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Abstract. We study the rate of convergence for the renewal density with
the interarrival times that are absolutely continuous, not necessarily positive,
and has finite moment of ath order with o > 3/2. We obtain an error estimate
that is better than known results. Our method is based on modification of
functions that have the same tails as the original ones and have integrable
Fourier transform.

1. Introduction and the main result.

Let F' be a probability measure on R such that 0 < p = f tF(dt) < oo and F™*
be the n-fold convolution (as a measure) of F' with itself. The measure U is defined via
U(I) =3 ,", F™*(I) for an interval I and is called the renewal measure.

The well-known renewal theorem states that, intuitively, U is close to the Lebesgue
measure multiplied by 1/u near 4o00; See Feller (1966) [4] for its developments. The
aim of the present note is to study the rate of convergence in the absolutely continuous
case. We assume F has the density f(¢) and denote that of F™* by f,(¢). In view of the
monotone convergence theorem, u(t) := >~ | f,(t) is a version of the density of U and
is called the renewal density. It may be natural that one expects u(t) — 1/u as t — +oo.

We denote [ [¢|* f(t)dt € (0,00] by M( ) for « 6 (1,00). To state the main result
we introduce several functions: Let q(t) = (1/u) [~ f(s)ds and r(t) = (1/p) [,
for t > 0; let q(t) = —(1/p) f f(s)ds and r(t) = f(l/u) fioo q(s)ds for t < 0; and let
ri(t) = r(t) —gxr(t) for t € R, where this convolution is well-defined as is seen in Lemma
2.5. We denote by ¢(0) the Fourier transform of f(t): ¢(0) = Ff(0) = [ e f(t)dt

We state our result for the case 3/2 < a < 2 and the case a > 2 separately.

THEOREM 1.1.  Assume 0 < pu < oo, M(a) < oo for some a € (3/2,2), and
©(0) € LP for some p € [1,00). Let N = [p] + 1 where [p] is the smallest integer that is
greater than or equal to p. Then we have

u(t) = 1[000) +an ) +ri(t)+o(jt| ™) ast— too.  (11)

THEOREM 1.2.  Assume 0 < pu < oo, M(a) < oo for some o € [2,00) and ¢(0) € L?
for some p € [1,00). Let N = [p] + |a] where |«] is the greatest integer that is less than
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or equal to a. Then

u(t) = 71[000) +an +o(Jt|™) ast — too. (1.2)

The rate of convergence of u(t) have been studied by several authors ([3], [13], [11],
[14], [6], [9]). Among them, Grubel [6] and Stone [11] are especially remarkable.

Grubel [6] is based on a method from the Banach algebra. If we adapt his Satz 1(i)
to the case a(t), a function in [6], is given by (|¢| V 2)®~1 we have the following.

THEOREM A (Grubel). Assume that the density f(t) of F is an absolutely con-
tinuous function, 0 < p < oo, M(a) < oo, and [ [fi(®)|(|t| V 2)*~Ldt < oo for some
a € (1,00) and k € N. Then u(t) = (1/p)1j0,00)(t) + Zi;i fn() + o(|t|=@V) as
t — doo.

Note that this theorem is applicable both to the case with and without finite second
moment. Compared with Theorem A, Theorems 1.1 and 1.2 have additional terms,
r(t) and r1(t), and a better error estimate. In fact, with some effort we can derive
the estimate in Theorem A from those of Theorems 1.1 and 1.2 since the condition in
Theorem A implies p(0)* = o(1/|0]) as § — +oo and f(t) = o(|t| (@YD) as t — Fo0.

Stone [11] studies the case F is not necessarily absolutely continuous using the
Fourier analysis. To state his result we adapt the definition of r(¢) to this case: Let
r(t) = (1/p?) [ ds [7° F(dy) for t > 0 and let r(t) = (l/uz)fioo ds [°__ F(dy) for
t <0.

THEOREM B (Stone). Assume 0 < p < oo, M(a) < oo for some o € [2,00),
and F™ has a non-trivial absolutely continuous component for some n € N. Then
there exist an absolutely continuous measure v'(dt) and a finite measure v'"(dt) such
that U(dt) = v/(dt) + v"(dt), [~ [t|ld v (dt) < oo, and the density u'(t) of V' (dt) is
continuous and satisfies u'(t) = (1/p) 19 00)(t) + 7(t) + o(|t|7L*)) as t — +oo.

If « is not an integer, F' is absolutely continuous, and ¢(#) € LP, Theorem 1.2
(combined with Lemma 2.3 (ii) below) gives a refinement of Theorem B with v”(dt) =
SonCi fa(t)t.

In Section 2 we will give an explanation of the origin of r(¢) and r1 (¢) using (2.6). The
importance of these terms is suggested in Stone-Wainger [12, Theorem 2] that studies
the lattice case, i.e. the case F' is supported on {dm|m € Z} with some d > 0.

Carlsson [1] studies U((—o0,t]), called the renewal function, in the non-lattice case
with finite second moment and without absolute continuity. His result also suggests r(t)
and 71 (t) in the sense that indefinite integrals of 7(t) and r1(t) appear in the estimates
of U((—o0,t]), which coincides with f u(t)dt in the absolutely continuous case.

We prove Theorems 1.1 and 1.2 by the Fourier analysis. The Fourier transforms of
r(t) and r1(t) in our Theorems will be seen to be only locally integrable and we cannot
invert the transform easily. This fact also blocks us to generalize the known estimates in
the lattice case to the absolutely continuous case. We will modify the terms so that they
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have the same behavior as ¢ — 4oo and that their Fourier transform decrease rapidly
enough as 8 — 400, where 6 is the variable for the Fourier transform.

REMARK 1.1. Our method is also applicable to the case M(a) < oco with a €
(1,3/2]. For instance, if o € (4/3,3/2], we define ro(t) = r1(t) — ¢ * r1(¢t) and have

N
u(t) = %1[0’“’) (8) + D falt) () +r1(t) +ra(t) + (|t 7*)

as t — +oo under some technical conditions. The origin of r2(¢) can be explained in the
same way as 7(t) and r1(¢) using (2.6). In the case a € (1,4/3] we would need more
terms such as r3(t) = ra(t) — ¢ * r2(t) but we do not proceed in this direction.

