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Abstract. It is well-known that an orthonormal scaling function gener-
ates an orthonormal wavelet function in the theory of multiresolution analysis.
‘We consider two families of unitary operators. One is a family of extensions
of the Hilbert transform called fractional Hilbert transforms. The other is a
new family of operators which are a kind of modified translation operators.
A fractional Hilbert transform of a given orthonormal wavelet (resp. scaling)
function is also an orthonormal wavelet (resp. scaling) function, although a
fractional Hilbert transform of a scaling function has bad localization in many
cases. We show that a modified translation of a scaling function is also a
scaling function, and it generates a fractional Hilbert transform of the corre-
sponding wavelet function. We also show a good localization property of the
modified translation operators. The modified translation operators act on the
Meyer scaling functions as the ordinary translation operators. We give a class
of scaling functions, on which the modified translation operators act as the
ordinary translation operators.

1. Introduction.

This article is concerned with an orthonormal basis of L?(R), called orthonormal
wavelets, where R denotes the set of real numbers. We denote the inner product of L?(RR)

by (f,9) :== [ f(x)g(x)dz and the norm by || f|| := \/(f, f). Let us define two unitary
operators in L*(R):

Ty : Translation operator, b € R,  (Tpf)(x) := f(x —b),

D, : Dilation operator, a € Ry,  (Dof)(x) := a"Y2f(x/a),

where R (resp. R_) denotes the set of positive (resp. negative) real numbers. For
¥ € L?(R) and (j, k) € Z?, where Z denotes the set of integers, we set

bin(@) = (Dy-aTetp)(z) = 29 (2 — k). (1.1)

If {1jx}(j,k)ez> constitutes an orthonormal basis of L?(R), then 1 is called an orthonor-
mal wavelet function, and v;, j,k € Z are called orthonormal wavelets. In order to
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construct an orthonormal wavelet function, a system of subspaces called a multireso-
lution approzimation or a multiresolution analysis (MRA) ([8], [12]) is used, where an
orthonormal scaling function ¢ plays an important role. An orthonormal wavelet function
9 is constructed from an orthonormal scaling function ¢. Then, we say v is associated
with ¢. Scaling functions are important not only for the construction of wavelet func-
tions, but also for step-wise decomposition and reconstruction of functions, based on the
orthonormal basis {1 1 }(j x)ez2-

In many applications of wavelets, Hilbert pairs (¢, H1)) of wavelet functions play
important roles, where H1 is the Hilbert transform ([10], [5] and so on) of ¢ defined as
follows. Let f(f) be the Fourier transform of f:

(&) = (1)) = FLAE) = / Fl@)e e da,

where the operator F: f +— f can be considered to be a bounded operator from L?(R)
onto L?(R). The Hilbert transform Hf of f € L?(R) is defined by

~

(Hf)"(€) = —i(sgn&) £(£), (1.2)

where

1, &£>0,
sgné =
-1, ¢£<O.

Since H is a unitary operator which commutes with translations and dilations, if ¥
is an orthonormal wavelet function, then H1 is also an orthonormal wavelet function.
The problem is what is the scaling function with which H is associated. Let i be
the orthonormal wavelet function associated with a scaling function ¢. Although H1 is
the orthonormal wavelet function associated with the scaling function H¢, the scaling
function H¢ is usually very bad function as for the localization, while the wavelet function
H1p is not. When 1) is a so-called (Lemarié-)Meyer wavelet, Toda and Zhang [15], [16]
pointed out that H is the orthonormal wavelet function associated with the scaling
function 77 /5¢. This seems very unexpected and attractive.

In this article, we consider two families of translation-invariant unitary operators H,
and T] (c € R), where H, is a fractional Hilbert transform ([11], [5]) with Hy/,» = H,
and T is a newly defined operator, a kind of modified translation operator. Let ¢ be an
arbitrary orthonormal scaling function, and v be the wavelet function associated with
¢. For every c € R, we prove that T/¢ is also an orthonormal scaling function, and that
H.1) is the wavelet function associated with the scaling function T)f¢. Further, we can
easily show that T)f f = T.f if supp fC [—27, 27]. These clarify the remarkable situation
explained above, since SupquS C [—2m, 27 for Meyer scaling functions. We also prove
that 7} has a good localization property under vanishing moments condition. A part of
the results was announced without proofs in [3].

In the next two sections, we give a short sketch of a theory of orthonormal wavelets.
In Section 4, we explain the Hilbert transform and our problem. In Section 5, we define
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two families of translation-invariant unitary operators H, and 77 (¢ € R). In Section 6,
the main results are given, that is, answers to our problem. In Section 7, good properties
of T are given. Proofs of the results in these two sections are given in Section 8. As an
extension of Meyer scaling functions, a family of scaling functions satisfying the condition
suppgg C [—2m,27] is given in the final section.

