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Abstract. We investigate the long-time asymptotics for the defocusing
integrable discrete nonlinear Schrédinger equation of Ablowitz-Ladik by means
of the inverse scattering transform and the Deift-Zhou nonlinear steepest de-
scent method. The leading part is a sum of two terms that oscillate with decay
of order t—1/2.

1. Introduction.

In this article we study the long-time behavior of the defocusing integrable discrete
nonlinear Schrodinger equation (IDNLS) introduced by Ablowitz and Ladik ([4], [5], [7])
on the doubly infinite lattice (i.e. n € Z)

4

dtRn + (Rpy1 — 2Rn 4+ Ru_1) — |Ru|*(Rug1 + Ru_1) = 0. (1)

)
It is a discrete version of the defocusing nonlinear Schrédinger equation (NLS)
ity 4 Upy — 2u|u|* =0 or vy — Vg + 2002 =0 (v=a). (2)

Although there are other ways to discretize (2), we have chosen (1) because of the striking
fact that it is integrable: it can be solved by the inverse scattering transform (IST). Here
we employ the Riemann-Hilbert formalism of IST, rather than that based on integral
equations. Knowledge of the IDNLS can give insight for the non-integrable versions,
especially when one is interested in asymptotics.

Significant works have been done on the long-time behavior of integrable equations,
pioneers being [6], [20], [26]. Differential-difference equations were studied in [22], [23].
The epoch-making work by Deift and Zhou in [13] on the MKdV equation studied the
long-time asymptotic analysis and established the nonlinear steepest descent method?.
This work followed the works of [8] and [24] where the long-time asymptotic analy-
sis was developed by well-known techniques in the physics literature (WKB methods).
The formulae are the same. The nonlinear steepest descent method was used to study
the defocusing nonlinear Schrodinger equation by Deift, Its and Zhou in [12] and the
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LAn easy-to-read introduction to this method can be found in [11, Chapter 7].
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Toda lattice in [16], [17], [18]. A detailed bibliography about the focusing/defocusing
nonlinear Schrodinger equations on the (half-)line or an interval is found in [15].
Following the above mentioned results, we employ the Deift-Zhou nonlinear steepest
descent method and obtain the long-time asymptotics of (1). Roughly speaking, the
result is as follows. (See Section 3 for details.) If |n/t| < 2, there exist C; = C;(n/t) € C
and p; = p;(n/t), ¢; = ¢j(n/t) € R (j = 1,2) depending only on the ratio n/t such that

2
Ry(t) =Y Cyt~ 12 ipsttaslost) 4 Ot~ logt) st — oo. (3)

J=1

The quantities C; and ¢; are defined in terms of the reflection coefficient that appears
in the inverse scattering formalism. The behavior of each term in the sum is decaying
oscillation of order t=1/2, In the case of the continuous defocusing NLS (2), the asymp-
totic behavior is expressed by a single term, not a sum, with decaying oscillation of order
t~1/2. Notice that the defocusing NLS and IDNLS are without solitons vanishing rapidly
at infinity. (Dark solitons do not vanish at infinity.)

In [21], Michor studied the spatial asymptotics (n — oo, t: fixed) of solutions of (1)
(and its generalization called the Ablowitz-Ladik hierarchy). She proved that the leading
term is a/n® (§ > 0) in sharp contrast to (3) under a certain assumption on the initial
value. A natural remaining problem is to determine the asymptotics in |n/t| > 2, which
will be a subject of future research.

Another interesting problem is to find the long-time asymptotics for the focusing
IDNLS. It is more difficult than the defocusing one because the associated Riemann-
Hilbert problems may have poles corresponding to solitons vanishing at infinity.

REMARK 1.1. The term —2R,, in (1) can be removed by a simple transformation
e?™ R, (t) = R,(t) and some authors prefer this formulation.
2. Inverse scattering transform for the defocusing IDNLS.

In this section we explain some facts about the inverse scattering transform for the
defocusing IDNLS following [7, Chap. 3], which is a refined version of [4], [5].
First we discuss unique solvability of the Cauchy problem for (1).

PROPOSITION 2.1.  Let s be a monnegative integer. Assume that the initial value
R(0) = {R(0)}nez satisfies

IBO)l1s = Y (L+[n)*|R(0)] < oo, (4)
1R(0)loo = sup |R,(0)] <1 (smallness condition). (5)

Then (1) has a unique solution in (% = {{c,}5°_ : S°(1+ |n|)®|cn| < 0o} for 0 <t <
0.



