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Abstract. Motivated by the work of Baras—Goldstein (1984), we dis-
cuss when expectations of the Feynman—Kac type with singular potentials are
divergent. Underlying processes are Brownian motion and a-stable process.
In connection with the work of Ishige-Ishiwata (2012) concerned with the heat
equation in the half-space with a singular potential on the boundary, we also
discuss the same problem in the half-space for the case of Brownian motion.

1. Introduction.

For N > 3, let V be a nonnegative measurable function on R" and consider the
following heat equation:

0
ot
uw(0,z) = up(z) > (£)0 in RN.

1
u=-Au+Vu in (0,00) x RN,
2 (1.1)

We assume ug € Co(RY) for simplicity. In [2], Baras and Goldstein derived a sufficient
condition on the potential function V' for the nonexistence of solutions to the initial value
problem (1.1) by using the Feynman—Kac formula. In the sequel we let v be a nonnegative
measurable function on (0, 00) that is nonincreasing near the origin.

THEOREM 1.1 ([2, Theorem 6.1]).  Suppose that v satisfies

2
liminf r2v(r) > %NZ (1.2)

and that V satisfies V(x) > v(|z|) for a.e. x € RN. Then for any initial datum ug, the
equation (1.1) does not have a solution.

The precise meaning of the equation (1.1) not having a solution will be recalled in
Section 2; in view of the Feynman—Kac formula, it may be regarded as the divergence of
the expectation
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B, [uo(Bt)eXp (/Ot V(Bs)ds)] (1.3)

for any 2 € RN and ¢ > 0, where ({B;}+>0, {Px}sern~) is an N-dimensional Brownian
motion and F, denotes the expectation with respect to the probability measure P,.

One of the objectives of the paper is to show that the condition (1.2) can be relaxed
as

lirg(iﬁf r?v(r) > %j(ZN—Q)/Q,l' (1.4)
See Theorem 2.1 below. Here and in the sequel, we denote by j, 1 the first positive
zero of the Bessel function J, of the first kind with index u for 4 > —1. Baras and
Goldstein proved Theorem 1.1 probabilistically, while in [2, Theorem 2.2] they showed,
employing an analytic approach not dependent on the Feynman—-Kac formula, that in
the case V(z) = ¢/|z|? with ¢ a positive constant, the number Cxy = (1/2)((N — 2)/2)2
is the threshold for the existence and nonexistence of solutions to the problem; that is,
for any initial datum uy € Co(RY), the equation (1.1) has a solution if ¢ < Cy and has
no solution otherwise. Since j, 1/ — 1 as g — oo, our condition (1.4) is asymptotically
optimal with respect to the dimension NV, in the sense that as N — oo,

1, 1,
5J(N-2)/21 X Cn — L

The critical value Cy also appears as the best constant of Hardy’s inequality in RY
as will be remarked in Section 2. We derive the condition (1.4) by adopting the same
reasoning as in the proof of Theorem 1.1 by Baras—Goldstein, with improvement and
simplification of estimates given there. The following lemma is a key ingredient in the
derivation:

LEMMA 1.1. It holds that for all T > 0,

QZUN 1 .
P, ( B, 1)d > N o2 T),
/{5eRN;s<1} o 1Pl < 1)de JiN_2)/2.1 P ( 2/ (N-2)/21

where wy = 21V/2 T (N/2) is the surface area of the (N — 1)-dimensional unit sphere.
This estimate is also valid when N = 1,2.

This lemma is proved by using eigenvalue expansions given in [12] for hitting dis-
tributions of Bessel processes. Note that the constant (1/2)]'(2]\[_2)/2)1 is equal to the
smallest eigenvalue of minus one half the Dirichlet Laplacian in the unit ball in RY.

Another objective of the paper is, with replacing (1/2)A in the equation (1.1) by
the fractional Laplacian —(—A)®/2 for 0 < a < 2, to give a sufficient condition on V/
for the nonexistence of solutions to the equation. To be more precise, we replace in
the expectation (1.3) the Brownian motion ({B;}i>0,{Px}zer~) by an N-dimensional
rotationally invariant a-stable process, where we allow the dimension N to be less than
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3, and of concern is the transient case N > «; we prove that the expectation diverges for
any r € RY and ¢t > 0 if

liminf r®v(r) > J(N=2)/21 (1.5)

r—04

and V(x) > v(|z|) for a.e. #+ € RY. See Theorem 3.1. The proof is based on the
representation of a-stable process as a subordinated Brownian motion and Lemma 1.1
stated above. Similarly to the case of Brownian motion (i.e., the case oo = 2), the constant
jEXN—Q)/2,1 in (1.5) asymptotically coincides with the best constant of the Hardy-type
inequality for the fractional Laplacian as will be seen in Section 3.

Let N > 3 as in the case of Brownian motion. In [10], Ishige and Ishiwata studied
the existence and nonexistence of solutions to the heat equation in the half-space RY =
RV =1 x (0, 00) with a singular potential on the boundary. In connection with their work,
we are also concerned with expectations of the type

B w15 e | | V(B 0yaLY i (16)

for x = (2/,zn) € RY and ¢t > 0, where under the probability measure P,, {B;};>0 is an
(N — 1)-dimensional Brownian motion starting from z’, {B}" };>¢ is a one-dimensional
Brownian motion starting from zy and independent of B’, and {L };>¢ is the local time
process of BY at the origin; V is a measurable function on the boundary of Rf and we
assume that wug is in Cy (Rf ), nonnegative and not identically equal to 0. We show in
Theorem 4.1 that if

lim inf ’I“Z/(’I“) > j(Nfg)/Q’l (17)

r—0+

and V(z',0) > v(|2']) for a.e. 2’ € RN~ then the expectation (1.6) diverges for any
z € RY and ¢t > 0. We also discuss a connection of the condition (1.7) with the best
constant of Kato’s inequality in Rf .