2. Orthonormal wavelets.

If {4k} (j,k)ezz is an orthonormal basis of L?(R), then 1 is called an orthonormal
wavelet function ([9], [17] and so on), which is referred to as a wavelet function for short
in this article. As important examples, we give the Shannon wavelet and the Meyer
wavelets.

EXAMPLE 2.1. (1) The Shannon wavelet:
Y(z) = 2sinc(2z) — sinc z,

where sincz := sinmz/(7wx), is a wavelet function called the Shannon wavelet. In this
case, (x—1/2) is also a wavelet function, and it is sometimes called the Shannon wavelet
instead of ¥(z). The Fourier transform of ¢ has a simple form.

~ 1, w<|& < 2m,

0, otherwise.

This 1 (z) is an entire function, but has a bad localization. In fact, ¢ & L*(R).

(2) The Meyer wavelets: These wavelet functions belong to the Schwartz class S
(called the space of testing functions of rapid descent in [18]), that is, these are of
C®° class and all the derivatives are rapidly decreasing. It is known that there is no
orthonormal wavelet function ¢ with exponential decay such that ¢ € C*°(R) and all
the derivatives are bounded ([8, Corollary 5.5.3]). Hence, the Meyer wavelets have a
good balance between the smoothness and the localization as wavelet functions.

We explain the Meyer wavelets more precisely. Take a real-valued function b(¢) of
C® class as

b(¢) = (¢)]
1 L
8 _é 4 ‘ 2 0 2 ‘ 4‘ | 8‘ £
—ST T —T —T—5T ST ST 2 ST

Figure 1. b(¢) = |1E(§)| for a Meyer wavelet.
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b(§) =0, b(=¢) =b(¢),

suppb € | — o, — 27| U | 27,
upp 3™ 3" 3T 37|

b +6) = b(2(x ) for [¢] < T

b+ &) +b(m —&)* =1 for [¢] < 3.

and define ¥ by 12(5) := b(&)e~%/? (Figure 1). Sometimes, we take b(£) not necessarily
of C* class, but only sufficiently smooth (for example [8], [12]).

3. MRA.

In order to construct orthonormal wavelet functions systematically, a concept called
multiresolution analysis (MRA) was developed.

DEFINITION 3.1. If Vj, j € Z, are closed linear subspaces of L?(R) satisfying the
following conditions (i)—(v), then the sequence {V;};ez is called a multiresolution analysis

(MRA).
(1) VjCVju,je

(i) f eV« f(2) € Vipn.

(i) yeaV; = 0).

(v) Tyeal; = L2(R).

(v) there exists a function ¢ € Vj such that {¢(- — k) }xez is an orthonormal basis of
Vo.

v

The function ¢ is very important and called an orthonormal scaling function, which
is referred to as a scaling function for short in this article. In this article, we do not
assume any further conditions to ¢, unless otherwise specified. In particular, it can be
that ¢ ¢ L'(R), and the familiar condition [, ¢(x)da =1 or #(0) = 1 is not assumed.

If ¢ is a scaling function, then there exists a unique 27-periodic function mg(§) €

L} .(R) such that

loc

¢A5(2§) = mo(f)qg(f) a.e. on R.

This equation is called the two scale equation, and mg(§) is called the low-pass filter
associated with ¢. The low-pass filter mg(£) is uniquely determined from ¢, for example
by mo(§) = 3 per ¢(26 + 4mk) O(§ + 2mk).

It is well-known that from ¢ we can construct a wavelet function as follows. (See,
for example, [9], [17].)

THEOREM 3.2. Let ¢ be a scaling function and mg be the low-pass filter. Let
v e L} (R) be a 2m-periodic function such that |[v(€)| =1 a.e. We set

loc
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ma(€) = e mo(€ + ) v(2€). (3.1)

If we define ¢ by
B(&) = mi(&/2) 6(¢/2), (3.2)

then 1 is a wavelet function.

The 27-periodic function m; is called the high-pass filter. These m, and v are said
to be associated with ¢. There are many choices of v. In this article, if we take v(§) = 1,
then we say that m; and v are naturally associated with ¢:

~

O(E) = e 2 mo(E2+ ) B(£/2). (3.3)

EXAMPLE 3.3. (1) (Shannon) Let ¢(z) = sincz. Note that ¢(¢) = x
this case,

V; == {f € L2(R) | supp f C [~27m, 2]}

We have mg(§) = X(_r /2.7 /2] (§) for [¢] < 7, that is, mo(§) = Y ez X(_r/2.m/2] €+
2km) = x4(€), where S = Jpcz[—7/2 + 2km, m/2 + 2kn]. In this case, the naturally
associated wavelet function is ¢(z — 1/2) in Example 2.1 (1). In Shannon’s case, by
taking a suitable v(€), we can omit the factor e~% in the definition of m; (), and can
take my (&) = mo(€+m), which is real-valued. This leads to the Shannon wavelet function
¥(z) in Example 2.1 (1).

