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Abstract. We study the distributions of the random Dirichlet series
with parameters (s, 3) defined by

>, T
— in
s_n;ns,

where (I5,) is a sequence of independent Bernoulli random variables, I, taking
value 1 with probability 1/n® and value 0 otherwise. Random series of this
type are motivated by the record indicator sequences which have been studied
in extreme value theory in statistics. We show that when s > 0and 0 < 8 <1
with s + 8 > 1 the distribution of S has a density; otherwise it is purely
atomic or not defined because of divergence. In particular, in the case when
s > 0 and 8 = 1, we prove that for every 0 < s < 1 the density is bounded
and continuous, whereas for every s > 1 it is unbounded. In the case when
s >0and 0 < B < 1 with s+ 8 > 1, the density is smooth. To show the
absolute continuity, we obtain estimates of the Fourier transforms, employing
van der Corput’s method to deal with number-theoretic problems. We also
give further regularity results of the densities, and present an example of a
non-atomic singular distribution which is induced by the series restricted to
the primes.

1. Introduction.

The purpose of this paper is to analyse a class of probability distributions defined by
an infinite series of the following type: Let I, I5, . .. be a sequence of independent random
variables I,, taking values 0 or 1 with P(I,, = 1) = 1/n. Define a random series by

S, = Z:l % (1)

Note that the series converges almost surely since its expectation is finite, and its distri-
bution has the support [1,00). A central question we consider is whether this distribution
has a density or not. We show this distribution does have a density, but leave open the
questions of whether this density is bounded, or continuous.

This distribution arises from the study of records in statistics. Let Uy, Us,... be
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a sequence of independent uniform [0,1] variables, and let Iy, I5,... be the associated
sequence of record indicators:

I,:=1U, >U; forall 1 <j<n) (2)

meaning that I,, = 1 if U,, exceeds all previous values, and I,, = 0 otherwise. Rényi
[Rén] showed that the record indicators are independent with P(I,, = 1) = 1/n for all
n > 1. Related properties of the record indicator sequence and its partial sums, counting
numbers of records, have been extensively studied. See e.g. the monographs of Arnold
et al. [ABN], and Nevzorov [Nev]. See also [Pit, Chapter 3] for related topics and
references therein. We show in Theorem 2.1 that the conditional expectation of U; given
Il, IQ, ... 18

o I
E )= -2
ot foc ] =TT (1 2) 3
n=2
In this setting, the random series (1) approximates the logarithm of (3).
From the viewpoint of the study of random series, it is natural to parameterize the

series (1) as follows: For s > 0, let

S = Z%, (4)

n=1

0.8 r T T T T T T T 14 rr
0.7 1.2

0.6

0.5
0.4
0.3

02
0.1 02

35
30
25
20

15

\
\“ il | JKN " '
W\M K\V\\N’V Ju\ K QN\I\\“\\‘ 0 M\J\AM \\A LWM\\‘\% \H\\!\R\’\’} \"-\/\J«,J'L\\*‘/\\JM -

1 12 14 16 18 2 2.2 0.95 1 105 11 115 1.2 125 13 135 14 145

s=14 s=2.2

o

-
5

Figure 1. Simulation approximations to the densities of S := 3" I,,/n* (I, = 1 with proba-
bility 1/n and 0 otherwise) for s = 0.6,1.0,1.4 and 2.2, where N = 10*, the number of samples
is 10° and the bin size is 1073,
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where I, I5, ... is a sequence of independent random variables I,, with values 0 or 1 with
probability 1 — 1/n” or 1/n®, respectively, with 3 a positive parameter. The series
converges almost surely if s + 3 > 1, and diverges almost surely if s + 5 < 1 by
Kolmogorov’s three-series theorem [Dur, Theorem 2.5.4]. We recover (1) when s =1
and § = 1. Let u be the distribution of S defined by (4). Jessen and Wintner showed
that every convergent infinite convolution of discrete measures is of pure type: it is
either atomic singular (purely discontinuous), non-atomic singular (continuous singular),
or absolutely continuous with respect to Lebesgue measure [JW]. We observe that if
08 > 1, then the sequence (I,,) consists of only finitely many ones almost surely, hence
is atomic singular, and in fact, it is supported on the countable set of all possible values
of the finite sums > e, /n°, where ¢, is 0 or 1.

THEOREM 1.1. Let s >0 and 0 <3< 1 with s+ 3> 1.

