f x £ as a function on
K\G.

It can be shown that f = ¢ belongs to 2(K\G) and || f * |l < /I Il 1l [1€]]2,

where

=D [F@ILED,  Ifle= > [f(OIL(t). (9-5)

cesupp(f) cesupp(f)

It follows that, for each f € H(G, K), the equation
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L(f)E=Ff*&  (£€P(K\G))

defines a bounded operator L£(f) on (2(K\G) satisfying ||L()|| < /Il fll1allflli- Tt is
easy to check that £: H(G, K) — B({*(K\G)) is a representation. We call £ the regular

representation of the Hecke algebra H(G, K). One can check also that L(x.) is the
identity operator. Thus L is a unital map.

For any f € H(G,K), define a function f* on G by ff(g) := f(g~!). Clearly, f*
is two-sided K-invariant, so it is regarded as a function on K\G/K. With the nota-
tion introduced before, we have fi(c) = f(tz') for all ¢ € K\G/K. Since supp(f*)
= {Kt;'K € K\G/K: c € supp(f)}, f* too has finite support. Hence it belongs
to H(G,K). One can verify that the operation f§ defined above makes H(G,K) an
involutive() algebra. One can easily verify that £(f)* = L£(f*). Therefore, £ is a
s-representation. Remark that £ is faithful, because L(f)xx = f for any f € H(G, K).

DEFINITION 9.1.  We denote by W*(G, K) the von Neumann algebra generated by
the unital *-subalgebra L(H (G, K)) and call it the Hecke von Neumann algebra associ-
ated with the Hecke pair (G, K).

It is known that yx € (2(K\G) is a separating vector for W*(G,K). Thus the
equation

wo(w) = (exr [ xx)  (x € WG, K))

defines a faithful normal state on W*(G, K). It is easy to verify that

wo(L(f)) = fle),  wolL(9) L= D [flte)glte)L(ta). (9.6)

ceK\G/K

In what follows, we consider the situation taken up in Section 6. We let G := 4(0)
and K := K(o). From

ny—1 -1 ny—1
KOy K = (KOy1 1K) = ( U eA_l,nK> = |J KOx1)7" (97)
n=1

n=1

we may choose {K(0y-1,,)"': A€ A, n € {1,...,ny-1}} for a complete set of represen-
tatives of K\G. Namely, with the previous notation, we have tR(oy-1 )1 = (Or-1,)""
The double coset space K\G/K equals {K0x 1K} ca, so it is parametrized by the set
A. Hence one can choose {K (05-11) '} ren for the complete set {g.} of representatives
of K\G/K. More precisely, with the previous notation, we have qxg, ,x = K(9A7171)_1
with ¢ = K01 K, since K(0y-1 1) 'K = K0, 1K for all A € A. In particular, txg, ,x =
(6x-11)"'. In this case, the convolution (9.1) becomes

TL/\_l

(Fref2)(9) =D Y filghr-10)f2((0x-1) 7). (9.8)

AEA n=1

Because {0 ,K: (A\,n) € I} is a complete set of representatives of the left coset space
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G/K, it follows from (9.2) that the convolution (9.1) can be also written in the form

(fref2)(9) = Y fi(Oxn)f2((Orn)'g). (9.9)

(A\n)er

The equation (9.3) has the form

> Z FIKOx—1)"") =D FKOK)L((Ox-11) ") = Y f(KOx1K)ny-1. (9.10)
AEA n=1 AEA AEA

Also note that we have

I lle =D A (KO, (e = D10 EK) - (9-11)

AEA AEA
Fix any ¢; = K0y, 1K and ¢o = K60, 1K in K\G/K. Let ¢c = KgK € K\G/K be
arbitrary. By (9.9), we have

Oy % 0ey)(c) = Y Okcoy, ik (Oam)0kos, .k ((0xn) " 9).
(A\n)erl

Note that
0oy, k(Oan) =1 <= X=A.

From this, we get

n>\1

(601 * 502)(0) = Z 5K9A2,1K((0(>\1),n)_19)-

n=1

Now we observe that

0kor, 1k ((Oxn)Tg) =1 <= (On,n) 'g€ KOy, K
= g€ O x5 K forsome ks € {1,...,n),}
— KgK C K@)\171K9)\271K.

Suggested by this, we introduce the number DS by
Dgth = |{(k17 k2): 9)\1,k16/\2,k2 € gK}| eNU {0}’ (912)

where ¢; = K0y, 1K, co = K0),1K and ¢ = KgK. Then, from the results above, we
obtain

(501 * 6@)(6) = Dgl,62~ (913)

Therefore, we obtain
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Oy % 00y = > Devezg,, (9.14)
cEK\G/K
CgK@AlleGXQYlK

where ¢c; = K0y, 1K, co = K0y, 1K, as before.

10. Relation between H*(R,S) and W*(G, K).

Again, we consider the situation taken up in Section 6. We let G := ¥(o) and
K := K(o).
We define a map ® from £>°(A) into ¢>°(K\G/K) by
O(f)=> A okosc (FELZ(A)). (10.1)
AEA

It is easy to see that ® is indeed a *-isomorphism between abelian von Neumann algebras
¢ (A) and (>*°(K\G/K). The restriction of ® to £5°(A) will be still denoted by ®, which
is a vector space isomorphism from ¢5°(A) onto H(G, K). Let f € £5°(A). Then

O(f) = FOTY) Okoy ke

AEA

= ZW&«)MK

AEA

= Z F(N) ko 1k

AEA

= ®(f)".