(2) (Meyer) Let ¢ be a function satisfying the following conditions (Figure 2).

e be C*(R), (E >0, ¢ is an even function.
e su (EC fé é
pp 3™ 37|
~ 2
o 3O =1for e < om.

o [B(E+ )2+ |d(E — )2 =1 for [¢] < g.

o() ()

! I 1 E h /\ /\ P T
T o 4 —\J o] V2 4

Figure 2. ¢A5(§) and ¢(x) for a Meyer wavelet.
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Figure 3. mo(§) and |m1(&)| for a Meyer wavelet.

Then, ¢ is a scaling function and mg(¢) = $(2€) for |¢| < m, that is, mo(¢) =
> ez #(26 + 4km) (Figure 3, Left).
Further,

mi(€) = e H(2¢ + 27) for —2r <£<0,  (Figure 3, Right)
b(e) = e H{o(E + 2m) + B(E — 2m)}0(€/2)
This ¢ is a Meyer wavelet in Example 2.1 (2).

4. Hilbert transform.

Although the Hilbert transform H is defined on many function spaces in several
ways, it is simply defined on L?(R) by (1.2). If f is real-valued, then Hf is also real-
valued and Hf is orthogonal to f. Moreover, H commutes with T} for every b € R and
with D, for every a € R;. Hence, (Hf);r = H(fjx) for every j, k € Z.

The Hilbert transform is important not only theoretically, but also in many applica-
tions. A pair of a function (a signal) and its Hilbert transform are often useful ([7], [14],
[2] and so on). Chaudhury-Unser [6] investigated several properties of Hi) for a wavelet
function .

In the signal processing community, filter design is important. Selesnick [13] de-
signed a low-pass filter corresponding to H1. This low-pass filter turns out to be the
low-pass filter associated with the scaling function T 1T /2¢ defined in the next section.
Toda-Zhang [15], [16] pointed out the essential part of the following theorem, which
shows that the Hilbert transform of 1 is associated with T;,5¢ in the case of Meyer
wavelet.

THEOREM 4.1. Let ¢ be a Meyer scaling function and v be the wavelet function
naturally associated with ¢. Fix arbitrary b € R, and set ¢p := Ty¢p. Then we have the
following.

(1) ¢y is also a scaling function.
(2) If ¢y is the wavelet function naturally associated with ¢y, then Hiy, is the wavelet
Junction naturally associated with Ty 201 = Qy41/2-

The statement (1) is already well-known in the field of wavelets. (2) is very unex-
pected and attractive. It is very natural to ask the following questions.
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Main Questions:

[Q1] What happens for T.¢p, ¢ # 1/27

[Q2] Which characteristics of the Meyer scaling function, do the properties described in
the theorem come from?

[Q3] What happens for other wavelets than the Meyer wavelets?

In order to give our answers, we will define two families of unitary operators H. and
Tj , ¢ € R, in the next section.

5. Unitary operators H,. and T..

In this section, we define two families of unitary operators H,. and T}, ¢ € R. The
operators H,. are extensions of the Hilbert transform, called fractional Hilbert transforms
([11], [5] and so on).

DEFINITION 5.1.  We define unitary operators H. on L?(R) by
H. = (cosem)I + (sinem)H, ¢ € R, (5.1)

where [ is the identity operator. In other words,

~ o~

(Hef)"(€) = {cosem —i(sinem) sgn &} F(€) = e mEn O (). (5.2)

We have H,/, = H, and H. is called a fractional Hilbert transform. Here, we use a
different parametrization from the definition in [5] for the compatibility with the other
family of operators 7.

If f is real-valued, then H.f is also real-valued. Further, we have

(f,Hef) = (cosem) || £, (5.3)

which means that the “angle” between f and H.f is cr.

The family {H.}.cr constitutes a one-parameter group of unitary operators:
HHa = Hera, Ho = I. Further, we have Hey1 = —He, Heqo = Hey, H1 = —1,
H: =H_ ' =H_., where U* denotes the adjoint operator of U.

We also have the commutativity with translations and dilations:

HT, =TyHe, HeDy = DHe for bc e R, a € Ry. (5.4)

In particular, Ho(fj k) = (Hef)jx, 4,k € Z.

The unitary operators H,. are natural operators in the sense of the following proposi-
tion. A limited version was given in [5, Theorem 3.1], where the domain of the operators
consists of only real-valued functions.

PROPOSITION 5.2.  Let U be a unitary operator which is commutative with Ty, D,
for every b € R, a € Ry.. Then, we have the following.
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(1) There exist constants 0,c € R such that U = e"'H...

(2) If further U maps real-valued functions to real-valued functions, then there exists
c € R such that U = H..

(3) Moreover, if (Uf, f) =0 for every real-valued f, then U = £H; /5 = £H.