(1) For B =1, the distribution u is absolutely continuous with respect to Lebesgue mea-
sure for all s > 0. For every 0 < s < 1, the distribution p has a bounded continuous
density, whereas for every s > 1, it has an unbounded density. Moreover, for each
s > 0 the Fourier transform i of i has the following property: for every small enough
€ > 0 there exists a constant C. s > 0 such that for all real t,

()] < Ceslt| Mot ()

(2) For 0 < B < 1, for every s > 1 — 3, the distribution u has a smooth density.
Moreover, there exist constants Cgs > 0 and T > 0 such that for all real t with
t|>T,

(1) < exp (= Cp st 7/ HD).

In Section 3 and Section 4, we prove this theorem; see Theorem 3.1, Theorem 4.1
and Theorem 4.2. In part 1 of Theorem 1.1, we observe a transition of boundedness of
the densities on the line 8 =1 at s = 1. This leaves open questions about the density in
the critical case when 8 =1 and s = 1, which we present in Section 6. Figure 1 displays
the densities of y for § = 1 with several values of s.

Random series have been studied in various contexts. If one considers the random
harmonic series >~ £1/n, where the signs are chosen independently with equal proba-
bility, then one can show that the distribution has a smooth density [Sch]. In the context
of random functions, the random series Y~ | £1/n® is called a random Dirichlet series
and has been studied mainly by focusing on its analytic properties (e.g., [BM] and ref-
erences therein). In most cases, however, it is assumed that the random signs or the
random coefficients are independent identically distributed or satisfy certain uniformity.
The random Dirichlet series with coefficients I, as in (4) has not been extensively studied
yet. The random Dirichlet series (4) can also be compared with the random geometric
series > -, A", where the signs are chosen independently with equal probability and
A is a parameter between 0 and 1. This distribution has been studied under the name
of Bernoulli convolutions, and its absolute continuity /singularity problem has attracted
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a lot of attention. See the expository article by Peres, Schlag and Solomyak [PSS] and
recent notable progress by Hochman [H] and by Shmerkin [Shm].

Let us show further regularity results of the densities of p. The following is an
implication of the decay of the Fourier transform in the case when 0 < s <2 and 3 = 1.

COROLLARY 1.2. Let s > 0 and 8 = 1. For an integer r > 0 and for every
0<s<1/(r+1), the distribution p has a density in C”, and for every 1 < s < 2, it has
a density in L7 for every 1 < ¢ < s/(s —1), where s/(s — 1) = oo when s = 1.

Let us mention another implication of the decay of the Fourier transform for 0 <
s <2 and B = 1. The fractional derivatives are expressed in terms of the (2,7)-Sobolev

space L2, where the norm is defined by [|ull5 , = S5 |a(t)[?[¢[*7dt. Finiteness of ||u[2,
for some positive v > 0, implies that p has y-fractional derivatives in L2. The following

is an immediate consequence of part 1 of Theorem 1.1.

COROLLARY 1.3.  Suppose that 0 < s <2 and f =1. For every0 <y < 1/s—1/2,
the density of 1 has y-fractional derivatives in L2.

In the proof of Theorem 1.1, we require an estimate of exponential sums by Weyl
and van der Corput ([GK], [KN]) to bound the Fourier transform of the distribution .
In the cases when 0 < s <2 and 8 =1, and when s >0and 0 < 8 < 1 with s+ (3 > 1,
respectively, the decay of the Fourier transform suffices to conclude that the distribution
4 has a density, since fi is in L? in these parameter sets, and further regularity results
also follow from these estimates. In the case when s > 2 and 8 = 1, however, the absolute
continuity of the distribution p does not follow directly from the estimate of the Fourier
transform (5) in part 1 of Theorem 1.1. In Section 4, we show that u is absolutely
continuous for all s > 0 and 8 = 1, employing a conditioning argument combined with
van der Corput’s method. We remark that the method which we use there does not yield
further regularity of the densities for s > 2 and 8 = 1 unlike the case for 0 < s < 2 and
B = 1. For the sharpness of the estimate of the Fourier transform for 0 < s < 2 and
6 =1, see Remark 4.3.

To summarize the results, for (s, 3) with s+ 3 > 1, the distribution u of (4) is always
absolutely continuous except for the trivial case when 3 > 1.

We present one more result which provides a non-atomic singular distribution, re-
stricting to the prime numbers sequence: Consider an independent sequence (I,) with
value 0 or 1 with probability 1 — 1/p or 1/p, respectively, and the following random
series:

L
Sprimes = Z ZTZ?

where the summation runs over all primes p and s > 0 is a fixed parameter. Notice again
that Sprimes is finite almost surely.

THEOREM 1.4.  For every s > 0, the distribution it of Sprimes 5 non-atomic sin-
gular.
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Erdds proved that the asymptotic distribution of the additive function f,, = > 1/p®,
where the summation runs over all prime divisors of n is non-atomic singular [Erd]. The
proof of Theorem 1.4 uses essentially the same method as Erdés’.