REMARK 1.2. The estimates (1.1) and (1.2) hold for all sufficiently large N since
we easily deduce that f,,(t) = o(|t|~*) as |t| — oo if n > [p] + || + 1 by the method
appearing around (3.12) below.

This paper is organized as follows. In Section 2 we prove preliminary lemmas that
are mainly devoted to studying properties of r(t) and r(t). In Section 3 we complete
the proof of Theorem 1.1 and give a sketch of proof of Theorem 1.2.

2. Preliminary lemmas.

Recall that M(a) = [T [t|*f(t)dt, ¢(8) = Ff(), and that f,(¢) is the n-fold
convolution of f(t) with itself. We introduce some notations for functions that may vary
from place to place. Let a € R. By Og_.100(|0]%) and Og_.o(|0]*) we denote a function
g(0) such that supg 1 9(0)/[0|* < oo and sup.jg <1 9(0)/]0|* < oo respectively. The
notations Oq_ 0(¢%), Or—10o([t]*) and O;—o(]t|*) are defined similarly. We denote by
0:—+0(e%) a function g(e) such that lim._ g g(e)/e* = 0 and g(e) = Oc—4o(c*). The
notations o:— 1o ([t|%), 0t—0([t]*), 09—100(]0]*) and 09— (]0]*) are defined similarly.

Such notations for functions with two variables will appear in Lemma 3.1.

LEMMA 2.1. Ifa € (1,2) and M(a) < co we have

sup ¥ (0)] < M(1) < oo, (2.1)
sup l(Bo + 0) — ©(b0) — ¢'(60)0] = 0a—0(0]%), (2.2)
sup |’ (6o + 6) — ¢'(6o)| = 09—0(16]* 7). (2.3)

OpER

PROOF.  The inequality (2.1) follows from ¢'(0) = [~ et f(t)dt.

For any = € R, it is obvious that min(|z|, |z|?) < |z|%, e —1] < |z], [e®* — 1 —iz| <
|z|?/2 and hence [e™ — 1 —iz| < min(2|z], |z]?/2) < 2|z|~.

To prove (2.2) note that || ~%|(e?t — 1 — i0t) f(t)| < 2|t|*f(t), where the left hand
side converges to 0 as 8 — 0 and the right hand side is integrable. Since ¢(fy + 0) —
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©(00) — ¢ (00)0 = [ e'%t(e? — 1 — ift) f(t)dt we have as 6 — 0

0]~ sup |¢(0y + 0) — ¢ (o) — ¢’ (60)0)
OpER

00
[ o
—o0 0pER

:/°° (e — 1 —i6t) f(t)

0]
A similar argument based on |¢** — 1| < min(2, |z]) < 2|z|*! and 9]~ (=D (e —
)it f(t)| < 2[t|*f(t) leads us to (2.3). O

et (1 — 1 — ift) f(t)
2

a

'dt — 0.

We introduce a family of finite measures Uy = Y7 | s"F"™* where s € [0, 1). If we set
us(t) = Y07 | s" fa(t), it is a version of the density of U, and satisfies limg_.1_q us(t) =

u(t) for a.e. t by the monotone convergence theorem.

LEMMA 2.2. Assume p(0) € L? for some p € [1,00). Let N be any integer such
that N > p.

(1) For any n > [p], Ffn(0) = p(0)" is integrable and its inverse Fourier transform
(1/2m) [7 e p(0)"df is continuous in t and coincides a.e. with f,(t).

(ii) Fizs €[0,1). Forn > N we identify f,(t) with the continuous version in (i). Then
Yoo xS fu(t) is integrable and is the uniform limit of a sequence of continuous
functions. Its Fourier transform sN(0)N /(1 — sp(0)) is integrable in 0 and it
holds 07 s™ fu(t) = (1/2m) [72 e sNp(0)N /(1 — s¢(0))df for all t € R.

PrROOF. (i) Since N > p and ||¢(0)]|cc = 1, ©(0)™ is integrable for any n > N.
The other statements follow immediately.

(ii) Tt is trivial that | f,(¢)]1 = 1 and hence Y 7 \ s" f,(¢) is integrable. For any
n > N it holds [9(8)"ll1 < (8)¥ Il and [ fa(t)llos < (1/27)[2(8)¥ Iy, which implies
limas—oo Y, n 8™ fn(t) converges uniformly in ¢. Its Fourier transform is obviously equal
to sN(0)N /(1 — sp(0)) and is integrable since [|1/(1 — s¢(0))|le < 1/(1 —s) < 0.

The inverse Fourier transform coincides with Y \ s" f,(t) for at least a.e. ¢. Their
continuity implies the equality for all ¢. O

LEMMA 2.3.  Assume @(0) € LP for some p € [1,00) and = [ _tf(t)dt € (0,00).
Let N = [p] + 1. Then the following hold.
(i) For all t € R, limgi_o [0 e O (sNTp(@)NT1/(1 — sp(0))d0 = w/p +
S5 R (p(0)N /(1 - (6))))db.
(ii) The function wu(t) — 25:1 fn(t) has a continuous wversion 1/2u +
(1/2m) [7 R(e™ ™ (@(O)N /(1 — ¢(0))))db.

PROOF. (i) Since Y707 .| s" fu(t) is real we have by Lemma 2.2 (ii)
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n > —1 SN+1()0(9)N+1
o Z fult / 3%(6 wl_ww))de

n=N+1 -
o) 8N+1¢(0)N+1 ) 05N+1¢(0)N+1
7/700 <COS(t0>§R:HW+SIH(t9)JHW)d0

We divide this into two integrals over [—1, 1] and [—1, 1]¢ and will prove their convergence
as s — 1—0.

