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Abstract. For an arbitrary positive integer 1" we introduce the notion
of a (V,T)-module over a vertex algebra V, which is a generalization of a
twisted V-module. Under some conditions on V', we construct an associative
algebra AT (V) for m € (1/T)N and an AL (V)-AT(V)-bimodule AT (V)
for n,m € (1/T)N and we establish a one-to-one correspondence between the
set of isomorphism classes of simple left Ag(V)—modules and that of simple
(1/T)N-graded (V, T)-modules.

1. Introduction.

Twisted modules (or twisted sectors) were introduced in the study of the so-called
orbifold models of conformal field theory (cf. [2], [3]). Let V be a vertex operator algebra
and G a finite automorphism group of V. In terms of vertex operator algebras, the study
of the orbifold models corresponds to the study of the subalgebra V& of G-invariants in
V. One of the main problems about V¢ is to describe the V¢-modules in terms of V and
G. Twisted modules have been studied systematically as representations of V related to
this problem (cf. [6], [11], [13], [15]). For g € G, every g-twisted V-module becomes a
V&-module. Moreover, it is conjectured that under some conditions on V, every simple
V% module is contained in some simple g-twisted V-module for some g € G (cf. [2]).
However, the following easy observation tells us an inconvenience of twisted V-modules
from the representation theoretic viewpoint: let g, h be two different elements of G, M
a g-twisted V-module and N an h-twisted V-module. Although the direct sum M & N
is a V% module, this is not a (twisted) V-module in general. This is one of obstructions
to develop the representation theory of V&.

In this paper, for a vertex algebra V and a positive integer T' we first introduce the
notion of a (V,T)-module (cf. Definition 2.1), which is a generalization of a twisted V-
module, in order to resolve the inconvenience just mentioned above. Roughly speaking,
a (V,T)-module is a “twisted V-module” without automorphisms. We next generalize
some results by Zhu[17] to (V, T)-modules. In [17], if V is a vertex operator algebra, then
Zhu constructed an associative algebra A(V') and established a one-to-one correspondence
between the set of isomorphism classes of the simple A(V)-modules and that of the simple
V-modules with some conditions. Some generalizations of A(V) have been obtained in
[4], [5], [6], [7], [8] and they have played an important role in the representation theory of
V. We shall show the following results for a vertex algebra V with a grading V = ;2 \ V;
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such that A € Z<p, 1 € Vp and for all homogeneous element a € V, a;V; C Vivta—1-i+j,
where V; = 0 for ¢ < A. For every positive integer T' and n,m € (1/T)N, we shall
construct an associative algebra AT (V) and an AT (V)-AL (V)-bimodule AL (V) in
Theorem 4.5. If T = 1, then AT, (V) is the same as Ay, (V) in [5] and AT(V) is
the same as A, (V) in [7]. In particular, A}(V) is the same as A(V) in [17]. For an
automorphism g of V' of finite order, Ay, »(V) in [6], [8] is a quotient of A‘fﬁ‘m(V).
For m € (1/T)N and a left AT (V)-module U, we shall show in Theorem 5.13 that the
(1/T)N-graded vector space M(U) = ,,¢(1/7)n AL (V) ®A§L(V) U has a structure of
(V,T)-modules with a universal property. In Corollary 5.14, we establish a one-to-one
correspondence between the set of isomorphism classes of simple Al (V)-modules and
that of simple (1/T)N-graded (V,T)-modules.

The organization of the paper is as follows. In Section 2 we introduce the notion
of a (V,T)-module. In Section 3 we introduce a subspace O} (a, 3; z) of C[z, z7'] for
n,m € (1/T)N and a, € Z and study its properties. In Section 4 we construct an
associative algebra AL (V) and an AL (V)-AL (V)-bimodule AL (V) for n,m € (1/T)N
by using the results in Section 4. In Section 5 we introduce the notion of a (1/7")N-
graded (V,T)-module and study a relation between the left AL (V)-modules and the
(1/T)N-graded (V,T)-modules. Section 6 consists of two subsections. In Subsection 6.1
we compute the determinant of a matrix used in Section 3. In Subsection 6.2 we improve
some results in [16]. In Section 7 we list some notations.

2. (V,T)-modules.

We assume that the reader is familiar with the basic knowledge on vertex algebras
as presented in [1], [6], [14].

Throughout this paper, N denotes the set of all non-negative integers, T is a fixed
positive integer and (V,Y,1) is a vertex algebra. Recall that V is the underlying vector
space, Y (—, ) is the linear map from V to (End V)[[z, 2], and 1 is the vacuum vector.
For i,j € Z, define

Ze;={keZ|k<i},
Zs;={keZ|k>i},
Clz, 27 Y<; = Spanc{z" | k < i},

C[x,x_l]jyi = Span(c{:v’C |7 <k <i}.

For f(z) € Clz,27'] and a,b € V, f(2)|.i—q,» denotes the element of V obtained from
f(2) by replacing z7 by a;b for all j € Z. For i,j € Q, define

(1 ifi<y,
i<i) =y, Ny (2.1)

Let M be a vector space over C. Define three linear injective maps
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lgy - M[[ml/T7yl/TH[gj—l/T7y—1/T7 (z — y)_l] _ M((xl/T))((yUT))’
by M Ty TN YTy YT (2= )] - MY ) (),

tya—y : M Ty TV Ty ™Y (2 = )71 = My ) (@ — y)

by

oo
l
Lm,yf = Za‘j,k ! Z ( ) x]+l zyk+z’

g,k 1=0
l i k+l i +z
byaf = E aj,klE () z’
7.kl

Ly yf ZajklZ(> k+j— z y)l+i

7.kl

for f =3, ajkanlyF(x —y)t € M[zYT gt TNa= Ty~ VT (2 —y)71], ajp € M.
We can also define the map

s Mty Ty T (@ = y) T = M((( = )T (M)

le—y,y *

similarly. Since ¢, (z—y)" = 372 (;)xi_j(—l)jyj and 1y 2" =307 ( V(z—y) iy,
we identify M (((z — y)V/T)(y"/") with M (z¥/T)(y*/T)) and 15—y, With ¢z .
Now we introduce a generalization of a twisted V-module.

DEFINITION 2.1. Let M be a vector space over C and Yj;(—, ) a linear map from
V to (Ende M)[[zY/T,2=/T]]. We call (M,Yy) a (V,T)-module if

(1) For a € V and w € M, Yy (a, z)w € M((z™/T)).

(2) YM(]_,SL‘) = ldM

(3) For a,b € V and w € M, there is F(a,b,w|x,y) € M[z"/T, y"/ Tz /T, y= 1T,
(x —y)~!] such that

(a,2)Yrr (b, y)w

Ly F(a,byw|z,y) = (b,y)Ya(a,x)w, and
Ly,xfyF(aa b,’U)|SU,y) = YM(Y(G,ZE y)b y)

toyFla,bywlz,y) =Yu
Y

We note that in Definition 2.1, F'(a, b, w|x, y) is uniquely determined by a,b € V' and
w € M since ¢y, is an injection. For a (V,T)-module M, a subspace N of M is called
(V, T)-submodule of M if (N,Yy|n) is a (V,T)-module, where Y|y is the restriction
of Y to N. A non-zero (V,T)-module M is called simple if there is no submodule of
M except 0 and M itself. For a submodule N of a (V,T)-module M, the quotient space
M/N is clearly a (V,T)-module. For a set of (V,T)-modules {M;};cr, the direct sum
P, M; is a (V,T)-module.
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REMARK 2.2. It follows from Lemma 2.4 below that every (V,1)-module is a V-
module and vice versa and that every g-twisted V-module is a (V,|g|)-module for an
automorphism g of V' of finite order.

Let T' be a positive multiple of T. Then every (V,T)-module is a (V,T”)-module.
Thus, for positive integers T} and T» the direct sum of a (V,T;)-module and a (V,Ts)-
module becomes a (V, T3)-module, where T3 is a positive common multiple of T} and T5.
Thus, (V, T)-modules are closed under direct sums in this sense, while twisted V-modules
are not as stated in the introduction.

EXAMPLE 2.3.  We introduce an easy example of simple (V,T)-modules which is
not a twisted V-module. Let U be a simple vertex operator algebra. Suppose the
symmetric group Ss of degree 3 is an automorphism group of U. Let 0,7 € S3 such
that [o| = 3 and |7| = 2 and M = D,y /5n M (j) a simple o-twisted U-module [6].
It follows from Remark 2.2 that M is a (U,3)-module. Restricting Ya; to U™, M
becomes a (U¢™, 3)-module. We shall show M is a simple (U¢™,3)-module. Let W be
a non-zero (U™}, 3)-submodule of M. We denote the subspace D;ci/zin M(j) of M by
Mt i=0,1,2. Since 707 = 0! # o, an improvement of [16, Theorem 2] (see Subsection
6.2) implies that M% M' and M? are all inequivalent simple U“3-modules. Thus, W
contains at least one of M, M' and M? since U C U{™’. We denote the eigenspace
{ueU|ou= e’z’r‘/j”/‘gu} of o by U@ r=0,1,2. It follows by [9, Proposition 3.3]
and [12, Theorem 1] that U™ ¢ U{*) and hence there exists a = a° + a' +a? € U7,
a” € U@ such that at least one of a!,a? is not zero. Since

Yl =Xl s S e Y

iz i€1/3472 i€2/3+Z

and M is a simple o-twisted U-module, W contains at least two of M° M' and M?2.
Repeating the same argument, we obtain that M is a simple (U{™, 3)-module.

Since at least one of a',a? above is not zero, M is not a U(-module. Suppose
M is a g-twisted U¢™-module for some g € Aut U™ of order 3. Then, the eigenspace
(UNYr) = {y € U | gv = e 27V=1"/3y} of g is a subspace of U™ for each
r=0,1,2since Y (b, ) =3¢, /517 bjz~ "L for b € (U)(@7). Therefore, (U(7))(9:1) =
(U()(9:2) = 0 since there is no representation p of S* such that p(c) = e=27V=1/3 and
p(t) =1 for r = 1,2. This contradicts to that the order of g is equal to 3. We conclude
that M is not a twisted U¢™-module.

