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Long time existence of classical solutions for the 3D
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By Ryo TAKADA

(Received May 28, 2014)

Abstract. We consider the initial value problem of the 3D incompress-
ible rotating Euler equations. We prove the long time existence of classical
solutions for initial data in H®(R3) with s > 5/2. Also, we give an upper
bound of the minimum speed of rotation for the long time existence when
initial data belong to H7/2(R3).

1. Introduction.

Let us consider the initial value problem of the rotating Euler equations in R3,
describing the motion of perfect incompressible fluids in the rotational framework.

%—i—(legxu—&-(u-V)u—&-Vp:O in (0,00) x R?,
divu =0 in (0,00) x R?, (En)
u(0,z) = ¢(x) in R3.

Here, u = (u1(t,x),us(t, x),us(t,z)) and p = p(t,z) denote the velocity field and the
pressure of the fluids, respectively, while ¢ = (¢1(x), d2(x), p3(x)) denotes the given
initial velocity field satisfying div¢ = 0. The real constant 2 € R represents the speed
of rotation of the fluids around the vertical unit vector es := (0,0,1).

In this manuscript, we prove the long time existence of classical solutions to (Eq) for
initial data in H®(R3) with s > 5/2 when the speed of rotation is sufficiently high. More
precisely, we shall show that for given initial velocity ¢ € H*(R?) with s > 5/2 satisfying
div ¢ = 0 and for given finite time T', there exists a positive number Qg 7 such that the
3D rotating Euler equation admits a unique classical solution on the time interval [0, 7]
provided |©2] > Qg 7. Furthermore, we shall give an upper bound of the minimum speed
of rotation Q4 r which ensures the long time existence to (Eq) in terms of the norm of
initial data and the given time 7" when initial data belong to H7/2(R3). This also gives
a lower bound for the maximal existence time of the solution to (Eq) in terms of the
rotating speed (.

Before stating our results, we summarize the known results for the existence of
classical solutions to the Euler equations for both non-rotating {2 = 0 and rotating 2 € R
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cases. Let P := (6; +Rij)1§j,k§3 be the Helmholtz projection onto the divergence-free
vector fields, where R; denotes the Riesz transform in R3. Applying the projection P
to both sides of the first equation of (Eq), we obtain the following abstract evolution
equations.

%4-91[”(63 xu)+P(u-V)u=0 in (0,00) x R?,

!
divu =0 in (0,00) x R, (o)
u(0,2) = () in R,

Let us first review the local existence results on the original Euler equations for
Q = 0 in R3. Kato [18] proved that for given integer m € Z with m > 5/2 and
for given divergence-free initial velocity ¢ € H™(R?), there exists a positive time
T = T(m,||¢|lgm) such that (Ej) possesses a unique classical solution u in the class
C([0,T); H™(R3)) n C*([0, T]; H™ Y(R3)). Kato-Ponce [20] extended this result to the
Sobolev spaces W*P(R3) of the fractional order for s > 3/p+ 1, 1 < p < oo. Chae
[8] and Chen—Miao—Zhang [12] gave further extensions to the Triebel-Lizorkin spaces
Fs (R3) with s > 3/p+1,1 < p, ¢ < oo and the Besov spaces By ,(R*) with s > 3/p+1,
l<p<oo,1<g<o0ors=3/p+1,1<p<oo, ¢=1 The currently-known best
result on the local existence was given by Pak—Park [24] in the Besov space Béo,l(RS)‘

For the high-speed rotation case |2| > 1, Dutrifoy [14], [15] showed the long time
existence of classical solutions for the initial data in H*(R3) with s > 7/2 or B;/f (R3),
and proved the asymptotics of solutions to vortex patches or Yudovich solutions as the
Rossby number goes to zero for some particular initial data. Similar results are obtained
for the quasigeostrophic systems by Dutrifoy [14] and Charve [9]. Koh-Lee-Takada [21]
obtained the optimal range of the Strichartz estimate for the linear propagator associated
with the Coriolis force, and showed the long time existence results for the initial data
in H*(R3) with s > 7/2. For the periodic setting in T3, we refer to Babin-Mahalov—
Nicolaenko [1], [2].

Here we remark that the local existence results for the original Euler equations (E)
were obtained in function spaces which are embedded in C*(R?®), while the long time
existence results for the rotating Euler equations (Ef,) have required more regular class
of initial data which are embedded in C2(R?). This is due to the loss of derivative in the
nonlinear term (u - V)u. In the non-rotating case (Ej), such a loss of derivative can be
recovered by the classical energy method and the commutator estimates [8], [18], [20]. In
the high-speed rotating case (Ef,), the key ingredient for the proof of long time existence
results is the Strichartz estimate for the linear propagator e=**(Ps/IPl) generated by the
Coriolis force Qes x w [9], [11], [14], [15], [21]. However, in the energy methods, we
cannot derive such a dispersion effect of the Coriolis force because of its skew-symmetry

Qes x u(t,x) - u(t,z)de = 0.
R3

+iQt(

Also, the smoothing property of the propagator e Ds/IP1) is not enough to recover
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the loss of derivative in the nonlinear term [21, Corollary 1.2].

In this paper, we relax the smoothness conditions for initial data, and prove the long
time existence of classical solutions to the high-speed rotating Euler equations (Eg,) for
initial data in H*(R?®) with s > 5/2, which is the same regularity as the local existence
results for the original Euler equations (E).

Our first result reads as follows:

THEOREM 1.1.  Let s € R satisfy s > 5/2. Then for every ¢ € H*(R3) satisfying
divg = 0 and for every 0 < T < oo, there exists a positive constant Qg 7 depending on
s, T and ¢ such that if |Q| > Qg v then (Ef,) possesses a unique classical solution u in
the class

u € C([0,T]; H*(R*)) n C' ([0, T]; H*~1(R?)).

REMARK 1.2. Theorem 1.1 states that the long time existence of classical solutions
to the rotating Euler equations (Ef,) can be proved for the initial velocity in H*(R?)
with s > 5/2. This regularity condition corresponds to the local existence results for the
original Euler equations. From the viewpoint of smoothness assumptions for initial data,
Theorem 1.1 gives an improvement of the results in [14], [15], [21].