This paper is organized as follows: In Section 2, we prove Theorem 2.1 which asserts
that Theorem 1.1 holds true with the condition (1.2) replaced by (1.4). In Section 3,
we deal with the case of fractional Laplacians and see how the condition (1.5) is derived
in the proof of Theorem 3.1. Section 4 concerns expectations of the form (1.6), which
are seen in Theorem 4.1 to be divergent if the condition (1.7) is fulfilled. Those three
Theorems 2.1, 3.1 and 4.1 are proved in a unified manner by using Lemma 1.1. The
proof of Lemma 1.1 is given in the appendix, where we also discuss a connection of the
expression (1.6) with relativistic 1-stable process in terms of the Laplace transform.

Throughout the paper, for every positive integer d € N and every ¢ > 0, we denote
by ga(t,-) the Gaussian kernel on R¢:

(t,x) ! e ( |x2> z € R
)= ——exp| — —— |, .
9d 2ty p o



1274 Y. HARIvA and K. HASEGAWA

For given two sequences {a,}, {b,} of real numbers with a,, # 0 for all n, we write
a, ~b, asn— oo

to mean that lim, . b,/a, = 1. The symbol v denotes a nonnegative measurable
function on (0,00) that is nonincreasing near the origin as mentioned above. Other
notation will be introduced as needed.

2. Improvement of the condition (1.2).

In this section we let N > 3 and V a measurable function on R". The purpose of
this section is to give a proof of

THEOREM 2.1.  Suppose that v satisfies (1.4) and that V(x) > v(|z|) for a.e. x €
RN, Then the equation (1.1) does not have a solution for any initial datum ug € Co(RY).

For each m € N, we set V,,(x) = min{m, V(z)}, z € RY. Then the equation (1.1)
with V replaced by V,,, has a unique solution u,,, and by the Feynman—Kac formula, it
admits the representation

U (t,2) = B, {uo(Bt)eXp </Ot Vi (Bs) dsﬂ, t>0,zeRN. (2.1)

Here {B; }+>0 is an N-dimensional Brownian motion starting from = under the probability
measure P,. Following Baras—Goldstein [2], we say that the equation (1.1) does not have
a solution if

lm wu,,(t,2) = o0 (2.2)

m— 00

for all t > 0 and = € RY. Note that by the representation (2.1) and the monotone
convergence theorem, (2.2) is restated as the divergence of the expectation (1.3), to
which we are going to give a proof from now on. Fix ¢t > 0 and # € RY arbitrarily. Since

we assume that ug is continuous and ug > () 0, there exist ey > 0 and a nonempty open
disc D ¢ RY such that

uo(y) > ¢y forall y e D. (2.3)

We fix a € (0,1/2). Following the proof of Theorem 1.1 by [2], we set an event A,, for
each n € N by

1
An:{ max  |Bs| < —, BtED}.
n

at<s<(l—a)t

We take ng € N so that v is nonincreasing on (0,1/ng]. Then for n > ng, by restricting
the Pg-expectation in (1.3) to A, and using (2.3), we see that (1.3) is bounded from
below by
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e F, [exp { /:a)t V(B,) ds}; An] > e exp {y@)yt}zﬂwmn), (2.4)

where we set v = 1 —2a. For P,(A,), we have the following estimate: set u = (N —2)/2.

PROPOSITION 2.1.  There exists a positive constant C = C(x,t,a, D, N) indepen-
dent of n such that

N
1 1
P.(A,) > C(n) exp ( — 2j5,1n27t> for all n € N.

This estimate also holds true in the case N =1, 2.
Once this proposition is shown, the proof of Theorem 2.1 is immediate:

PrROOF OF THEOREM 2.1. By (2.4) and Proposition 2.1, the expectation (1.3) is
bounded from below by

N
1 1 1
MORANCOR
which tends to infinity as n — oo under the condition (1.4). Therefore the assertion is
proved. O

It remains to prove Proposition 2.1.

PROOF OF PROPOSITION 2.1. By the Markov property of Brownian motion, we
have

1
Pa(An) = B Bt 1Bl < 7.
where we set

1
o(y) = Py( max |Bg| < e B_ay € D), y e RV,

0<s<Ht

Using the Markov property again, we further have for all y € RY,

1
w(y) = E, |:PBwt(Bat € D); max |BS‘ < n:|

0<s<~t

1
> inf P,(Bg € D) X Py( max |Bs| < >
[2]<1/n 0<s<~t n

1
>c1Py| max |Bs| < — |,
0<s<~t n
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where ¢; := inf|;|<; P.(Bq: € D), which is positive since RN > 2+ P.(Ba € D) is
continuous. Therefore we have the estimate

1 1
P 2 e | o (e 18] < )i 1Bl < 5

1
=0 dygn(at,y — x)P, ( max |Bs| < )
/|y|<1/n Y\ 0<s<t n

0y 1
=c <n) /£<1 dng(at,£x>P5/n( max |B | < n)

N
1
> cico (> / dﬁPf( max |Bs| < 1)
n lel<1 0<s<n2~4t

with ¢y := inf¢j<; gn(at,§ — ) > 0 in the last line, where we also used the scaling
property of Brownian motion. The proposition follows by taking T = n?yt in Lemma
1.1. O

We end this section with a remark on Theorem 2.1.

