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Abstract. Beirao da Veiga [5] proves that for a straight channel in R™
(n > 2) and for a given time periodic flux there exists a unique time peri-
odic Poiseuille flow. As a by product, existence of the time periodic Poiseuille
flow in perturbed channels (Leray’s problem) is shown for the Stokes problem
(n > 2) and for the Navier—Stokes problem (n < 4). Concerning the Navier—
Stokes case, in [5] a quantitative condition required to show the existence of
the solutions depends not just on the flux of the time periodic Poiseuille flow
but also on the domain itself.

Kobayashi [16], [18] proves that for a perturbed channel in R™ (n = 2, 3)
there exists a time periodic solution of the Navier—Stokes equations with the
Poiseuille flow applying the theory of the steady problem to the time periodic
problem.

In this paper, applying Fujita [8] and Kobayashi [18], we succeed in prov-
ing the existence of a time periodic solution for a symmetric perturbed channel
in R2.

1. The time periodic Poiseuille flow.

In this section, for a straight channel in R2?, which is parallel to the x;-axis, let us
consider a time periodic flow of an incompressible viscous fluid which is also parallel to
the zi-axis.

For a given a > 0, we suppose X := (—a,a). We write

w=Rx2X.

The channel w is parallel to the x;-axis.
In the straight channel w, let us consider the nonstationary Navier—Stokes equations

%—VAU—I—(’U,'V)U-I-VPZO in Rxuw, (1.1)
divu=0 in Rxw, (1.2)
u=0 on R xOJw (1.3)

with the time periodic condition
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u(t)=u(t+7T) in w (1.4)

and the flux condition
/ u(t)-ndS = a(t) (t€R), (1.5)
b

where u = u(t,z) and p = p(t,x) are the unknown velocity and the unknown pressure
of the fluid motion in w, respectively, v is the given viscosity constant, n = (1,0), T > 0
is a given constant and the function «(t) is given with 7" time periodicity.

Since we look for a solution pallalel to the x1-axis, we assume that

u(t,z) = (v(t, x),0).

Then it follows that v does not depend on 7 from (1.2), (u - V)u = 0 and p depends
only on t and x; from (1.1). Therefore we obtain the following problem.

ov ~ Op .
E —vAv = 7873';1 m R x E, (16)

v=0 on R x 9% (1.7)
with the time periodic condition
v(t)=v(t+T) in ¥ (teR) (1.8)

and the flux condition
/ v($)dS = a(t) (tER), (1.9)
b

where A = 0% /0x2. We recall that, by appealing to the ideas introduced in reference [5],
Galdi and Robertson [10] show that, for n = 2, the axial pressure gradient and the flow
rate are connected through a simple relation.

Since v does not depend on z; and p depends only on ¢ and 1, it follows from (1.6)
that dv/0t — vAv and Op/dx; depends only on t. Moreover, we assume that

pt,z1) = ¢(t)a,

where ¢ = () is the unknown function. Integrating (1.6) on 3, we obtain

P(t) = —‘—;' (o/(t) - I//Z Av(t)dS),

where |¥| is the Lebesgue measure of . Therefore there exists a time periodic solution
u of the Navier-Stokes equations (1.1)—(1.5) in w, with the form u = (v,0), if and only
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if v is a solution of the problem

/

v+ vAv — é(z‘h}, e)e = %e (1.10)
with the time periodic condition
v(t)=v(t+T) (teR) (1.11)
and the flux condition
(v(t),e) =alt) (teR), (1.12)

where e(y) = 1 (y € &), A = —A with the domain D(A) = H2(X) N H}(X), (v,e) =
J5 vedsS.

Before stating the time periodic result, we introduce the function space. Let X be
a Banach space. We set

Hp(R) = {p € Higo(R); p(t) = p(t + T) ae. t € R},
LAR; X) ={p € LE .(R; X); o(t) = o(t + T) in X for a.e. t € R},
Cr(R; X)={p e CR; X);0(t) =(t+T) in X for t € R}.