In the proof of Theorem 1.1, we adapt the regularization and the approximation
arguments in Kato—Lai [19] and Bona—Smith [5], where they proved the continuous
dependences of solutions on initial data for the original Euler equations and the KdV
equations, respectively. Given ¢ € H*(R3) with s > 5/2 and 0 < ¢ < 1, let ¢. be
an regularization of ¢ by an approximate identity. By the previous result [21], we can
construct a solution u. with u.(0) = ¢. on the given time interval [0,T] if |Q| > Qg4_ 7.
Then, the difference v. = us — u of ue and the local solution u with u(0) = ¢ satisfies

Ove + QP(e3 x ve) + P(ve - V)ue +P(u - V)ve =0 (1.1)

with v (0) = ¢ — ¢ on some local time interval. We shall show that the H*-norm of v, can
be taken arbitrarily small provided that the parameter £ > 0 is small enough depending
only on the given data 5,7 and ¢. Then, the local solution v has a uniform H?*-bound,
and can be continued to the given time interval [0,7]. Here, we should remark that
similar regularization argument has already been used in Babin-Mahalov—Nicolaenko [3]
for the 3D rotating Boussinesq equations in the periodic setting. However, the proof in
this paper is not the same as in [3], and gives an alternative one. We establish an a priori
bound for smooth solutions to (Ef), and give detailed analyses for how to recover the
loss of derivative in the convection term (v. - V)u, in (1.1) and how to continue the local
solution u to the given time interval [0, T7].

Besides the smoothness condition on the initial data, we shall consider the relation
between the given data (¢,T) and the speed of rotaion Qg4 7 which ensures the long time
existence of solutions to (Ef;). In other words, we are interested in a characterization of
a lower bound for the maximal existence time T of the solution to (Ef,) in terms of the
speed of rotation |Q|. Dutrifoy [15] considered vortex patches or Yudovich solutions and
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gave lower bounds of maximal existence times by T = logloglog || or Tq 2 loglog |Q],
respectively. Koh-Lee-Takada [21] established a single logarithmic lower bound Tq 2>
log |2| by using a single exponential estimate for the blow-up criterion. Here we remark
that in those results [15], [21] the initial data have to belong to the regular Sobolev
spaces H*(R3) with s > 7/2. Unfortunately, in Theorem 1.1, it seems to be difficult to
characterize a upper bound of the minimum speed of rotation in terms of the norm of
initial data and the given time T because of the regularization and the approximation
arguments. In this paper, we shall characterize such a relation between the given data
(¢, T) and the speed of rotation Q2 7 for the initial data ¢ in the Sobolev space H7/2(R?).
Our second result reads as follows:

THEOREM 1.3.  For every ¢ € H7/?(R3) satisfying dive = 0 and for every 0 <
T < oo, there exists a positive constant Qu p depending on T and ||@|| gr/2 such that if
| > Qp. 1 then (Ef) possesses a unique classical solution w in the class

we C([0,T]; H?(R%) n C*([0,TT]; H*(R?)). (1.2)
In particular, let Q7  be the infimum of the set of || > 0 such that (Eg) admits a

unique classical solution u in the class (1.2). Then, for 2 < g < co there exist a positive
absolute constant Cy, = C,(7/2) and a positive constant C, depending on q such that

0< Q;,T < CqTq_1{||¢||H5/2 + T(H(bHsz + €)C*eC*T}q. (13)

REMARK 1.4. Tt follows from the characterization (1.3) in Theorem 1.3 that the
maximal existence time T > 1 has a lower bound

! Q|
Teo > g lo (l)
© = log(glgre +e) C\CY

for sufficiently high speed of rotation |Q| with some positive constants C; and C;/ de-
pending on ¢. This single logarithmic order is due to the use of the logarithmic Sobolev
inequality for the blow-up criterion (see Lemma 2.3 and Lemma 6.1).

The key ingredient of the proof of Theorem 1.3 is a refined blow-up criterion in
BMO(R?) or BY, . (R?) of the Beale-Kato-Majda and the Kozono-Taniuchi type [4],
[22], [23]. Roughly speaking, in the proof of (1.3), there appears loss of 3/2 +1 + 1
derivatives because of the Strichartz estimate

e PP <RI 929728
t -z b

(see Corollary 5.3), the blow-up criterion for the vorticity V x u and the nonlinear term
(u-V)u, respectively. Hence, we needed 7/2+ regularity due to the continuous embedding
BY,(R3) — L*®(R®). The refined embeddings B, ,(R%) — BMO(R?) — B, _ (R?)
allow us to treat the critical case H7/2(R?).

This paper is organized as follows. In Section 2, we recall the definitions of function
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spaces and the bilinear and the commutator estimates in these spaces. In Section 3, we
establish an a priori estimate for the solution of (Ef,) with smooth initial data, which
is one of the key ingredients in the proof of Theorem 1.1. In Section 4, we present
the proof of Theorem 1.1. In Section 5, we derive the solution formula for the linear
vorticity equations and recall the linear estimates. In Section 6, we state the refined
blow-up criterion of Kozono-Taniuchi type for the local solutions to (Ef,). In Section 7,
we present the proof of Theorem 1.3. In Section 8, we give an alternative derivation of
the solution formula to the vorticity equations as an Appendix.

Throughout this paper, we denote by C' the constants which may differ from line to
line. In particular, C' = C(-,...,-) will denote the constant which depends only on the
quantities appearing in parentheses. For A, B > 0, A < B means that there exists some
positive constant C' such that A < CB. Also, A 2 B is defined in the same way. A ~ B
means that A < B and A 2 B.

2. Preliminaries.

We first introduce some function spaces. We denote by Cg5, (R?) the set of all O
vector functions v = (vy,vs,v3) with compact support in R? satisfying dive = 0. L2(R?)
denotes the closure of C§%, (R?) with respect to the L*(R*)-norm |[|-|| 2. Let (R?) be the
Schwartz class, and let .#’(R?) be the space of tempered distributions. For f € .%(R?),
the Fourier transform and the inverse Fourier transform are defined by

o~

PO =F@ = [ @y g

F) = g [ SO @ e R

respectively. Next, we recall the definition of the Littlewood—Paley decomposition. Let
o be a function in .7 (R?) satisfying 0 < $g(¢) < 1 for all £ € R®, supppg C {£ € R? |
1/2 < €] <2} and

> (€ =1 forall{ € R?\ {0},

JEZL

where ¢;(x) = 2%p(27z). We set X(§) = 1 — > 51 95(6). Let {Aj}jez be the
Littlewood-Paley operator defined by A;f := ¢; = f for f € #/(R3). Then, we re-
call the definitions of the inhomogeneous and the homogeneous Besov spaces.

DEFINITION 2.1. (i) For s € R and 1 < p,q < oo, the inhomogeneous Besov
space Bj (R?) is defined to be the set of all tempered distributions f € ./(R?)
such that

11l == I = fllze + [{27 185 flLe 52| < 0.

(ii) For s € R and 1 < p,q < oo, the homogeneous Besov space B;’q(Rg) is defined to
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be the set of all tempered distributions f € .#’/(R3) such that

/1

s, = {2718, f i }jezl] o < o0

Let H*(R?) denote the Sobolev space of order s € R with the inner product
R 1 ~

g i= [ (1= 84T = B Pglalds = s [ (1-+16P) Fie e

and the norm || f||gs := \/{f, f)ms. For s > 0, it is known that the norm equivalence

I fllers ~ W f1ez + 151 g (2.1)

holds, where || - || ;. denotes the homogeneous Sobolev semi-norm defined by

11l iz =[]

} 1/2
By, = (222“||Ajf||%2) .