Since ¢(0) # 1 for all 8 # 0, |p(0)| < 1 for all § € R, and ¢(8) = 1+ iub + 0g—o(|0])
with p > 0, it is elementary to deduce that, for some K > 0, sup,co 1y |1/(1 — s0(0))] <
K/|0| for all 6 with 0 < || < 1. Hence we have

SNH@ON | _ lil1e

sin(t6)< 1—sp(0) |~ |1—se(0)]

< Klt|

ifo<l0 <1

We quote a result from [2] (see also [5, p.62]): The measure 1j_y17(6)R(1/(1 —
5p(0)))df converges weakly to (m/p)do(df) + 1—1,1)()R(1/(1 — (0)))dd as s — 1 — 0.
Note that

$N+1§0(0)N+1 B 1 §):E]_ _ SN+IQD(0)N+1

L—sp(0)  1-sp(6) 1—5¢(0)

%Wfﬂ?zes w(0

and the absolute value of Eg:o s"p(0)™ is bounded by N + 1.
Hence we have, as s — 1 — 0,

sNHL ()N +1 . sNHL ()N +1 )
cos(t)R——————— +sin(td) F——————— | dbO
flu( N e A W)

- cos(6) (Zao(da) + 3%1_180(9)619)

[7111]

cos 7@(9)]\[“ —1 sin %LQ%NH
+%}u( R gy ST

=2 cos PO sin %M
M+/[11]< (t9)§R @(9)4‘ (t6) 1_@(9)>d0. (2.4)

A bound for 6 € [~1,1]° can be obtained by using inf g~ [1 — (6)| > 0:

N+1@(9)N+1

—ito 8 N+1 c
< f —1,1]c.
1= s0(0) < const ¢(6) or 0§ € [—1,1]

sup
s€[0,1)

€
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Hence

. N+1 Q)N—i-l » sD(Q)N—i-l
R e lfes'@()daﬁ/ 9%<e “9>d9. 2.5
/[—1,1]c ( 1 —sp(0) [—1,1]¢ 1 —(0) (25)

By (2.4) and (2.5) we have the statement of (i).

(ii) The integral in (2.5) is the sum of the cosine and the sine transform of integrable
functions and thus continuous in ¢.

The proof of (i) also reveals 1_1,1)(0)R(w(0)V /(1 — (6))) is integrable and its
cosine transform is continuous.

Set I(t) := f[—l,l] sin(t0)S(p(0)N /(1 — p(0)))dh. Note that p(0)VNT1/(1—p(0)) =
Op—0(]0]71). Hence for any ¢,¢' € R, it follows from |sin(t6) —sin(¢'6)| < [t —¢/| - |0] that
[1(t) — I(t")| < const |t — t’| and the proof of continuity of the integral appearing in (ii)
is completed. The rest of (ii) follows from

N N o
u(t) = Y falt) = lim (usu) -> s"fn(w) = lim Y7 ")
n=1 n=1 n=N+1
and Lemma 2.2 (ii). O

Intuitively u(t) is related in Lemma 2.3 (ii) to “the inverse Fourier transform” of
©(O)NFTL/(1 — () if it could be justified. When we are interested in the asymptotic
behavior as t — oo, the behavior of p(6)N+1/(1 — ¢(#)) near § = 0 is important. Since
©(0)N+1 will be shown later to be well approximated by 1 as # — 0, we here focus on
1/(1— (). By (2.2) we have a := (o(0) — 1 —iud)/—ipd = og_o(|0]%~1) and hence, if
6] is sufficiently small, 1/(1 —a) = 1+ a+ a® + -+ is convergent. We divide the both
sides by (—ipf) and obtain

11 @) —1—ipfd  (p(0) —1—ipd)*>
i) s iy s ey ) (2.6)

Although we will take advantage of the inverse Fourier transform of integrable functions,
we first use the inverse Fourier transform in the sense of distributions to foretell a couple
of leading terms in the approximation of u(t). Namely what we will prove in the sequel
can be summarized that the quantity in Lemma 2.3 (ii) is close to

1 1 [ _ 1
efzt(i

) T
1 1
- Fl
2p 1—(0)
e b O i (e(0) — 1 —ipf)?
Tt St ST (—iud)?

Note first that 1/—ipf = F((1/2u) sgn(t)) where sgn(t) = t/|¢| for t # 0 and sgn(0) = 0.
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Hence 1/2p + F~1(1/—ipf) = (1/2p)(1 + sgu(t)) = (1/2p)1(03(t) + (1/1)1(0,00) () and
this density yields the Lebesgue measure on (0, co) multiplied by 1/u, which is plausible
as the first approximation of the renewal measure.

Since the second term in the right hand side of (2.6) includes ¢(#)/6% it should
be the Fourier transform of an iterated integral of f(¢), which will be shown to be ()
defined in Section 1.

Being the square of the second term multiplied by (—iuf), the third term in the right
hand side of (2.6) should be the Fourier transform of u(r x r)’. We justify this formal
treatment in Lemmas 2.4 and 2.5.

We introduce a function v(t) = r(t) + ((t — 1)/p)1j0,1)(t). We set

1 i0
el —1 -1 ule?—1)
¥(0)=F(r—wv 9:/61‘%—@5:—, 4+ —. 2.7
0) = Fr=0)0) = [ L= o+ B (27)
The importance of v(t) lies in the fact that it has the same asymptotic behavior as r(t)
as |t| — oo and Fuv(f) has a thin tail as |#] — oo, see Lemma 2.4 (iii) below.

LEMMA 2.4.  Assume p= [~ _tf(t)dt € (0,00), a € (1,00), and M(a) < oco.

(i) The function q(t) belongs to L' N L>°, is absolutely continuous, and is monotone
nonincreasing both on (—o00,0) and on [0,00). It holds q(t) = ot 1oo([t|™%), q(0—) <
0. < g(0) = g(0-) + 1/p1, Fq(6) = (#(6) — 1)/iud for any 6+ 0, and Fq(0) = 1.