Beirdo da Veiga [5] proves that for n > 2 if the flux o € HL(R) is given, then there exists
a unique time periodic solution v* of this problem (1.10)—(1.12) satisfying

v € L7(R; Ho(3) N H (X)) N C(R; Hy (%)),
(v*) € L7(R; L*(%)).

In this paper we consider the case n = 2.
Applying the regularity result for the heat equations to v*, we have

v € LE(R; Hy'®(2) N HY()) N Cr(R; Hy*(9)),

(v*) € L2(R; H-5(%)),

where HS’S(E) and H'3(X) are symmetric function spaces with respect to the zi-axis.
Set

Vet z) = (v*(t, x),0).

In this paper, let us call V* “the time periodic Poiseuille flow”.
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2. Problem in a perturbed channel.

Let a; >0 (i =1,2) and 3; := (—a;,a;). We set
wi=RxY; (i=1,2).

If the flux o € HL(R) is given, then there exists a unique solution v$* of the time periodic
problem (1.10)—(1.12) on %;. Set

Vi (t,z) = (vi(t,x),0) in w;.
For a certain L > 0 we set

wor = {z €wi;oy < —L},

wo2 = {x Ewq; 1 > L}
Let © be a smooth and unbounded domain in R? and 99 be the boundary of the domain
Q. A domain € is called a perturbed channel if 2 satisfies

Qﬂin:wOi (i:1,2),

wo = Q\(wm @] Ld()g).

The boundary 99 has J + 2 disjoint boundary components 'y, 'y, I'1,..., ;. T§ is
the upper boundary component, I'; is the lower boundary component and I'q,...,I'; are
the inner boundary components such that I'; NT; =0 (i # j), [;NTg =0, T, NTy =0

(i =1,...,J), and such that 9Q = szl I Ul uTly. Furthermore the domain Q
satisfies the following symmetric condition.

ASSUMPTION 2.1.  The domain Q) is symmetric with respect to the x1-axis and the
inner boundaries T'; (1 < j < J) intersect the x1-axis.

wol

LW
[n (e I

In the domain 2, we consider the nonstationary Navier—Stokes equations

%‘t‘ —VAu+ (u-V)u+Vp=F in (0,T)xQ, @2.1)

divu=0 in (0,7)x (2.2)
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with the boundary condition

u=_ on (0,T) x 909, (2.3)

u—V® as |z — o0 in wy (1=1,2) (2.4)
and the time periodic condition
u(0) =u(T) in Q, (2.5)

where w = u(t,z) and p = p(t, x) are the unknown velocity and the unknown pressure of
an incompressible viscous fluid in €2 respectively, while v > 0 is the kinematic viscosity,
f = f(t, x) is the given external force and 8 = 3(t, z) is the given function on (0,7") x 99
with compact support. Since the solution w(t) satisfies divau(t) = 0 in © for a fixed
t € (0,T), the given boundary data B3(t) on 9 is required to fulfill the compatibility
condition which is called “General Outflow Condition” (GOC)

B(t) - ndo =0, (2.6)
o0

where n is the unit outer normal to 0. If the given boundary data 3 satisfies the
following restricted flux condition

B(t) - ndo — ﬂ(t)-ndaz/pﬂ(t)-ndazo (te 1), j=1,....0), (27)

+ _
Iy Iy

then we call the condition (2.7) “Stringent Outflow Condition” (SOC).
The purpose of this paper is that if the given boundary date 3 satisfies (GOC), we
will seek a solution of (2.1)—(2.5) of the form

u=v+V® (2.8)
where the function V¢ is to be such that
divVe =0 in €,
V¥=0 on 01,

ve=ve

Y in wy (1=1,2),

Ve HY((0,T);H" (wp)),
V* € Cr([0, T); HY (wy)),
Ve e o([o,T] x Q).