JEL

We end this section by preparing some key inequalities and estimates for the proofs of
Theorem 1.1 and Theorem 1.3. We first recall the Gronwall inequality and the logarithmic
Sobolev inequality of the Brezis—Gallouet—Wainger type [6], [7].

LEMMA 2.2, Let 0 < T < 00,0 < A < o0, and let f,g and h be non-negative,
continuous functions on [0,T] satisfying

f) <A+ / g(s)ds + / h(s)f(s)ds

for allt € [0,T]. Then it holds

t
£ SAefo,h(T)dT+/ el hT g\
0

for all t €10,T7.

LEMMA 2.3 ([22], [23]). For s > 3/2, there exists a positive constant C = C(s)
such that

Il < C{1+ gy _ (1 +1og" [I£l1a)}

holds for all f € H*(R?), where logt a := max{loga,0} for a > 0.
Next, we recall several bilinear and commutator estimates in the Sobolev spaces.

LEMMA 2.4 ([8], [10], [13]). For s > 0, there exists a positive constant C = C(s)
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such that

19l s < CUF L= llgllgrs + Mgl fll )
holds for all f,g € L>°(R?) N H*(R3).

LEMMA 2.5 ([12], [25])).

(1) For s > 0, there exists a positive constant C' = C(s) such that
‘ N
<Z22”H[u ' vaj]fHL2> < CUIVullpe [ fll s + IV Fllzee llull )
JEZ
for all u, f € WHo(R3) N H*(R3) with divu = 0.
(2) For s> —1, there exists a positive constant C' = C(s) such that
_ N
<222”||[U : V,Aj]fHLQ) < CUIVullee 1 fll s + I llzoellell gros)
JEZ
for all f € L®°(R®) N H*(R?) and u € WH(R3) N H*+(R?) with divu = 0.
LEMMA 2.6 ([20]). For s > 0, there exists a positive constant C = C(s) such that
(1= A)72(fg) = F(1 = A)* gl < CUIV Fll=llglleze—r + gl zeo| fllare)
holds for all f € WH(R3) N H*(R?) and g € L>(R?) N H*~1(R3).

Finally, we introduce a mollifier J. of the Friedrichs type in R?, and state some
properties of J.. For the proof, we refer to [5, Lemma 5] (see also [19, (7.2)]).

LEMMA 2.7.  Let G¢(x) be the Gauss kernel defined by

Gy( N _@ 0 R3
() == - exp yr t>0,zeR.

For0<e<1and fe.7(R3), let J. be the mollifier defined by J.f := G.2 x f. Then,
the followings hold:
(1) For all0 <e <1 and all f € H*(R3) with s € R, there hold
1
e fllme <l NJefllmes < 2l flla-

(2) For every f € H*(R3) with s € R, there hold

. 1
lim ||Jef — fllgs = im —||Jcf — fllzgs—1 = 0.
e—0 e—0 ¢
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3. A priori estimate for the solution with smooth initial data.

In this section, we shall establish an a priori estimate for the solution to (Ef) on
the given time interval [0, 7] when the initial velocity belongs to H**1(R3) with s > 5/2.
This is one of the key ingredient for the treatment of the convection term (v, - V)u. in
the perturbed system (1.1). More precisely, we shall prove the following.

THEOREM 3.1. Let s € R satisfy s > 5/2. Then for every ¢ € H*TL(R3) with
divg = 0 and for every 0 < T < oo, there exists a positive constant Qy v depending on
s, T and ||@|| grs+1 such that if | > Qg 1, then (EG) possesses a unique classical solution
u satisfying

ue C([0,T); H(R?)) N C* ([0, T); H(R?)).
Furthermore, for every s <r < s+ 1 there exists positive constant C,. such that

sup |lu(t)||a- < Crll9llar (3.1)
0<t<T

PrROOF. By [21, Theorem 1.4], we see that there exists a positive constant Q%T
depending on s, T, ||¢|| gs+1 such that if || > Q%T, then (Ef,) possesses a unique classical
solution u on the time interval [0, 7] in the class

we C([0,T); H*M(R?)) N C*([0, T]; H*(R?)).

Hence it remains to prove the a priori estimate (3.1). Taking the L? inner product of
(Ef) with u, we have

2
5 lu(@®)lz: =0
by the skew-symmetry of e3 X v and the divergence-free condition. Hence we have

lu()llz2 = [l z2 (3.2)

for all 0 <t < T. Next, applying the Littlewood—Paley projection operator A; to both
sides of (Ef,), we have

0:Aju+ QP(es x Aju) +PAj(u-V)u=0. (3.3)
Taking the L? inner product of (3.3) with Aju, we see that

1d

5 IA DIz + (A (u(t) - V)u(t), Agu(®) 12 = 0. (3.4)

Since it holds
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/]RS (u(t,z) - V)Aju(t,z) - Aju(t,z)de =0

by integration by parts and the divergence-free condition, the Schwartz inequality yields
that

(A (ut) - V)u(t), Ajult)) |
= (A (u(t) - V)u(t) = (u(t) - V)Au(t), Aju(t)) 2 |
< [|fu®) - 7, AgJu(®) | 2 1A u®)]| - (3.5)

Substituting (3.5) into (3.4), we have

S IOl < [(0)- 9 Aglut) | )]

which yields that

1Au®)llze < 1A5llzs + / () - 9, AgJu(r)|] b (3.6)

Multiplying both sides of (3.6) by 277 and then taking the ¢?(Z)-norm, from the
Minkowski inequality and Lemma 2.5 (1) we have

t 1/2
@l < ol + [ (S22 futr)- 9.8 ) ar

JEL
t
< ol - +Cr/o IVu(r) || Lo [ul(T)l] grrdr (3.7)

with some positive constant C, = C(r). Combining (3.2) and (3.7) and using the norm
equivalence (2.1), we obtain

t
[u(®)|[ - < Crlldllar + C,./ IVu(T) || oo lu(r)[| ar-dr
0
with some positive constant C,, = C(r). Hence the Gronwall inequality yields that

wen e t IVu(r)edr (38)

[u(@)||ar < Crlld)

for all 0 < ¢ <T. Now, let us set

t
- / IVu(r)l|pdr, 0<t<T.
0
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It follows from [21, (8.10) in page 743] that for 2 < ¢ < oo there exist positive constants
Cs,q and C; such that

V(1) < Cogt' ™V UQUV ]| groer (1 + || rrosate™>V D) (3.9)
for all 0 <t <T. Let us define
Xr:={te[0,T]|V(t) <1},
Ty :=sup Xr.