The organisation of this paper is as follows: In Section 2, we discuss the record indi-
cator and the background, and then obtain the formula for the conditional expectation
(3) in Theorem 2.1. In Section 3, we show a part of Theorem 1.1 concerning the estimate
of the Fourier transform in Theorem 3.1 and deduce Corollary 1.2. In Section 4, we prove
the absolute continuity of the distribution u for all s > 0 and 8 = 1 in Theorem 4.1, and
the unboundedness of the densities for all s > 1 and 8 = 1 in Theorem 4.2. Then we
complete the proof of Theorem 1.1. In Section 5, we prove Theorem 1.4. In Section 6,
we discuss the boundedness of the density at the critical case when s =1 and 6 = 1, and
present some open problems.

NoOTATION 1.5. Throughout this article, we use ¢, C, ¢y, ca, ..., to denote absolute
constants whose exact values may change from line to line, and also use them with
subscripts, for instance, C. to specify its dependence only on €. For functions f and g,
we write f < g if there exist some absolute constants ¢1, co > 0 such that c19 < f < cag.

2. Records and probabilistic motivations.

We start with the following question about the sequence of record indicators Iy, I, . ..
derived from independent uniform [0, 1] variables Uy, Ua, ... as in (2). How much infor-
mation does the sequence of record indicators reveal about the value of U;? The answer,
provided below, may be compared with the answer to the corresponding question if
(I1, Iz, ...) is replaced by (X1,Xs,...) where X,, := (U, < U;y). In this case, U is
recovered from (X3, Xs,...) with probability one as the almost sure limit of S,/n as
n — oo, where S, := >"7'_| X} is the number of ones in the first n places. For the record
indicators (I1, I3, ...), the value Uy cannot be fully recovered from the record indicators
(I1,Is,...). More precisely, we establish the following theorem:

THEOREM 2.1.  Let Vo := E[U;|I1, I2,...]. Then
(o0}
I
Voo = 1——=).
S IL(-3)
n=2
Moreover,

— cos(v/57/2)

EV2Z = = 0.29667513474359 - - - <

Since
E(Uy — Vio)? = E(U}) —E(VZ) > 0

the difference between EV2 and EU? reflects the fact that U; is not a measurable function
of all the record indicators (I, Is,...). The Jessen—Wintner law of pure types implies
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that the distribution of the infinite product V,, is either singular, or absolutely continuous
with respect to Lebesgue measure [JW]. Define a random series by taking the logarithm
and the positive sign:

Seo i = —logVy = —Zlog (1 — %)
n=2

Since —log(1 —I,,/n) =< I,,/n, one can expect that the above sum is approximated by S,
in (1). Actually, the following holds in the same way as in the case of S,,.

THEOREM 2.2.  Let puso be the distribution of Soo. Then pso has a density in L? for
every 1 < q < co. In particular, the distribution of Voo = E[U1|11, I2,...] is absolutely
continuous with respect to Lebesgue measure.

We prove Theorem 2.2 at the end of Section 3 as a consequence of more general facts.
In this section we establish Theorem 2.1. First, we obtain the conditional distribution
of Uy given the record indicators (I1, I, ...). We denote by beta(a,b) for a,b > 0 the
probability distribution on [0, 1] whose density at u € (0,1) relative to length measure is

proportional to u®~1(1 — u)’~1.

THEOREM 2.3. Forn > 1, let

M, = max Uj;.
1<i<n
Then
m M,
Uy =M, [] ]\J[l (7)
=2

where the random wvariables M, and Mj,l/Mj,2 < j < n are independent, with M,
distributed beta(n, 1) and M;_1/M; distributed as a mizture with weights 1—1/j and 1/j
of a point mass at 1 and a beta(j — 1,1) distribution on (0,1).

The conditional distribution of Uy given I, ..., I, is described by (7) where given
I,..., I, the M), and M;_1/M; for 2 < j <n are conditionally independent, with

(i) Mj_1/M; =1 if and only if I; = 0,
(ii) M, distributed beta(n,1),
(iii) M;_,/M; distributed beta (j —1,1) if I; = 1.