REMARK 2.1. (1) For every real § > 2 and r > 0, we denote by ({R;}¢>o0, P ) a -
dimensional Bessel process starting from r. It is known [20] that Bessel processes enjoy
the following absolute continuity relationship: for every ¢ > 0 and every nonnegative
measurable functional F' on the space C([0,t];R) of real-valued continuous paths over

[0, 4],

R\ 1 75d$
s — g2 : ?
Eﬁ)[F(RS,S<75)}—E7(~)[F(Rs’8<t)<r> exp<_2“ /0 RQ”

where p = 6/2 — 1. Take 6 = N with N > 3. In the expression (1.3), suppose that
up is rotationally invariant, namely ug(x) = f(|z|) for all z € RY for some nonnegative
function f on (0,00), and that V is of the form V(z) = ¢/|x|? with ¢ a positive constant.
Then by the above relationship, (1.3) is written as

E, [f(Btl)eXP (C/Ot ;fl“‘)]

— B®) [f(Rt)(ﬁt)N/u exp {(c —Cw) /Ot ;’%H (2.5)

when z # 0. Here Cy = (1/2)((N — 2)/2)? as introduced in Section 1. It is clear that if
¢ < Cp and f is compactly supported, then (2.5) is finite; moreover, by the fact that

2
Bz {Rz

Rt—y]—oo for a.e. y >0 (2.6)
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for any 0 < s < t, the expectation (2.5) is divergent as long as |{f > 0}| > 0 in the
case ¢ > Cy. This observation agrees with [2, Theorem 2.2]. The fact (2.6) is easily
deduced from the explicit representation for the transition density functions of Bessel
process (see, e.g., [18, Chapter XI]). See also Remark 3.1 (2) in the next section.

(2) Also explicitly known is the following joint distribution [3, p.386, Formula
1.20.8):

td
P@(/ R—Zedz, Rt€d§>
0 S

1 % 1 2 2
1 (8) com (— s - ot asie, ze>o. 27)

for any r > 0 and ¢ > 0, where for every p > 0, 8, is a constant multiple of the density
function of the Hartman—Watson distribution on (0, 00), whose integral representation is
given in [20]:

00 2 2
P T =y o . . (Ty
0,(2) = T /0 dy exp ( P ) exp(—p cosh y) sinh y sin <z ), z>0.

By this expression, we have in particular

lim v272360,(z) = p/ dy yexp(—pcoshy)sinhy
0

Z—00

z/ dy exp(—p coshy)
0
= Ko(p),

where K is the modified Bessel function of the third kind (Macdonald function) with
index 0. From this asymptotics and (2.7), we see that for every z € RY (z # 0) and

t>0,
t ds < oo ife<Cy,
E.|exp <c/ )} 2.8
|: 0 |Bs‘2 =o0 ifec>Cly, ( )

which is consistent with the observation in (1). We remark that since by the scaling

property,
t t
ds ds 1
E — | = — X Ey|—=—=
0[/0 lez} /0 s O[IBllz}

=0

for any t > 0, we cannot draw a sufficient condition on ¢ for the finiteness of expectations
in (2.8) from Khas'minskii’s well-known lemma (see, e.g., [6, Lemma 3.7]).
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(3) The constant C'y coincides with the best constant of Hardy’s inequality:

ox | @I 4, < [ o) - 5800 )i, oe CrmN)

[
The factor 1/2 in the right-hand side is put in accordance with (1.1). Theorem 2.1

indicates that (1/2) j(zN_2) /21 2 Cy; in fact, the following upper and lower estimates are
known [5], [15] as to j,,1 for p > —1:

(L4 1)(p+5) <ju1 <Vp+1(Vp+2+1). (2.9)

For more precise bounds, see, e.g., [17] (see also [14, Chapter 5] for detailed descrip-
tions of Bessel functions). These estimates reveal that the constant (1/2)]‘(21\,_2)/2 | s
asymptotically optimal in the sense that

1.
5](2]\,72)/2’1 ~Cy as N — oo.

3. The case of fractional Laplacians.

In this section the dimension N is allowed to be less than 3. Fix 0 < a < 2. For
each z € RY, we denote by ({X;}+>0, P:) an N-dimensional rotationally invariant a-
stable process starting from z, that is, under the probability measure P,, the process
X —x,t >0, is a Lévy process whose characteristic function is given by

Eylexp{i€ - (X; — )} = e 1", >0, ¢ eRY;

recall that the process ({X;}i>0,{Ps}zerny) is a right-continuous Markov process with
infinitesimal generator —(—A)®/2. Throughout the section, unless otherwise stated, we
assume N > q«, i.e.,, we deal with the transient case (see Remark 3.1 (2) as to this
condition on N). The same as in the previous section, we let V' be a measurable function
on RY and assume that uy € Co(RY) is nonnegative and not identically equal to 0. The
purpose of this section is to prove

THEOREM 3.1.  Suppose that v satisfies the condition (1.5) and that V (x) > v(|z|)
for a.e. x € RN, Then

E, [uo(Xt)exp (/OtV(Xs)dsﬂ =0 (3.1)

for any x € RN and t > 0.

To prove the theorem, we first recall that the a-stable process X is identical in law
with a subordinated Brownian motion. Let {T}*};>o be an a,/2-stable subordinator under
a probability measure P, that is, T'* is a nondecreasing Lévy process characterized by
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_ a _ya/2
Ele AT |=e A for all A\,t > 0. (3.2)

Let {W(t)};>0 be an N-dimensional standard Brownian motion under P, independent
of T*. Then it is known that the following identity in law holds:

({Xihizo, Po) 2 ({2 + W(2T) s, P); (3.3)

for subordinators and stable processes, see [1, Chapter 1]. Using this identity and Lemma
1.1, we prove Theorem 3.1. As in the previous section, we fix a € (0,1/2) and set
v =1 —2a; we also let a positive €y and a nonempty open disc D C RY be such that u
fulfills (2.3).