We shall prove that T, = T provided the speed of rotation is sufficiently high. Assume
that T, < T. We take a sequence {7;}32, C Xt such that 7 / T, as j — oo. Since
T, < T and u belongs to C([0,T]; H¥T1(R3)), V(t) is uniformly continuous on [0, 7] and
it holds that

V(T,) = lim V(T}) < 1. (3.10)

j—o0
Take a sufficiently large Q € R\ {0} so that |Q] > Q%T and

QY9 > 2C, T ¢|| grass (14 || @ ]| rer Te ). (3.11)
Then, since T, < T, by (3.9), (3.10) and (3.11) we have

V(T*) < CS}qT*lil/qu‘_1/qH¢||H5+1(1+ ||¢HHS+1T*6(JSV(T*))

< Cog V910l gons (L + |8l o1 TeC)

<

DN | =

Hence one can take S such that T, < S < T and V(S) < 1, which contradicts the
definition of T,. Hence we have T, = T provided the speed of rotation is high enough.
Therefore, since u € C([0,T]; H**1(R?)), we obtain

T
wdr = lim V(t) < 1. 3.12
| Ivutr)limdr = i vio) < (3.12)
Substituting (3.12) into (3.8), we obtain the desired estimate. O

4. Proof of Theorem 1.1.

We first recall the uniform local existence theorem with respect to 2 € R.

THEOREM 4.1 ([21, Theorem 1.3]). Let s € R satisfy s > 5/2. Then for every
M > 0 and for every ¢ € H*(R?) satisfying dive = 0 and ||¢|| g < M, there ewists
a positive time Ty = To(s, M) depending only on s and M such that (Eg) possesses a
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unique classical solution u for all Q € R satisfying
u € C([0, Ty; H*(R®)) N CH ([0, To]; H*~1(R?)).

In particular, there exist positive constants Co = Co(s) and Cy = C1(s) such that

C
To> 20 swp [u)n < Cilldlln-, (4.1)
0<t<Tp

Now we are ready to present the proof of Theorem 1.1.

PROOF OF THEOREM 1.1. Let s > 5/2, and let ¢ € H*(R?) with div¢ = 0. Also,
let 0 < T < oo be the given finite time. We use the regularization of the data by a family
{Jc}o<e<1 of mollifiers defined in Lemma 2.7. For 0 < € < 1, we put ¢, := J.¢p. We
remark that this small parameter € is determined later depending only on the given data
5,T and ¢. By Lemma 2.7, we see that ¢. € H*T1(R3) and

1
Iellzzs < oM, ldellmerr < o] e

Hence it follows from Theorem 3.1 that for every 0 < ¢ < 1, there exists a positive
constant Q. 7 depending on s,T" and ||¢¢|| g=+1 such that if || > Q. ¢ then there exists
a unique classical solution u. to (Ef;) with u.(0) = ¢. in the class

ue € C([0,T]; H*TH(R?)) N C([0, TT; H*(R?)).

Furthermore, it follows from (3.1) and Lemma 2.7 (1) that there exists positive constant
C, such that there hold

sup ||ue(t)|| = < Csl|ola-, (4.2)
0<t<T
Cs
sup ||us(t)||gsrr < —[¢lm-= (4.3)
0<t<T €

Also, since ¢ € H*(R?), it follows from Theorem 4.1 that there exists a positive time
To = To(s, ||¢||l =) such that (Eg,) possesses a unique classical solution u in the class

u € C([0,Tp); H*(R?)) N C'([0, To); H*H(R?))
for all Q € R, and there exists a positive constant C7 = C1(s) such that

sup |lu(t)||us < Cilléllm=- (4.4)
0<t<T)

If Ty > T, then the proof is completed. We shall consider the case Ty < T and prove
that the local solution u on [0,Tj] can be extended to the solution of (Eg,) on the given
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time interval [0, T] when |Q| is sufficiently large.
Let us set ve := ue —u and |Q| > Q. . Then v, solves

Ove + QP(e3 X ve) + P(ve - V)ue + P(u - V)ve =0,
divwe, =0, (4.5)
UE(O) =¢:— ¢

on the local time interval [0, Tp]. Let us derive the estimates for v.. Taking the L? inner
product of (4.5) with v., we have

— o @1Z2 + ((ve(t) - V)ue(t), ve(t)) 12 = 0. (4.6)
The Schwartz inequality gives that

[{(ve(®) - V)ue(t), ve () 2] < [[(ve(t) - V)ue (D)l L2 [lve (£)]] 2
< Ve (t)]| 2 |ve (t) 12 (4.7)

Substituting (4.7) into (4.6), we have

1d

5 g 1= < IVue(®)llzslo-#)172,

which yields with the aid of the continuous embedding H*(R3) — C*(R?) that

t
[ve ()2 < (v (0)]| > +/O Ve (7)] Loe [|ve () || L2dr

< ||Ua(0)|\L2+C/O [[e (7) |22 [0 (7)]| 2 (4.8)

for all 0 < t < T, with some positive constant C' = C(s). Next, applying the Littlewood—
Paley projection operator A; to both sides of (4.5), we have

0rAjue + QP (e x Ajus) +PA;(ve - V)ue +PA(u- V), = 0. (4.9)

Taking the L? inner product of (4.9) with A;v., we have

1d
5 g7 1850 (DI + (A (0e() - V)ue(t), Ajue(t)) 12 (1.10)
+ (Aj(u(t) - V)ve(t), Ajus(t)) 2 = 0.
For the second term of (4.10), it follows from the Schwartz inequality that

(A (0=(8) - V)ue(t), Ajo=(£)) 2] < [[A;(ve(t) - V)ue ()| 22 [ Ajve (B)]] 22 (4.11)
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For the third term of (4.10), since it holds

/ (u(t,z) - V)Ajue(t, x) - Ajue(t,x)de =0
R3
by the divergence-free condition, we see that

(A (u(t) - V)ve(t), Ajue(t)) 2]
= [{A;(u(t) - V)ve(t) — (u(t) - V)Ajve(t), Ajos(t)) 2|
< |[(t) - ¥, AgJoe ()] 2 1A 0= (6)]| - (4.12)

Substituting (4.11) and (4.12) into (4.10), we have

1d

2ﬁwsw<mésnAx%w~vnxwmmwamu2

+ || lu(®) - V, AjJoc ()] o 1A jve ()] 22,

which yields that
t
[1A;0: ()2 < |Ajve(0)]| > +/0 14 (0e(7) - V)ue(7)|| L2dT

+ [t 9. Al (1)

for all 0 < t < Ty. Multiplying both sides of (4.13) by 2(°=1)J and then taking the
¢?(Z)-norm, we have

[ve (Bl o-1 < [0 (0)] e dT

fﬁﬁéhmwwmm
/ (%223 Vi |fu(r) - V, Aj]ve(r )||iz>1/2dr. (4.14)

For the second term of the right hand side of (4.14), it follows from Lemma 2.4 and the
continuous embeddings H*~!(R?) — C(R3) and H*(R3) — C!(R3) that