(ii) The function r(t) is convez and of the class C both on (—00,0) and on [0,00).
Moreover, it is nonnegative, bounded, and satisfies 7(0) = r(0—) + 1/p and r(t) =
Ot too(|t|' ™). For any 6 # 0, the Fourier transform Fr(0) = [~_e'r(t)dt converges
as an improper Riemann integral and equals to (Fq(0)—1)/ipd = (¢(0)—1—iub)/(—iud)?.
It satisfies Fr(0) = —1/ipd + Og—100(10]72); Fr(0) = 0g—o(|0]*72) if 1 < a < 2
Fr(0) = 0p—o(1) if a > 2.

(iii) The function v(t) is bounded and continuous on R. For any 6 # 0, the Fourier
transform Fv(0) = ffooo e (t)dt converges as an improper Riemann integral and equals
to Fr(6) —1(0) = (o(6) — 1 — pl(e” — 1))/ (=ipb)*. 1t satisfies Fo(0) = Op s (|0]2);
Fu(f) = 0g—o(|0]“72) if 1 < a < 2; Fo(f) = Og_o(1) if « > 2. Consequently, Fv(0) is
integrable.

(iv) If @ > 3/2 then r(t) € L?, v(t) € L?, and Fv(0) € L' N L% For allt € R it
holds

v(t) = %/ e~ Fu(h)do.

— 00

PROOF. (i) Since [ t*f(t)dt < oo,

o0

lim A%g(A) = lim l/

1 oo
a < 1 - @ = 0.
in Am o A f(t)dt_Algn M/ t*f(t)dt =0

A

Similarly, we have lima—,_ o, A%g(A) = 0.
Let 6 # 0. Since lim| 4|« ¢(A) = 0, by integration by parts we have [~ e"q(t)dt =
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[ /i0)a(D]g> + (1/n) J§~ (e /i0) f(t)dt = —q(0)/i6 + (1/u) [5~ (e’ /i0) f(t)dt and
fo eftq(t)dt = q(0—)/i0 + (1/p) f_oo( 9t /i0) f(t)dt. The sum of these integrals yields
Fq(0) = —(q(0) — q(0-)) /i + (/) [= (e’ /i) f (t)dt = —1/iu9 + (0 )/iu9

Other statements in (i) are easily verified using fooo q(t)dt = (1/p) fo t)dt and
[0 atdt = (~1/p) [ 1t £ (1)t

(ii) On (0, 00), it holds r'(t ) = —¢(t)/pr and ¢ is monotonously nonincreasing and
continuous, so that r is convex and of the class C*. Similar result holds for (—oo,0).

By the definition we have 7(0) — r(0—) = (1/p) [*_q(s)ds = 1/p.

By integration by parts and a result in (i), we have fooo at* tuq(t)dt
JoS t*f(t)dt < co. An argument similar to the proof of (i) leads us to aA®~ 1u r(A
I to‘ luq (t)dt — 0 as A — oco. We also have lim4—, o |A|*"1r(A4) = 0.

Let 6 # 0. Since limm_,oo r(t) = 0, by integration by parts we have [ e™r(t)dt =
(™ B) (N5 -+ (1) [ i8)a(e)de = =r(0)/i8 + (1/p) [ /i) and
fi)oo Otrtydt = r(0-)/i0 + (1/p) f_oo (€' /i0)q(t)dt. The sum of these integrals
yields Fr(0) = —(r(0) — r(0-))/i0 + (1/p) [Z (e /i0)q(t)dt = —=1/ipd + Fq(0) /ind =
—1/ipd + (p(0) — 1)/(—ipd)%. It follows from |p()] < 1 that Fr(d) = —1/iuf +
Op—+00(10]72).

If 1 < o < 2 the estimate Fr() = 0g_(|0]*2) follows from (2.2) and ¢'(0) = ip. If
a > 2 we have r(t) € L', Fr() € C(R) and hence Fr(f) = Op_o(1). Other statements
can be proved immediately.

(iii) By (ii), (t) is continuous except the jump by 1/p at t = 0. The modification
in the definition of v(¢) gets rid of this jump and makes it a continuous function. Since
() = —=1/ipd+Op— 10 (|0] ), other statements are proved using Fv(0) = Fr(0) —~(6)
and (ii).

(iv) If @ > 3/2, the statements in (ii) and (iii) imply that r(¢t) € L2, v(t) € L?,
Fu(f) € L? and that va(t) := (1/27) fj‘A e~ Fy(0)df converges to v(t) in L? as
A — o0. There exists a sequence Ay — oo such that vy, (t) converges to v(t) almost

X <

everywhere. On the other hand, since Fuv(6) is integrable, lim4_,o, v4(t) converges for
all ¢ and yields a continuous function. Since v(¢) is also continuous, they coincide for all
t. O

We next relate the third term in the right side of (2.6) to the Fourier transform of
wr'(t) = r(t), as is predicted just before Lemma 2.4. Since formally »'(t) = (1/p)d(t) —
(1/p)q(t) where 6(t) is the Dirac delta at ¢ = 0, ur'(¢t) * r(¢t) should be replaced by
ri1(t) = r(t) — g*r(t). We also introduce the function w(t) that behaves in the same way
as r1(t) as |[t| — oo and has the Fourier transform with a thin tail (see Lemma 2.5 (ii)
below) as |0] — oo: w(t) = r1(t) + ((t = 1)/u)111(t) = v(t) — g *r(t).

LEMMA 2.5. Assume pu = [~ tf(t)dt € (0,00) and M(a) < oo for some a €
(1,00). Then the following statements hold.

(1) The functions q * r(t) and w(t) are bounded and continuous.

(ii) Assume 1 < a < 2. Then it holds w(t) = o0j—+o0(|t|>72%) and ri(t) =
0 oo [t2%).

(iii) Assume 3/2 < a. Then r1(t) € LN L>®, Fri(0) = (p(0) — 1 —iub)?/(—iub)3 for
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any 0 # 0, and Fr1(0) = 0.

(iv) Assume 3/2 < a. Then w(t) € L' N L>®°, Fw(d) = (p(0) — 1 —iub)?/(—iud)3 —
1/ —ipf—pu(e? — 1)/ (—ipd)? for any 6 # 0, Fw() = Og_+(]0]72), and Fw(0) €
LY N L. It holds w(t) = (1/2m) [7_ e " Fw(0)do for all t € R.