ProOOF OF THEOREM 3.1. For each n € N, set

1
An:{ max |Xs|<,Xt€D}.
n

at<s<(l—a)t

Then by arguing in the same way as in the proof of Theorem 2.1, the left-hand side of
(3.1) is bounded from below by

€ exp{y(i>’yt}PI(An) (3.4)

for every sufficiently large n. By the Markov property of a-stable process,

1
Py(Ay) = E; |:PX(1a)t(Xat € D); atgsngl%f(—a)t |Xs| < n]
1
> CIP:E< max | X < >, (3.5)
at<s<(l—a)t n

where ¢; := inf|;|<; P.(Xat € D), which is positive since by (3.3),

o0

¢y = inf P(Tg € ds)P(z+W(2s) € D)

lzI<1 Jo
> x P(1<T2 <2)x|D|
with
¢ =inf{gn(2s,y —2); 1 <s<2,ye D, |z| <1} > 0.

By the Markov property and (3.3), the probability in the right-hand side of (3.5) is
written as

1 1
E, [PX{,,,,< max |X;| < >; | Xat| < }
n n

0<s<~t
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° 1
:/ P(TS € ds)/ dygN(Qs,y—x)Py< max | X,| < )
0 lyl<1/n

0<s<~t

Therefore setting a positive constant co by
co =P <Ts <2)xinf{gny(2s,y —x); 1 <5< 2 |y| <1},

we see from (3.5) that

Pz(An) Z 0102/

1
dyPy( max \X | < > (3.6)
lyl<1/n

0<s

By (3.3), the integrand in the right-hand side of (3.6) is rewritten and estimated as

1
P( max |y + W(2T9)| < )

0<s<~t

1
2P< max |y+W(s)|<)
0<s<2T2, n

1
/ P(T3, € dT)P ( max |y+W(s)|<>,
0<s<2t n

where the inequality is due to the fact that 7% may have a jump. Plugging this estimate
into (3.6), we have by Fubini’s theorem and the scaling property of Brownian motion,

Px(A)>01C2<) / P(T% € dr) /|§|<1ng( mas, |6+ W(s)] < 1)

0<s<2n2rt

1 2w ° o .
> cieo <n> X 27]\// P(Ty; € dr)exp (- ]?N_Q)/lenQT)
J(N-2)/2,1

2wy Y . N
= 5——~cica( — | exp ( = J(N—2)/2.17 fyt), (3.7)
J(N=2)/2.1

where we used Lemma 1.1 with 7' = 2n27 for the second line and (3.2) for the third. By
(3.7), we see that (3.4) diverges as n — oo under the condition (1.5), which ends the
proof. O

We conclude this section with a remark on Theorem 3.1.

REMARK 3.1. (1) We recall the Hardy-type inequality for the fractional Laplacian
—(=A)*/? in RN with N > o

Cva [ 1 @< [ ooy o), o€ R,

|| RN
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where

2((N + «)/4)

ONo = 2% (3.8)

with I denoting the gamma function, is the best constant; see, e.g., [8], [9]. The constant
j?N—Q) /2.1 in the condition (1.5) asymptotically recovers this optimal Cy q:

jElN—Q)/QJ ~ CN@ as N — oo.

Indeed, the estimates (2.9) on j, 1 shows the asymptotics

o N\“
J(N-2)/2,1 ™ 5 )

which Cy  admits as well by Stirling’s formula. In view of (2.8), it is plausible that for
every z € RV (z # 0) and t > 0,

t ds <oo ife<Cnpa,
clenlef )
o | Xs]@ =00 ifec>Cne.

(2) In the case N < « it holds that for any ¢ > 0,

1
E, [1{|XS<€} X = y] =oo0 forae. ycRY (3.9)

| Xl

for every 0 < s < t. Indeed, by denoting the transition density function of X by p¢(z,y),
t >0, z,y € RN the left-hand side of (3.9) is written, for a.e. y, as

3

/ dz p?(xvz)p?—s(‘z?y)
\

z\<eW pf‘(ﬂ;‘,y)

which is rewritten, by changing to polar coordinates, as

dr TN—oz—l / U(dw) pg(x’ Mi)pf“,s(rw, y)
(0,¢) SN-1 Pt (LC, y)

with S¥~! and o being the (N — 1)-dimensional unit sphere and the surface element on
SN=1 respectively. By this expression, we have (3.9) if N —a—1< —1,ie., N <a.

4. Heat equation with a singular potential on the boundary.

In this section we let N > 3. We denote by ({B}i>0, {Ps}zer~y) an N-dimensional
Brownian motion and by E, the expectation relative to the probability measure P,. Set
RY = RN x (0,00). For 2 = (2/,zy) € RY, we write B, = (B}, B}Y), t > 0, where
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under P,, B’ is the (N — 1)-dimensional Brownian motion starting from 2’ € R¥N~1 that
consists of the first (N — 1) coordinates of B, and BY is the one-dimensional Brownian
motion starting from x > 0, given as the Nth coordinate of B. Note that two processes
B’ and BY are independent. We denote by {L },>¢ the local time process of BV at the
origin, which is given through Tanaka’s formula:

t
\BtN\za:NJr/o sen BN dBY + LY, t>0 P-as., (4.1)

where sgn a denotes the signature of a € R. Let V be a measurable function on ORY =
RN-1 x {0}. The purpose of this section is to prove the following theorem:

THEOREM 4.1.  Let ug € Co(RY) be nonnegative and not identically equal to 0.
Suppose that v satisfies the condition (1.7) and that V (z',0) > v(|z']) for a.e. 2’ € RN~
Then the expectation (1.6) diverges for any x € RY and t > 0.