-1 < Clllvellpee [Vuell groov + [[Vuell Lo [[oz | gro-r)

< Ofue| - (4.15)

[[(ve - V)ue|

Hs U5|
with some positive constant C' = C(s). For the third term of the right hand side of (4.14),
it follows from Lemma 2.5 (2) and the continuous embeddings H*~!(R3) — C(R?) and
H*(R3) — C*(R?) that
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1/2
s—1)j 2
<222( ”JII[wV,Aj]vsHm) < C(IVulloellvell grar + llvellzos el g-)
JEZ
< Cllullas

- (4.16)

with some positive constant C' = C(s). Substituting (4.15) and (4.16) into (4.14), we
have

[0e (O] gr—1 < M0 (O] gro—v + C/O (lue (D) llers + lu(@) o) ve (T ge-rdr. (4.17)

Combining (4.8) and (4.17), by the norm equivalence (2.1) we see that

[0 (D) o= < Clloz(0)] o +C/O (lue (D)l + lu(m)zo)lve(D) | gamrdr  (4.18)

for all 0 < ¢ < Ty with some positive constant C = C(s). Hence by (4.2), (4.4) and
(4.18), we have

t
n%mmwasamwwma+cﬂwm/wammaw.
0
Hence the Gronwall inequality yields that

sup_[|v-(t)]| o < CullJop — ] sareCe TN, (4.19)
0<t<T,

Next, let us derive the H®-estimate. Multiplying both sides of (4.13) by 2% and then
taking the ¢2(Z)-norm, we have

¢
[[ve (Ol grs < [[ve (0] s +/0 [(ve(7) - V)ue (7) || - dr
t ) 9 1/2
i / (Z 22| [u(7) - V, Aj]’()E(T)HLZ) dr. (4.20)
0 Nez
For the second term of the right hand side of (4.20), it follows from Lemma 2.4 and the
continuous embeddings H*~1(R3) — C(R3) and H*(R?) — C'(R3) that
(v - V)uell o < Clllvellzee[[Vuell o + [[Vuellze[oz 4+)
< Clluell esrllvell s - + lluellare vl 7+ (4.21)
with some positive constant C' = C(s). For the third term of the right hand side of (4.20),

it follows from Lemma 2.5 (1) and the continuous embeddings H*~1(R?) — C(R?) and
H*(R3) — CY(R?) that
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1/2
sj 2
<222 7| fas - V,AﬂvsHLz) < C(IVaul| e [Jvell s + [Vvel[ o [[ull )
JEL
< Cllullz-

el 1 (4.22)

with some positive constant C' = C(s). Substituting (4.21) and (4.22) into (4.20), we
have

t
[ve ()l 7o < 0= (0] s +C/O [[ue (T o |02 (T) | o -2 d7
¢
+C/0 (lue (M as + llu(m)l[ae)[[ve(7) ]| - dr. (4.23)
Combining (4.8) and (4.23), by the norm equivalence (2.1) we have
¢
[ve (@)l < Cllve(0)]] s +C/ [we (T) [ o [0e (T)| o2 d7
0

e / e (™) L + () L)l () s (4.24)

for all 0 < ¢ < Ty with some positive constant C' = C(s). For the second term of the
right hand side of (4.24), since 0 <t < T, < T, it follows from (4.3) and (4.19) that

t
Cy s
Tl o) rr < 6220l o = a1
0
1
< Ol ree ™ TIN 2| — Gl grems (4:25)

for all 0 <t < Tp. For the third term of the right hand side of (4.24), it follows from
(4.2) and (4.4) that

t t
[ e+ oo er < Cololae [ ve)r (4.26)
for all 0 <t < Tp. Substituting (4.25) and (4.26) into (4.24), we have
1
lee @l < CullJed — @llsze + CuT ]l TN~ 1o = 6] o

t
4 Clldlae / e ()| -

for all 0 <t < Ty. Hence the Gronwall inequality yields that
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sup |[ve(t)]| mr
0<t<T,

1
< {Culle6 0l + CLT LTI 26— ol e (a2
Since
. o1
tim 1726 — 1= = lim 1[Je6 — 6]l sr--s = 0
e—0 e—0 ¢

by Lemma 2.7 (2), it follows from (4.19) and (4.27) that for every 0 < § < 1, there exists
a positive constant es = (9, s, T, ¢) € (0, 1] such that

1
sup ||ve(®)||gs <9, = sup |ve(t)||gs—r <9 (4.28)
0<t<T, € 0<t<Ty

for all 0 < € < ¢&5.
Next, we shall regard u(7Tp) as the initial velocity. Then for every 0 < & < &5, we
have by (4.2) and (4.28)

[w(To)ll s < 0+ [lue(To)ll s <1+ Csl|]] - (4.29)

Hence by (4.29) and Theorem 4.1 we see that there exists a positive time 77 =
T (s, ||¢]| =) such that w can be uniquely extended to the solution of (E,) on the time
interval [Ty, T1] for all |©2] > Q. 1 (The uniqueness can be proved by the standard argu-
ment. See, for example, [21, pp. 726-728]). Also, by (4.1) we have

Co
T-Ty>— % 4.30
LT 2 T ol (430)
sup_[u(®) - < Cr(1+ Cullélle) (431)

To<t<Ty

If 77 > T, the proof is completed. Hence we assume 77 < T'. Let us derive the estimates
for v. on [Ty, Ty]. Similarly to (4.8), we have

[ve (D)l L2 < llve(To)l| > +C/T l[ue (7) || 222 |ve (T)|| L2 (4.32)

for all Ty <t < T; with some positive constant C' = C(s). Also, similarly to (4.17) and
(4.18), it follows from (4.32) that

[ve ()l -1 < Cllve(To) [ o +C/T (Jue (Ml me + lulm)]a)

Ve (T) || gs—1dT  (4.33)

for all Ty < t < Ty with some positive constant C' = C(s). Hence by (4.2), (4.31) and
(4.33), we have
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t
[ve @)l re-1 < Csllve(To)lre-2 + Cs (1 + II¢HH5)/T [0 ()| -1 dT.
0

Hence the Gronwall inequality yields that

sup  ||ve(®)||gs—r < CS||UE(TO)HHS—I@CST(l_‘—Hd)HHS). (4.34)
To<t<Th

For the H*-estimate, similarly to (4.24), we have

t
[ve (D)l < Clloe(To) || s + C/T [ue (T o2 |02 (7) | e -2 d7

+C/T (lue () ers + Nulm)l o) ve ()] e dr (4.35)

for all Ty <t < Ty with some positive constant C = C(s). For the second term of the
right hand side of (4.35), since Ty < ¢t < Ty < T, it follows from (4.3) and (4.34) that

t
Cs s
L el s (0= o) 2 ol
To
1
< CsT”(b”HSeCST(lHWHHS)g”Us(TO)”HS*l (4.36)

for all Ty < ¢ < Tj. For the third term of the right hand side of (4.35), it follows from
(4.2) and (4.31) that

t t
[ el + o )oor)edr < €0+ 1le) [ oa(lledr. (@37
0 0
Substituting (4.36) and (4.37) into (4.35), we have
1
[oc(B)lle < Clloe(To) 11+ + CuT e I8~ o (7)o
t
+CuU+ [0l) [ el
To
for all Ty <t < Tj. Hence the Gronwall inequality yields that
sup  [[o- ()] s
To<t<Th

y1 ,
< { Cullo Tl + CLT ol ST L (1) b T 1.35)