PrOOF. (1) By Lemma 2.5 in [1], we have that U is a Fourier multiplier operator:
(/]\f (&) =a¢ )f(f ) for which the multiplier « (&) is positively homogeneous of degree zero,
which implies that «(€) is constant on each of the intervals R.. Thus, there exist ., 3 € C
such that U/'}(f) = af(f) if £ > 0 and U/'}(g) = ﬂf(f) if £ < 0. Since U is unitary, we
have |a| = |3] = 1, and hence we can write a = €™ and 8 = "1™ with 0,c € R.
This means that U = e?H...

(2) Since H. maps real-valued functions to real-valued functions, we have e’ € R,
that is e’ = +1. If €’ = 1, then we have the result. If e = —1, then by —H. = Hey1,
we also have the result.

(3) Since (5.3) holds for every real-valued function f, we have coser = 0, that is,
c=1/2+n (n € Z), and hence H. = £H, /5. O

Next, let us define the unitary operators 7./, a kind of modified translation operators.

DEFINITION 5.3. We define a function 7(§) (Figure 4) by

§=¢ for |¢] < 2,
7(&) = 7(€+27m) for £ < —2m,
7(&) =7(§ —2m) for £ > 2.

We also define unitary operators T/, ¢ € R, by (ij)/\(f) = e‘i”(f)f(g).

S 2// i i/g

8

o
Do
)
o
3

- —27

Figure 4. 7(&).

If f is real-valued, then T f is also real-valued. The family {7}.cr constitutes
a one-parameter group of unitary operators: 7. T; = TCT L Tg = I. Further, T are
commutative with the translations (but not with the dilations): 7,7 = T T}, b,c € R.

REMARK 5.4. If ¢ = k is an integer, then e "#7() = ¢=*¢ and hence T,I is just
the translation: T,I =Ty, k € Z. If supp f C [-27,2x], then T f = T.f, c € R. So, in a
sense, Tf is the translation in a low frequency domain.
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At the end of the next section, we give several graphs of TlT /2¢ and related functions.

6. Main results.
In this section, we consider general scaling functions. We assume the following.

Assumptionl ¢ is a scaling function, and v is the wavelet function naturally
associated with ¢.

By the commutativity (5.4), the following is almost obvious, though a proof is given
in Section 8.

PROPOSITION 6.1.  For every ¢ € R, we have the followings.

(1) Hed is a scaling function.
(2) Hep is the wavelet function naturally associated with Hed.

Unfortunately, H.¢ has bad localization in general. In particular, if ¢ € L'(R) and
c ¢ 7, then H.¢ ¢ L'(R). In fact, ¢ is continuous and qAS(O) # 0, hence @(«E) has a
jump at § = 0. Figures 5, 6, 7 illustrate the graphs of H; /¢ = Ho.

The following is the main result, whose proof is given in Section 8. Note that T.¢
(c € Z) is not necessarily a scaling function.

THEOREM 6.2.  For every ¢ € R, we have the following.

(1) Ti¢ is a scaling function.
(2) Hetp is the wavelet function naturally associated with T .

COROLLARY 6.3. If suppgg C [-2m, 27, then T.¢ is a scaling function. Further,
He is the wavelet function naturally associated with T.¢.

The scaling function T)f¢ does not have so bad localization in many cases. In par-
ticular, if ¢ is a Meyer scaling function, then Tf¢ = T.¢ € S. We give more properties
of T} in Section 7.

This theorem gives answers to the main questions in Section 4.

[Ansl] In the case of Meyer wavelets, H.tp = Hc4+p¥ is naturally associated with T,.¢, =
Terpd, c,beR.

[Ans2] supp ¢ C [—27, 27| implies that T.¢ is a scaling function, and H.1 is associated
with T.¢. (Corollary 6.3.)

[Ans3] In general, H.1 is naturally associated with T ¢. (Theorem 6.2.)

In Figures 5-7, we show the graphs of ¢, Ho = 126, T) 5, ¢, and Hep = Hy j1)
for the case of the Meyer wavelets and the Daubechies wavelets ([8]). ny¢ and 1 denotes
the Daubechies scaling function and wavelet function where the wavelet function has IV
vanishing moments. In the case of Meyer wavelets, we have Tf /2¢> = Ti/2¢. In the case
of Daubechies wavelets, TlT /2 N¢ approaches T on¢ as N — oo, since 1;;5 concentrate in

[—27,27]. In both cases, the scaling functions H¢ ¢ L'(R) have bad localization. TlT/2¢
and H1 have far better localization than H¢, as we explain in Section 7.
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-10 -5 0 5 10 -8 —4 0 4 8

Figure 5. Case of Meyer wavelets. Left: ¢ (solid), H¢ (broken),
T1T/2¢ (dash-dot). Right: 1 (solid), H1 (broken).