4.1. Feynman—Kac formula for a boundary value problem.

Before giving a proof of Theorem 4.1, we explain where expectations of the form
(1.6) arise from. We consider the following initial-boundary value problem for the heat
equation in Rf :

0 1 .
au—§Au:0 in (0,00) x RY,

0
—u+Vu=0 on (0,00)x IRY,
axN
u(0,2) =up(z) in RY.

In what follows we often write u(t, z) = u(t,2’,zn) for z = (2/,zy) € RY.

PRrROPOSITION 4.1.  Assume that V is bounded and that the continuous function
u:[0,00) x RY — [0,00) is of class C? on (0,00) x RY and satisfies (4.2). Moreover,
assume that for each finite T > 0, there exist constants K > 0 and 0 < A < 1/(2NT)
such that

< )\lwlz N. .
Jnax, u(t,x) < Ke for all x € RY (4.3)

Then for every t > 0 and x € RY, u(t,z) admits the representation (1.6).

PRrROOF. Let T > 0 be fixed and set
M; = eu(T —t,B;,|BY|), 0<t<T,

where

t
Ay = / V(B.,0)dLY.
0
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By It6’s formula, it holds that P,-a.s.,

¢ ¢
Mt:u(T,:r)f/ eAS%(Tfs,B;JBéVDder/ esu(T — s, B",|BN|) dA,
0 0

! 0
u
efts ——

t
b [ Mot - s B B - ap+ [ (T — s, B, |BY ) d|BY|
0 0

TN

1t
—|—§/ et Au(T — s, B, |BN|) ds
0

for all 0 < ¢ < T. As u solves (4.2), the second and sixth terms on the right-hand side
are cancelled. Moreover, by Tanaka’s formula (4.1) and by the boundary condition in
(4.2), the sum of the third and fifth terms is equal to

t
/ etsu(T — s, B.,0)/V(B.,0)dLY
0
¢ ou
+/ ets — (T — 5, B, |BYN|)sgn BN aBY
0 aZ'N
t
+/ A M p g B 0yary
0 aIEN
‘ 4, Ou N N jpN
:/ et —(T — s,B.,|By |)sgn B, dBy' .
0 axN

Here we used the fact that dLY is carried by the set {s > 0; BN = 0}. Therefore we
have P,-a.s.,

¢
M; = u(T,x) +/ eV pu(T — s, B, |BN|) - dB,
0

t

)

+/ A 2T — 5, B.,|BN|) sgn BN dBY
0 31‘]\]

for all 0 < t < T. We follow the notation in the proof of [11, Theorem 4.4.2] to define
S, = inf{t > 0;|B;| > nv/N}, n € N. By the continuity of V,u and du/dxy, and by
the boundedness of V', we deduce that

Ez[MT/\Sn] - U(Ta (E)
for every n € N. In fact, as {L) };>¢ satisfies
E, [e”Liv] < 00 (4.4)

forall k > 0and ¢t > 0 (see (4.11) below), the process { My s, }o<t<r is a square-integrable
martingale, from which we have E,[Mrag, | = Ez[Mo] = u(T,x). Since
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A N
My = e“Tug(Br, |Br |)
by definition, it remains to prove

lim E,[Mras,] = E;[Mr]. (4.5)

n—oo

To this end, we divide E,[Mrng,] into the sum
E.[Mrls,>ry] + Eo[Ms,1(s,<r}]-

Due to the nonnegativity of ug, the first term converges to E,[Mr] as n — oo by the
monotone convergence theorem. To see that the second term converges to 0, we fix an
exponent p > 1 so that Ap < 1/(2NT) for A given in the condition (4.3), and use the
Holder inequality to obtain

E,[Ms, s, <r)] = Ex[e"*nu(T = S5, By, , |Bg,

)1(s,<1]
<{ B, [eo 15, <] }l/q x {KeNP(S, < T)}l/p’

where ¢ is the conjugate of p. Note that the first factor of the last member is bounded
because of (4.4) and the boundedness of V. The second factor converges to 0 as n — oo
by the same argument as in the proof of [11, Theorem 4.4.2] since A\p < 1/(2NT).
Therefore (4.5) is proved, which ends the proof of the proposition. O

REMARK 4.1. For the solvability of (4.2) and a priori estimates on the unique
solution, see [13, Chapter IV].

In [10], Ishige and Ishiwata studied the problem (4.2) in the case of a singular
potential given by V(z) = ¢/|x|, ¢ > 0; employing a PDE approach, they showed the
existence of the threshold number C% such that for any nonnegative initial datum ug (#
0) in Co(RY), the equation (4.2) has a solution if ¢ < C}; and has no solution otherwise.
The constant C'y; is characterized as the best constant of Kato’s inequality in Rﬂ\_f :

||

O?V/ |¢($)|20(d$)</ |V¢(m)|2dw, ¢€C(()>0(R14\r[)7
ORY RY

where o(dz) denotes the (N — 1)-dimensional Lebesgue measure on RY. It is known
[9], [7] that

. I?(N/4)
RS (g

The constant j(ny_3)/2,1 in the condition (1.7) of Theorem 4.1 asymptotically coincides
with C%; indeed, Stirling’s formula and (2.9) entail that
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1 1 1
A}gnooNC’N = hm N](N 3)/21 = 5

In view of the fact (2.8), we conjecture that

taLN <o ife<Oy,
Ew{exp (c/ 7 )]
o |Bil =00 ife>Cy,

for any z € RY (z # 0) and ¢ > 0. We also note that C} is equal to Cy o given in (3.8),
with @ = 1 and with N replaced by N — 1. We show a connection of the representation
(1.6) with (N — 1)-dimensional (relativistic) 1-stable process in Subsection A.2.