Substituting (4.28) into (4.34) and (4.38), we obtain
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1
= sup  |ve(t)| a1 < CubeTH IO (4.39)
€ To<t<Th

and

sup  [v=(t)|| e < Cd{1 + T[] - eC-TAHIGlm) } (CT (At l1Gl1sre) (4.40)

To<t<T)

for all 0 < ¢ < g5. Since 0 < § < 1 is arbitrary, it follows from (4.39) and (4.40) that
for given 0 < A < 1, one can take dy = 6(A\, s, T, ||dllm=) € (0,1] such that for every
0 < § < 6 there exists a positive number e 5 = (), 4,5, T, ¢) € (0,1] such that

1
sup lve(®)[[us <A, = sup  [Jve(f)[|ge-r < A (4.41)
To<t<Th € To<t<Ty

holds for all 0 < € < ey 5. In particular, it follows from by (4.2) and (4.41) that
lw(T)lle < A+ llue(T) e <14 Csl[6l - (4.42)

Note that the above bound (4.42) is exactly same as (4.29). Hence by Theorem 4.1
and (4.1), u can be uniquely extended to the solution of (Ef,) on the time interval
[T1,T1 + (T1 — To)] (defined in (4.30)) for all |Q] > Q. r with 0 < e < e, 5 and satisfies

sup  [[u(®)|[as < C1(1 + Cs[|o] =) (4.43)
T, <t<2T1-Tpy

Also note that the bound (4.43) is exactly same as (4.31). Since T is arbitrary finite
time, we repeat a finite number of the same procedures in the above, and continue the
solution w to the time interval [0, T]. This completes the proof of Theorem 1.1. O

5. The linear rotating vorticity equations.

In this section, we consider the linear problem for the vorticity equations in the
rotational framework. The linear equations for (Ef,) are described as

ou
— 4+ QP(eg x u) =0, divu =0,
-+ OP(eg % u) o

u(0,x) = ¢(z).

Taking curl to (5.1) and using the divergence-free condition, we have

ow ou
o~ Qg =0 w(0.0)=v), (52)

where w := curlu = V X u and ¢ := curl . By the Biot—Savart law, the gradient of the
velocity Vu has the representation in terms of the vorticity w such that
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ou 0

%j = @(7A)71Curlw:Rj(RXW), j:1,2,3, (53)

where R = (Ry, Ry, R3) and R; denotes the Riesz transform in R3. Then the linear
vorticity equations (5.2) can be rewritten as

) )
a%} - Q%(—A)*l curlw =0, w(0,2) = b(z). (5.4)

Taking the Fourier transform to (5.4) yields

G &
€] €]
L I OO
6tw(t’§) Q\§| €] 0 €] W(t, &) =0, (0,5 =v(&). (5.5)
6 &
a e’
Let us define
6 6
M
&3 &1 &3
R = | —= 0 S = =R .6
€3] €] EHE €3 ] (€) (5.6)
&2 &
LY
€] €]

for £ € R?\ {0}. Then the solution to (5.5) is written as

B(t, &) = MO (¢),
where €?t5(8) is defined by the convergent series
1 , _
M50 =) ﬁ(m)ﬂsg)] on {€}+.

j=0 7"

Let I be the 3 x 3 identity matrix. Note that since it holds

S(€)%u(E) = —ﬁjgfv(s)

for v(¢) € R? with & - v(€) = 0, the solution of (5.5) is explicitly given by
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(1,6 = cos (22 ) 1(0) +sin (S04 ) R0
1

= SN (T iR} + ye NIV LiRE©IEE.  (57)

We remark that the explicit formula (5.7) has already been derived in [1], [16], [17] for
the original equations of velocity fields. By (5.7), we have the following proposition.

PROPOSITION 5.1.  For every Q € R and every ¢ € L2(R?), there exists a unique
solution w to (5.4) which is given explicitly by

w(t,z) =T(Q)Y(x) := %emt(Da/lDD(I + R)yY(z) + %e‘mt(DS/IDD(I —R)p(z) (5.8)

fort >0 and x € R3, where

1 0 Rs —Rs
DD fla) = s / et/ E) feyde, R:=|-Ry 0 R
T IR Ry —Ry 0

We end this section by recalling the linear estimates for T'(¢) given in (5.8). Since the
phase £3/|¢] is homogeneous function of degree 0, by the Littlewood—Paley decomposition
and scaling, the matter is reduced to the frequency localized case. Now let us consider
the operator

Gy (1) f () = / S DG (6)()de,  (t,7) € R,

R3

where ® € . (R?) satisfies supp ® C {¢ € R? | 272 < [¢] < 22} and ®=1on{ecR? ’
271 < |¢] < 2}. The sharp Strichartz estimates for ¥ (t) were obtained in [21]:

THEOREM 5.2 ([21, Theorem 1.1]). Let 2 < ¢q,r < oo with (¢,7) # (2,00). Then
the space-time estimate

192 fllery S I llz2

holds if and only if

S
l\D\H

+-<

SE N

COROLLARY 5.3. Let 2 < ¢q,r < oo satisfy (¢,7) # (2,00) and 1/q+ 1/r < 1/2.
Then, there exists a positive constant C' = C(q,r) such that

| AyeXi P/ IPU g < QY27 )3 23T A f |
t xT
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holds for all Q € R\ {0}, j € Z and f € L*(R3).
PrOOF. Since 5(5) =1 on the support of pg, we have

~

G.(000f(z) = [ eI DB )G i) de

-
= (2m)3eF M P/IPD A f ().

Hence by Theorem 5.2 there exists a positive constant C' = C(gq,r) such that

= PPN ||y, < CllAOS (59)

Since the phase £3/[¢] is homogeneous of degree 0 and $;(€) = po(£/27), by the change
of variable ¢ — 27¢, we have

eiit(Ds/lDl)Ajf(x) —

1 i . .
(27r)3 /]Rg ei2 x-&izt(fB/\ﬂ)(po(f)y |:f(2j):| (f)df
_ (Hit(Ds/ID) A, [f(gy>] (272)
for j € Z. Also it holds A; f(z) = Ao[f(57)](2/). Hence by (5.9) and scaling, we have

Q46

= C@)* 23| A | e

|Ase PPV f|| < O(29) 7

L2

The scaling in time t — ¢ gives the desired estimate. O

6. A priori estimate and the blow-up criterion.

In this section, we shall establish the blow-up criterion of the Beale-Kato—Majda
and the Kozono—Taniuchi type [4], [22], [23] for the local solution to (Eg).