PrROOF. (i) We can prove boundedness and continuity of ¢ % r(¢) immediately
using q(t) € LY, r(t) € L®, and Young’s inequality. The statement for w(t) follows from
w(t) = v(t) — g *r(t) and Lemma 2.4 (iii).

(ii) We only prove here the tail estimate when ¢ — +oo. Since [~ g(s)ds = 1,
holds r(t) = [ _(r(t) — r(t — s))q(s)ds. We divide this integral into four parts and
denote each of them by I; (i € {1,2,3,4}) so that

—t/2 t/2 3t/2
t):(/ +/ / / ) Y—r(t—29)q(s)ds =11 + Is + I35 + 1.
e —t/2 3t/2

By Lemma 2.4 (i), |1] < otﬁioo(|t\1_a)f__;{2q(s)ds = oixoo(t|t7r(—1/2)) =

01— 400 ([t]?72%) and similarly |I4] < 04— 400 ([t} 797(3t/2)) = 01— 100 ([t]*72%). We have
[r(t) — r(uw)] < |qt/2)| |t — ul/p = 01— roo(|t]¥)|t — u| for any u € [t/2,3t/2] by con-
vexity of r(u). Therefore |Is| < 0;— 100 (|t| j;_t/Q |s|q(s)ds = 04— +o0 ([t|*72%). Finally,

|I3] < r(t f3/t2/2 q(s)ds + q(t/2) f3t/2 t — s)ds = 04— +oo([t]*72%). The proof of the rest
of (ii) can be done similarly.

(iii) If 3/2 < «, the estimates in (ii) and the (forthcoming) Remark 2.1 imply
ri(t) € L' N L. Since ¢(t) € L' and 7(t) € L? we have F(q xr) = (Fq)(Fr) a.e
by [7, p.122]. Hence F(r1)(0) = (1 — Fq(0))Fr(0) = (1 — Fq(0))(Fq(0) — 1)/ (ind) =
(p(0) — 1 —iud)?/(—iud)3 for a.e. 6 # 0. By continuity the equality holds for all § # 0.

(iv) The difference between w(t) and 71(¢) is a bounded function supported on a
compact set and hence w(t) € L' N L*. By (2.7) we have Fw(6) = Fri(0) — ~v(0). It is
easily shown that Fry(0) = —1/iuf+Op_ 1 (|0]72) and y(0) = —1/iud+Op— 10 (10| 72)
by the proof of Lemma 4 (iii), which yields Fw(#) = Op_+o0(|0|72). Since Fw(f) is
bounded, it is also integrable. Hence its inverse transform coincides with w(t). O

REMARK 2.1. In the proof of Lemma 2a in Carlsson [1], it is assumed that o > 2
and hence the tail estimate in Lemma 2.5 (ii) is modified. Indeed, since [¢|g(¢) is integrable
it holds r(t) € L, ¢+ r(t) € L', and fj/t§2 [s|g(s)ds = O _+o0(1), which is greater than
[t|2=. Consequently one has Iy = 0y 400 (|t|™®) in [1] s0 that 71(t) = 0s 100 (|t| ) if
a > 2.

3. Proof of the main theorem.

We recall the three terms appearing in the right hand side of (2.6) and will ap-
proximate them by the functions e=%" /—ipuf, Fv(6), and Fw(0) respectively that behave
similarly to the original ones as |§] — 0, have thin tails as |#] — oo, and admit the inverse
Fourier transform. By a formula in Oberhettinger [8, p. 126] we have
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L pre(e/2) = 2 /OO sin(t0) e dp = Tpfemi - do, (3.1)
— = — n — = — .
20 ' 2w ,u9€ 21 J_ o © —iud

— 00

where Erf(z) = (2/y/7) [ e~t*dt for z € R. Subtracting the both sides of (3.1) from the
result of Lemma 2.3 (ii) we have

u() — L) ﬁ:fn(t) _ L[ &e(ﬂ“’(‘p(a)NH e’ >>d9. (3.2)

2u 27 J_o 1—¢(0) —iub
We set

1+ Erf(t/2)

up(t) = u(t) — 2

HMZ
|
[
=
>
=
IS
=
=
=
—~
w
w0
&

If o > 3/2 it follows from (3.2), Lemma 2.4 (iv), and Lemma 2.5 (iv) that

ui(t) = % [ Z 8‘%(6“9<1’0(—0);V(; - :ZG ~ Fu(f) - fw(9)>>d9. (3.4)

We define a function ¥y (0) by

pONT e
1—¢(0) —iub

for 0 # 0 and ¥1(0) = =N — 1 + 2v(0).

U, (0) = — Fo(0) — Fw(6) (3.5)

LEMMA 3.1. Let3/2<a <2, M(a) < oo, and 0 <e < 1/2.
(i) For 6 =0, U(0) is differentiable and satisfies

_ (0 —1—w9 - e -1
Wy (0) = (1 — 0(0))(—ipb)? kZ:oSO Tuﬁ +27(0). (3.6)

U(0) is continuous on R. It holds (p(0) — 1 —iud)3/(1 —@(0))(—iub)?

00— ([0154).

(ii) Uy(0) is integrable on R and satisfies limg_, 4 o0 ¥U1(0) = 0.

(iii) 1t holds (d/d0)(x(0) — 1 —ipd)*/(1 — (0))(=iub)* = 0p—o(|0]°*). On {0 # 0},
U (0) is integrable, continuous and satisfies limgp_, 1o U4 (0) = 0.

(iv) Ase—+0, [, ). [W1(0) — (0 +¢)|do = 0c—yo(e*71).

(v) Ase — +0, f{25<\9|<1} [W1(0) — P10 + £)[df = 0-—s0(e*1).

PRrROOF. (i) Since Fv = Fr—- and Fw = Fr; —+, (3.6) can be derived from (3.5),
Lemma 2.4 (ii), and Lemma 2.5 (iii) by elementary manipulations. Other statements are
proved easily using (2.2) and v(0) = —1/iuf + u(e® — 1)/(—iud)?2.