Proor. Note that M, is distributed beta(n,1) since P(M,, < z) = P(U; < z)",
and the ratio M;_1/M; is distributed as indicated since P(M;_/M; = 1) = P(I; =
0)=1-1/j, and for x < 1, P(M;_1/M; < z) = P(M;_1 < zU;) = fol(xu)j’ldu. The
asserted joint distribution of the n factors in (7) is established by induction on n, using
My 41 = max(M,, U, 1), where U, 41 is independent of M,, and M;_,/M;,2 < j < n.
Indeed, it is enough to show that M,, and M, _,/M,, are independent and this can be
checked directly.
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It is clear by definition of I; that (i) above holds. So the I; are functions of the
independent ratios M;_1/M;, hence independent as j varies with P(I; = 1) = 1/j, as
found by Rényi [Rén|. The independence of M, and the I; for 1 < j < n is well-
known [Nev, Lemma 13.2]. Thus, given I1,...,I,, the M, and the ratios M,;_1/M;
for 2 < j < n are conditionally independent. It follows easily that the conditional
distribution of M,, and M,_1/M; given I1,...,I, is as indicated in (ii) and (iii). O

Now we prove Theorem 2.1:

PROOF OF THEOREM 2.1.  Since the mean of beta(a, b) is a/(a +b), we read from
Theorem 2.3 that

V, =R\, ...1 ﬂ (1 - ) (8)

s

By the bounded martingale convergence theorem,

Voo := E(UL |1, Iy, ...) = 1:[ (1—) (9)

Note in passing that the limiting infinite products considered here exist not only almost
surely, as guaranteed by martingale convergence, but in fact for all sequences of 0/1
values of I, I3, ..., allowing O as a possible limit. This is obvious by inspection of the
infinite products, since the partial products are non-increasing.

The mean square of V., is given by

E(v;)zﬁ(1—1.+1.(1—1.)2). (10)

s joJ J

The j-th factor in (10) is

11 1N G-+
() -
_ U j:”«j SOG4 (12)

- (T)Q(T)Q(” ogee) W

There is some telescoping of the product, with the simplification



1712 R. PELED, Y. PERES, J. PITMAN and R. TANAKA

with the finite n version, using (8),

)11 1
=11l (1+ =07 )

which increases to its limit as n increases.
To prove the formula (6), we show first that the finite product in (14) can be eval-
uated as

E(V?) = 5nT(n+3/2 — V5/2)'(n+3/2 +/5/2)
(n+1)IT(7/2 = V5/2)0(7/2 + V5/2)

(15)

n

Indeed, this formula holds for n = 1, with both sides equal to 1/4, by interpreting the
empty product in (14) as 1, and using the gamma recursion I'(r + 1) = rI'(r). The proof
for general n is by induction. Assuming that (15) has been established for n, the formula
with n 4+ 1 instead of n is deduced from the identity

1 (n+1)(n?+3n+1)

n(n+2)2 n(n + 2)2 ’

1+

by using the gamma recursion to expand

2

3)2 - <\/5>2 _ D+ 14+3/2V5/2T(n+143/2+ V5/2).

= <n+2 D(n+3/2—5/2)T(n+3/2+5/2)

Euler’s reflection formula for the gamma function

71'
T =2)T() = sin(mz)
applied to z = 1/2 + = becomes
L(1/2—x)l(1/2+x) = cos(ma)’

By repeated applications of I'(r + 1) = rT'(r) this yields

™

U(7/2 = 2)0(7/2+ z) = ((1/2)* = 2*)((3/2) — 2%)((5/2)* — 2?) cos(r)

which for 2 = v/5/2 reduces to

L A e

Substituting this expression in (15) and evaluating the limit with Stirling’s formula
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T(n+47) ~ (n/e)"n"~1/2\/27 yields (6). 0

3. Estimates of Fourier transforms.

Recall that the random Dirichlet series S = >~ | I, /n® with parameters s > 0 and
B > 0 is defined by an independent sequence of Bernoulli random variables I,, taking
value 1 with probability 1/n% and 0 otherwise. We assume that s+ 3 > 1 for the almost
sure convergence. Let p be the distribution of S. Here we start with an estimate of the
Fourier transform of p,

a(t) == /000 e 2t d(x) (—o0 <t < 0).

THEOREM 3.1. Lets>0and0< 3 <1 withs+ (> 1.

(1) Let s > 0 arbitrary and = 1. Then for every small enough ¢ > 0 there exists a
constant Cc s > 0 such that for every t,

()] < Ceslt] 7154

In particular, for 0 < s < 2 the distribution p has a density in L?, and for 0 < s < 1
it has a bounded continuous density.

(2) Let s > 0 arbitrary and 0 < 8 < 1 with s + 3 > 1. Then there exist constants
Cps >0 and T > 0 such that for every [t| > T,

(1) < exp (= Cpst] 72/ FD).

In particular, the distribution p has a smooth density.