Let M be a vector space. For s =0,...,7 —1 and X (z,y) = Zi’je(l/T)Z X;xtyl €
M[[x¥/T o=V T y /T y=YUT) X, € M, we define

X(LL’,y)S’I = Z X”Q?Zy] and
i€s/T+7L
Jje(1/T)Z
X(z,y)™ = > X'y (2.2)

i€(1/T)Z
jES/T+HZ
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in M[[z"/T, 2=%/T yY/T 4=1/T]]. In the same way, for s = 0,...,7 — 1 and X (z,y) =
Zi,je(l/T)Z ZkeZ Xijkfvlyj (55 - y)k € M[[xl/Tv yl/TH[x_l/T» y_l/Tv ({,C - y)_l]v we define

) Xipa'y!(w—y)* and

ics/T+Z k€L
JEQ/T)Z

Xy = > Y Xipz'y(x—y)* (2.3)

1€(1/T)Z kel
JjE€S/THZ

in M[[z¥/T g /T)][z= V7T y= V7T (2 — y)~']. Clearly

T-1

5
L

X(z,y)™ =) X(z,y)" = X(z,y).

s=0 s

Il
o

For0<s<T-1,j€s/T+Z, ke (1/T)Z and [ € Z, the following fact is well known
and straightforward:

_ xr] —x ; _ —To+T i
x() 16( ! 2 ) Lzl,wz ((l‘{xgxlo)hg:wl—wz) - x() 15(21> L$2,I1 ((le-'lf'gxlo)|;p0:zl_@2)

Zo Zo

—s/T
_1{ 22+ 2o T2+ Xo j
=T ! ( > 5( >L12,Io ((lexgxé))‘11:132+mo)' (24)

1 T1

The argument in the proof of the following lemma is well known (cf. [14, Sections
3.2-3.4]).

LEMMA 24, Let A(zy,a2) € M((zy/ ") (@y "), B(xa,21) € M((zy/ ") (2} "), and
C(x2,20) € M((x%/T)) (zo)). Then, the three following conditions are equivalent.

(1) There is F € M|[x; VT m;/T]fol/T,x;l/T, (1 — x2) 7] such that

LI1712F:A(‘I17$2)7 erﬂﬂlF:B(‘T?axl)a and LZE2,C61—I2F:C(x2>x17x2)'

(2) There are ClFl(zq,x0) € M((x;/T))((l‘o)), s = 0,....,T — 1 such that
ZST:_OI Clsl (wa, x0) = C(w2,70) and

x515<x1 — JUQ)A(thQ)S’Il - x515(_x2 + xl)B(xQ,xl)s’zl

Lo Lo

—s/T
:x11($2+x0> 5<x2+x0>0[s](:€27x0). (2.5)

x1 T1

(3) There are positive integers 1,q and C')(xq,2¢) € M((xé/T))((xo)), s=0,....,.T—1
such that ZZ:_OI Cl (g, 20) = C(z2,x0),
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(z1 — z2) A(x1, 22) = (21 — 22)' B(zo, 1) (2.6)

1T 1)T —1/T —1)T
/ / /7172/]]

in Mz x5~ @ and

lzg,@o ($0 + x2)_S/T+q (A(mla x2)57m1 ) |I1:7J0+I2

= lay,ao ($2 + xO)_s/T+qC[S] (332, -'170) (27)

1/T

in M|[xo, z, ! x_l/Tﬂ.

Ty 5Ty
In this case, F' and C!°! (x2,20), s=0,...,T — 1 are uniquely determined by A(x1,x2),
B(zg,21) and C(x2, o).

PROOF. We show (1) implies (2). Define Cl¥l(zq,20) € M((xy")((x0) by
Cll(@g, 01 — T2) = Luy.zy 0y F57 € M((xé/T))((xl —x)) for s =0,...,T — 1. Clearly,
stz_Ol Cll(z9,20) = Clxa,20). Since iy, 2, F¥™ = A(zy,29)5% and iy, ., F>* =
B(zg,2z1)%" for s =0,...,T — 1, (2.5) follows from (2.4).

We show (2) implies (3). Let [ be a positive integer such that zhCl*l(xy,z0) €
M((a:;/T))[[scO]] for all s =0,...,7 — 1. Multiplying (2.5) by z}, and then taking Res,,,
we have (z1 — 29) A(z1,22)%% = (21 — 22)'B(z2,71)*** and hence (2.6). Let q be a
positive integer such that fo/TJrqB(xg, x1)%7 € M((mé/T))[[xl]] foralls =0,...,T—1.
Multiplying (2.5) by :cl_s/T+q and then taking Res,,, we have (2.7).

We show (3) implies (1). Since the left-hand side of (2.6) is an element of
Mz ") (3™ and the right-hand side of (2.6) is an element of M (z2/ ") (z\/")), G =
(1 —22)' A(21, 22) (= (21 —22)' B(22,71)) is an element of M[[{,Ci/T, xé/T]][;vl_l/T, xz_l/T}.
Define

F=(z1 —22)"'G e Mzt 2t/ a7 " 23 Y7 (21 — 22) 7Y

It is clear that ¢y, 4, F = A(z1,22) and iy, 4, F = B(x2,21). Applying the same argument
to (2.7), we obtain Hg € M[[xi/T,xé/T]][xl_l/T,xz_l/T, (r1—22)71],5=0,...,T—1such

that
Loy —zo,m0 Hs = A(T1,22)"" = A((®1 — 72) + 22, 72)>"" and

Lx2,$1—$2HS = C[S](I27x1 - x2)'

Since M (((x1 — 22)"/T)) ((xé/T)) = M((x}/T)) ((x;/T)) and ¢y, 4, is injective, we have
F#71 = H, for all s =0,...,T — 1 and therefore ty, 5, o, F = C(z2,21 — 2).

We show F and Cl*)(29,2¢), s = 0,...,T—1 are uniquely determined. Since ¢, 4, is
injective and ty, 4, F' = A(z1,22), F is uniquely determined. In the above argument that
(3) implies (1), we have constructed F' such that ty, 4, F = A(z1,22) and tg, ¢ —g, F57 =
CP¥(zg,x1 — x3). Thus, C1¥ (29, 20), s =0,...,T — 1 in (3) are uniquely determined. A
similar argument shows that Cl*!(z4,2¢), s = 0,...,T — 1 in (2) are uniquely determined
and that Cl*(zy,x0) in (2) is the same as that in (3) for each s. O
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REMARK 2.5. The following facts for (2.5) are well known and straightforward.

(1) A direct computation shows that (2.5) is equivalent to

- Ty —x _ —T9+x
x 15(w)A(x1,x2) — 15(21>B(z2,x1)

Lo

= (@ + w07 T-1 .
== Z 33115(62”‘/?1]/T21/;) Z AVIUSITOE (1, 20). (2.8)
=0 Zy s=0

(2) If we write A(xy,22) =3, AP a7 B(wa,a1) = > Bipgry " eyt

and C¥l (29, 20) = > C([;]’q)xgpflxaqfl, where A, ), Bip.g)s C(p,q) € M, then we

have
oo I ) oo j .
> <Z> (=D (Agjmiprsy + (D Bugroijen) = D <i>c([j+]ki,l+i) (2.9)
i=0 i=0

for0<s<T—-1,j€s/T+Z,ke (1/T)Z and | € Z by comparing the coefficients
of both sides of (2.5). Thus, a direct computation shows that (2.5) is also equivalent
to the condition that

Resy, A(T1,22) ey 20 (:rjlx’;(xl - :Eg)l) — Resy, B(x2, T1)tey 2 (mjlfc’;(xl - ;UQ)Z)
= Resy, 2y O (@0, 21 — 29) 10y 0y (w{xlg(xl — xg)l) (2.10)

in M[[xé/T,xz_l/TH foral0<s<T—-1,j€s/T+Z, ke (1/T)Z and | € Z. Here,

Res, is defined by
Resy f(z) = f-1

for f(x) = Zie(l/T)Z fixt e M[[xl/T,x_l/T]].

REMARK 2.6. For ¢ € Z we denote by M((xé/T)) (z0))>q the set of all elements in
M((x;/T))((mo)) of the form } ie(1/7)z Xyahad. Suppose C(x,20) in Lemma 2.4 is an

J€L>q
element of M((x;/T))((xo))zq. Since tyy o) —w @5 (T1 — 22)t = Yoo, (Ji)x];ﬂ_l(xl —
x9)*?, we see that F in Lemma 2.4 (1) has the form F = (z; — 2)?G, where
G e May" 2y Ny V"2V Thus, Cl(ag, 21 — 22) = toyay—eaFO™ €

M (Y ") (21 — #2))>4 and hence C1¥) (22, 20) € M (a3’ " ) (wo))sq forall s =0,...,T—1.

Let M be a (V,T)-module. For a € V and s =0,...,T — 1, we define Y}, (a,x) by

Yyla,z) = Z a7 (2.11)
i€s/T+Z
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Let a,b € V and w € M. We apply Lemma 2.4 to A(z1,22) = Yar(a,21)Yar(b, 22)w
B(zg,z1) = Yu(b,x2)Ym(a,z1)w and C(x2,z0) = Yp(Y(a,20)b, z2)w. In this case
F in Lemma 2.4 (1) is equal to F(a,b, w|z1,22) in Definition 2.1 (3). We denote by
Y]\([S)(a, blwa, o) (w) the element C*)(zq, 2¢) of M((xé/T))((xo)), s=0,...,7 —1 in this
case. That is,

Y]\(/[S)(a7 blza, x1 — 2) (W) = Lyy,zy—as (Fa, byw|xy, x2) ™5, (2.12)

where F(a, b, w|z1,22) %" is defined by (2.3). The conditions in Lemma 2.4 (2) become

S
-

Y (a,blay, mo) (w) = Yar(Y (a, 20)b, 22)w (2.13)
s=0
and
zo_lé(xlxoxz)Y]\S/[(a,xl)YM(b,:rg) w— T, 15<T>YM(b,x2)Yﬁ(a,x1)w
To +x s/T ro +x
=x11<20) 5(20>Y1\(j)(a,b|x2,xo)(w). (2.14)
X1 X1

The uniqueness of F(a,b, w|z1,x2) for each a,b € V and w € M implies that for fixed
a,b € V the map Y(S (a,blxa,xg) : M — M((x 1/T))((atto)) is linear and that the map
VxV3(a,b) Y )(a b|ws, x0) € Home (M, M((zy/ ™) (x0) is bilinear. We write

Y(S)(a blza, xo) = Z ZY(é (a,b;,5)ay " rag? T,

1€(1/T)Z JEZ

where Y (a b;i,j) € Ende M.