Figure 6. Case of Daubechies wavelets N = 2. Left: 2¢ (solid),
Ha¢ (broken), T} , 3¢ (dash-dot). Right: 2¢ (solid), Hat) (broken).

- l% l‘) % l‘(J 1‘5 2‘[] l‘l : «‘1 : é : 1‘2 : 16
Figure 7. Case of Daubechies wavelets N = 8. Left: g¢ (solid),
Hs¢ (broken), T;r/2 8¢ (dash-dot). Right: g (solid), Hsg® (broken).
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7. Properties of T.

In this section, we give several properties of 7). Let S’ be the space of tempered
distributions on R. As for the distributions, see [18] (in this book &' is called the space
of distributions of slow growth) for example. The operator (1+|D|?)%/2, s € R, is defined

as {(1+|D|? 5/2f} (14 [€]2)%/2f(€) for f € S'. From now on, the derivatives are
in the distribution sense.

As for smoothness, T)f f and H.f have the same smoothness as f in the following
sense. For s € R, set H® = {f € S’ | (1+|D|?)*/2f € L?(R)}, which is the Sobolev space
of order s. The following is almost trivial by the boundedness of e~*7(¢) and sgn €.

PROPOSITION 7.1. Let s > 0. If f € H®, then T f € H® and H.f € H*.

Next, we measure the localization of f(x) by the integer index p such that (1+]-|)? f €
L2(R), which is equivalent to f0) € L2(R), 0 < j < p.
For r € NU {0} and s € R, we set
HY :={feS |(1+]-)"A+|DP)*f € L*(R)}
={f eS| (YA+IDP)?f e L*R) for 0<j<r}
={feS |o{+IP)/?F(€)} € L*R) for 0<j<r}
={feS|+] P¥?f9D e L*R) for 0<j<r}. (7.1)
Note that if 7 € N and f € H?, then (14 |-])"~1f € L'(R) and hence f € C"~(R),
which allows us to talk about [ 27 f(z) dz and f\9)(0) for 0 < j < r.

The vanishing moments property of 1 is closely relevant to the localization of 71 ¢

and H.. For r € N, we say that a wavelet function ¢ has r vanishing moments if
(1 +Jz])" " (z) € L'(R) and

/ij(z)do::(), 0<j<r.
R

The following is a variant of a well-known result, and it can be proved in the same
way as in [4], though the assumptions are a little different.

THEOREM 7.2. Assume that r € N and ¢,v € H?. Then, qAS and zZ are of C"1
class. Also assume that

there exists ly € Z such that $(W + 2lym) # 0. (7.2)

Then, myg is also of C™~' class. Further, 1) has v vanishing moments if and only if each
of the following conditions is satisfied.

(1) §9(0)=0,0<j<r.

2) m{(7)=0,0<j<r.
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(3) W (2km)=0,0<j<r, keZ\{0}.

REMARK 7.3. It is well-known that if ¢ is a scaling function, then we have

Z |<$(§ +2km)> =1 a.e. onR. (7.3)

kEZ

But this holds only a.e. in £, and it does not necessarily imply (7.2), even if qg € C'(R).
If we further impose some conditions which imply the local uniform convergence of the
series in (7.3), then we can show that (7.3) holds for every £, and hence (7.2) holds. For
example, the condition that there exist a constant € > 0 such that ¢ € Hl1 //22166 implies

the local uniform convergence.

Here, we fix r € N and s € R with s > 0. We show that the localization condition
¢ € H? together with the moment condition (3) in Theorem 7.2 are preserved by T./. We
also give a similar result about H,, whose proof is similar and simpler. As for H = H; s,
a similar result on localization was obtained in [6].

THEOREM 7.4. Letr € NandseR, s>0.
(1) If f€e HE and iff(j)(anr) =0for0<j<r, kecZ\{0}, then TS f also satisfies the
same conditions, that is, TI f € HS and (TJ f)9) (2kw) = 0 for 0 < j < r, k € Z\{0}.
(2) If f € H? and if f9(0) = 0 for 0 < j < 7, then H.f also satisfies the same
conditions, that is, H.f € H? and (H.f)9)(0) =0 for 0 < j <r.

Proofs are given in the next section.

REMARK 7.5. (1) Note that (1+]-]?)~'/4=¢ € L?(R) for every e > 0, and hence f €
H; implies that (1+]2)/2=1/4=¢ fU) € LY(R) for 0 < j < r. This is equivalent to 9! { (1+
|§\2)s/2_1/4_6f(§)} € LY(R) for 0 < j < r, which implies (-)7(1 + |D|?)*/2=1/4=<f ¢
L>(R) for 0 < j <r. Thus, there exists a constant C such that

C

(L4 [DP) >V fa)| € =——) z€R.
(1 |z))r
In particular, if s > 1/2, then f € H? implies
C
|f(@)| < ———, z€R.
(1 |z

(2) We can also show the following by similar (and easier) proofs.