Thus @ is involutive (i.e., preserves the f-operation).

For the next proposition, let us introduce the notation: for any f € £5°(A), define
Y by fY(\) = f(A~1). We use the same notation for the functions in H(G, K): 0V (g) =
n(g™') (n € H(G,K)). Then by a straightforward computation, we can verify the fol-
lowing

LEMMA 10.1.  For any fi, fo € £°(A) and X € A, we have (f1 % f2)Y = [ * f
and (05)Y = dy-1. Also, we have (1 *12)Y =ny *ny for m,n2 € H(G, K).

PROPOSITION 10.2.  ® is a involutive(t)-isomorphism from (3°(A) into H(G, K).

PrOOF. It suffices to check that @ satisfies ®(dy, * Jy,) = (dx,) * P(d,). Take
any A1, A2 € A. As we saw in Section 8 (see (8.10)), we have

(6, * G, ) (A7) = €172, (10.2)
which in turns equals Dﬁgiz_’fﬁfeﬁ‘ll{ by (9.13). So we have

(I)((S)\l * 6>\2) = Z(a)\l * 6)\2)()\_1)5K9A,1K
AEA
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AL
= E O N

NeA
K0y, 1K KOs, 1 K
= Z DKGi LK R VNS
XeA
= (ko & * 0oy, &) (KOx-1 1 K)dko, K
XeA
= 2(51(@2,11( % 0oy, i) (KOx1K )0k, , K
XeA
= Z (5}{0 -1 K * 5K0 1 K) (Ke,\ 1]()(5[(.9A WK (by Lemma, 10.1)
XeA
= (D(6x,) * B(0x,))(KOx 1 K)dKo, , K
XeA

= <I>(6,\1) * (I)((;)\Q)
Thus we are done. U

Recall (see [4, Equations (9.4) and (9.5)]) that we considered a faithful normal
semifinite trace Q on L (I x X)® given by

=> [, (10.3)

AEA

where F = Z*(f) € (L>(I x X)3)+. Set Qq := QoZ*, a faithful normal semifinite trace
on (*°(A) given by Q1 (f) = Y cp f(AN)na (f € €2°(A)4). Then set Q :=Q0®7 1, a
faithful normal semifinite trace on ¢*°(K\G/K) given by

=Y (KO K)ny  (f € 0°(K\G/K)y). (10.4)

AEA

In comparison with (9.11), we obtain the next identities

£l = Q(1F]), 1 fll1r = Q2(1f])- (10.5)

By definition, all the GNS Hilbert spaces Hq, Hq,, Hq, are naturally isomorphic.
The subspaces

Ao(To(R,S)), Ao, ((5°(A)), Ao, (H(G, K))
are dense in the relevant Hilbert spaces. For example, the equation
VAq(F) = Ag, (R0 (E)7HF))  (FeLy(R,S)) (10.6)

defines a unitary from Hq onto Hq,. Recall (see [4, p.653]) that the f-algebra Zp(R,S)
admits an involutive representation m; on B(Hg) defined by

Wl(Fl)AQ(FQ):AQ(Fl*FQ) (Fl,FQ GI()(R,S))
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Moreover, due to [4, Proposition 9.22], the Hecke von Neumann algebra H*(R,S) asso-

ciated with the Hecke pair (R, S) equals m(Zo(R,S))” = m(Zo(R, S))J_Strong*

Fix any (A, n) €. Due to condition (2) in Lemma 6.26, K0, , K equals |J'> | 0x m K
This, together with Corollary 6.25, implies that L((0x,)"!)=n,. Moreover by
Lemma 6.26 (2) again, we have K0y-1,,K = Uit 0y K. In the meantime, by
(9.7), we have L(0y ) = ny-1.

By definition, for any fi, fo € H(G, K), we have

(Ao, (f1) | Aay(f2) = Qa(f5 1) = D filKOx\-11K) fo(KOy—1 1 K)n. (10.7)
AEA

With the notation just before (9.8), we have tng_l‘lK:(H,\J)_l. So we have
L(tgo,_, k)= L((Ox1)"") = na. Hence (10.7) becomes

(Ao, (f1) [ Aau(f) = D fulte) falte) Lite)- (10.8)

c€K\G/K

By (9.6), we have

Yo it falte) L(te) = wo(L(f2)"L0f1)) = (Ao (L(f1)) | Aug (L(f2)))-

ceK\G/K

Owing to this, the equation

WA, (f) = Auo (£(f))  (f € H(G, K))
defines a unitary W from Hgq, onto H,,. If Fi,F» € Ty(R,S), then

WV (F1)Aq(Fa) = WYAQ(F) * Fs)
= WAq,(® o (E)7(F1) x @ o (
= Quy (L(@ 0 (E) 7! (F1) x Do (
L(®o(E)7'(F))A wO(‘I’O(E ) (F2))
L(® o (Z°)7H(F1))WVAq(F).

E*) ( 2))

[1]
*
—
/\
N
=
=

(1]

This shows that
WV)m (F)YOVV)* = £(® 0 (2771 (F)) (10.9)
holds for all F' € Zy(R,S), which implies that
WVY)H* (R, S)(WV)* = W*(G, K).
Therefore, we have proved

THEOREM 10.3. (H*(R,S),Hq) is spatially isomorphic to (W*(G,K), Hy,).
Namely, the Hecke von Neumann algebra of a Hecke pair of ergodic measured equiv-
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alence relations is x-isomorphic to the Hecke von Neumann algebra of its Schlichting
completion.
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