REMARK 2.7. Let g be an automorphism of V' of finite order, ¢ a positive multiple
of |g| and (M,Yy) a g-twisted V-module. As stated in Remark 2.2, (M, Yy) is a (V. t)-
module by Lemma 2.4. We explain what is YJ\(/[S) (a,blza, o) for a,b € V and s =0, ...,
t — 1 in this case. We denote by V(") r =0,...,t — 1 the eigenspace {v € V | gv =
6’2’“/?”/%} of g. For a € V, we denote by a9") the r-th component of a in the
decomposition V = @f;t V(@7) that is, a = Zf;%) alor) qlor) e yior),

Let 0<s<t—1,a,b€V and w € M. Since

(Yasr(a, 1) Yar (b, 20)w) % = Yar (a9, 21)Yar (b, 22)w  and

(YM (b, .%‘Q)YM (a, xl)w)—s,;m = YM (b, l‘g)YM(a(g’s), xl)w
it follows by (2.5) that

Y (@, b2, 20) (w) = Yar (Y (a'9%), 20)b, 2)w. (2.15)
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Let a,b eV, we M, jk e (1/T)Z,1 € Z and s the integer uniquely determined by
the conditions 0 < s <T — 1 and s/T = j (mod Z). It follows by (2.9) or by comparing
the coefficients of both sides of (2.14) that

E <‘7.>Y1\(4s)(a,b;j +k—il+1i)(w)
i
i=0

R VAV L

— . - J—1 1 - —1 1 . .

<z>( D*(a4j—ibrri + (=1)7 bisk—iajvi)w (2.16)
=0

It follows by (2.10) that

ReSyz, —uy bwg o —zs (xlatz(;vl - asg)l) ]6 (a,b|lxe, z1 — x2) (W)
= Resy, Loy ,zs (xlmQ T1 — T2) Z)YN (a,21)Ypr (b, 22)w
— Resy, lay.an (xle (x1 — $2)Z)YM(b x2)Yar(a, z1)w
= Resy, Ly .z, (xle WYy (a, 1) Yar (b, x2)w

— Resg, Loy an (x]lxz (z1 — arg)l)YM(b, 22) Y3 (a, 1)w. (2.17)

LEMMA 2.8.  We use the notation above. Let L be an integer such that a;b =0 for
allt € Z>r4+1. Then

Y (a, by 5 + k1) (w)

LX: < ) Z (l * m)(l)i(al+m+j—ibk—m+i + (=) ag)w. (2.18)

)

Proor. It follows from Remark 2.6 that Y]\(j)(a,b|x2,x0)(w) € M(x 1/T))
“(0))>—r—1- Thus, if I > L, then the both-sides of (2.18) are equal to 0. Suppose
[ < L. Define

oo
Z( ) Hampj—ibk—mriyi + (=)™ by piajpi)w

=0

for m € Z<y,. Since

1 0 0

0 1 | Y (a, b5+ k+1— L, L)(w) R(L)

1 Vi (a,bij+k+1—L+1,L—1)(w) R(L—1)

(%) : - :
0 Y (a,b; 5 + k, 1) (w) R(1)
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by (2.16), we have

1 0 0
Vi (a,bij + k+1— L, L)(w) ) 1 AN
Y a,bij+k+1—L+1,L—1)(w) 4 ' [ RE-1)
= (—]) . .. .. : .
() p.a P R(l
() (7)) (7)1
This implies (2.18). O

Let a,b € V, we M, j k € (1/T)Z, 1 € Z and s the integer uniquely determined
by the conditions 0 < s < T —1 and s/T = j (mod Z). It follows by Lemma 2.4 that
F(a,1,w|z1,22) = Yar(a, z1)w since

Yar(a,z1)Yr (1, 22)w = Yar(a, 21)w

& My g Wl Ty (

a‘r2 , (L1 _xZ)_1]~
Comparing the coefficients of

(s )

bey,xq— 121)1Y aa 1|.’IJ2,ZC1 - .’172)(’111)

= 2 23§Z()Y“«zLa+k—zz+w<>2k1mn—xﬂ4*

kE(1/T)Z IEZ i=0

and
LI2,$17$2x{Y]&(a7xl)w
k +1 —k—1 -1
- ZZ -1 (1) ajphtirway " (@1 — 22) ,
kEZ IEL
we have
-1 .
> (‘Z)Yif)(m Lj+k—il+i)(w)
i=0
k I+1 .
1) DT gk ik E€Z,
- (2.19)
0 if k¢ 7.
Here, we used YA(;)(a, 1|zo, 21 — 22)(w) € M(( )) [1 — 22]] by Remark 2.6. We can

[
also obtain (2.19) by taking b = 1 in (2.16). Tak1 ng I = —1in (2.19), we have
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aw ifies/T+7Z,

Yif)(a,l;irl)(w):{o fig 8T 42, (2.20)

By a similar argument, we have F(1,a,w|x1,z2) = Yu(a,z2)w, Yﬂ(j)(l,a\zg,xl -
x2)(w) = d5,0Ynm(a, z2)w and hence

iy (1 a;k, 1) (w) = 64,00, 1 axw. (2.21)

LEMMA 2.9. Let M be a (V,T)-module. Then, Yy(a—21,z) = (d/dx)Yn(a,x).

PrROOF. lLetacV,we M, ke (1/T)Z and s € Z with 0 < s <T — 1. Taking
j=s/T and I = —2 in (2.19), we have

YA(/IS) <a,1; l —|—k,—2)w+ EY]\(;) (a71; k- 1,—1)w

T T T
—kag w ifkez,
_ /T+k—1 (2.22)
0 itk ¢7.

Let r € Zwith 0 <r <T —1andn€r/T+Z. By (2.20) and (2.22), we have

T—1
(a—al)pw = Z 1’1\(4‘3)(617 1;n, —2)(w)

@
(=)

—1
s s s
Y]\(4)<a,1;T+ (—T+n>,—2>(w)

= ;SY]&S)(GJ;;—F(—;—&-n—l),—l)(w)—(—;—l—n)an1w

s=C(

—-Tr T +
= —apqw—| —=4+n]a,_1w
T ! T !

!

I
i

~

= —Nap_1W. O

3. Subspaces of C[z,z71].

Throughout this section we fix a non-positive integer A. This is the lowest weight of
a graded vertex algebra V = @;-  V; which will be discussed in Section 4. In this section
we introduce a subspace OL} (a, 8; 2) of C[z,27!] (see (3.11) below) for n,m € (1/T)N
and o, € Z and we study its properties. The subspace OZ;;},L(a,ﬂ; z) will be used to
define the subspace OF} (V) of V in Section 4.

For N,q € Z and Q € Q, O(N, Q, g; z) denotes the subspace of C[z, z~!] spanned by
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N— .

a—j
Res, <(1 + 2)QutI Z zixi1> = (Q> a5 =0,-1,... (3.1)
—0 t

iEZSN 7

and 2%,i € Z>n41. We note that if N < g, then O(N,Q, ¢; z) = C[z, 27!]. We also note
that

O(N,Q,q;2) CO(N,Q,q+1;2) C---. (3.2)

A similar computation as in the proof of Lemma 2.8 shows the following lemma (or see
[16, Proof of Lemma 2]).

LEMMA 3.1. Fix N,q€Z, Q€ Q andi € Z<y. Then

N—q k
i —Q Q N .
) ,; = (—i +q +j> </~e —j)"‘“ (mod O(N, Q.¢;2)). (3:3)

The proof of the following lemma is similar to that of [16, Lemma 3].

LEMMA 3.2. Let N € Z,qo,...,qr—1 € Z and Qo, ..., Qr—1 € Q such that Q; # Q;
(mod Z) for all i # j. The diagonal map Clz,27 Y] > f + (f,...,f) € Clz,271®T
induces an isomorphism

T-1

C[zazil]/ ﬂ O(N> stqks;z) - (C[szil]/O(Nstvq‘s;Z)
s=0

=
-

@
I
o

as vector spaces.

PrOOF. It is sufficient to show that the induced map is surjective. Note that
Clz, 2 Y>n+1 is a subspace of O(N,Qs,qs;2) for each s. Fix an integer ¢ such that
¢ < min{qo,...,qr—1} We may assume ¢ < N from the comment right after (3.1). Since
O(N, Qs, q; 2) is a subspace of O(N, Qs, gs; z) for each s =0,...,T — 1, it is sufficient to
show that the diagonal map

!
-

C[sz_l]NJrlfT(qu),N > f = (f + O(N7 stq; Z))Z;Ol € (C[Z7Z_1]/O(N>QS7Q§2>

[
I
o

is surjective. For a Laurent polynomial A(z) = Z?LNH_T(N_(I) Nzt €
C[z,z‘l]NH_T(N_q),N, it follows by (3.3) that

A(z) = XN: by zk: (2;21 j) (st ) 2 (mod O(N, Qs, ¢; 2))
(3.4)
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for s = 0,...,7 — 1. We denote Z?Zl (72'_3113') (k ]) by «a ’H_q for 0 < s < T -1,

1<k<N-gandi€Z. Define T T(N —q) x (N — q)- matrlcesI‘S,S—O,...,T—lby

1 2 PN S’N_q
(T1 1)(N—q)—1 O‘(T2 1)(N—q)—1 a(T—l)(N—q)—l
—q
o HV-9—2 - DN-g -2 " o= HN=-2
51 82 sN q
A _N+q A _N+q X _N+q
Since
z(l+1
(AN41-T(N=q)s AN+2-T(N—=q)> - - - s AN)T's :
ZN

is equal to the right-hand side of (3.4) for s = 0,...,T — 1, it is sufficient to show that
the square matrix

=Ty - Ip_y) (3.5)

of order T (N — ¢) is non-singular. It is proved in Subsection 6.1 that I" is non-singular.