4.2. Proof of Theorem 4.1.

We proceed to the proof of Theorem 4.1. From now on, we fix z = (z/,zn) € RY
and t > 0. As ug is continuous and ug > ()0, we may assume that there exist ¢y > 0,
a nonempty open disc D C R¥~! and an interval J = (I,7) C (0,00) (I < 7) such that

uo(y) > €y forallye D x J. (4.6)

We fix an a € (0,1/2) and set v = 1 — 2a as in preceding sections. For each n € N we
set an event A,, by

A, = { max  |B] <~ , By € D}

at<s<(l—a)t
Let no € N be such that v is nonincreasing on (0,1/ng]. Then, for n > ng, by restricting

the P,-expectation to the event A, N{|B}V| € J} and using (4.6), the expectation (1.6)
is bounded from below by

1- a)t
eOEz{exp{ O)dLiV};Anﬂ{|BtN|€J}}

> eoPy(An) % I, (4.7)

1
I, = Ex[exp{u( )(Lu Ayt — Lé\i)}; |BN| € J}.

Here we used the independence of B’ and BY. Applying Proposition 2.1 with N — 1
replacing N, we have the following estimate for P, (A,,):

where

N-1
1 1
P,(A,) > O<n) exp < - 2j(2N_3)/271n27t) for all n € N, (4.8)

with some positive constant C independent of n. As to I,,, we have
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PROPOSITION 4.2.  There exists a positive constant C' = C'(xn,t,a,J) indepen-
dent of n such that

1 1 1 1
I, > C”V(n> exp {21/2 (n>7t - 2y<n) } for all n € N.

Combining these two estimates leads to Theorem 4.1:

PrOOF OF THEOREM 4.1. By (4.8), Proposition 4.2 and the condition (1.7), the
right-hand side of (4.7) diverges as n — oo, which concludes the theorem. O

It remains to prove Proposition 4.2. For the rest of the section, we denote by the
pair ({B¢}1>0, {Ps}zer) & one-dimensional Brownian motion and by {L;};>¢ the local
time process of {B;}:>0 at the origin, so that we may write

In:EmN{exp{u(1>(L(1 e — )} IB,| GJ}

Here E,, denotes the expectation relative to P, , as above.

PROOF OF PROPOSITION 4.2. Restricting the P, ,-expectation to the event
{|Bat| < 1} and using the Markov property, we have

I V

~[¥(Bat); |Bat| <1]

E,
/ dx g1 (at,x — xn)(x), (4.9)

where we set

1
Y(x) = E, {exp {V(n>L7t}; |Bai—ay| € J}, z eR.

Restricting the expectation to the event {|B+:| < 1} in the definition of ¢, and using the
Markov property again, we see that for every = € R,

V(@) > By [exp {u(i)Lvt}PBﬂﬂBaﬂ € J): By < 1]

1
> E, {exp {V<n)LW}; |Bye| < 1], (4.10)

where ¢, := inf|.|<; P.(|Bat| € J) > 0. We recall that for every x € R and s > 0, the
joint distribution of Ly and B under P, is given by

2
P.(Ls =0,Bs €dz) = \/;Tisexp{ — (22‘::)}{1—exp(— 256;) }dz
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for z € {zz > 0}, and

1 + 2] + |z])?
(L. € dy, B, € dz) = W<y+|z|+|x|>exp{—W}dydz (4.11)

fory > 0,z € R; see [3, p. 155, Formula 1.3.8] and also Exercise (3.8) in [18, Chapter XII].
Using this expression of the joint distribution, we see that the expectation in (4.10) is
estimated as, for all |z| < 1,

E, [exp {uc)w}; |Byi| < 1}

1
= / dz g1(vt,z — x)

1

2 (2) [ s Lt (Do (D)o 1)}
cme( L (1), [

(et () ()

2 e 2
Erfe(z) = — eV dy, zeR
7

with

For the first equality in the above estimate, refer also to [3, p.155, Formula 1.3.7].
Combining this estimate with (4.10), we see from (4.9) that

1 1 1 1
1, > C162V(> exp {1/2 ()715 — 21/() }7
n 2 n n

where
5 1
co 1= Erfc(, / ) / dzx gi(at,x — xN).
) J 1
The proof is complete. i
Appendix.

A.1. Proof of Lemma 1.1.
In this subsection we give a proof of Lemma 1.1. For every u > —1, we denote by

0<jMa1<'”<jlhk<'”
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the positive zeros of J,. It is known that

. 1 1 1
Juk = (k+2M—4>7T+O<k> as k — oo

when p # £1/2; see, e.g., [19, p.506]. Recall also Jy/5(2) = \/2/(7z)sinz, J_1/5(2) =
v/2/(mz) cos z. To prove the lemma, we need the following:

LeMMA Al For pu> —1/2, it holds that

’/Tju,k
2

klggo |Ju+1(ju,k)| =1

PROOF. By the asymptotic expansion [14, Equation (5.11.6)] of J,, with p > —1/2,
for any e € (0,1), there exists an L > 0 such that for all z > L, both

mZ 1 1
’~/2Ju(z) — cos (z — GHT = 4%)’ <€

and

‘MW;J#H(Z) cos{z %(;Hr 1)m— iw}‘ <e

hold. Then, for all k such that j, > L, we have

) 1 1 Tk ) . . 1 1
cos (Ju,k — GhT = 471')‘ <e and ‘\/ Jg’ Jyus1(Jp,k) — sin (Jmk — GhT = 477)‘ <e.

Therefore, for sufficiently large k&,

] )
Vi —e< j;’kuuﬂ(]#,k” <l+te

from which the assertion of the lemma follows. O

We are in a position to prove Lemma 1.1. For every positive integer N, set u =
(N —2)/2.