For the Fourier transform of u, we have

HOF = [ du(a)duty)
CH 22 (1 2mt
=1t 2 s —) o5r )

Since |fi(t)|? is even in ¢, it is enough to estimate for t+ > 0. To prove Theorem
3.1 (1), we will show that for every e > 0, there exists an interval I; = (a(t), b(t)] such
that the above product which is restricted to I; has the desired bound. It is realised
by taking I; as [tl/(q+2+5),t1/s], where ¢ is a large enough integer. To prove Theorem
3.1 (2), we will find an interval I; such that the above product which is restricted to I
decays sub-exponentially fast. The interval I; is chosen as [t'/(s+2) ¢1/(s+1)],

We begin with a lemma which involves an estimate of exponential sums.

LEMMA 3.2.  Fiz s > 0. For an integer ¢ > 0, suppose that f has q+ 2 continuous
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derivatives on (1,00) such that for some t > 1

t
Z‘T+‘9

110 ()] =

forr=1,...,q+4+ 2. Then we have the following:

(1) For 8 = 1, define 6 = 1/(¢+2+ s), A = 1/s, and the interval I+ =
(2l1og: £9] gllog, tAJ], There exists a constant Cyq s > 0 depending on q and s such
that

< Cyps-

3 (nlﬁ - n;) cos 27 f(n)

necly st

(2) For 0 < B < 1, define 6o = 1/(s+2), A = 1/(s+ 1), and the interval I, =

2t , 22, ere exists a constant s > epending on p and S Suc

ollogz 0] glloga t72] - T, ) Cp, 0d di B and h
that

< Oy 1A (542,

> (nlg - n;) cos 27 f (n)

nely

Here |a| denotes the integer part of a.

We employ the following theorem in [GK] to show the above Lemma 3.2. This is
the iterated version of [KN, Theorem 2.7, Chapter 1].

THEOREM 3.3 ([GK, Theorem 2.9]). Let g > 0 be an integer. Suppose that f has
q + 2 continuous derivatives on an interval I C (N,2N]. Suppose also that there is a
constant F' such that

[ (@) =< FNT", we I,

forr=1,...,q+2. Then

Z eZﬂ'if(n)

nel

< c(Fl/(4Q—2)Nl—(q+2)/(4Q—2) + F_lN),

where the n runs over integers in I in the above summation, Q = 29 and c is an absolute
constant.

PrOOF OF LEMMA 3.2. Let ¢t > 1 be the constant appearing in the order of mag-
nitude of |f")(x)|. For 0 < §, < A, consider the interval I, = (2% 7] ollog tAJ}.
Divide the interval I, as
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where
mg = [log, the], M =|logyt*],
J= (282" m, <k <M 1.
Applying Theorem 3.3 on each I C J;, = (2%, 2] with N = 2%,

t t
() - v _
FO@ = s F=

forr=1,...,q9+ 2, we have

Z e27rif(n)

nel

< 1/ (4Q=2) Ny —s/(4Q-2) N1-(a+2)/(4Q=2) | oy~ 1 Nlts, (16)

By summation by parts on each Jy,

IAFHL

Z (Tllﬁ—néﬁ)cos%rf(n): Z ay Z cos 27 f(n),

neJy 1=2F4+1 n=2F41

where a; = (1/1° — 1/1%%) — (1/(1+1)? —1/(1 +1)?), and = A y = min(z,y). Taking

I = (2%,1 A 2F+1) C (N, 2N], we have by (16) that

> (nlﬁ - niﬁ) cos 2 f (n)

neJy
< o N7P(1/(4Q=2) N1-(at2+)/(4Q=2) | =1 y1+s)

= o $1/(4Q=2) N1=B—(a42+5)/(4Q=2) | o 41 N 1+s—B

o 11/ (1Q=D) 9= k(—1+B+(a+2+5)/(4Q=2)) | o 4~ 1gk(1+5—5).

Here, note that the exponents in the two “2%5”’s are positive:

2
95275 6 when (1) =1 and ¢ >0,
q+2+s 4Q — 2
e T
ﬂ+8>0, when (2) 0 < 8 <1 and ¢ =0,

2

and 1+ s — > 0 for both cases (1) and (2).
Therefore, for every ¢t > 1, with 27« =< t~% and 2M < &,

3 (nlﬁ - n;) cos 27 f(n)

neJy

M-1
k=mg
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< ot/ (AQ=2)9=mq(—14+(a+2+5)/(4Q=2)) | (o 4—19M(1+s=F)

< CStl/(‘lQ—?)t—‘sq(—1+ﬁ+(q+2+5)/(4Q—2)) + Cgt_ltA(H_S_ﬁ), (17)

where the constant ¢z depends on ¢, 0 and s.
First, we show (1). Let 8 =1, 6, =1/(¢+ 2+ s) and A = 1/s. Then,

1 q+2+s
—_— —1 —— =
g3 -1e e+ sy =0

and —1 + A(1+ s — ) = 0. Hence, the last sum in (17) is bounded from above by some
constant C .