Let us call V' “the extended time periodic Poiseuille flow”.
Beirao da Veiga [5] proves that for a straight channel in R™ (n > 2) if a flux
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a € HL(R) is given there exists a unique time periodic Poiseuille flow by the method of
the previous section. Furthermore he proves that, in a perturbed channel of R? and R?,
there exists a time periodic solution with the time periodic Poiseuille flow if 3 = 0 and
a given flux a € H1(R) satisfies

coVV—+ V_2||aHH1(O,T) S

v

N | =

where the constant ¢y depends on Q.
Kobayashi [18] treats the similar problem to Beirdo da Veiga [5]. He defines a
constant 4*. See Definition 3.2 and 3.3. He proves that if

" <w, (2.9)

then there exists a time periodic solution with 8 = 0.

In this paper, applying the inequality (2.9) and “the symmetric type of Leray’s
inequality” (see Section 4.3), we prove that for a perturbed channel satisfying Assumption
2.1 there exists a time periodic solution with the time periodic Poiseuille flow and the
symmetric Dirichlet boundary data which fulfills (GOC).

We introduce some function spaces.

Let X be a function space on the symmetric domain . X* is a set of all symmetric
X functions with respect to the xj-axis. For a vector function v(z) = (v1(z), v2(z)),
v(z) is symmetric with respect to the z-axis if and only if v; and v, satisfy

1)1(1‘1, —1‘2) = ’Ul(l‘l,xg) ((1‘1,1‘2) S Q),

—vo(x1, —x2) = va(x1,22) ((21,22) € Q).

C3,(£2) is the set of all real smooth vector functions with compact support in 2 and
divep = 0. L2() is the closure of C§, () for the usual L?(€2) norm. The L? inner
product and norm on  are denoted as (-,-)q and || - |[2,q respectively. H{(€2) and
Hg§ ,(92) are the closures of C3°(Q2) and C§, () for the usual Dirichlet norm ||V - |20,
respectively. HL(Q) is the set of all H!(£2) functions with div ¢ = 0.

Let X be a Banach space. C([0,7);X), L*((0,7);X), L*((0,T);X) and
H((0,T); X) are the usual Banach spaces. Cr([0,T]; X) and HX((0,7); X) are the set
of all the C([0,T]; X) and H'((0,T); X) functions satisfying the time periodic condition
u(0) = u(T) in X.

3. Result.

Our definition of a time periodic weak solution of the Navier—Stokes equations (2.1),
(2.2), (2.3), (2.4), (2.5) is as follows.

DEFINITION 3.1. A measurable function w = u(¢,x) on (0,7) x € is called a time
periodic weak solution of the Navier-Stokes equations (2.1), (2.2), (2.3), (2.4), (2.5) if u
satisfies the following condition.
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(1) ve=u—V*e L2((0,T);Hy"(Q)) N L((0, T); L2 ().
(2) u satisfies

T
/0 (@)t + (Y, Vo) + ((w - V), @) it
T
— [ e bt (o e HIZ@), v e CFO.T)).

(3) v=0Bon (0,T) x 9 in the trace sense.
(4) v € Cx([0,T];L*(2)).

Before stating our result, in the channel w; (not Q) we define a constant concerning
the time periodic Poiseuille flow.

DEFINITION 3.2. We set

VS(t) = sup (e V)“”’V () (i=1,2, t €[0,T]). (3.1)
PEHG'S (wi)

REMARK 3.1. The L? inner product and norm in Definition 3.2 are denoted in the
channel w;, that is to say, the 'yf"s does not depend on the perturbed part wy.

PROPOSITION 3.1 (Kobayashi [18]). Let a,3 € H:(R) and A € R. Then

(1) v"‘s eH1<R>7

(2) 7 (t) >

(3) VMS t) |)\|7 (),

(4) V?W’S(t) =% (t) + 40 (1),

DEFINITION 3.3. We set
~a,S .S .
A7 = sup 7 (t) (i=1,2),
t€[0,T
58 = max{4;"%, 45"}

Our main theorem on the existence of a time periodic weak solution of the Navier—Stokes
equations now reads.