Defocusing integrable discrete nonlinear Schrodinger equation 767

PROOF. We can regard (1) as an ODE in the Banach space ¢('* C £*°. First we
solve it in £ in view of (5). Set c_oo = [[on_ (1 —|Rul?) >0, p = (1 — c_0oo)V/?.
Since 1 — |R,,(0)|? > ¢_o for each n, we have ||R(0)|s < p. Set B := {R = {R,} €
°°;||R — R(0)]|oc < p}. Since the right-hand side is Lipschitz continuous and bounded
it R={R,} € B, (1) can be solved in B locally in time, say up to ¢t =t; = t1(p). By a
standard argument about ODEs in a Banach space (e.g. [19]), ¢ is determined by p only
and is independent of R(0) = {R,(0)} as long as sup,, | R, (0)| < p. Since it is known that
¢_o and p are conserved quantities, we have |R(t)||coc = sup,, |[Rn(t)| < p for 0 < ¢ < ¢;.
Then we solve (1) again with the initial value at ¢t = ¢1 /2. The solution can be extended
up to ¢t = 3t1 /2. Repetition of this process enables us to extend the solution { R, (t)} € £
up to t = oo and it satisfies sup,, [R,(t)] < p for 0 < t < co. We obtain || 4 R(t)||1,s <
const.||R(t)||1,s. By integrating, we get [|R(¢)|1,s < [[R(0)]1,s + const.fot | R(7)|1,s dT.
By virtue of the Gronwall inequality, ||R(t)||1,s grows at most exponentially and never
blows up in a finite time. O

Next we explain a concrete representation formula of the solution based on inverse
scattering transform. Let us introduce the associated Ablowitz-Ladik scattering problem
(a difference equation, not a differential equation)

z R,
X’n+1 = |:Rn 2_1:| Xn (6)

It has no discrete eigenvalues ([7, p.66], [1, Appendix]) and (1) has no soliton solution
vanishing at infinity.

REMARK 2.2.  We adopt the formulation of [7]. If one follows that of [12], the

matrix on the right-hand side of (6) should be replaced by | R”} and it leads to

R, 271
minor changes at many places.

The time-dependence equation is

d, iR,_1R, — (i/2)(z — 27 1)? —i(2R, — 27 R, 1) X )
a" i(27 Ry — 2Rp_1) —iRp Ry + (i/2)(z — 2~ 1)2| "

and (1) is equivalent to the compatibility condition (d/dt)X,+1 = ((d/dt) Xm)m=n+1-

The conditions (4) and (5) are preserved for ¢ < co. We can construct eigenfunc-
tions ([7, pp.49-56]) satisfying (6) for any fixed t. More specifically, one can define
the eigenfunctions (depending on t) ¢y, (2,t), ¥n(2,t) € O(|z| > 1) NC%(|z| > 1) and
¥x(z,t) € O(]z] < 1) NC%(Jz| < 1) such that

On(z,t) ~ 2" [(ﬂ as n — —oo, (8)
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On the circle C': |z| = 1, there exist unique functions a(z,t) and b(z,t) for which
Pn(z,1) = bz, 8)n(2,) + alz, 1)y, (2, 1) (10)

holds. They can be represented as Wronskians of the eigenfunctions. The characteriza-
tion equation

la(z, 1)) — |b(z,t)]> = c_oo > 0 (11)

implies a(z,t) # 0. Hence one can define the reflection coefficient?

r(z,t) = b

(12)
It has the property r(—z,t) = —r(z,t), 0 < |r(z,t)| < 1, the latter being a consequence
of (11).

If {R,(0)} is rapidly decreasing in the sense that (4) holds ({R,(0)} € ¢*) for any
s € N, then {R,(t)} is also rapidly decreasing for any ¢. Then, due to the construction
in [7, pp. 49-56], the eigenfunctions ¢,, ¢, and 1} are smooth on C': |z| = 1. Hence a,b

and r = r(z,t) are also smooth there.
The time evolution of r(z,t) according to (7) is given by

r(z,t) = r(z)exp (it(z — 27 1)?) = r(2) exp (it(z — 2)?), (13)

where r(z) = r(z,0).
Let us formulate the following Riemann-Hilbert problem:

mi(z) =m_(2)v(z) on C: |z| =1, (14)

m(z) = I as z — oo, (15)

v(z) =v(z,t) = [1 —|r(z,1)? _z2n77(z,t)]

272" (2, 1) 1
— o= (it/2)(z=2"")ad o5 L—[r(2)]* —2*"7(2) . (16)
2720 (2) 1

Here m, and m_ are the boundary values from the outside and inside of C' respectively
of the unknown matrix-valued analytic function m(z) = m(z;n,t) in |z| # 1. We employ
the usual notation o3 = diag(1, —1), a®?2Q = a”*Qa~* (a: ascalar, Q: a 2 x 2 matrix).
The inconsistency with the usual counterclockwise orientation (the inside being the plus
side) is irrelevant because later we will choose different orientations on different parts of
the circle for a technical reason.