(i) If f € C"Y(R) and if fW)(2km) = 0for 0 < j < r, k € Z\{0}, then T} f € C"~(R)
and (T f))(2kn) =0 for 0 < j < r, k € Z\ {0}.

(ii) If f € C""Y(R) and if fU)(0) = 0 for 0 < j < r, then H.f € C""(R) and
(Hef)W(0)=0for 0 <j <.
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(3) We restricted ourselves to the case s > 0 since we defined the operators 7./
and ‘H, only on L?(R). We can extend the results to the case s < 0 by extending the
operators T and H,. on H*.

ExaMPLE 7.6. (1) In the case of Meyer wavelets, we can apply our theorem for all
r,s € N, and hence we have T¢, H.y» € S by Remark 7.5 (1), although this is almost
trivial by the definition.

(2) If ¢ = y¢ and ¥ = o are the Daubechies scaling function and wavelet function
for which 1 has N vanishing moments, then we can apply our theorem for r = N and
s = 0. In particular, H. y% has also N vanishing moments.

If N > 3, then we can apply our theorem for r = N and s = 1, since it is known
that y¢, y1 € C1(R) for N > 3. In particular, there exists a constant C' such that

C C
(T] nop) ()] < A+ )Y |(He n9)(2)| < A+ )Y
by Remark 7.5 (1).

For N = 2, it is known ([8]) that there exists e > 0 such that ¢ := o € H'/?*<
Since ¢ has a compact support, we can show that f¢ € H'/2%¢ for every f € C*°(R), in
particular, for f(z) = 1,z,22. This implies (1 + |¢[?)}/4+¢/2¢0) € L2(R), j = 0, 1,2, and
hence we have 2¢ € H21/2+6. By the same way, we have 21 € H21/2+€. Thus, we can use
our results for r = 2 and s = 1/2 + e. This implies that there exists a constant C' such
that

C C

f x T o 2VNT) | > 7~
(0@ < e |(He2)@) < e

by Remark 7.5 (1).
For N = 1 (Haar), we can have only that (1 + [2)TJ1¢, (1 + |z|)H.19 € L*(R),
which implies 70 16, H. 19 € LY(R) N L3(R).

8. Proofs of the results.

We give a proof of Proposition 6.1.

PROOF OF PROPOSITION 6.1. Since H. is a unitary operator which commutes

with T, and D,, (b,a) € R x Ry, V; := H.(V;) constitute an MRA with the scaling
function ¢ := H.¢. Since

(Heg)"(26) = e77m8n(20) (2€) = ™1™ E i (€) §(€) = mo(€) (Het) (£),

the low-pass filter mg for 5 is the same as my.
Let m; be the high-pass filter naturally associated with ¢: my(£) = e % mg(€ + ).

We have (&) = m1(£/2) ¢(£/2). Then,

(H) " (€) = e () = 7178 1y (¢/2) $(€/2) = ma(€/2) (Het)" (€/2).
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This means that 1; := H is the wavelet function naturally associated with QNS = H.p
with the high-pass filter m; = m;. O

Before giving the proof of Theorem 6.2, we give known conditions for a function to
be a scaling function.

THEOREM 8.1. Let ¢ € L?(R). Then, ¢ is a scaling function if and only if the
following three conditions hold ([9, Chapter 7, Theorem 5.2]).

(Al) The equality

Z 6(¢ + 2km))? = 1 a.e. on R (8.1)

kEZ

is satisfied. This condition is equivalent to that {¢(- — k)}rez s an orthonormal
system.
(A2) There exists a 2m-periodic function mo(§) such that QAS(2§) = mo(g)a(g) a.e. on R.
(A3) limj oo [p(277€)| =1 a.c. on R.

We have the following basic relation between H, and 7). Let |z] := max{m € Z |
m < z}.

PROPOSITION 8.2.  Set p(&) := 7(§) — wsgné = & —w — 27|&/(27)] (Figure 8).
Then, p is a 2w-periodic function and p(28) = p(§) + p(§ + ), p(=§) = —p(§). Further,
for f € L*(R), we have

—

TIf(€) = e P OH f(€). (8.2)

Figure 8. p(€) = 7(€) — msgné = € — 7 — 2| (€/2m)).

PrOOF. It is a straight verification to show 7(§) — wsgné =& — 7 — 2w |&/(27)].
Since p(€ +2m) =&+ 7 —2r|(E+2m)/@2m) | =&+ 7 —2n([&/2m) |+ 1) =& — 7 —
2w &/(2m)| = p(§), p is 2m-periodic.
If0 < &<, then p(28) —p(&) —p(l+m) =26 —n—E+m—(E+7)+7=0. If
m < &< 2m, then p(28) —p(&) —p(l+m) =26 —m—2r—E+m—(E+7m)+ 7+ 27 =0.
Also, if 0 < & <, then p(&) + p(—&) =& —m+ (=) — 7+ 2r =0. If 7 <& < 27, then
p(&)+p(=&) =E&—m+ (=& —7m+2m = 0. (8.2) is easily obtained by 7(£) = p(§) +msgné.
O
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Fix ¢ € R. By Proposition 6.1, we know that if ¢ is a scaling function, then H.¢ is a
scaling function. Note that the low-pass filters are the same for ¢ and H.¢. By Theorem
8.1 and Proposition 8.2, we have the following.