Next, we show (2). Let 0 < 8 < 1,90 =1/(s+2) and A =1/(s+ 1). When ¢ =0,
it follows that

1

03 >0

T s+ 2 ’

_%<_1+ﬁ+q+2+s>_l—ﬂ

1Q -2

and —14 A(1+ s — 8) = = < 0. Then we have the desired bound Cj (t1=%/(+2) [0

PROOF OF THEOREM 3.1. We apply Lemma 3.2 with f(x) = t/z°. First, we
prove (1). For all € > 0 such that e < 1/s, choose an integer ¢ satisfying that §, =
1/(g+2+s) <e. Then A -4y >1/s—¢e>0. By Lemma 3.2 (1),

< —2(A —4,) logt + C. s,

and we obtain the bound (—2/s+ 2¢)logt + C; s for every ¢ > 1; hence we have |(t)]| <
C.t71/5+ For 0 < s < 2 and ¢ < 1/s — 1/2, since i is in L?, the distribution has a
density in L? by the Plancherel theorem [Kat, Theorem 3.1, Chapter VI]. For 0 < s < 1
and € < 1/s—1, since /1 is in L', the distribution x has a bounded and continuous density
by the Fourier inversion formula.

Next, we show (2). By Lemma 3.2 (2),

2 2 1 1 27t
~ 2 § :
log|u(t)\ S <—W+W+2(nﬁ—w> COSns>

nely

2 1
§ _c _ = (1-8)/(s+2)
= np (1 nﬁ) + C'B’St '

nel

Since 8 < 1, the first term in the last line is bounded by —Cst2(1=5). Here A(1 — ) =
(1-0)/(s+1)in (0,1), and this is greater than (1 — 3)/(s + 2); hence there exists T
such that for every t > T, we have the bound —Cg7s|t|(1_ﬂ)/(s+1). Since fi decays faster
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than any polynomial, ;1 has a smooth density. O

PROOF OF COROLLARY 1.2. The decay of the Fourier transform implies that the
density of p is in C" for 0 < s < 1/(r + 1) and an integer r > 0. We note that
i is in LP? for every p > s by Theorem 3.1(1). For 1 < s < 2, by the Hausdorff~
Young inequality [Kat, Theorem 3.2, Chapter VI], the density f of p satisfies that
I £llze < 1Ifllze, for every s < p < 2, and the conjugate g of p. Therefore the density of 1
is in L9 for every 2 < ¢ < s/(s — 1). The density of y is a priori in L!; by the inequality
1l < 171G I F152° for 1< p < 7 < g < oo, where 6 = (1/r — 1/q)/(1/p — 1/q), we
see the density of y is in L? for every 1 < ¢ < s/(s — 1) as well. O

Theorem 2.2 follows from the same argument as Theorem 3.1 and Corollary 1.2.

PROOF OF THEOREM 2.2. Fix s = 1 and apply to Lemma 3.2 (1) for f(z) =
—tlog(1—1/z). Note that on [2,00), we have |f(")| < t/2"! for 0 < r < ¢+2. It follows
that the Fourier transform of the distribution ps, of S, satisfies the same estimate as
the one for y in the case when 3 =1 and s = 1 in Theorem 3.1(1). Then, as in Corollary
1.2, the distribution oo has a density in L? for all 1 < ¢ < co. Since Vo, = e, the
distribution of V., is absolutely continuous with respect to Lebesgue measure. O

4. Completion of the proof of Theorem 1.1.

We consider the case when s > 0 and § = 1, namely, S := > 7| I,,/n®, where the
I,, are independent and I, = 1 with probability 1/n and I,, = 0 otherwise.

THEOREM 4.1. For every s > 0 and 8 = 1, the distribution p of S is absolutely
continuous with respect to Lebesque measure.

PrOOF. Fix s > 0. It suffices to show that there is a sequence (A,,) of events with
P(A,,) — 1 as m — oo, such that conditioned on A,,, the distribution of S is absolutely
continuous. Indeed, this follows from the formula,

P({S € B}N4) _ P(S € B) - (1-P(4))

P(S € B|A) = A > FIA) :

since if there is a set B of Lebesgue measure 0 with P(S € B) > 0 then also P(S €
B|A) > 0 when P(A) is sufficiently close to 1.
Rewrite the series as

S=1+§im,
k=0

where Y}, is the portion of the sum taken on the k-th block (2%, 28+1] i.e.,

ok+1

Y= > %.

n=2k+4+1
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Define a sequence of independent Bernoulli random variables (M},) by setting M, = 1 if
and only if I,, = 1 for exactly one n in the k-th block. It is straightforward to check that
there exists some p > 0 such that P(My = 1) > p for all k (e.g. p = (1/2) log 2). Thus the
sequence (M}) dominates an i.i.d. sequence of Bernoulli random variables with parameter
p. We proceed to define the events A,,. Define a large constant a by a = 2/log(1/(1—-p)).
Define a sequence of events (B,;,) by

By, = U {M; = 1}.

m<k<m+|alogm]

Define A,,, = (\;>,, Bi- To check that P(A,,) — 1 as m — oo, we need only notice that
the choice of a ensures that P(Bf) < 1/1> and we have P(AS,) < 3.7°  P(Bf), where A
denotes the complement of A.