THEOREM 3.1.  We assume that the domain Q satisfies Assumption 2.1. We sup-
pose that 45 < v, f € L*((0,T); (Héf((l))’), B € H:((0,T); H'/?5(0)) with compact
support, (GOC) and

B -ndo = B-ndc=0 on [0,7T].
rf Ty
0 0

Then there exists a time periodic weak solution of the Navier—Stokes equations.
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REMARK 3.2. If  has only one inner boundary component, then the boundary
data B must satisfy (SOC). This is different from the purpose of this paper. Therefore
we assume that Q has at least two inner boundary components.

REMARK 3.3. In this paper the domain 2 has two outlets wp; and wge. We can
solve K (K > 3) outlets problem applying the similar inequality. We consider a straight
channel w; = R x X;, where X; is a cross section as Section 1 and the center line of w;
may not be parallel to the x;-axis. We assume that a given flux function o; € HX(R)
(i =1,...,K) satisfies Zszl a;(t) = 0 (t € R). For each «o; we have the time periodic
Poiseuille flow V,** in w;. We assume that Q has K outlets wy; (¢ = 1,...,K) where
wp; 18 a semi-infinite channel with the cross section ;. We suppose that (2 satisfies
Assumption 2.1. In the domain €2, we consider a time periodic problem with the time
periodic Poiseuille flow V;*. We define constant 4° = max;<;<x{3%°} as Definition
3.2 and 3.3. Suppose that 4° < v. Then there exists a time periodic weak solution in
with K outlets.

4. Preliminary.

4.1. Lemma.
In this subsection, we show some Lemmas for the proof of the existence of a time
periodic weak solution.

LEMMA 4.1.
lulfsqy < 22 [lull2]| Val (u € Hy(Q)),
((u- V)v,w)| < C|Vull2[Vol2[Vwlz  (u, v, w € Hy(2)),
(- V)v,w) =—((u-V)w,v) (u € H&U(Q), v, w € H'(Q)).
LEMMA 4.2.  Suppose that a domain Q) satisfies Assumption 2.1.

Then for any € > 0 and w € C([0,T];L>%(R)), there exist an integer N and func-
tions p; € L25(Q) (j =1,...,N) such that the inequality

T T N T
/0 (- V), w)ldt < e / IVl + [Vl + [luls| Voll2)dt + 5 / () Pt
=1

holds true, for any u,v € LZ((O,T);]HIé:f(Q)).

This kind of inequality appears in Masuda [21, Lemma 2.5, p. 632]. This inequality
is its two dimensional and symmetric version.

4.2. Proposition for the extended time periodic Poiseuille flow.

In this subsection, we argue the estimate of the extended time periodic Poiseuille
flow.

For a fixed t € [0,T] we define a functional r(t) as
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¢ € Hys (Q) = (V) (1), ) + v(VV(1), Vo) + (V1) - V)V (t),0).  (41)

Then we have the following Proposition.

PROPOSITION 4.1.  The map r is a linear and continuous functional on H(l)f(Q)

Furthermore we have (Hé,s),<'r, go)Hé,s € L?(0,T) for any p € Héf(Q)

For the proof, see Amick [2, Lemma 3.4].
Suppose that § € C*°(R) satisfies

0<6(s) <1 (seR),
0(s

~
I
—_
—
V)
Y%
—_
~—

For all § > 0, we set

0(5(1’1 — L)) (x S w()l)
95(1‘) = 9(—(5(.231 + L)) (.T € wOQ) .
0

otherwise

Then we have the following Proposition.

PROPOSITION 4.2.

For all € > 0, there exists an s € H;((O,T),Héf((l)) with
compact support such that the following inequality holds true.

(v V)u, V) < ((v-V)v,8) + (v V)0, VO3 )wgywe, + (€ + ) Vo3

(e HYS(Q) on [0,7], (42)
where the constant ¢y does not depend on € and §.
For the proof, see Amick [2, p.495-496].
We set

. o 2
T5(t):= sup (v v)v|,|¥ |(t)95)wmw02
vEHG S () v

2
2,0
Then we have the following Proposition.