PROPOSITION 8.3. If ¢ is a scaling function, then T ¢ is a scaling function which
defines the same MRA as H.¢ does.

PROOF.  Since e~*?(&) is 27-periodic, (8.2) for f = ¢ implies that both {(Tf¢)(- —
E)}kez and {(H.$)(- — k)}rez are the orthonormal bases of the same Vy. Hence, T} ¢
and H.¢ defines the same MRA. O

Now, we give a proof of the main theorem.

PROOF OF THEOREM 6.2. (1) is already proved by Proposition 8.3.
(2) We have

A —icT " —icT - —ic(T —T A
(T1¢)" (26) = ¢T3V (26) = e mg(€)p(€) = ¢TI g (€)(T]9) " (€).

Hence the low-pass filter mg associated with T ¢ is

mg(f) - efiC(T(%)fT(é))mo(g) - efir:(p(%)fp(&))mo(g) - eficp(fﬂr)mo(g).

The high-pass filter naturally associated with T\ ¢ is
my () = e my(€ + 1) = e PO mg (€ + ) = PO my(€),
and the wavelet function ¢! naturally associated with TCJf ¢ is given by
i A ic —icT " —dicmsgné
V(€)= m(&/2)(TIe)" (6/2) = e * /P my (€/2)e~ T /D G(E/2) = e B S ().

Thus, we have T = H1. O

Before giving a proof of Theorem 7.4, we prepare the following lemma.

LEMMA 84. Leta < b < c. If f,f' € L?(a,c), which implies f € C%a,c), if
f(b) =0, and if v is a constant function on (a,b) U (b,c), then g :== vf € L?(R) satisfies
g =vf € L*(R).

PrOOF. Since f' € L?*(a,c¢) C L'(a,c), the antiderivative f in the sense of dis-

tribution is absolutely continuous on (a,c). For any ¢ € C(a,c), fi is also absolutely
continuous on (a,c). Hence for a < p < ¢ < ¢, we have

[ 1o @de= 5@ - [ feweds

Let v(€) = vy on (a,b) and v(€) = vq on (b, ¢). Then, for any ¢ € D(a,c) = C§°(a,c),
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we have the following, with (f,¢) denoting the duality between D’(a,c) and D(a,c),
w%m:*@wU:*/VQV@¢@M£

=—n f( df—Vz/ F©)¢'(€) dt,

where € > 0 is sufficiently small. Thus, by f(b) = 0, we have
. b
(%@——WUQMQLH+M/+f®ﬂO%
AU e [ 0

B /CV(f)f’(f)sﬂ(&) s = (v, ),

which means ¢’ = vf’. O

PROOF OF THEOREM 7.4. (1) We have only to show that g(§) := Tif(€) =
e~ f(&) satisfies

(L+]-?)*?gY) e L*(R) for 0<j <r, and
gD (2kn) =0 for 0<j<r, keZ\J{0}.

Set v(€) := e 7O~ which is a constant function on each interval (2km,2(k + 1)7),

k€ Z\{~1,0}, and (—2m,27). Set g1(£) = v(€)f(£). Since g(&) = e~ gy(€), we have
only to show

(1+4]- \2)8/2g§j) € L*(R) for 0<j<r, and
¢ @kr)=0 for 0<j<r, keZ\{0}. (8.3)
By repeated use of Lemma 8.4, we have that g(j)(f) = V(E)f(j)(ﬁ) for 0 < j < r. This

shows (8.3) by the assumption on f.
(2) Since H. is a linear combination of I and H, we have only to show that h(¢) :=

Hf(E) = —i(sgné) f(€) satisfy
(141?209 € L2R) for 0<j<r, and

R (0)=0 for 0<j <

Just in the same way as above, we can show that h()(€) = —i(sgn&)fU)(€), 0 < j < r,
which implies the result. O
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9. A generalization of the Meyer scaling functions.

If supp$ C [~2m, 27, then we have T ¢ = T.¢. In this last section, we give a class
of scaling functions with this property, which generalizes the Meyer scaling functions.

DEFINITION 9.1. A scaling function ¢ € L%(R) is called a generalized Meyer scaling
function ifsupquSC [—a1,a2],0 <a; <2m, 0 <ag <2m a1/2+as <27, a1 +as/2 < 27,
A wavelet function associated with a generalized Meyer scaling function is also called a
generalized Meyer wavelet function. Note that the condition (A1) in Theorem 8.1 implies
a1+a2 > 2w, and the equality holds only if |$|
is illustrated as the gray region in Figure 9.