LEMMA 6.1. Let s > 5/2,Q € R and ¢ € H*(R3) with dive = 0. Let u be the
solution to (Eg) in the class C([0,T); H*(R?)) N C([0,T); H5~1(R3)) with some T > 0.
Then, there ezists a positive constant C = C(s) depending only on s such that

lu(®) |+ + e < (9]l -+ €)*@ exp{Cta(t)} (6.1)

holds for all 0 <t < T, where

a(t) = exp {c/ot I curlu(T)HBgde}.
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By Theorem 4.1, for the given initial velocity ¢ € H*(R?®) with s > 5/2, the
time interval [0,7) of the existence of the solution u to (Eg) in C([0,T); H*(R3)) N
CL([0,T); H5~1(R?)) depends only on s and ||¢|| . Hence by the standard argument of
continuation of local solutions, Lemma 6.1 yields the following blow-up criterion.

LEMMA 6.2. Let s > 5/2,Q € R and ¢ € H*(R?) with dive = 0. Let u be the
solution to (Ef) in the class C([0,T); H*(R3))NCY([0,T); H*~1(R3)). Assume that T is
mazimal, that is, u cannot be continued to the solution in the class C([0,7"); H*(R3)) N
CH([0,T"); H*~Y(R3)) for any T' > T. Then, it holds

T
/||cur1u(t)||30 dt = oo.
0 00,00

PRrROOF OF LEMMA 6.1. The proof is based on the energy method with the com-
mutator estimates and the Gronwall inequality with the logarithmic Sobolev inequality
as in [4], [22], [23]. Taking the H*® inner product of (Eg,) with w, by the skew-symmetry
of the operator e3x we have

5 @)l + ((ult) - V)u(t), u(t) z: = 0. (6.2)

Here, it follows from the divergence-free condition, the Schwartz inequality and Lemma
2.6 that

(- V), w) e = (1= )2 (- V)u— (u- V)L = A)*2u, (1= A Pu) e

<= 2)2 (- V)u— (u- V)1 = A 2ul| g2 |Jul -
< CUIVullzee [Vull -1 + [IVul o< [|ull z2)

UHHS
< Ol VullpolullF- (6.3)
with some constant C' = C(s) > 0. Substituting (6.3) into (6.2), we have

1d
5 71t @7 < ClIVa@)le=llu®)F-,

which yields
d
el < ClIVu@®)l e lu®)ll s

Hence it follows from the Gronwall inequality that

()l < 6] exp{c / ||VU(T)||L°°dT} (6.4)

for all 0 <t < T with some constant C = C(s) > 0.
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Let w := curlu be the vorticity of u. Since s > 5/2, it follows from Lemma 2.3, the
Biot-Savart law (5.3) and the boundedness of the Riesz transforms in BY, . (R?) that

IVullpe < C{1+IVull o _(1+1log™ [Vullfr--1)}

< Of1+ [wllzo__ (1 +1og" lull )} (6.5)
with C' = C(s) > 0. Substituting (6.5) into (6.4), we have
t
ot s < 1]+ exp [0 [0+ el 1+ 108t ||u<¢>||Hs>}dT} (6.6)

for all 0 <t < T. Moreover, since log™ ||u(7)|| s < log(||uw(7)|| s + €), (6.6) implies that

lu(®)ll- + e < (18]l + ) exp [c / {1+ ()l 5o, log(llu(r)] s +e>}d7] (6.7)

Let us define z(t) := log(||u(t)||z= + €). Then it follows from (6.7) that

z2(t) < z(0)+ Ct + O/o HW(T)HBQO,OCZ(T)dT

for all 0 <t < T. Hence by Lemma 2.2, we obtain

t t t
2(t) < z(0) exp {C/ lw (™)l go dT}+C/ exp{C’/ [w ()]l go dT}dS

0 o 0 s -

t
< 0+ Cten {C [ o(rlg i}
i %
which implies that
log([[u(t)|| = + ) < log {([|¢l = + e)* e M)},

where

oty = { [ 1oy _ar}.

This completes the proof of Lemma 6.1. O

7. Proof of Theorem 1.3.

PROOF OF THEOREM 1.3. We shall prove that the local solution u to (Ef,) con-
structed in Theorem 4.1 with s = 7/2 can be extended to any time interval [0, T] provided
the speed of rotation is sufficiently high. To this end, we adapt the argument in [9], [15],
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21].

Let ¢ € H™/2(R?) with div¢ = 0, and let u be the solution to (Ef,) in the class u €
C([0,Tq); H/2(R3)) N C*([0, Tq); H>/2(R3)), where 0 < T < oo denotes the maximal
time of existence. Taking curl to (Ef,) and using the Biot—Savart law (5.3), we have the
vorticity equation

O 9 —Leurlw u- w—(w- u =
v aTcg,(*A) lw+ (u-V)w— (w- V)u=0, (71)
w(0,2) = (),

where w := curlu = V x u and v := curl ¢. By the Plancherel theorem and the Lebesgue
dominated convergence theorem, we see that Q(9/9x3)(—A)~!curl is the infinitesimal
generator of the Cy semigroup 7'(Q2t) (defined in Proposition 5.1) on L2(R3) with the
domain of generator LZ(R3). Therefore by the Duhamel principle, the solution w to (7.1)
can be represented as

w(t) = T — /0 Tt — 7)) (u(r) - V)w(r)dr
+ / Tt — 7)) (w(r) - V)u(r)dr (7.2)
0

for 0 < t < Tg. We shall derive the Bgoyoo(R3)—estimates for the vorticity w. Let
2 < g < co0. Then, by the Minkowski inequality and Corollary 5.3, we have

1/2
T @050t < | S 18T @0IE- )

JEZ L{(0,00)

1/2
< (Z ||AjT<m>w||ig<om;Lm>)

jez

1/2

< om”q{ 3 (23j/2||Am||L2)2}
JEZL

= C19 ™99 g2/ (7.3)

with some constant C' = C(gq) > 0. Next, let us consider the Duhamel terms in (7.2). It
follows from the Minkowski inequality and Corollary 5.3 that

HAj /Ot Tt — 7)) (u(r) - V)(7)dr

LI(0,T;L)

T
< [ 18T - 1) (r) - Tl gy
0



The 3D incompressible rotating Euler equations 603
T .
< ClofYs / 297218 (u(r) - V)o(7) | 2dr (7.4)
0

for all j € Z and 0 < T < T with some constant C = C(q) > 0. Hence, by the
Minkowski inequality and (7.4), we have

1

/0 T(Qt — 7)) (u(T) - V)w(T)dT

L{(0,T;BY, )