Fractional order estimates for renewal density 41

(ii) The integrability of ¥;(#) on [—1,1] follows from (i). Since V! € L' it
follows from limg_.+o0 ¢(0) = 0 and infjg>1 |1 — ¢(6)] > 0 that ¢(8)V /(1 — ¢(0)) has
a vanishing tail and is integrable on [—1,1]°. Other terms in (3.5) also have vanishing
tails and are integrable on [—1,1]¢ by Lemmas 2.4 (iii) and 2.5 (iv).

(iii) We can verify the first estimate in (iii) using Lemma 2.1 and

d (p(0) —1—iub)®  (0(0) —1—iub)*(¢'(0) —in)

df (1 — p(0))(—ipd)? (1 — (0))(—iud)3
(p(0) =1 —iuf)*"(0) _, (p(0) —1—iub)?®
TRy T R e () [ T

Continuity of ¥}(8) on {# # 0} follows from (3.6), (3.7), (2.3), and smoothness of
(e=%" —1)/—iud and y(8). Since ]3>~ is locally integrable and — Y r_, p(6)F — (e~ —
1)/—ipuf + 2v(0) is continuously differentiable, ¥ (6) is locally integrable. To prove the
integrability on [—1,1]¢ of ¥/ (6) we note that the second term e~ /—iuf in (3.5) has
the derivative that is integrable on [—1, 1]°. The derivative of the first term in (3.5) is

d oM (N+1)e@)Y'(0) | e(O)N ' (6)
o 1 — o(6) 1—(0) (1—=(0)

By inflg>1 [1 = ¢(0)] > 0, [(d/d0)(p(0)N*! /(1 — ¢(0)))| < const |(0)|™ if 6] > 1. Since
0(0) € LP N L>® and N > p, we have p(0)Y € L' and (d/df)(o(0)N /(1 — »(0))) is
integrable on [—1, 1]°.

Recall that Fv(0) = (¢(0) — 1 — u(e®® —1))/(—ipd)?. By differentiation we have

(3.8)

(.7-"11)’(9) — 90/(9) — iueie _ 290(9) -1- /’[’(em — 1) ] (39)

(—ipf)? (—ip)?6°

It is easy to deduce that (Fv)'(0) = Op_1+00(|0]72) and, in a similar manner, that
(Fw)'(0) = Op—+00(|0]72). Hence (Fv)'(0) and (Fw)'(6) are integrable on [—1,1]°.

It remains to prove limg_, 1o W4 (0) = 0. Since ¢'(0) = [ e™*it f(t)dt, we have
limg_, 100 ¢’'(#) = 0 by the Riemann-Lebesgue theorem. Hence limg_,4 . ¥i(0) = 0
follows from (3.5), (3.8), and |(Fv)'(0)] + [(Fw)'(0)] = Og—+00(]0]72).

(iv) We derivate each term in (3.5), take the difference between 6 and 6 + ¢, and
integrate over [—1, 1]°. For ¢ € (0,1/2) and a function g(0), let A.g(0) = g(0) — g(6 +¢).

It is easy to deduce from (3.9) and (2.3) that sup s> 6| A (Fv)'(0)] = 0—10(e* ™),
which implies f[—l,l]“ AL (Fv)'(0)|dO = 0. 1o(*~1). A similar estimate holds for (Fw)’.
The estimate concerning (d/d@)(e*OQ/fiuﬁ) is immediate: |A5(d/d0)(e*02/7iu0)| <
const |0 exp(—(|0] — 1/2)?)e for any € € (0,1/2) and @ with |#| > 1. Its integral over
[—1,1]¢ is O.— 19(¢) and hence 0., 1o(e*71).

We now have to obtain an estimate concerning the quantity in (3.8). We introduce
some notations for the difference between 6 and 6+¢ of the first term (with N+1 deleted)
in the right hand side of (3.8):
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POV (8)
S0
w(a)N (0 +¢) / !
"0 T ALY (0) + WA#(G)N + o0 +e)N' (6 + 5)A51_7(p(9)

OoN 1(9 ) + @1,2(9,5) + @173(9,6).

Set A = supg>1/2 [1/(1 = ¢(0))]. By (2.3),

[ ma@o<a( [ @) s A0 = ool
[71’1](; [71’1]c |0‘21

Note that ®1(0,¢) = ¢/(0+)Acp(0)/(1 — 9(0) L1 9(0)*(0 + &)V 1* and

|Ap(0)] < [|¢]|ooe- Since p(f) € LPNL*>® and p < [p] < N — 1 we have p(0) € LN !
and [|p(0)* (0 +&)N"1F||; < |l@||N "] by the Holder inequality. Now it is easy to obtain

/[ (120,10 < AL N A

It is straightforward to obtain f[71 1e |®1.3(0,€)|d < ||V 1 ]|¢" |2 A%.

Since € = 0., 1o(¢*"1), we have established

In a similar manner, we can verify the estimate concerning the second term in the
right hand side of (3.8):

/[Ll]c

Now the proof of (iv) is completed.
(v) Let a,b € R. We denote by 6g_0(|0]|%c?) a function g(6,¢) with two variables
defined for € € (0,1/2) and 0 with 2¢ < |#] < 1 such that

A PO (6)

€ (1— 90(9))2 df = 08—>+0(€a_1)'

l9(0,¢)|
sup — = 00—0(1).
cco,l6l/2) 019"

The function g(f,¢) may vary each time 6p_0(|0|%c?) appears. We will take advantage
of the fact that for any g(6,¢) = d9_0(|0]%?), Ji2e<jo<1y 19(0,2)1 0 = 0c—1o(ettath) if
a< —1; f{28<|9‘<1} 19(0,¢)|df = 0. 1o(b log(1/e)) if a = —1; f{2s<|9‘<1} lg(0,¢)|dO =
Oc_io0(eb) if a > —1.