PROPOSITION 4.3.  We have

Jim T5(0) = max{r7 5 (1),45 ().

For the proof, see Amick [2, Theorem 4.3].
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4.3. Leray’s inequality.
We need an appropriate extension of the given boundary data 3.

PROPOSITION 4.4.  We assume that a domain D C R™ (n = 2,3) is bounded and
smooth. Suppose that 3 € H'/?(0D) satisfies (SOC).

Then for any ¢ > 0 there exists an extension b. € HL(D) of B satisfying the in-
equality

(v V)v,be)p| <e|Vol3p (v eH, (D)) (4.3)

The estimate (4.3) is called “Leray’s inequality”. For the proof, see Fujita [7].
If 3 satisfies (GOC), we have the following Proposition 4.5. For the proof, see Fujita
8]

PROPOSITION 4.5.  We assume that a domain D C R? is bounded, smooth and sym-
metric with respect to the x1-axis and all the boundary components I'g,...,T'; intersect
the x1-azxis. Suppose that 3 € H'/23(9D) satisfies (GOC).

Then for any € > 0 there exists an extension b, € HLS(D) of B satisfying the
inequality

(v V)v,b)p| < e|Vol3, (v eHyS (D). (4.4)

The estimate (4.4) is “the symmetric type of Leray’s inequality”. The following Propo-
sition 4.6 is its time dependent version in an unbounded perturbed channel.

PRrROPOSITION 4.6.  We assume that a domain  satisfies Assumption 2.1. Suppose
that B € HL((0,T); HY25(0Q)) satisfies (GOC), the support of B is compact and

B-ndo = B-ndoc=0 on [0,7].
ry Ly

Then for any € > 0 there exists an extension b. € HL((0,T); HL%(Q)) of B such
that b. has compact support and the inequality

(v V)v,be(1)] < el Voll3g (v € HyH (), ¢ €[0,T)) (4.5)

holds true.
The proof of Proposition 4.6 is similar to Proposition 4.5.

REMARK 4.1. We assume that € is symmetric but does not satisfy Assumption
2.1, that is to say, Q has pairs of symmetric boundaries I'j", I'; (i = 1,..., N) which do
not intersect the xj-axis. If the boundary data 3 satisfies

B -ndo = B-ndo=0 (i=1,...,N),
rf r;
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then “the symmetric type of Leray’s inequality (4.5)” holds true.

REMARK 4.2. In general domains if we suppose that 8 € H'/?(9Q) satisfies (GOC),
then there does not exists an extension b € HL. (Q) satisfying (4.3). See Takeshita [25] or
Kobayashi [14].

5. Proof of Theorem 3.1.

5.1. Time periodic weak solution in a bounded domain.

We suppose that Q™ is a smooth symmetric and bounded domain within 2 and
satisfies Q" C Q" and U,enQ" = Q, where 99! (the boundary of Q!) containes the
support of 3.

wo1 T = —L
(ol = [y
U
ay:

Zy

In each bounded domain 2", we consider the following time periodic problem of the
Navier—Stokes equations

%—?—I/Au—i—(u-V)u%-Vp:f in  (0,7) x Q",
diva =0 in (0,7) x Q"
u=p06"+V* on (0,T)x 00",
u(0) = u(T) in Q"

where

o B on (0,T) x 02N Q"
1o on (0,7)x0QM\0Q

The domain 2" is symmetric with respect to the x;-axis, the connected components of
00" intersect the xp-axis and 8" + V*|gqn € HL((0,T);H/25(0Q")) satisfies (GOC)
on 002". Therefore there exists a u,, satisfying

u, € L2((0,T); Hy® (7)) N L=((0, T); L2 (2™)),
ul, € L*((0,T); (Hy5 (")) (weak derivative of u,,)
w, € Cr([0, T; L>5(Q"))
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and

2 (s P + (ot Vol + (- V), @) = (Fr0hn (0 € HES(@Y))

u, =6"+V® (0,T)xon 00",

where (-,-),, denotes the duality pair of (Hé:f(Q”))' and Héf(Q”) For the proof, see
Kobayashi [15, Theorem 1.1].