O
For N € Z and 7 € Q, define a linear automorphism ¢y -, of C[z,z27!] by
‘ (—1)""! Res, ((1 +2)7 Z zjle) for i < N,
PNy (2") = j€len (3.6)
2 for ¢ > N + 1.
LEMMA 3.3.
@N,W(Resz <(1 + z)ka Z zjxj1)>
JEZ<N
= (_1)i+1 Res, ((1 + :L’ 7 k—i z Z ij Jj— 1> (37)

JEZ<N
fork e Q and i € Z<n. In particular, ‘P?v,y =idcz,.-1] and
eNy(O(N,Q,q:2)) = O(N,7 = Q — ¢, ¢; 2)

for Q € Q and q € Z.
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Proor. We simply write ¢ = ¢n . Let i € Z<y. Since

we have

J€Z<N Jj=0 J

N—i k N—i—j . .
_ < >( 1)z+j+1 Z (7 -t J) Sititm

=0 M m=0 m

N—i N—i—j .
_ k (—1)i+i+iem —y+itj+m—1 Lititm

j=0 J m=0 m

N—i .

, , E\N (—v+i+1-1

_ -1 141 i1

l—O( : ’ 0<j Z<N \J m

= S)pyms —1

Jj+m=l
N—i

N (k7+i+l 1>
l

— (—1)"* Res, <(1 Fayhoig 3 ijj1>.

JE€EL<N

By this, ¢?(27) = 27 for j € Z. Since

©(Res, ((1 + z)@gatd Z zjx_j_1>

JE€Z<N

— (_1)q+d+1 Res, ((1 +x)’y*Q*q7dxq+d Z ijj1>

JEZ<N
= (—1)9ta+l B Y-Q—q .q+d+m jo—i—1
=(-1) Z(m)ReSz<(1+I) x Z 2x >
m=0 J€L<N
for d € Z<o, we have pn(O(N,Q,q;2)) = O(N,y—Q — q,q; 2). O

Throughout the rest of this section, m =1y + i1 /T, p=la +i2/T, n =13+ i3/T €



A generalization of twisted modules 1123
(1/T)N with Iy,15,l3 € N and 0 < 41,1i9,i3 < T — 1. We always denote m,p,n as above

until further notice. For 4,5 € (1/T)Z, r(i,j) denotes the integer uniquely determined
by the conditions

0<r(i,j)<T—1landi—j= @ (mod Z). (3.8)
For 0 < s <T —1, sV denotes the integer uniquely determined by the conditions
0<s'<T—-1landi;—iz=s+s" (modT). (3.9

For s =0,..., 7 —1 and a, 3 € Z, define

Ogﬁf),l(a,ﬁ;z) :O(a—i—ﬁ—1—A,a—1—|—ll—|—5(8§z’1)—|—;,

lll35(5§i1)5(T§8+i3)1;Z> (3.10)
and
T—1
OFh(a, B;2) = () OSi (., B 2), (3.11)
s=0

where A is the fixed non-positive integer as stated at the beginning of thls sectlon and
d(i < j) is defined in (2.1). For a, BE€ Z, j € Z<p and s =0,...,T — 1, \Ilnm (o, B, 45 2)
denotes the Laurent polynomial in Og,éf)’l(a, B; z) defined by (3.1), that is,

W (a, B, j; 2)
= Res, ((1 )@ IS (sSin)F 8/ Ty =l =13 —3(s<in) —3(T<s+ia) —1+ Z Zix—i—l)

€L
i<a+B-—1—-A

a+B—A+1l1+13+6(s<i1)+6(T<s+iz)—j (a R 5(5 < il) + s
< T)

1

(]

=0

% Z’L‘*ll7[375(8Si1)75(TSS+7;3)*l+j. (312)

The d15J01nt union {\Il( ’S)( Byg32) | 4 =0,—-1,..3U{z* | i > a+ 3 — A} spans
Ol (e, B; 2).

LEMMA 3.4. Letm/ =1} +i/T, n' =15+i4/T € (1/T)N with I},l5 € N and
0<i,i5<T—1. Ifm' <m andn <mn, then O(T s, Ma ﬁ; z) C Ogi),’l(a,ﬂ;z) for
a,8€Z ands=0,...,T — 1. In particular, O L (o, B;2) C 1m,(oz,ﬁ;z).
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PrROOF. Let py =11 +d0(s<iy)— (I} +6(s <i})) and p3 =134+ 6(T < s+i3) —
(15 +6(T < s+is)) for s=0,...,T — 1. It follows by m’ < m and n’ < n that p; and
ps are non-negative integers. Since

\IJ(:{;%:Z)(Q757‘],Z) Z<p1>‘IJ£LTT€;L)/(0¢aﬁ,j_P1_P3+i§z)7
i=0
the proof is complete. O

A direct computation shows

—S—Sv+i1—i3

7 +0(T <sY +i3)=0(s<ip) —1 (3.13)
for s =0,...,7 — 1 and hence
§(sY <) +0(T < s¥ +i3) =6(s <i1) + 0(T < s +13). (3.14)

For a non-positive integer j, it follows by (3.7), (3.13) and (3.14) that

gV .
(Pa+,8717A,a+,8+m7n72(\1]£3:7’7f )(ﬁvaa];z))

_ (_1)—11—l3—5(5§i1)—5(T§5+i3)+j

X ReSx ((1 + x)a71+llJr(;(SSZ'l)JrS/Tfjx*ll71376(8S’L—1)75(TSS+Z-3)71+‘]'

% E sz7,1>

1EZ
i<a+pB-1—-A

(< 1)l e 0(sSi) ~0(T Ssig) i (‘kj) \I](T 59) (, B, + ki 2)
k=0
and hence
Pati1-aatsrm-n—2(057 (B, 03 2)) = O3 (a, B; 2). (3.15)
Thus, Ya+8-1-A,a+8+m—n—2 induces an isomorphism

Clz, 27 )/O5 (8,05 2) — Clz, 271 /O (o, B3 2) (3.16)

and hence

1/ ﬂ Ol (B, iy 2) = -1/ ﬂ 0T (, B; 2) (3.17)
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by Lemma 3.1.
For r = 0,...,7 — 1 and ¢ € Z<qip-1-n, it follows by the argument
in the proof of Lemma 3.2 that there exists a unique Laurent polynomial in

— . T, .
Clz, 2 1](ng,A,T(aH;,AHlHﬁg)’aﬂg,l,A, which we denote by EfLymr)(oz,ﬁ,z;z), such

that
ET (0, 8,4 2) = 67,7
<mod0<a+ﬁlA,a1+ll +4(s §i1)+%,711 133;z>),
s=0,...,T—1. (3.18)
We also define

ET (, B,4;2) = 0 for i € Zsarpa (3.19)

for convenience. Since
U —l3—=3<—-l1—l3—0(s<iy1)—0(T <s+i3z)—1,
it follows by (3.2), (3.18) and (3.19) that
Er(lj,;v;“f)(a>ﬁ7i;z) = 5r,sZi (mod Og;f)’l(a,ﬁ;z)) (3.20)

forr,s =0,...,7 —1 and i € Z. It follows from Lemma 3.2 that

T-1
Y B (@f,42) =20 (mod Oy, (a, B;2)) (3.21)
s=0

for i € Z. Define a Laurent polynomial ®% . («,3;z) by

n,p,m
F (e, B 2)

& (—zl U5+ 1y — 5(r(p,n) < i1) — 6(T < r(p,n) + ¢3)>
0

; 7
1=

% Resm ((1 + l,)af1+l1+6(r(p,n)§i1)+r(p,n)/T

% :L.—ll—l3+lz—5(7‘(?,71)Sil)—fs(TST(Pﬂ)-i-is)—i Z ‘E’T(ZT[;;;‘(}?JI))(OZ7 57]'; z)x_j_1>
JEZ

€ Clz, 2 g fm A= T(at BmAtly +1a4+2) 04 B—1— A5 (3.22)

T

n,p,m O & vertex

where r(p,n) is defined in (3.8). This is used to define the product x*
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algebra in Section 4.
We denote Spang{z’ € Clz,27'] | i # —1} by Clz,27!]2_1. The following two
results will be used to compute 1 % p.m @ for a € V in Section 4.

LEMMA 3.5. Leta,r € Z with0<r <T —1. Then
> B0, 0,5;2)277 T = 6,027 (mod (Clz, 27 1) (@)
JEZ

PrOOF. Since
a+A+l+I3+1—j I
\I’g’;}?)(o,a,]72) = Z ( ')zz l1—l3—2+j c (C[Z7Z 1]§72

‘ i
=0
for all j € Z<o, Ogﬁg)’l(o,a;z) is a subspace of Clz,27!._1. By (3.20), we have the
desired result. O
LEMMA 3.6. For o € Z, we have
o7 0,0;2) = 6,2 " (mod Clz, 27 2_1).

npm

PROOF. If n # p (mod Z), then it follows by Lemma 3.5 that

®L  (0,a;2) =0 (mod C[z,2 Y] 4_1).

n,p,m

Suppose n = p (mod Z). By Lemma 3.5 again, the same computation as in the proof of
[4, Lemma 4.7] shows

®L  (0,a;2) =0ppz " (mod Clz, 27 21). O

n,p,m
The following result will be used in order to obtain Lemma 4.3, which induces the
commutator formula in Lemma 5.9.

LEMMA 3.7. For a,( € Z, we have

,p, ( 57 ) (pOCﬁLﬁ*l*A,Oé*Fﬁ*Fm*TL*Q(‘I)Z,m+n7p,m(ﬁ7a;z))

—Res, (1 +2)* TP Y " BT (0,8, j; 2)a 77 € OF ) (a, B52). (3.23)
JEZL

PROOF. The proof is similar to that of [5, Lemma 3.4]. We simply write r = r(p, n)
and ¢ = Ya4+8-1-A,a+8+m—-n—2. 1t follows by

i =i _ T
T T

(m+n—p)—n= (mod Z)
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that ®F, ., (B,02) € Nestrv Og,i,f)’l(ﬁ,a;z), where rV is defined in (3.9). Since
@(@Zﬁm_i_n_p’p(ﬂ, a;z)) € ﬂs#, Oﬁf)’l(a,,@; z) by (3.15), we have

,p, (Oé ﬁ7 ) ( Zm+n—p,m(ﬁ7a;z))

— Res, (1 +z)*1HP~ "ZETT) JBogiz)a i e mOnm a, B35 z).
JEZ S#ET

Thus, it is sufficient to show (3.23) modulo OS5 (a, B; 2) by Lemma 3.2. Define
1 if T <y +i3 —i9,
e=<0 if 0 <4y +i3—i2<T, (324)
-1 if’i1+i3—i2<0.