PROOF OF LEMMA 1.1. As it is known [12, Section 8], [3, p. 373, Formula 1.1.4]
that

oo

2 Ju Gkl 1.
max, |Bs| < 1) = Z I Gpkl€D exp < 2]57,€T> (A1)

P ( - =3 - :
: 0< ‘5'” =1 ]p,kJ;H-l(]p,k)
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for all |£| < 1, we have

/ dgpg( max |B| < 1)
lel<1 o=s=t

1 00 .
Ju (G k) L,
:2wN/ drrhtt — R _exp | — =52, T ). A2

0 ,;Ju,kjwl(h,k) 27k (4.2

First we consider the case p > 0 (i.e., N > 2). By Lemma A.1 and by the fact that
J,, is a bounded function for p > 0, we see that the series in the integrand relative to r
converges uniformly on the interval [0, 1], hence the termwise integration is possible. By
the relation {z#t1J,41(2)} = 2#*1J,(2), we have

1
J, L
/ r[L—‘rlJ (.]H k,,,) dr = H+1(.]/ k)
0 ]/Lk

Therefore the right-hand side of (A.2) is equal to

1.
2wy Z T exp ( - 2]i,kT)7

o1 ok

which yields the lemma for N > 2. By writing down the right-hand side of (A.1) into

_ 2
4 Z )i 1 cos( 2§k jiﬂE/Z) exp{ - 7T§(2k; - 1)2T}

for p = —1/2, the case N =1 is similarly proved. O

A.2. A connection of (1.6) with 1-stable processes.

In this subsection we explore a connection of the Feynman—Kac representation (1.6)
with 1-stable processes. For ease of exposition, we start the one-dimensional Brownian
motion BY from the origin, that is, we consider the expression (1.6) on the boundary
ORY, with which we define the function u : [0,00) x R¥~1 — [0, 00) by

ts2) = By [uo(Bi B D exp { [ VB dLY b (A.3)

Here and below we regard V : aRf — R as a function on RV~! and simply write
V(z,0) = V(z) for (z,0) € ORY.

For every real-valued continuous function w on [0,00) vanishing at the origin, we
write

Wy = max ws, t>0,
0<s<t
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and denote by 7.(w) the right-continuous inverse of w:
To(w) = inf{t > 0; W, > a}, a>0.

Let {8; }1>0 together with a probability measure P, be a one-dimensional standard Brow-
nian motion and ({W(¢) }1>0, {Qz tzern-1) an (N —1)-dimensional Brownian motion. We
assume that these two processes are defined on distinct measurable spaces. By the equiv-
alence in law between LY and 3 due to Lévy, we have the following identity as to the
additive functional in (A.3):

/ V(B @ / V(W(s)) dB,.
0 0

where in the right-hand side, the law is with respect to the product probability measure
Q. ® P. We make the change of variables with s = 7,() to see that for all ¢ > 0,

t R
/O VW(s)dB, = [ V(W (ra(8))da. (A4)

0

It is well known that the process {W(7,(8))}a>0 has the same law as a rotationally
invariant 1-stable process (or Cauchy process) starting from x; indeed, for every a > 0
and £ € RN71,

Qu ® Plespic - (W(ra(6) ~ )]
—plew{ - jlePrno})

= exp(—alf]), (A.5)

where the last equality follows from the fact

P(1a(B) € ds) = —— ex ~ s s>0
Ta S) = 27r836p 95 S, S 5

when ¢ > 0. In (A.5) and in the remainder of this section, for any probability measure
1, the notation u[-] stands for the expectation with respect to p.

The connection will be clearer if we take the Laplace transform of (A.3) in variable
t. Given a positive real m, let ({Xt(m)}tzo,{Px}xERN—l) be an (N — 1)-dimensional
relativistic 1-stable process with mass m, that is, under P,, the process X (™) — z is a
Lévy process with characteristic function

E,[exp{ic - (X™ —2)}] =exp{ —t(V]EF +mZ—m)}, t>0,6eR "L (A6)

The infinitesimal generator of X (™ is the relativistic Schrodinger operator m —

V—A +m?2 (cf. [4]). For each z € RN 71, set
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o0 2
U () ::/ dte=M/2mty (¢ x).
0

Then the function u,, is related with the process X ("™ in the following fashion:

PROPOSITION A.1. It holds that for all x € RN ™1,

U (2) = /OOO dte ™ E, [fm(X§m>)exp { /tV(XS(m))dsH, (A.7)

0

where fr, : RVN=1 — [0, 00) is given by

fom () :/ dte—(l/Q)m%fO(t,x)
0
with
dy N-1
fo(t,z) = . dzgn-1(t,z — z) 5 lylgi(t, y)uo(z, lyl), t>0,zeRY .
RN- R

For the Brownian motion 3 introduced above, we denote its local time at level 0 by
{L¢}+>0, to which we associate the measure py, on (0, 00) via

pur((a;b]) == PlLy] = P[Lq]

B /b ds
o V2Ts
for all 0 < @ < b. For each v > 0 and y € R, we denote by P, , the regular version
of conditional probability P(-|3, = y), namely under P, ,, the process {0s}o<s<v is

a Brownian bridge over [0,v] starting from 0 and ending at y. From now on, we fix
x € RVN~!. We start the proof of Proposition A.1 with the following lemma:

LEMMA A.2. It holds that for every t > 0,

attea) = [ () @& Puo [ ftt = v e ([ viwispar.)].

In order to prove this lemma, we recall some facts on the path decomposition of
Brownian motion at the last zero before a fixed time. For every given ¢ > 0, we set

v = sup{s < t; B; = 0}.