< H (; A, /OtT(Q(t — ) (u(r) - V)w(r)dr

2 1/2
Loc) LI(0,T)
(2

2 1/2
JEL Lf(o,T;Loo)>

<clor % (/OT 25912 (u(r) - V)w(T)||L2dT)2}1/2

JEZ

A, /0 Tt — 7)) (u(r) - V)(7)dr

T 1/2
<™ [ 83T P8 ) - VIwlle) p dr
0

JEZ
T
=C’IQ\*1/"/0 [(u(7) - V)w(T)l| grs/2dr. (7.5)

Similarly to (7.4) and (7.5), we also have

H /ot T(Q(t — 7)) (w(r) - V)u(r)dr

L{(0,T;B% )
T

< CIQI’”Q/ [(w(7) - V)u(r)| s /27 (7.6)
0

Therefore, by (7.2), (7.3), (7.5) and (7.6), we see that for every 2 < ¢ < oo there exists
a positive constant C' = C(q) such that

||w||Lq(07T§Bgo,oo)
T
s0|n|1/q{|w|m/z+ / (II(U(T)'V)W(T)||H3/2+(W(T)'V)U(T)Hs/a)dT} (7.7)

forall 0 < T < Tq.
Now, let us define

t
V(t) :z/ lw(T)lgo dr, 0<t<Tq.
0 %0
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Since it holds

1w V)wll grare + 1w V)ull oz < C(llw @ ull oz + lu @ wll gs2)
S C(HUJ ® UHHs/z + ||U ®wHH5/2)

< Cllwll sz |ull a2 (7.8)

by the divergence-free conditions, it follows from the Holder inequality, (7.7), (7.8) and
(6.1) that

Vi(t) < tlil/qHWHLq(o,t;Bgom)

t

< Ctl-l/m|-”q(|w||m/2 -/ |w<r>|HS/2|u<T>||stzdf)
0
t

< Ct“/m|1/q<|¢||m/2 n / |u<T>||Hm||u<r>||Hs/2dr)
t

< ct“/m|1/Q<|¢||H5/a + |u<¢>||imd7)
0

t
_ _ 2a(T
< crtag) 1/q{||¢H5/2+ / (Il /2 + ) “exp{cmwch}.

Hence, we see that there exist an absolute constant C,, = C.(7/2) > 0 and a constant
Cy > 0 depending on ¢ such that

V(1) < Cot Q916 o2 + (]l sz + €)* " exp{Cuta(t)}} (7.9)
for all 0 <t < Tq, where
a(t) == exp{C,V(¢)}.
Now, for given time 0 < T' < oo, we define

Xrg = 1{t€[0.T1N[0,Ta) | V(1) < 1},

T3 :=sup Xr.q.

We shall prove that Ty = min{T,Tq} when || is sufficiently large by contradiction
argument. Assume that 75 < min{T, TQ} Then, we can take 7' satisfying T¢ < T <
min{T, T }. Since u belongs to C([0,T]; H"/2(R3)), we see that V (t) is uniformly con-
tinuous on [0, 7], and then it holds

V(Tg) <L (7.10)

Since T¢y < min{T,Tq} < T, it follows from (7.9) and (7.10) that
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) QQ(T;;

V(T5) < Co(T) VAV 9l s + T (6]l o + e exp{C.T50(T3)}]

< O Q0] e + T (6 lrnsz + €)* P exp{Cue®T)]
_ _ cl o
<|QTVICT Vgl sz + T (|l sz +€) €T} (7.11)
Hence taking a sufficiently large © € R\ {0} so that
— ! ’
QY7 > 20, T || ¢l sz + T (@l sz +€) e}, (7.12)

by (7.11) we have

V(To) <

N | =

Then, one can take a time S such that T < S < T and V(S) < 1, which contradicts
the definition of T¢;. Therefore, we have T¢; = min{T, To} provided the speed of rotation
Q2 e R\ {0} satisfies (7.12).

Let Q € R\ {0} satisfy (7.12), and assume that T < T. Then it follows from the
above argument that T = T = sup X7 . Therefore we have

t
vwz/nwwm dr <1<
0 00,00

for all 0 < t < T. However, by Lemma 6.2, this contradicts the maximality of Tq.
Hence we obtain T > T if the speed of rotation © € R\ {0} is high enough as in (7.12).
This completes the proof of Theorem 1.3. (]

8. Appendix.

In this section, we shall give an alternative derivation of the solution formula (5.7)
to the linear vorticity equations (5.4). Let S(&) be the skew-symmetric matrix defined
in (5.6). The direct calculation gives that

det(N — S(¢)) = A<A2 + éi)

Hence, the matrix S(&) possesses the eigenvalues +i(£3/]¢|) and 0. In order to de-
rive the corresponding eigenvectors, we shall use the Craya-Herring decomposition. Let
{e1(£),e2(€),e3(€)} be an orthonormal system in R?® defined by
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& &1é3 &
— HE €
133 6t . ;
er(€) = §1| Ce@=| e | es(€) = g = ol
; G468 &
1€[1€n] €]

where &, 1= (£1,&2). Then, it is easy to see that

S(©er(©) = ). SOl = —Lal©). S@Oa© =0 (61
Therefore, putting
. ) §163 — i&a[¢]
v1(§) == —=(e2(§) +ie1(§)) = = | &8s +i&ilE] |,
. ) &6 +i6oE]
v2(§) = —=(e2(§) —ie1(§)) = —=— | &263 —i&lé] |,
v3(§) := e3(§),
we have by (8.1)
S(E0(©) =T, SEOu(e) = —ign(©). SEOun(E =0

Also, by the orthonormality of {e1(£),e2(&), e3(€)} we see that {v1(&),v2(€),v5(£)} is an
orthonormal basis in C3. Hence we see that U(£) = (v1(£),v2(€),v3(£)) is a unitary
matrix, and it holds that

€3

Zm 0 0
TOSOUO = 5 S o)
0 0 0

which yields that

et2t(&3/1€1) 0 0
eMSE) = U (g) 0 e~ /€D o | U(€)*. (8.2)
0 0 1
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Then, by direct calculations, we have

ei2t(&3/1€1) 0 0
U(€) 0 e~ 2(&/IED o | U(&)*
0 0 1

= ST~ F(€) —iR(O) + e/ D (1~ F(©) +iR©)} + F(O),  (83)

where [ is the identity matrix, R(€) is the skew-symmetric matrix defined in (5.6) and
F(€) is defined by

& L& L&
&1 & &
&& L& &

F(€) 52@

Note that F(&)u(€) = 0 for all u(¢) € R? satisfying - u(€) = 0. Hence by (8.2) and (8.3),

we obtain

MSOG(e) = ML~ GR(ENIE) + 3o M DT +iRENDE)

for ¢ € L2(R3). This completes an another derivation of the solution formula (5.7).
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