It follows by the formula of ¢ in the proof of [5, Lemma 3.4] and (3.14) that

(Dz:m-&-n pm(ﬂaa;z)

ll“i?“ (-zl i+ (U +l—lote)—0(rY <iy) —6(T <V + ig))

1
i=0

X Resz(l + $)6_1+l1+5(7’v <iy)+rY /T

et l1+13—1 S(rV< (T< (T; . —j—1
w p—li—ls (s —late)=8(rY <in)—8(T<rY +is)— 1ZE 4 )(ﬂaay.];z)x !

n,m
JEZL
li+lz—la+e
—12—1 _ Vo v 1
_ Z ( . Resz(l—i—x)ﬁ 141 4+6(rY <i1)+r /Til' lo—1—14
7
=0

X ZE(TT (B, a,j; 2)a 7L

JEZL

Thus, it follows by (3.7) that

(q)gm—l-n —p, m(ﬂa Oé; Z))

ll+lsz—:l2+€ _l2 1
)

> (_1)—12—1’ Resz(l + x)oz—l—i—p—n—i—ix—lz—l—i
=0

ZE(TT LB, 2)I 7t (3.25)

JEZ

and therefore
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@((bzgm«kn D, m(ﬂ’ a; Z))

li+l3—1a+
_1 3 2€<_l2_1

) )(_1)—l2—i Resw(l + x)oz—1+p—n+ix—l2—1—i
7

=0
X Z i1 (mod Og,;f)’l(a,ﬁ;z)).
JEL
j<atp-1-A

The same argument as in the proof of [5, Lemma 3.4] shows

npm(a /6’ ) (cbrj;m+n pm(ﬁaa;z))
—Z( ll—l3—|—lg—5—1>

X Resm ((1 +x)a71+ll+6(’l‘§i1)+’r‘/Txfll7l3+1276717i Z ijj1>
JEZ
j<atf-1-a
li+ls—lo+e
—ly—1 . B e . S
( ) (_1) la lResw(l—i—x)“ 1+p n—i—lm lo—1—1 § : I 1
(3
JEL
jla+p-1-A

(mod Ogg)’l(a,ﬁ; z))

=0

= Res, (1 + x)* 1Hpn E P
JEZ
jla+pB-1-A

The proof is complete. O

Let I € (1/T)N with I < n,m. Then, it follows by Lemma 3.4 that

ETD (o, B,452) = BT (e Buisz) (mod O~ (e, B 2))

n—Il,m—I

for a, 8,4 € Z. The same computation as in the proof of [5, Proposition 4.3] shows the
following lemma.

LEMMA 3.8. Letl e (1/T)N with I < n,m. Then

(I)rj;p,m(aaﬁ; Z) = (bzfl,pfl,mfl(a?ﬁ; Z) (mOd 0;1; 1l ,m— l(a’ﬁ; Z))
fora,pB € Z.

Let T” be a positive multiple of T and «,8 € Z. Set d = T'/T. We note that
m=1; + d?:l/T/, p=ls+ dig/T’ and n = I3 + di3/T’. Thus it follows by (310) that
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O (@, :2) = O3 (e, B 2) (3.26)
forr=0,...,7 — 1. By this and (3.20), we have

B8 (a, 8,1 2) = 6,02" (mod O (v, B4 2))

fori€Z and r,s =0,...,T — 1. Therefore, Lemma 3.2 implies

BT (0, 8,4 2) = B (0, 8,4;2)  (mod OF) (a, B; 2))

fori€ Zandr=0,...,T — 1. By (3.22), we have the following result.

LEMMA 3.9. Let T' be a positive multiple of T and o, 8 € Z. Then
B om0, B52) = ®F (e 52)  (mod O, (@, 5: 2).

4. Associative algebras A] (V) and bimodules AT, (V).

Throughout the rest of this paper, we always assume the following properties for a
vertex algebra V: V has a grading V = @;- , Vi such that A € Z<g, 1 € V; and for any
homogeneous element a € V', a;V; C Viyta—1—i45, where V; = 0 for ¢ < A. Every vertex
operator algebra satisfies these properties. Throughout this section, we fix m =y +i1 /T,
p= Iy +’L2/T’7 n=I3 +13/T € (1/T)N with ll,lg,lg €Nand 0 < 11,100,103 < T — 1.

In this section, we first define a product %, on V and a quotient space A} (V)
of V. In the following, we shall use a similar argument as in [4, Section 3]. For a € V;,

we denote ¢ by wt a. Define
i) (a,b,1) = B (wha, wt b, i;.2)|ei—ayn € V (4.1)

for homogeneous elements a,b of V and ¢ € Z, where E,(LTmS )(wt a,wtb,i; z) is defined in
(3.18), and extend EAT(%T?;@S)(a7 b, i) for arbitrary a,b € V by linearity.
Let OF0 (V) be the subspace of V spanned by

{a_21+ (wta+m —n)a € V | homogeneous a € V'} (4.2)

and OF} (V) the subspace of V spanned by

(4.3)

{P(z)|zi_ajb cv homogeneous a,b € V' and }

P(z) € O} (wta,wtb; 2)

A similar argument as in the proof of [17, Lemma 2.1.3] shows the following lemma
as stated in the proof of [4, Lemma 2.3].

LEMMA 4.1.  For homogeneous a,b € V', we have
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Res, (1 + 2)'27Y (b, 2)a

= (_1)j+1 Res, (1 + x)wt a+wt b+m—n727i7jzjy(a,z)b (mod OZ,’?n(V))

forie Q,j € Z and homogeneous a,b € V.

By (3.21), we have

Z ET9(a,b,i) = a;b  (mod O (V) (4.4)
for ¢ € Z. Define

a npmb*Qgpm(wta,wtb;z)|zj:ajb eV (4.5)
for homogeneous a,b € V, where ® is defined in (3.22), and extend a ., ,, b for

arbitrary a,b € V by linearity. By Y (1,2) = idy and Lemma 3.6, we have

1L a=6,,a (4.6)

n,p,m

foraeV.

DEFINITION 4.2.  Let OL2 (V) be the subspace of V' spanned by

T T T T T
u *H,Paxm ((a *PS,P2>P1 b) *p?nplxm c—a *Psmz, (b p2,p1,m C))

for all a,b,c,u € V and all py, p2, ps € (1/T)N. Define
Onm() = 32 Vg (055, (V) + 050, (V) s V
p1,p2€(1/T)N
and

05 m(V) = Onn (V) + 05 (V) + 05 2. (V) + 05 7. (V).

n,m

By (4.6), we have

(a‘ *Z;,pg,pl b) *g,pl,m c—a *Z;,pg,m (b *Z);,pl,m C) € Og:?n(V)

for a,b,c € V and py,ps € (1/T)N

LEMMA 4.3.  Fora,b eV, we have

T T
@ *p,pm b—b *n,m+n—p,m

a — Res, (1 4 z)Vtoa-ttr—n Z Eg,;f(p’")) (a,b,)z=7~1
JEZ

€ 0, m(V) + Op (V)
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where r(p,n) is defined in (3.8).

PrROOF. We may assume a and b to be homogeneous elements of V. We simply
write r = r(p,n). Let ¢ be the integer defined in (3.24). By Lemma 4.1 and (3.25), we
have

b L

n,m+p—n,m

li+13—1l2+
1tlz—late s —1
i

a

) (_1)—l2—i Resw(l + .%‘)Wt a—1+p—n+ix—l2—1—i
=0

x Y B (a,b, ) (mod OF 7, (V) + 075 (V)
JEZ
li+lz—l2+e I 1
_ Z <_ 2'_ )(_1)—l2—i RQSZ(]. + iE)Wt a—1+p—n+ix—l2—1—i
=0 t
X Z Ev(lj,;’:)(Wt a, wt ba j; Z)'zk:akb ‘r_j_l
JEZL
= Pwta+wt b—1—A,wt at+wt b+m—n—2(q)z;m+nfp7m(Wt b7 wt a; Z)) ‘zk:akba

where Qi atwtb—1—A wt atwt b+m—n—2 1S defined by (3.6). Thus, the assertion follows
from Lemma 3.7. O

By (4.6) and Lemmas 3.5 and 4.3, we have
a *Zﬁm’m 1=a (mod Ogﬁl(V) + OZ,In(V)) (4.7)

foraeV.
The same argument as in the proof of [5, Lemma 3.8] shows the following lemma.

LEMMA 4.4.  For m,p,n € (1/T)Z, we have V x, . Ol (V) c OF, (V) and
or (V)L VOl (V).

n,p,m

We define
A (V) =V/O0g (V). (4.8)

If ;= n, we simply write AT, (V) = AL | (V). By Definition 4.2, (4.6), (4.7) and Lemma
4.4, we have the following result.

THEOREM 4.5.  Let m,n € (1/T)N. Then, (AL (V), %} m.m) is an associative C-
algebra and A}, (V) is an AL (V)-AL (V)-bimodule, where the left action of AL (V) is
given by *L and the right action of AL (V') is given by %L

n,n,m n,m,m:*

Lemmas 3.4 and 3.8 imply the following result.
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PROPOSITION 4.6.  Let l,m,n € (1/T)N with | < n,m. Then O} (V) is a sub-

space of OZflymfl(V). Moreover, the identity map on V induces a surjective algebra
homomorphism AL (V) — AL (V) and a surjective AT(V)-AL (V))-bimodule homomor-

phism AL (V) — AT (V).

n—Il,m—I

Lemma 3.9 and (3.26) imply the following result.