5.2. The boundness of the initial value.
We set

)

Uy, —b. —V® in Q"
w, =
0 in Q\Q"

where b, is the extension of 3 € HL((0,T); H/?5(0Q)) satisfying Proposition 4.6. In
this subsection, we will prove that ||w,(0)
It follows that

2,0 is bounded with respect to n.

w, € L*((0,T); Hys (2)) N L((0,T): L35 (),

%(wna 90) + V(vwm VQO) + ((wn : V)wn, 90) + ((wn : v)b67 90) + ((bs : v)wn, ‘P)
(w0 VIV @) + (V- V) 0) = (Fg) (€ HES(@), (5.1)

where ¢ € Héf(Q") is extended as a 0 function to the outside of Q2™ and

<F7§0> = <.fa§0> - (be,taso) - V(Vbe,VSD) - ((ba : V)bm‘P)
— (V- V)be, ) = (b - VIV, ) = (r,0) (i € H5 (D).

For the definition of r, see Proposition 4.1. We have F € L?((0,T); (Hég(Q))’)
Now we set ¢p = w,, in the equation (5.1). We have

w3+ T3 = (- D), ba) + (- V), V) + (Fwn). (5.2
It follows from Proposition 4.6 that

[(wn - V)wn, be)| < el Vw,|f3. (5.3)
Applying Proposition 4.2 to ((w,, - V)w,, V%), then we have

(W - V)wy,, V) < ((wn, - V)wn, 8) + ((wn - V)wh, Vaet%)wmutuoz + (e + 605)||anH§

< ((wy, - V)wy, 8) + T3 ||V, |2 + (e + cod) || Vw, ||2. (5.4)
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We choose € > 0 such that
v—4%% —5e > 0.
Furthermore we choose 6 > 0 from Proposition 4.3 such that
T5(t) <49 +¢, (5.5)
p =v — A4S — Be —¢pd > 0.
It follows from (5.2), (5.3), (5.4) and (5.5) that

1d

S alwal + (v = 3% = 42 = Cod) [Vwa | < (wn - V)wn, ) + CIF sy (5:6)

where the constant C' depends only on €. There exists an N € N such that for any
n > N, supp(s) C Q". Therefore we have by (5.1)

(wy, - V)wy, s)
= () + (wa,8) V(Y V)~ (w0 - V)b, )
— ((be - V)wy, 8) — ((w, - V)V 8) = (V- V)w,,s)+ (F,s)

d
< = (W, 8) 2|V |3 + K, (5.7)

where the constant C depnds on V¢, ¢ and the Poincaré inequality,
K (t) = O (sup IVl3) 1b=(0) s + 18013 + 1P gy, + VO
It follows from (5.6) and (5.7) that

1d d 9
2 dt ||wn||2 + Mlllvwn||2 < _$(wn’ S) + K+ CHFH(Hé:f)/' (5'8)
Applying the Poincaré inequality, we have

4 Wy, 8) + 2K, (5.9)

Sallwnll3 + a3 < 25

where

Kat) i= Ka(t) + CIF )y ..