We define 4o (|0+¢|%?) similarly. Since 1/2 < |0 +¢|/|0| < 3/2 for any € € (0,1/2)
and any 6 with 2¢ < |f] < 1, we have similar estimates for f{2€<‘9|<1} lg(0,¢)| do if
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g(0,¢) = 6p—0(|0 + £|?e?). )
We denote by d._10(]0|%") and O(]0]?€®) a function g(#,¢) with two variables
defined for € € (0,1/2) and 6 with 2¢ < |f| < 1 such that

sup M:%HJA)(I) and  sup sup l9(6,2)

loleze,1) |0]%€° c€(0,1/2) 0]e(2e,1) 10]7€”

< 00,

respectively. The function g(6,¢) may vary from place to place.
We rely on (3.6) to obtain a bound of [A. W} (0)] that is valid for 2e <[] < 1.
Since v(f) is smooth we have |[A.4'(0)] = O(g). A similar bound holds for
(6’92 —1)/—iud. As for ZQLO ©(0)*, we have

N
Ao S ko0 0)) = emsnle)
k=0

by (2.3). Since we easily obtain f{28<‘9|<1} |0(e)]d8 = O._, 10(e) < 0csio(e* 1) and
f{2€<‘9|<1} |6c—10(e¥71)|dO = 0. 0(e2 1), these terms are harmless in the proof of (v).
We introduce some notations for the difference between 6 and 6 + ¢ of the first

term (with a coeflicient deleted) in the right hand side of (3.7):

A (2(0) = 1 —iub)*(¢'(0) — i)

=0y1(0,6) + Da2(0,6) + Pa3(0,6) +P2a(f,e) (3.10)

T a0
with
b0~ EO AP0y (1)
Bya(0,c) = PO =1 —(;/f);)gw’(@) — i) A€<1 _L(e))’
B2(0.2) = AL ((60) — 1~ i),
Bya(0,e) = COTD L OF N\ (i) — i,

(1—=p(@+¢))(0+¢e)
By Lemma 2.1 and A.(1/6%) = O(|6]%¢)/63(0 + )® = O(|0]~*¢), we have
|©2,1(6, )| = 050 (10**)0o—0(16]~1)O(16]1)O(10]~*¢) = Go—0(|0]** ).

If & € (3/2,5/3), we have 3o — 6 < —1, 3o — 4 > a— 1, and

/ 69—0(161** )8 = 00— 40(£% ) < 0o 4o ).
{2e<|0|<1}
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Otherwise, we have « € [5/3,2), 3 — 6 € [—1,0), and

/ 69—0(10°*°2)dB = 0o 4o(c log(1/)) < 0eryo(c®).
{2e<0|<1}

Hence f{25<‘9|<1} |P21(0,€)|d0 = 0c—,10(e*71).

Since A.(1/(1 — ¢(0))) = O(|8]~2¢) the argument concerning @5 5(6, ) is similar.
Note that

A(p(0) = 1 —ipb)”

= ((p(0) =1 —ipd) + (p(0 +¢) =1 —iu(0 +¢)))(p(0) — p(0 + ) + iue)

and

O+e
o(8) — (0 + ) +ine = / ((0) — ' (2))dz
0+¢ B
- /9 0o (jz|* )z = O(l6]*¢)

since 1/2 < [0+ ¢|/]6] < 3/2. Combining these estimates we have

|@2,3(0,€)| = Go—0 (0] )OO + | ~)O(|0]* + 10 + £|*)O (10> '¢)
= Gg—o(|0]** %)

and its integral over {2 < |0 < 1} is 0. yo(e*71).

It follows from A.¢'(0) = 6. 10(e*71) that [®94(0,€)] = 6.40(]0]2* 2e271).
Since 2o — 4 > —1, f{25<|0‘<1} |©5.4(0,€)]d0 = 0. 10(c® 1) and hence the integral of
(3.10) over {2e < |0 < 1} is 0c—40(e*71).

Although we omit the proof, we can obtain similar estimates corresponding to other
two terms in the right hand side of (3.7). Combining these estimates we have

/{2a<|0|<1}

and the proof of (v) is completed. O

d (p(0) =1 —iub)* | am
B3 (1~ ooy | = o)

PROOF OF THEOREM 1.1. Recall N = [p] + 1. By (3.3) we have, if |t| > 1,

N

ult) - il[o,oo)(t) =S ) = () — () = i (1) + i(Erf@m ~ sen(t))

n=1

and Erf(t/2) — sgn(t) = oi—+oo([t| ™). Hence (1.1) is reduced to the estimate wu;(t) =
Ot—too([t[ 7).
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Using (3.4), U1(—6) = ¥4(0), and Lemma 3.1 (ii) we have

1
2

1 oo

> e 0w, (9)do. (3.11)

up(t) =

/OO R(e "W, (0))do =

Integrating by parts we have, by Lemma 3.1 (i)—(iii),

2mituy (t) = / e 00 (0)d6.

We set ¢ = n/[t|. Since [T e "W (0)d0 = [>T e IV (0 + e)d) =
— f e~ (0 + €)df, the sum of the leftmost and the rightmost sides yields
drvitun (f) = / =10 (6) — W', (0 + 2))db. (3.12)

By Lemma 3.1 (iv) and (v),

rtua(®)] < [ 1940) - w40+ o)lao

— 00

_ / W (8) — W, (0 + )|d0 + 0o so (e )
{l0|1<2¢e}
< 2/ W (0)[d6 + 0o 0(7 ).
{16|<3e}

Since — Zszo 0(0)F — (e 1)/—ipf 4+ 2v(0) is continuously differentiable, we have
|W(0)] = 0p—0(|0]°*75) + Oaﬁo( ) by Lemma 3.1 (iii). If « € (3/2,2) we have o — 1 <
3a — 4 and f{|9\é3€} |1 (0)|dI = 0ci0(e37%) + O io(e) < 0cro(e®7h). Finally

[tur ()] = 0c—10(e%71) = 04— 100 (|t|1 ™) and the proof is completed. O

SKETCH OF PROOF OF THEOREM 1.2. Recall N = [p] + |a]. Set

ug(t) = U(t) Lt Erf t/2 Z fn - U (t)

It Jt] > 1,

HMZ

—r(t) = ua(t) + E(Erf(t/Q) — sgn(t)).