ProPOSITION 4.7.  Let myn € (1/T)N and T’ a positive multiple of T. Then
OZ#(V) is a subspace of OZ:;,%(V). Moreover, the identity map on V induces a surjec-
tive algebra homomorphism AT (V) — AL (V) and a surjective AT (V)-AT (V)-bimodule
homomorphism AT (V) — AT (V).

REMARK 4.8. Suppose V is a vertex operator algebra. Let g be an automorphism
of V of finite order ¢. In [5], a product *; ,, , on V and a quotient space Ay, m (V) =

V/Ognm(V) of V are constructed for each n,p,m € (1/t)N. If g = idy, then xj . =

s and Ag (V) = Ay i (V), where 7, is a product on V and A, ,, (V) is a quotient
space of V' constructed in [4].
We shall discuss a relation between Ay, (V) and AT (V). Suppose T' = 1. Then

x) = %, by the definition. Moreover, O}9, (V)40 (V) = O;, ,,(V) by (3.10) and

n,p,m
(3.11), where O}, ,,,(V) is the subspace of V defined on p. 801 in [4]. Thus, O}, ,.(V) =
Onm(V)and A} (V) = Ay (V).

We shall use the notation in Remark 2.7 and [5]. For homogeneous a,b € V and
P(z) € O} (wta,wtb; z), the definition of O%}, (wta, wtb; z) implies

,m m

t—1
P(Z)Izj:ajb = ZP(Z) € O;,n,m(v)7
r=0

zj:aj.g’r)b

where O}, (V) is the subspace of V defined on p.4240 in [5]. Thus, O%} (V) is a
subspace of Of ,, (V). We simply write = 7(p,n), which is defined in (3.8). For
s=0,...,t—1, we have

E,(Lt;z) (a(g’s)7 b,i) — 6r7sa§g’s)b = (E,(Ltfz) (wt al9) wtb, i z) — 5T,szi)|

s

(a.9)p cO! (V)

23 =a; g,n,m

since E,(Lf%)(wt al9%) wtb,i;2) — 642" € O,(Ltfsm)’l(wt a'9*) wtb; z) by (3.20). Therefore,

by (3.22) and (4.5) we have

t - (9:8) 4t (g:m) 4t
a *"7p7m b= Z o= *"»P»m b +a *n7p7m
S#T

a9« b (mod O, (V).

g,m,p g,n,m

We conclude that O%, (V) C Og.nm(V) and Ay, m (V) is a quotient space of Al | (V).
For an automorphism group G of V of finite order, the same argument as above
shows Ag (V) in [16] is a quotient space of Al¢! (V).
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5. (1/T)N-graded (V,T)-modules and AL, (V).

Throughout this section, we always assume the properties mentioned at the begin-
ning of Section 4 for a vertex algebra V' as stated there. In this section, for m € (1/T)N we
describe a relation between the AL (V)-modules and the (1/T)N-graded (V,T)-modules
defined below.

DEFINITION 5.1. A (1/T)N-graded (V,T)-module M is a (V,T)-module with a
(1/T)N-grading M = €D,,¢ (1 /7y M (n) such that

a;M(n)C M(n+wta—1i—1)

for homogeneous a € V and i,n € (1/T)N, where M(n) =0 for n < 0.

For a (1/T)N-graded (V, T)-module M, a (V, T)-submodule N of M is called (1/T)N-
graded (V,T)-submodule of M if N is a (1/T)N-graded (V, T)-module such that every ho-
mogeneous subspace of IV is contained in some homogeneous subspace of M. A non-zero
(1/T)N-graded (V, T)-module M is called simple if there is no (1/7)N-graded submodule
of M except 0 and M itself.

In the following, we shall use a similar argument as in [4, Section 4]. Throughout
this section, m = Iy +41 /T, n = l3+i3/T € (1/T)N with [, € Nand 0 < iy, i3 <T—1.
Until Proposition 5.7, M = @, jryy M (i) is a (1/T)N-graded (V,T')-module. Without
loss of generality, we can shift the grading of a (1/T)N-graded (V,T)-module M so that
M(0) # 0 if M # 0.

Define a linear map oy, ,, : V' — Homc (M (m), M(n)) by

On,m(a) = Owt a+m—n—1 (51)

for homogeneous a € V and extend oy, (a) for an arbitrary a € V by linearity. If
m = n, we simply write 0 = 0y,,;m. Define a linear map Zz(\f[)n,m(a,b; —): Clz, 271 —
Horme (M (m), M) by

ZJ(\};) (a,b;zi):YJ\(j)(a,b;wta—Fwtb—Fm—n—2—i,i) (5.2)

7n7m

(s)

M,nm

for s =0,...,7 — 1 and homogeneous a,b € V and extend Z (a,b; —) for arbitrary
elements a,b € V by linearity. Lemma 2.8 implies that the image of ZJ(V‘?n’m(a, b; f(2)) :
M(m) — M is contained in M(n) for f(z) € C[z,271]. That is, Zz(\f[?nﬁm(a, b; —) :
Clz, 271 — Homg(M (m), M (n)).

LEMMA 5.2. Fors=0,...,T —1 and homogeneous a,b € V, A

M,n,m
on Oﬁfﬁ,f)’l (wta, wtb; 2).

(avb;_) =0

ProoF. It is sufficient to show that Z](st?n’m(a, b; \D%T,,f) (wta,wtb,d;z)) = 0 for all
d € Z<o. Let w € M(m). Since Yy (Y (a,20)b, z2)w € M((@y " )(€0) > wea—wepta, it
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follows by Remark 2.6 that

V9 (@, blaa, wo)(w) € M (2 ) (20)>— wta—wibra- (5.3)
Let
jzwta—l—l—ll—i—é(sgil)—i-%,
8\/
k::vvtb—l—l—ll—l—é(svgil)—l—?—d and

l:—ll—l3—5(3Si1)—(5(T§S+i3)—l+d,

where s¥ is defined in (3.9). Since a;j4; = bi4; = 0 on M (m) for all i € N, it follows by
(2.16), (3.13) and (5.3) that

Z(S)

M,nm

(a,b; \I/gj,f)(wt a,wtb,d; z))(w)

- > J

wtat+wtb—1—A—1 .
(,)Y]\(j)(mb;j k=il +i)(w)
1
=0

= Z (Z)Y]\(j)(a,b;j +k—il+1i)(w)

=

0. O

LEMMA 5.3.  Foru € OF0 (V) 4+ 0L (V), opm(u) =0 on M(m).
PrOOF. Let a,b be homogeneous elements of V. It follows by Lemma 2.9 that

Onm(a—21+(wta+m—n)a) = 0on M(m). Let P(2) = > ,5 \iz" € O} (wta, wtb; 2).
It follows by Lemma 5.2 that on M (m)

On.m ( Z )\iaib) = Z )\ion,m(aib)

iE€EZ 1E€EL

T—1

=3 Y aviPabiwta+ wtb+m —n—2—1i,i)
s=0 i€Z
T—1

=33 Nz, (b 2
s=0 1€Z
T—1

= 23 (@ b P(2))
s=0

=0. 0
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LEMMA 5.4. Fora,beV and w € M(m)

On,m(a *Z,pm% b)w = oy, p(a)op m(b)w.

PrROOF. We may assume a and b to be homogeneous elements of V. We simply
write r = r(p,n), which is defined in (3.8). By (3.20) and Lemma 5.2, we have

ZZ(V[nm(a b; E(TT (wta,wtb,j; 2))(w)
= 27 mla,b: 27 (w)
:ij;)(a,b;wta—kwtb—i—m—n—2—j,j) (5.4)

for j € Z. We write ®% (wta,wtb;z) =3 ,., Xz, A; € C. By (5.4), we have

n,p,m

On,m(a *Z,p,m b)’w = Z )\ionym(aib)w

i€Z
T-1
= Z Z)\iYA(j)(a,b;wta+wtb+m—n—2 —4,1)(w)
5=0 i€Z
T-1
= Z 21(\23”7771((1 b; ®F pm(Wta, wtb; 2))(w)
5=0
= Zz(w) m(@, by @) (wha, wtb; 2))(w)

o~

2 (—ll—l3—|—12—5(7’Sil)—5(T§T+i3)>

1
=0

.

X

Hese ((1 + g)WEaTIHLHI(rSi)Fr/T p—li=latla=9(r<in) —0(T'<ris) =i
XD 23 (0, b B (wh a, wtb, i Z))(w)m_j_1>
JEZ

_Z( 1113+lg5(r<21)5(T<T+z3)>

i

x Res, ((1 + x)wta—1+l1+5(7»§i1)+T/Tm—l1—l3+lz—6(r§i1)—6(T§r+i3)—i

X ZY]\(P(a, bywta+wtb+m—n—2— j,j)(w)x_j_l) (5.5)
jEL

Let/.tz—h—lg+l2—5(T§i1)—5(T§T+i3) and i € Z. Then
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Res, ((1 _|_x)wta—1+l1+6(r§i1)+r/Txu—i

X ZYg)(a,b;wta—l-wtb—km_n_ 2—j,j)(w)xj1)
JEZ

i(wta—l—l—ll—&—é(rgil)—i—r/T)
k

k=0
><YJ\(;)(a,b;wtaerthrmfnf27u+ifk,,ufi+k)(w)

i(wta—1+ll+5(r<i1)+r/T)
k

k=0
X Resz, Resg, —a. (xgt atwt b+m_"_2_“+i_k(x1 — xg)“_HkY]\(;)(a,ngwl — .’172)(’LU>)

o wt a—14+11+6(r<iy)+r/T wtb—14+11+8(rY <iy)+rY /T—la+i—1
= Resy, Resg, 4, (xl T

)7117l3+1275(rgi1)75(Tgr+i3)7iYA(;) (

X (x1 — o a,blre, x1 — zg)(w)),

where we used (3.13) in the last step and r" is defined in (3.9). Thus, (5.5) becomes

On,m(a *Z,p’m b)w

_i <_ll —l3+lz—5(7“Si1)—5(TS7“+i3)>
=0

i

x Res,, Res,, o, (x;vta71+l1+5(r§i1)+r/Tm\2Nt b—1+11+6(rY <iy)+rY /T—lo+i—1
X (21 — g) Wl Hl2=0(rSin)—3(T<r+i)—i
X Y7 (a,bla, 1 — 22)(w)). (5.6)
The rest of the proof is the same as that of [5, Lemma 5.1] by (2.17). O

The following result is a direct consequence of Lemma 5.4.