. 2m
2T o
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We choose & > 0 such that u := py — & > 0 holds. Multiplying (5.9) by e, then we
obtain

o (B3 + pae a0 (1)
< —2e“t%(wn(t), s(t)) + 2K (£)ert
= 2 {(wa), S(0)e"} + 2uet (wn (1), (1) + 2K (1)
< 25 {(wn(t), ()"} + £ (O] + (ClsOF +2a()e,  (5.10)

where the constant C' depends only on po and €. Therefore we have

(e (1)1) < 25 (w0, s(1)e) + Ki(t) (511)

where
K3(t) = (Clls(®)]13 + 2Ka(t))e.
Integrating the inequality (5.11) on [0, 7], then we have
[wn (T) 5T < [lw, (0)]3 — 2(wn(T), 8(T))et™ + 2(wy (0), 5(0)) + K,
where
T
K= / Ks(t)dt.
0
Since w,, is time periodic in L2(2), for any A > 0 we have
[ (0)[[3e#T < [ (0)[13 + (Alwn (0)[13 + Clls(T)[13)e™ + Allw, (0)[[3 + C|[s(0)[13 + K,
where the constant C' depends only on A. We set
H=Ke T 4+ Csup |s|2(e " + 1),
(0,7
h=1-X—(1+Ne #T.

We choose X\ > 0 such that ~ > 0. Then we have

Consequently, ||w,(0)||2 is a bounded sequence with respect to n.
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5.3. A priori estimate and weak limit.

In this subsection, we will prove that {w,}, is a bounded sequence in
L2((0,T); Hy5 () N L>*((0, T); L25(€2)) with respect to 7.

Integrating (5.8) from 0 to 7, where 0 < 7 < T, we have in particular

1 1 T
Slwn (I = 3 lwn (0)]5 + / [Vt

IN

(7). 5(7)) + (aw, / E(0) + [P0

—_

< Jlwn@IE + sl + §|Iwn(0)||§ + §HS(0)H§ + My,

where
T
M2:/ K (1) + [ F ()% o .
0 0,0

Therefore it follows that

1 T 3
~[lwa (713 +u1/ [Vw,||3dt < My + = sup |s(t)]|3 + Ma := M. (5.12)
4 0 2 te[0,T]

This proves that {wn} is a bounded sequence in L2((0, T); Hy'3 (2))NL>®((0, T); L25()).

For any ¢ € (CO’(7 (), there exists a J € N such that supp( ) C Q" for any n > J.
Then we have by (5.1) and (5.12)

[(wn(t), @) < [lwn(@)l2]l¢ll2 < 4Ms]|p]l2

and

[(wn (), ) — (wals), @)l

[ e

,/S VI(Vaw, V)| + | (wn - V)wn )| + ((wn, - V)bey 0] + (b - V), o)
1w - D)V @) [+ (V- V)wn, )] + [(F, @)ldr

< / {0+ 2wl + Callb oy + CIVwnla + |F o) HI Ve ladr

< Milt — 5| Vel

where the constant My does not depend on n. Therefore {(w,(t), ¥)}n>s is uniformly
bounded and equicontinuous on [0, T] with respect to n > J.
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Since {w,, } is a bounded sequence in L?((0,7T); Héf(Q)) NL>((0,T); L25(Q)) with

respect to n, there exist a subsequence {wy }i, of {w,} and a w of L2((0,T); Héf(Q)) N

L>=((0,T);1L29()) such that
L>((0,T);L25(Q)) weak star

O.TRESQ) weaky 0 O

Wy — W in {

For any ¢ € (CSi;S(Q), there exists a subsequence {wyy;} of {wyx} such that
lim (Wi, ) = (w, ) (5.14)
11— 00

by the Ascoli-Arzela Theorem. We will prove the convergence (5.14) for any ¢ € L25(Q).
We have the orthogonal decomposition

¢ =9, +pp (o €L3(Q), pp € LI%(Q))F).
Since (CS?(;S(Q) is dence in L2%(Q), for any 7 > 0 there exists ¢! € CS?(;S(Q) such that

len — Poll2 <n.
We have

|(w _wna‘P)| < |(’LU — Wn, Po — 502)| + ‘(w _wn7¢g)|
< 8Msn + [(w — wy, @7 (5.15)

because w,, is bounded in L>((0,7);1L25(£2)). We can choose a subsequence {w,, }1 of
{wy, }n such that the second term of the right hand side of (5.15) goes to 0. Therefore
for any ¢ € L2(Q) there exists a subsequence {wyx;} such that (w,x, ®) converges to
(w, ) uniformly on [0, T].