By Remark 2.1 and Erf(¢/2) — sgn(t) = 0;—100([t|”*), we can reduce (1.2) to the
estimate uz(t) = 0t 100 ([t|7%).
We define a function ¥4 () by
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2
(P(Q)NJrl 676
= - — Fv(0) — Fw(b 3.13
2O~ g~ )~ Fulh) (313)
for 6 # 0 and ¥5(0) = =N — 1 + 2v(0).
By the same argument in the proof of Lemma 3.1 (i) we have, for § # 0,

Uy (0)

. N _p2
\112(9) _ (90(9) -1- 2/149)3 Z Lp(a)k _ 697_1 + 27(0)

(e indF 2 i
LT & e —1
= (*W)QT@ - ]CZ:;)QO(@IC =T +2v(0) (3.14)

since it holds (1 — ¢(0))/0 = (—ip)Fq(0) and (p(0) — 1 — iub) /6% = (—ip)?Fr(0) for
0 # 0 as is seen in Lemma 2.4 (i) and (ii).
We can prove Us(0) is integrable and

us(t) = — / h e 00, (0)do (3.15)

in a manner similar to the proofs of Lemma 3.1 (ii) and (3.11).
We now introduce the notation m := |a] > 2 and 3 := aa—m € [0,1). By [10,
pp- 333-334], it holds
©(0) is of class C™(R),
Fq(0) is of class C™L(R) N C™(R\ {0}),
(Fq)"™ () = 0p—o(I6] ),
Fr(0) is of class C"2(R) N C™ (R \ {0}),
(Fr)m=D(60) = 090 (16] 1),
(Fr)™(6) = 090 (16]2).
Now it is straightforward to verify that U,(6) is of class C™(R) using (3.14) and the
Leibniz rule. As a consequence \Ilék) (0) is integrable on [—1,1] for k € {1,...,m}. We

next derive the integrability on [—1,1]¢ from (3.13). By (2.1) and inf|g>1 [1 — ©(6)] > 0
we have

1k o(g)N+1 N
L AV +1-k
ok 1 ) const |p(6)]

for any § € [—-1,1]° and any k € {1,...,m}. By its definition, N > p + m and hence
lp(@)|N =% ¢ L}(R). By Lemma 2.4 (iii) and Lemma 2.5 (iv) we easily deduce that
[(Fv) B ()] + [(Fw)®)(0)| = Op—100(]0]72) for any k € {1,...,m}. Now it is an easy
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conclusion that \I/gk)(e) is integrable on [—1,1]¢ and limgp_, 4+ \Ilék)(ﬁ) =0 for any k €
{1,...,m}. Hence by the integration by parts of (3.15),

27 (it) Mua (t) = / e~ 0w ™ (0)dp.

We now complete the proof for the case § = 0: By the Riemann-Lebesgue theorem we
have t™us(t) = 0;—+00(1) and this is equivalent with us(t) = 04— 100 (|t]%).

We continue the proof for the case 0 < § < 1. Recall the notation A.g(f) =
g(0) — g(0 +¢) for € € (0,1/2) and a function g(#). The estimate

sup |A5<p(m)(9)’ = 0€_>+0(€ﬁ)
OeR

oo

can be verified by using ¢(™ () = [75€?timi™ f(t)dt and the method of proof of (2.3).
We set € = /|t| for t with |¢t| > 27. By the same argument for (3.12) we have

4 (it) s () = / 10 AW L™ (6)df. (3.16)

Since a = m+ 3, (1.2) is reduced to the estimate [ IAT™ (6)|d6 = 0.4 0(cP). The
estimate

/ IA U™ (6)|d0 < / 200™ (0)]d0 = O 10(¢) < 0eso(eP)
{lo]<2¢} {I61<3e}
follows from ¥y(0) € C™(R).

We can obtain the estimate f[71,1]c \Aelllgm)(éﬂdﬂ = 0._.40(”) by the same argu-
ment as the proof of Lemma 3.1 (iv) using (3.13) and the following estimates that can
be obtained in an elementary way:

1 dm ‘P(Q)N+1 5

sup . = 0c10(€7),

o TR+ (@ 1 7T | a6 1 — o(0) +0(&)

50 (8D ™0+ 18P0 ™) = o).
c|—1,1j¢

We proceed to the estimate of integral over {2¢ < |8] < 1}. By inspecting more
carefully than [10, pp. 333-334] we have

(Fq)'™(0)] = 0g—0(10] "),
|(Fr)T=1(8)] = 0g—o(16]7F7),
(Fr)™(9)] = 0p—0(10]7**7).
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It is elementary and tedious to deduce the estimates

Ac(Fg) =D (0)] Hoe)

%),

0c—+0(|0]” < 0e—yo(e
o—0(e”16]71),
ct0(10]7 ) < 6. yo(7),

e—to(0]7* ),

e—+0(e’10]7%),

A (Fq)™ (9)]

Il
Oz

I
je}}

AFN ™D (0)]

(©)
(©)
Ac(Fr)m =2 (0)]
(©)
(©)

AFD™(0)]

that are valid when e € (0,1/2) and 2¢ < |f| < 1. Among many terms that appear in
the mth derivative of (3.14) we investigate here the term 62(Fr)(™)(0)x(#) where x()
is a continuous function that satisfies A.x(0) = 6. 1o(¢?). The difference of this term
is estimated as follows using 1/2 < |6 +¢|/|0] < 3/2:

AL (0*(Fr) ™ (0)x(9))
= A (6%)(Fr)™(0)x(0) + (0 +&)* A ((Fr) "™ (8))x(6)
+ (04 )2 (Fr) "™ (0 + ) Ac(x(6))
= 0ero([0]7117€) + 6cro(€7) + G0 (10]7€7)

= 55_>+0 (56)

By similar investigation we can deduce that Aa\Ilém)(G) = 6._40(¢?) and hence

(1]
(2]

[3]
(4]

(7]
(8]

(9]

/ AW (0)]d6 = 6o 10(<P). 0
{2e<]0]<1}
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