From now on fix m and condition on the entire sequence (M}y). Observe that the
random variables (Y} ) are still independent under this conditioning. For a k such that
My, = 1 the remaining randomness in Y} is exactly which n is the single n in the k-th
block for which I, = 1. This n is distributed in the block according to the probabilities
1/(zx(n — 1)), where zj is a normalising constant which tends to log2 as k grows, and
z, > log 2.

Write fips(t) for the Fourier transform of the distribution of S conditioned on a
sample sequence M = (My), and fix(¢t) for the Fourier transform of the distribution of
Y}, conditioned on M. Here we define [ip/(t) as the Fourier transform of the regular
conditional probability given M = (My). (See e.g., [B, Chapter 4.3] on the existence
of a regular conditional probability.) The Fourier transform of the distribution of S
conditioned on A4,, is given by

ST [, A OP(@) (1)

We have fin (t) = €*™ []r2, fix(t) for P-almost every sequence M = (My), and |fix(t)] <
1 for all k and t. If k is such that M = 1, then we have

2 1 it
i
1 (t) = .
/J’k( ) Z Zk(n — 1) exXp ns
n=2k41

Apply Theorem 3.3 in the case where ¢ = 0, N = 2, f(x) = t/2® and F = t/N*, then
for I C (N, 2N], we have

Z 627rif(n)

nel

< C(tl/QNfs/Q + t*l]\flJrs)7

where the constant ¢ is absolute. By summation by parts on (N,2N] as in the proof of
Lemma 3.2, using z > log 2, we have
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2N

< CN*I (t1/2N75/2 + tlelJrs)

S Ct1/22_k(s/2+1) +Ct_12ks.

Fix some o7 and o5 such that s < 01 < 09 < s+2 (e.g., 01 =s+0.1 and 02 = s+ 1.9).
Then for k such that (1/02)logyt < k < (1/01)log, t, we have

1 S s+2—o09
2log2t—k(2+l> <—Tlog2t:—5glog2t

and
—logyt 4+ ks < —(1 — 5) log, t = —6; logy ¢,
01

where §; and o are positive and depend only on s, o1 and o5. Define ¢ := min(dy,d2) > 0.
To summarize, if &k is such that My = 1 and (1/02)logyt < k < (1/01)log, t, then we
have

()] < et (19)

for every t > 1, where the constant c is absolute.

By the definition of A,,, the number of k in the interval [(1/02)log, t, (1/01) log, t]
having M}, = 1 tends to infinity as ¢ tends to infinity. Since (19) holds for all k in this
interval having M} = 1 and since there are more and more of these as t grows, we conclude
that iar(t), as a product of all jix(t), decays faster than (c[t|=°)% in ¢ for all L > 0. This
decay of jips () holds uniformly on A,, modulo P-measure null set. Therefore (18) decays
faster than polynomially in ¢. This proves that conditioned on A,,, the distribution of S
is smooth, in particular, absolutely continuous, and concludes the proof. O

THEOREM 4.2.  For every s > 1 and 8 = 1, the density of u is unbounded on every
interval in its support.

PROOF. Let Dy = {ZnN:]_ en/n® | €y =0 or 1} be the set of all possible values of
the sums up to the N-th term in the series S. Note that | Jy Dy is dense in the support
of u. For every M > N, we write the series as the sum of three independent random
variables: S = S7 + S + S3, where

N M 00
S = an/ns, Sy = Z I,/n®, and S; := Z I,/n°.
n=1

n=N+1 n=M+1

We have P(S1 = z) = ¢; > 0 for each z € Dy, and P(S; = 0) = HQ/I:NH(l —1/n) >
C/M. Since ES3 < C/M?, we have P(S3 < 2C/M?®) > 1/2 by Markov’s inequality.