5.4. Time periodic weak solution.

In this subsection, we prove that w + b, + V¢ is a time periodic weak solution.

For any ¢ € (Cgi;S(Q), there exists an L € N such that supp(yp) C Q" for any n > L.
Then we have (5.1) for any n > L. We multiply it by ¢ € C§°(0,T) and integrate on
[0,T]. Then it follows that

T
/0 —(wn, )Y + {v(Vwn, Vo) + (w, - V)wn, @) + (w, - V)b., @)
(b - V), 9) + (wn - VIV, 0) + (V* - V), )}l

T
= /0 (F, )bt (5.16)

We can choose a subsequence {wy}r such that the left hand side of (5.16) except the
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nonlinear term converges to

T
/O ~(w, @) + [V, V) + ((w - V)ber0) + (b - V)aw, )
+ ((w- V)V, 0) + (VY V)w, p) }dt.

We prove that there exists a subsequence {w,;}; such that
T T
| (@ass V3w ot = [ (- Vwippude (o). (57)
0 0

We have

/ (e V)i, @Yot — / (w - V), )t
0 0
T

T
= / (W — w) - Vwy, @)1dt — / (w- Ve, wy, —w)pdt (=1 +I). (5.18)
0 0

Firstly, we consider I;. By Lemma 4.2, for any n > 0 there exist an integer N; and
P € L29(Q) (I=1,...,N;) such that

T
‘ / (wpr — w) - V'wnk,wcp)dt’
0

T
< 77/ (IVwak = Vw3 + [Vwar |3 + [ wak — wll2]| Vewnll2)dt
0

N1 T
+ Z/ |(wak —w, ) [*dt. (5.19)
1=170
There exists a constant M5 independent of n such that
T
77/ (IVwnr — Vwl3 + Vw3 + [war — wll2]|Vewnk|l2)dt < Msn. (5.20)
0

Secondly, we consider I». Since we know that 1w - Ve € L2((0,T);L%%(Q)), for
any t € [0,T] we obtain the decomposition

D(Ow(t) - Ve = Bo(t) + @y(t) (Po(t) € L37(Q), (1) € (L3 (2))).

Since ®, € L?((0,T); L25(Q2)), we have

/ (w - V), wp, — w)hdt = / (P, Wy — w)dt. (5.21)
0 0
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It follows from (5.19), (5.20) and (5.21) that

T T
/ ((wnk - V)wyp, @)dt — / ((w- V)w, go)wdt‘
0 0

T
|(wnk —w, ¢l>|2dt + ‘ / (q’aa Wnpk — w)dt‘ (522)
0

This proves that there exists a subsequence {wp;}ien Of {Wnk fren such that the limit
(5.17) holds. Therefore we obtain

T
A—ﬂmwv+@Wwﬂw%ww%me%wame%HWprw)
(- V)V),0) + (V* - V)w, ) et

T
= | o

Since the inclusion CS?C;S(Q) C Héi(Q) is dense, we have

T
/0 ~(w o + (Y, V) + (w - VIw, ) + ((w - V)be, ) + (b - V), o)
+ ((’LU : V)Va)7 ‘-P) + ((Va : V)w, (P>}¢dt

T
- / (F oyt (p e HYS(9), ¥ € C(0.7)). (5.23)

It is easy to prove w’ € L?((0,T); (Hég(Q))'), where w’ is the weak derivative of w.
Therefore we have w € C ([0, T]; L2%(Q2)).

Lastly, we prove that w is time periodic in L2(£2). For any ¢ € L2(£2), there exists
a subsequence {w,} such that the limit (5.14) holds true. Therefore it follows that

(w(0) = w(T), ) = (w(0) = wnk(0), @) + (Wi (T) —w(T), ) =0 (k — o0).

u=w+b. +V*

Then w is a time periodic weak solution. ]
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