= X_ay.00]" The region of possible (a1, az)

Note that the Meyer scaling functions are the case when a; = ay = (4/3)7, and the
Shannon scaling function is the case when a; = ay = 7.

PROPOSITION 9.2. A function ¢ € L?>(R) is a generalized Meyer scaling function
if and only if the following three conditions hold (Figure 10).

(gM1) suppg/b\C [—a1,a2], 0 < a1 <27, 0 <ay <27, a1/2+as <27, a1 + az/2 < 27,

(8M2) [6(6)] = 1 a.c. on [az — 27,27 — ai].
(8M3) [G()[? + [6( — 27)° = 1 a.e. on [27 — a1, as).
s
4Tk

2T

0
Figure 9. The region of (a1,az). The boundary is included except (2, 0), (0, 27).

16(€)]

1

I I . é’

-2  —a; a,—2mw 0 2m—a, Gy 2m

Figure 10. Graph of |$(§)| for a generalized Meyer scaling function.



1292 R. AsHiNO, T. MANDAI and A. MORIMOTO

Note that (gM1) implies —27 < —a; < ag — 27 < 27 — a1 < ay < 27, and the width
of the support is not greater than a; +as < (8/3)m. Also note that the conditions depend
only on the absolute value of 57 and hence if ¢ is a generalized Meyer scaling function
and if |a(€)| = 1, then a(D)¢ is also a generalized Meyer scaling function. In particular,
if ¢ is a generalized Meyer scaling function, then T.¢ is also a generalized Meyer scaling
function.

PrROOF. We omit “a.e.”. Assume that ¢ satisfies the conditions (gM1)—(gM3).

We first show (Al). Set F(§) := > s |6(& + 2km)[2. On Jag — 2,27 — ay], we
have F(§) = \$(§)|2 = 1 by (gM1) and (gM2). On [27 — a1,as], we have F(§) =
|6(€)2+ |p(€ — 27)[2 = 1 by (gM1), (gM3), and by that ay < 47 —ay, ag — 27 < 27 —ay.
Since F' is 2m-periodic, we have F'(§) =1 on R.

Next, we show (A2). Since supp ¢(2:) C [—a1/2,a2/2] where 16(8)] = 1 by ay —
27 < —a1/2 and az/2 < 27 — ay, there exists v(£) such that $(2¢) = v(£)d(¢) and
suppv C [—a1/2,a2/2]. Set mo(&) := Y,y V(€ + 2km), which is 27-periodic. Then, we

~

have ¢(28) = mo(§)¢(§) on R. In fact, we have

mo(€)B(&) = D> v(€ + 2km)(€) = v()d(&) = H(28),

kEZ

since (gM1) holds, suppv C [—a1/2,a2/2], az < 27 —a1/2 and ag/2 — 27 < —ay.

Since (A3) is trivially satisfied, ¢ is a scaling function by Theorem 8.1.

Conversely, assume that ¢ is a generalized Meyer scaling function. (gM1) is trivial.
Since F(§) = 1, we have

DO =1 lo(& + 2km) 2.

k0

On [ag — 27,27 — a1, we have (& + 2km) = 0 if k # 0 by (gM1), and hence |p(¢)|? = 1.
Finally, since as < 47 — a1 and ag — 27 < 27 — a1, we have ¢(§ + 2kw) = 0 on
[2m — a1, a9] if k # 0,—1, and hence we have (gM3) by F(§) = 1. O

—4m —2a, dm

Figure 11. Graph of |1Z(§)\ for a generalized Meyer wavelet function.
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PROPOSITION 9.3.  If ¢ is a generalized Meyer scaling function, then any associated

wavelet function v has the following properties (Figure 11).

(gMw1) supp e C [—2a1,as — 27] U [27 — a1, 2as).
(eMw2) |1E(§)| =1 a.e. on 2ay — 4w, —a1] U [az, 47 — 2a4], R
(eMw3) [¢(2 + 4m)| = [(&)] a.e. on [—a1,az — 27], [¢(2€ — 4m)| = [Y(£)] a.e. on

27 — a1, as], [D(E)2 + (€ — 2m)|2 =1 ae. on [27 — a1, as].

This proposition easily follows from the fact that {Zz\(f) = e %2y mo(E/2 + )

-$(£/2), where v is a 2m-periodic function with [v(€)] = 1 a.e. on R.

Let ¢ be a generalized Meyer scaling function, and ¥ be the wavelet function natu-

rally associated with ¢. If ¢ € S, then the three functions T¢ = T.¢, ¢, and H.1) also
belong to S, while H.¢ ¢ L*(R) unless ¢ € Z.
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