Therefore we obtain P(S € [z,z 4+ 2C/M?]) > ¢, /M for some constant ¢, > 0 depending
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only on z and for arbitrary large M. Thus, for every s > 1, the density is unbounded on
every interval in its support. O

REMARK 4.3.  We see the sharpness of the estimate of Fourier transform /i(t) in
part 1 of Theorem 1.1 for 1 < s < 2. Since p has a density in L? for all 2 < ¢ < s/(s—1)
by Corollary 1.2, Holder’s inequality gives that P(S € [,z + ¢]) = o(¢'/P), as ¢ — 0, for
every s < p < 2. This is sharp. Indeed, in the above argument, for each x in the union
of the Dy, and for € = 2C/M?®, we have P(S € [z,z + €]) > c,e'/*.

5. Singularity for the prime numbers sequence.

PrROOF OF THEOREM 1.4. Let S := Sprimes- Fix 0 < € < s. Decompose the
series into three parts: S = S; + Sy + 53, where

Si = Z I—p Sy = Z I—’;, and S5 := ﬁ.

s’ s

p<N¢= Ne<p<N ngp

Since ES3 = >y, 1/p!*s < C/N? for some constant C, we have P(S3 > 2C/N*®) < 1/2
by Markov’s inequality. Hence P(S3 < 2C/N®) > 1/2.

Let us show that the probability that So = 0 is bounded away from below by a
positive constant independent of N. We use Mertens’ theorem,

1 e—v+o(1)
(7))~ S )

p<N p

where 7 is the Euler-Mascheroni constant ([HW, Theorem 429] and [M]). Then we have

1
P(S; =0) = H (1 - p) =ee®M) > gey,

Ne<p<N

where ¢ is absolute.

Fix a positive integer m < N=. Define the sequence {a,(m)},<ne such that a,(m)
is 1 if plm, and 0 otherwise. Let 2y, 1= > _ n. ap(m)/p®. We claim that the probability
that Sy coincides with some x,, is bounded away from 0 by a constant independent of
N. We consider the event A,, := {I, = ap(m) for all p < N¢}. Notice that the A,, are
not disjoint (e.g., As = Ay), but A,, for square-free m’s are disjoint. Then,

P(S; = ,, for some m < N¢) > ]P’( U Am>

m<NE

= Z P(A)

m<N¢,m is square-free

> et [T+ 11 (1—;),

m<N¢e plm p<N¢€
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where p(m) is the Mébius function, i.e.,

(i) p(1) =

(ii) p(m) = 0 if m has a squared factor,
(iii) p(p1p2---pr) = (—1)* if all the primes py, pa, ..., pi are different.

The last sum is bounded from below by

Z [u(m)] H (1_1> (21)

m
m<Ne p<N¢ p

since lem p < m. Note that the number of square-free numbers up to x grows linearly
in x; more precisely,

> lu(m) *w+0(f)

m<x

by [HW, Theorem 334]. By summation by parts, we have that

> lw(m)| %(1 +o(1)) log N°.

m ™
m<N¢E

This and Mertens’ theorem (20) imply that the sum (21) is at least some positive
constant co which is independent of N and e.

Let us define the set By as a union of intervals [z, Z,, +2C/N?] for m < N€. Since
S1, S2 and Ss are independent, we have P(S € By) > c¢1c2¢/2. On the other hand, the
Lebesgue measure of By is at most 2CN¢~%, which tends to 0 as N — oo. Hence the
distribution cannot be absolutely continuous. Recall that the distribution is continuous

if and only if
Z (1 — SU.pIED( x))
zER p

p

oo

[Ell, Lemma 1.22]. Tt is satisfied since Zp 1/p = oo (e.g., [HW, Theorem 427]). The
Jessen—Wintuner law of pure type [JW] implies that the distribution is non-atomic sin-
gular. O

REMARK 5.1. By a straightforward adaptation to the above proof, Theorem 1.4 is
generalized as follows: Let (ap)piprimes be a sequence of real numbers such that

(1) 2pa,20(1/p) =00
(i) 22, (lapl/p) < o0,
(it)) >>,~.(lap|/p) = o(z™°) for some ¢ > 0,

and (I,) be an independent sequence with value 0 or 1 with probability 1 — 1/p or
1/p, respectively. Then S = Zp apl, converges almost surely, and its distribution is
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non-atomic singular.

6. Further questions.

Below we list some natural questions about the critical case when s =1 and g = 1.
Let 8 = 1. By part 1 of Theorem 1.1, for 0 < s < 1 the distribution p has a bounded
continuous density, while for s > 1 it has an unbounded density. In the case when s =1,
the density of p is in LY for every 1 < ¢ < oo by Corollary 1.2. In fact, we conjecture
the following.

CONJECTURE 6.1. For s =1 and 8 =1, the density is bounded.
We also ask the following question about the critical case.
QUESTION 6.2. For s =1 and § =1, is the density discontinuous?
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