COROLLARY 5.5. If M is generated by one homogeneous element w as a (V,T)-
module, then M = {a,w |a € V,ie (1/T)Z}.

We define an AT (V)-AZL (V)-bimodule structure on Home(M (m), M (n)) by
(afb)(w) = a(f(bw))

for f € Homg(M(m),M(n)), a € AL(V),b € AL (V) and w € M(m). For a (V,T)-
module W and m € (1/T)N, define

QW) ={w € W | awt a—1+xw = 0 for all homogeneous a € V and k > m}.
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Clearly, @;" , M (i) C Qp(M).
Lemmas 5.3 and 5.4 imply the following results.

LEMMA 5.6.  Foru € OF,,(V), 0pm(u) =0 on M(m). The linear map onm : V —
Home (M (m), M(n)) induces an AL (V)-A},(V)-bimodule homomorphism from AL, (V)
to Home (M (m), M(n)).

PROPOSITION 5.7.  Let W be a (V,T)-module. Then o : V. — Endc(Q,(W))
induces a representation of AL (V). In particular, M (m) is a left AL (V))-module.

For a left AL (V)-module U, set

MU= @ AL.v) QU

ne(1/T)N AT (V)

and M(U)(n) = AL ,,(V) @ 4= (v U for every n € (1/T)N. For homogeneous a € V and
i € (1/T)Z, define an operator a; from M(U)(n) to M(U)(n+wta —i—1) by

a *T . b)Ru ifn+wta—i—12>0,
ai(b® ’LL) _ {( n+wta—i—1l,nm ) = (57)

ifn+wta—i—1<0

for b@ u € M(U)(n) with b € V and v € U. This operation is well-defined (cf. [4,
p.815]). We extend a; for an arbitrary a € V' by linearity and set

Yuwy(aw) = Y aw™ ™ M(U) — MU)(/").
i€(1/T)Z

We shall show (M (U), Yar(ry) is a (1/T)N-graded (V, T)-module. For homogeneous
a,b €V, s € Zwith0 < s<T-1,i € (1/T)Z and j € Z, define a linear map
YJ\(/[S(U)(a b;i,7): M(U)(n) » M(U)(wta+wtb—i—j—2+mn) by

YJ\(/;()U) (a,b;1,7)(c ®u)

T;s
(E\gvtaiwtb i—j— 2+nn(a’ bj) wtat+wtb—i—j— 2+nnmc)®u (58>

for c® u € M(U)(n) with ¢ € V and u € U. This operation is also well-defined. We
extend YJ\(;()U)(a, b;i,7) for arbitrary a,b € V by linearity and set

Y(s()U)(a blxa, xo) = Z ZY(S)U) (a,b;4,5)ay " tag?
i€(1/T)Z jEL

It follows by (3.19) and (4.1) that vl )U (a,blxa,zp) is a linear map from M (U) to

M(
M(U) (") ((w0)-
From now on, we simply write M = M (U). By (4.4) we have
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T—1
S v a b, ) (e )
s=0

T-1
ih(T A
= (E\Evt ;J)rwt b7i7j72+n,n(a’ b?]) *wt a+wtb—i—j—2+n,n,m C) ®u
s=0
= ((G’Jb) *gt a+wtb—i—j—2+n,n,m C) Xu
— (a;b)i(c@w)

for homogeneous a,b € V and c® u € M(n) with c € V and uw € U. Thus

S
-

Y\ (a. bz, 20) () = Yar (Y (@, 20)b, z2)w (5.9)

@
I
o

for w € M.

LEMMA 5.8. (1) a;M(n) =0 for homogeneous a € V and i > wta — 1+ n.
(2) YM(]_,J,‘) = ldM

Proor. Clearly, (1) holds. Let a @ u € M(n) with a € V and u € U. By Lemma
3.6, we have

1i(a @ u) = (1 >kzi—l+n,n,m, a) Qu
= 5i,_1(1_1a) RKu = 51‘,_1CL X u
for i € (1/T)Z. O

LEMMA 5.9.  Let a,b be homogeneous elements of V, i,j € (1/T)Z and r the integer
uniquely determined by the conditions 0 <r <T —1 and r/T =i (mod Z). Then

lai, bijw = (;) Vi (a,byi 4§ — ky k) (w)

k=0

forw e M. In particular,
(!L‘l — xg)l[YM((L 1‘1), YM(b, .’Eg)] =0
fO?"l € ZZmax{wt a+wtb—A,0} -
PROOF. Let c®u € M(n) with ¢ € V and u € U. By Lemma 4.3, we have

a;bj(c®u) — bja;(c®u)
T T
= (@ *yt atwt biej—24nwtbo1—jtnm (O *wtb—1—jtnmnm C)) DU

T T
- (b *wt at+wtb—i—j—24n,wta—1—i+n,m (a *wt a—1—i+n,nm C)) ®u
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_ T T
- ((a *wt a+wt b—i—j—24n,wtb—1—j+n,n b) *wt a+wtb—i—j—2+n,n,m C) Qu

T T
- ((b >|<wt a+wt b—i—j—2+n,wt a—1—i4+n,n CL) >kwt a+wt b—i—j—24n,n,m C) Qu

(T;r) —p—1 T
(Resz 1 + ‘T ( Z Ewt a+wtb—i—j—2+n, n(aa ba p):lf ) *wt a+wt b—i—j—24n,n,m C) ®u
PEZL

[} .
(Z() wta+wtb i—j— 2+nn(abk) wt at+wtb—i—j— 2+7’an >®u

i() Na,byi+j — k, k) (c® u).

The last formula follows from this and Remark 2.6 (cf. [14, Remark 3.1.13]). O
We recall that Yy (a, ) denotes 3¢, /pyzaiz™ """ for a € V' (cf. (2.11)).

LEMMA 5.10. Let a,b € V with a being homogeneous, l,r € N with 0 <r <T —1
and n =13+ 1i3/T € (1/T)N with l3,i3 € N and 0 < i3 <T — 1. Then

wt a—1+l3+5(r§i3)+7"/TY1(v}’) (

Resy, Th(x2 + o) a, blaz, zo)(w)

)wt a—1+l3+5(r§i3)+r/TYAr/I(

= Resy, xé(xo + 29 a,xo + x2) Y (b, zo)w

forw e M(n).

ProOOF. Using Lemma 5.9, we obtain the formula by the same computation as in
the proof of [5, Lemma 5.9]. O

LEmMMA 5.11.  Let a,b € V with a being homogeneous, r € N with 0 < r <T —1
andn =13 +1i3/T € (1/T)N with I3 € N and 0 < i3 <T — 1. Then

Resq, @ (12 + 20) "t o a8 0Si) /Ty () (g play, 20) (w)
= Resy, 2 (x0 + o)Wt IHTOTSEIF/TY T (4 26 4 29) Yar (b, 22)w

forw € M(n).

PrROOF. Let c®u € M(n) with ¢c € V and u € U. We may assume b to be a
homogeneous element of V. We shall show

Resy, g (xg + xo) "t gy b_qYJ\(/}“)(a7 b|za, o) (c ® u)

= Resg, xal(fo + xQ)Wt a+qx‘2)Vt bquI\T/I(av To + x2)YM(bv "TQ)C & u,

where g = —1+ 3+ 6(r < i3) + r/T. We have
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Resy, g ' (xg + xo) Wt H gy b_qY]\(;)(a, b|za, o) (c ® u)

_i Z (Wta—1+13+5(r§i3)+r/T)x_k_1+Wta+Wtb_j
= . 9
J=0ke(1/T)Z J

< Y (@, by ke, § — 1)(c @ u)

00 Z (Wta—1+l3+5(r§i3)+r/T>xl+kn+1
) 2
J

J=0ke(1/T)N
X Yap (abswta +wtb—j+1—k+n—2,j—)(c®u)

_ i Z (Wta—l+l3+(5(r < i3)+T/T>$l+kn+1
= . 2

Jj=0ke(1/T)N J

x (B (a,b,5 — 1) #E 0 ) ®u

*k,n,m

_ Z x2—l+k—n+1 (Resz Zil(]. + CE)Wt a—1+13+6(r<iz)+r/T
ke(1/T)N

X (Z EA‘,(ﬁT)(m b,j)m_j_l) o c) ® u. (5.10)

JEZ

On the other hand, applying the same computation as in the proof of [5, Lemma
5.10] to

Res,, 25 (zo 4 22) ™ 92y YUY (a, 20 + 22)Yar (b, 22) (¢ ® u)

T-1
= Z Resg, 25 (zo + 22)™ 92y I (a, 20 + 22) Y3 (b, 1) (¢ @ w),
s=0

we have

Res,, xgl(aco 4 ag)Whatagyt b_qY]\TJ (a, 20 + x2)Yar (b, 22)(c @ u)

T-1
— 2 E x5l+k7n+1

s=0 ke(iz—r—s)/T+Z
0<k

—1 <1 —
ictis S T4E JHls+o(r<is)+r/T—1+k
0<j<k+Il3+(r<iz)+r/T—1

% (,1)*j+l3+5(TSi3)+T/Tfl+k(a *g,j,m (b *?:n,m ) ®u
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T-1
= Z x2—l+k—n+1
s=0 ke€(ig—r—s)/T+Z
0<k
-
% Z (—j+l3+6(r§i3)+r/T—l+k>

j€(is—s)/T+Z
0<j<k—+l3+6(r<is)+r/T—I

X (_1)—j+l3+6(r§i3)+r/T—l+k((a *Z,j,n b) *g,n,m C) Qu

(mod Oy, (V)(22))). (5.11)

Moreover, for each k =y + (is —r —s)/T € (i3 —r —s)/T +Z with k > 0 and I4 € Z,
we have

( ;| )
2 —J < e B
JE(iz—s)/T+Z GAls+6(r<iz)+r/T—1+k
0<j<k+l3+6(r<is)+r/T—I

% (_1)—j+l3+6(7'§i3)+r/T—l+ka *g,j,n b

la+l3+6(r<iz)+8(s<iz)—1-1

_ latlz+6(r<iz)+d(s<iz)—l-1-p , .y
- > ( )(—1)? ) (p, )

p=0 p 1=0 ¢
x Res, (1 + x)wt a—1+l3+6(r<iz)+r/T . —p—l—i ZEI(CT;T) (a, b,j)l‘ijil
JEZ ’
— Res, m_l(l + x)wta—1+l3+6(7-§i3)+7'/T Z E}(ﬁr) (a,b,j)z91 (5.12)
Jez
by [4, Proposition 5.3]. By (5.10)—(5.12) the proof is complete. O

By Lemmas 5.10 and 5.11, we have the following result.