Then it holds that conditionally on v = v (0 < v < t):

(1) {Bs}o<s<v is identical in law with a Brownian bridge {bs}o<s<, such that by =
b, = 0;
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(ii) {Bs+v}o<s<t—o is identical in law with
{nMS}OSSStf’U)

where n is a Bernoulli distributed random variable with parameter 1/2 and M is
a Brownian meander of duration ¢t — v,

with these three elements b, n, M being independent. It is also known that ~; follows the
arcsine law:

dv

/ot —v)’

For descriptions of the decomposition, see [16, Section 3.1] and references therein.

Py € dv) = € (0,1).

PrOOF OF LEMMA A.2. By the equivalence in law and by the fact that the local
time L does not increase when 3 is away from 0, we may write

uttea) = Qe Pluaw e ([ Vv )]

_Q.oP [uo<w<t>, 161]) exp ( | voves) dLs)]

which is rewritten, by using the above facts and the Markov property of W, as

[ e e ([ vovenac.)]
< Quwia) ® Plao(W (2 = o). Indi-, ). (4.8)

Since

27
P(My—y € dy) =/ — . yg1( y)dy, y >0,

Qw (v) @ Plug(W(t — v), [nM;_,]|)]

\/?/RN 1dzgzv 1(t—v,z2—=W(v ))/_ dy lylgr (t — v, y)uo(z, |y|)

_ ”(’5; 0) po = v, W)

we have in (A.8)

by the definition of fy. Plugging this into (A.8), we obtain the claimed representation
for u(t, x). O
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Using Lemma A.2, we prove Proposition A.1. To this end, we set ﬁt(m) = Bi+mt, t >
0, and recall the identity in law:

(X} 50, P2) 2 ({W(m(B™)} 1000 Qe © P), (A.9)

which can easily be checked by similar calculation to (A.5), upon using the Cameron—
Martin relation; indeed, for every ¢t > 0 and & € RV~

Q. ® Plexp {i - (W(n(8"™)) — 2)}]
= Q. P | xp (mt = gmn(9) ) explic - (W(r(5) - )
= P{exp {mt - %(|£|2 + m2)Tt(ﬁ)H
= exp {t(m — V[¢[* +m?) },

in agreement with (A.6). We are in a position to prove Proposition A.1.

PROOF OF PROPOSITION A.1. By (A.9), we rewrite the P.-expectation in the
right-hand side of (A.7) as

@ P[rat @ e { [ Vv @]

= Q.o [ (mt = Swtn)) s oD e { [ vOvimoms)].

where for the second line, we used the Cameron—Martin relation under P. Hence by
Fubini’s theorem, the right-hand side of (A.7) is equal to

e | ["aew (- jutn) ) mwin@men | [ voreonas))

By changing variables with + = 3, and noting (A.4), the above expression is further
rewritten as

Q. op| [T s et awepen ([ vove)d,)|
Q1®P[/OOO dL, e~ M/2m* v £ (W (0)) exp (/UV(W(S))dLsﬂ

:AWML(dv)e a/2miug @on[fm exp(/ V(W )] (A.10)

where the first equality is due to Lévy’s equivalence, and the second follows from the
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definition of pz and the fact that dL, is carried by the set {v > 0; 3, = 0}; for the
validity of the latter computation, refer to Exercise (2.29) in [18, Chapter VI] (closely
related is the theory of Brownian excursions, see Chapter XII of the same reference). By
the definition of f,,, we may write

fn (W (v) = /OO dt e~ /DM (=) g1 gy W (o).

Inserting this expression into (A.10) and using Fubini’s theorem, we see that (A.10) is
equal to

/ "t (2m / (@) Qe @ P [foa — 0, W(0)) exp ( / Vv (s) dLs)} ,

which agrees with wu,,(z) by Lemma A.2. This ends the proof of the proposition. O

REMARK A.1. (1) A point of the above computation is the nonnegativity of ug,
which allows us to use Fubini’s theorem without taking the integrability into account,
and hence we may take ug = 1 to obtain for all z € RV—1,

2 oo t
)
0 0

:m/OOO dtemtEx{exp{/Ot V(X§m>)dsH.

(2) If we take = (2/,zn) with zxy > 0 in (1.6), then its Laplace transform admits
the following representation:

[e'e] t
[ a0 s ew { [ vy |
0 0

=m" dz {a:N@N(m |z—x’\2+x?\,>um(z)
RN-1

r4+xn

+ dr uo(z,r)/
0 \

r—zn|

dnn®y (mW) }, (A.11)

where we set

2
On(y) = WKNM(ZJ)’ y >0,

with K /o the modified Bessel function of the third kind of index N/2, and u,, is defined
as above and expressed as (A.7). The representation (A.11) is seen by decomposing (1.6)
into the sum
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t
B w8 Dewd [ Ve aid b o <o)+ Bufuls B2 of > 1), (112
90

where oY is the first hitting time of BY to the origin. By conditioning on o’ and using
the (strong) Markov property of Brownian motion, we may see that the first term of
(A.12) is rewritten as

/td TN ( x%) dz . { |zx’|2} (t )
v——exp| — = —————expy ———— u(t—v,z
0 V2mu3 P 2v ) Jry-1 \/(2m0) N1 P 2v

with u the function defined by (A.3). We use the explicit representation of the transi-
tion density of one-dimensional Brownian motion absorbed at the origin (see, e.g., [11,
Problem 2.8.6]) to rewrite the second term of (A.12) as

oo r+xN d _ 2 2
/ dz/ dmo(w)/ o <_ lzz+n>
RN-1 0 |r—z x| (27rt)N t 2t

Combining these expressions and noting the relation that

00 N/2
=N/ g (1 2tfa—2 —o( /K (am)
) PL72m ") ="\ /2R

for any a > 0 (cf. [14, Equation (5.10.25)]), we obtain (A.11).
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