LEMMA 5.12.  Let a,b € V with a being homogeneous, r € N with 0 < r <T —1
andn =13+ 1i3/T € (1/T)N with l3,i3 € N and 0 < i3 <T — 1. Then

(552 + mO)wt a—1+lg+6(r§i3)+r/TYA(/}“) (a7 b|x2, xo)
_ (1'0 + x2)wt a—1+13+6(r§i3)+7-/TYZ\7/'[(a7mo + I'Q)YM(b, x2)
on M(n).

By (5.9) and Lemmas 2.4, 5.8, 5.9 and 5.12, the same argument as in the proof of
[4, Theorem 4.13] shows the following theorem.

THEOREM 5.13.  Let U be a left AL (V)-module. Then M(U) = D.c1 /v
AL (V) ®AZL(V)U is a (1/T)N-graded (V,T)-module with M(U)(n) = AL, (V)
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@At o U and the following universal property: for a (V, T)-module W and an AL (V)-
homomorphism o : U — Q, (W), there is a unique homomorphism & : M(U) — W of
(V,T)-modules that extends o. Moreover, if U cannot factor through AT (V). then

M(U)(0) # 0.
The following result immediately follows from Theorem 5.13 (cf. [7, Theorem 4.9]).

COROLLARY 5.14.  For everym € (1/T)N, there is a bijection between the set of iso-
morphism classes of simple left AT (V)-modules which cannot factor through Aﬁ_l/T(V)
and that of simple (1/T)N-graded (V,T)-modules.

6. Appendix.

6.1. The determinant of a matrix.

In this subsection we shall show that the matrix I" in (3.5) is non-singular. Let b,t
be positive integers and xy, . .., x;—1 indeterminates. We denote by E,, the n x n identity
matrix. Define of (z,) = Zk_ (f;j)( ) EC[zs]for0<s<t—-1,1<k<bandie€Z.
Note that

degaf(z,) =i+ k (6.1)

for i € N. Define ¢ bt x b-matrices A;,s =0,...,t —1 by

a%t—l)b—l(xs) O‘(zt—1)b—1(xs) al()t—l)b 1(@s)
A — O‘%t—l)b—Q(xs) O‘(2t—1)b—2(xe) O‘l()t—l)b 2(7s) (6.2)
o‘l—b(IS) a%b(ms) e O‘lib(IS)

and set A = (Ag---A¢—1). The following result implies I" is non-singular.

PROPOSITION 6.1.

b—|k|
wa- I I (@f;ii) |

0<i<j<t—1k=—b+1

PRrROOF. Since

CHERRINHEN))
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the determinant of A is equal to that of B = (By--- B;_1), where
((tféi)b) ((t—glo)sb-s-l) (tljvjl)
B, = ((t—f)sb—l) ((tfsl)b) (tlic—s2) s=0.. .. . t—1.
(jlfil) (:;+2) T (xds)
The same argument as in the proof of [16, Proposition 9] shows that (z; — z; + k)*~I¥|

is a factor of det B foreach 0 < i< j<t—1and —b+ 1<k <b—1. Thus, there is
¢ € Clzg, ..., x;—1] such that

b—1
detB=c¢c H H (2 — x5 + k)P~ IR

0<i<j<t—1k=—b+1

Since af(ms) = 0i4x,0 for i <0, we have A; = (g;), s=0,...,T — 1, where
O‘(lt—1)b—1(xs) a%t—l)b—l(zs) O‘Z()t—1)b_1(xs)
Al — a%tfl)b72(x5) a%tfl)b72($5) T O‘l()t71)b72(xs)
ozé(a?s) ag(xs) T O‘S(xS)

It follows by

By —4p O A —Ay -+ ALy — A
A= :
( o B E, E, - B (6:3)
that det A = (—1)(t=1¥" det(A} — Ay oo A,y — Aj). Thus, the degree of det A €
Clzo, ..., z4—1] is at most (5)b? by (6.1). Since the degree of [To<icjcta HZ;I_bH(xZ— -
z; + E)=1kl is equal to (;)bz, we have ¢ € C.
Substituting ((t — 1)b, (t —2)b,...,0) for (xg,z1,...,2¢—1), we obtain
b—1
1=c ]] T @G =)+ k)P
0<i<j<t—1k=—b+1

The proof is complete. O

6.2. Some improvements of results on Ag (V).

The purpose of this subsection is to improve Theorems 1 and 2 in [16]. Let V =
@j’; A Vj be a vertex operator algebra and G' an automorphism group of V' of finite order
t. For g € G and n € (1/t)N, Oy, (V) is the subspace of V' defined in [8].

In [16], under the condition that A = 0, we constructed an associative algebra
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Agn(V) for each n € (1/t)Z in Theorem 1 and got a duality theorem of Schur—Weyl
type in Theorem 2 by using Ag (V). The condition that A = 0 was used in order to
show the non-singularity of a matrix in [16, Lemma 3].

We shall show [16, Theorems 1 and 2] without assuming A = 0. To do this, it is
sufficient to show the following lemma, which is an improvement of [16, Lemma 3|, by
using A,(fﬁ;)(a, b,i) defined in (4.1). We note that the existence of E‘,(f;;) (a,b,1) follows
from Lemma 3.2 and Proposition 6.1. We use the notation in Remark 2.7.

LEMMA 6.2. Fora,b€ V:@;’iAVj, 0<r<t—1,peZ,ne(1/t)Nandg € G,
we have

Efl%)(a,b,p) = a;g’r)b (mod Oy, (V)).

PROOF. We may assume a,b to be homogeneous. We write n = [ + i/t with
l,i e Nand 0 < i <t—1. We use the notation in Section 3. It follows from (3.1) that
the image of the subspace O(wta+wtb—1— A, wta—14+1+6(s < i)+ s/t,—2l — 3;2)
of C[z, 27 '] under the map C[z,27'] 3 f = f| ;_ ., € V is contained in O, (V) for
i
s=0,...,t —1. By (3.18), we have

Er(f,’;) (a,b,p) = E,(f;) (Wt a, wt b, p; 2)|zi—a,p

= Z E,(f,:) (wta,wtb,p;2) |Zj:a<_g,s>b + E,(f,:) (wta,wtb,p;2)|

= j zj:ai.g’”b
=ab  (mod Oy, (V)). O
7. List of Notations.
1 ifi <y,
3(i < j) =
0 ifi>j.
Yy (a,x) = ZiEs/T+Z a;x "1 where Yys(a,r) = Zie(l/T)Z a;x~it

O(N,Q,q; 2) the subspace of Cl[z,27!] spanned by Res, ((1 + 2)Qxati Zi€Z<N
-zix*ifl),j =0,—1,...and 2%,i € Z>y41 where N,q € Z and Q € Q.

(=1)"! Res, ((1 4 z)" iz ZjeZgN ZAg=i71)
PNy PN (2') = fori < N,
2t fori > N +1,
for 2* € Clz, 27 1].
r(4,7) the integer uniquely determined by the conditions that 0 < r(4,5) <
T—landi—j=r(i7)/T (mod Z) wherei,j € (1/T)Z and T € Z~y.
sV the integer uniquely determined by the conditions that 0 < sV < T —1

and i; —i3 = s+ 5" (mod T') where T € Z~¢ and i1,i3,s € Z with
Ogil,ig,SST.
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O @, B;2) =O0(a+B—1—A,a—1+1; +38(s <ir)+s/T,

OTl

—ll—l3—(5(8Sil)—é(TSS—‘ri?,)—l;Z).
o Bi2) =g Ont (o B 2).

T;s) (a,ﬂ,j; Z) _ RGSI ((1 4 x)a71+l1+6(s§i1)+s/Tx7l171376(s§i1)75(T§s+i3)71+j

XY ez ZipmiTl) (cf. (3.12)).
i<at+pB-1-A

E(T T)(a, f3,i;z) the Laurent polynomial in C[z, 27| o4 8- A—T(a4B—A+11 +5+2),a45—1-A

uniquely determined by the condition (3.18).
( ﬂ7 ) _ 212_0 (7l17l3+1276(7‘(;0,71)S'il)fﬁ(TSr(p,n)Jrig))

:Py = 1
X Resx ((1 4 x)oz—l—i—ll+5(r(p,n)§i1)+r(p,n)/T
Xx7l17l3+l276( (p,n)§i1)76(T§T(p,n)+i3)7i
XY ien Ba @™ (e, 8,53 2)a ) (cf. (3.22)).
B an,0) = B (wha,wtb, i 2)|u—g, € V.
axh o mb =] (wta,wtb;2)|i—qp € V.
Or9.(V) the subspace of V' spanned by {a_31 + (wta + m —n)a € V |
homogeneous a € V'}.
oL (V) the subspace of V' spanned by
homogeneous a,b € V and
(PO e v | Iom0B }
P(z) € O, (wta, wt b; 2)
O (V) the subspace of V' spanned by wxl o (@] D)l
axl (bl o c) forall a,b,c,u € V and all p1,py,ps € (1/T)N
OZ;E’"(V) = Zp1,p26(1/T)N(V n,p2,p1 (011;2?171( ) + 0521171( )) *5;017711 V)
Opm(V) = Opm (V) + 05 (V) + 052, (V) + 053, (V).
Zl(\fl?nvm(a,b;z") :Y]\(j)(a,b;wta—l—wtb—i—m—n—2—i,i).
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