The uniqueness of the solution to the problem above is derived by a Liouville argu-

2Tt is denoted by p in the notation of [7].
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ment. If m and m’ are solutions, then mm/~! is equal to I because it is entire and tends
to I as z — oo. The existence of the solution follows from the Fredholm argument in
[25].

The solution {R,} = {R,(t)} to (1) can be obtained from the (2, 1)-component of
m(z) by the reconstruction formula ([7, p.69]) m(z)21 = —2R,(t) + O(2?), i.e.,

R, (t) = — lim 1m(z)gl = —im(z)gl (NB: z — 0, not c0). (17)
z—0 2 dz 220

Summing up, the inverse scattering procedure is as follows:

e The initial value {R,,(0)} determines r(z) = r(z,0).
e m(z) is determined by r(z) as the solution to (14)—(16).
e {R,(t)} is derived from m(z) by (17).

Set
1. —1,2
¢ =p(2) = plzint) = Sit(z — 277)" —nlogz,

so that the jump matrix v(z) in (14) is given by

:e—tpado'a 1- |T(Z)|2 _'F(Z) . (18)

v=12(z) r(2) 1

This representation is useful in that the saddle points of ¢ play important roles in the
method of nonlinear steepest descent.

REMARK 2.3. Explicit expressions of some solutions are discussed in [1], [10].

3. Main result.

In the following, we will deal with the asymptotic behavior of R, (t) as ¢ — oo in
the region defined by

In| < (2—Vo)t, WV, is a constant with 0 < Vj < 2. (19)
We have dy/dz =0 if and only if z = S5; € C (j =1,2,3,4), where

S = 677”./414, Sy = eim/4zzl, S3 = —51, Sy = —SQ, (20)
A=2"1(\/2+n/t —i/2-n/t), (21)

and we set S;+4 = S; by convention.
Set

510) = o0 (4 [ 1ogtt = ) L), 22)

1
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767ri/4A 67”-/4/1
b = 2(4t2 — n2)1/4’ bz = 2(4t2 — n2)1/4’ (23)
—iA iA
Dy = Dy = — . 24
YT — )i A 1) T 20482 — n2)/A(A— 1) (24)
Moreover we define, for j =1, 2,
1 (% 1—|r(r)]? dr
X (95) = 5= log : (25)
7 2mi exp(—mi/4) 1- ‘T(Sj)|2 T Sj
vj=—5_ 10g(1 = [r(Sy)), (26)
s
~ 3= log(1 —
5j(Sj>—exp( [ [ / ]"g s )dr>, (27)
e—Ti/4 J
5;) _ Sye—it(sj—551)2/2D§fl)j’ iwe<71>f‘*1xj-<sj>gj(5j), (28)

where the contours are minor arcs C C. We have Re D; > 0 and 2(=177"iv; hag a cut
along the negative real axis. See (33), (73) and (82) for 6(z), x;(z) and 5j (z) at a general
point z (not only for j = 1,2 but also for j = 3,4). Another expression of 5? is given in
(84) We have 6(0) > 1 and v; > 0 since |r| < 1. Notice that A,S;,d(0), x;(S;),v; and
5j (S;) are functions in n/t and that 8; and D; are of the form ¢~ 1/2 x (a function in n/t).
As t — oo, B is decaying and 5;) is osc111atory if n/t is fixed.

Now we present our main result. Its proof will be given at the end of Section 12.

THEOREM 3.1.  Let Vj be a constant with 0 < Vy < 2. Assume that the initial value
satisfies the rapid decrease condition {R,,(0)} € Noey €* (i.e. (4) holds for any s € N)
and the smallness condition (5). Then in the region |n| < (2 — Vo)t, the asymptotic
behavior of the solution to (1) is

2
R(t) = _% Zﬁj(59)_25;2Mj +O(t tlogt) ast — oo, (29)
=1

where

V2mexp ((—1)73mi/4 — 7v;/2)
r(S;)T((=1)~  ivy)

Mj = ZfT(SJ)#O

and M; = 0 if r(S;) = 0. The symbol O represents an asymptotic estimate which is
uniform with respect to (t,n) satisfying |n| < (2 — Vp)t. Each term in the summation
exhibits a behavior of decaying oscillation of order t=1/? as t — oo while n/t is fired.

. - i1,
Notice that 6? has three oscillatory factors S7, e~ H(5=57%/2 anq D§ D77 e
claim that S7 is oscillatory because n tends to infinity together with ¢ if the ratio n /tis
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fixed. Set 0; = argS; € (—7/2,0), a;j =Im.S;. Then we have

Sne—it(s’j—S;1)2/2D(_71)j*1iyj
J J
(-7~

1
= exp (inej + 2ia§t — T)il/j log t) x (a function in n/t).

Therefore 3;(69) 2 in (29) behaves like const. ¢~ 12 exp(i(p;t+qjlogt)) (pj,q; € R). This
is an analogue of the Zakharov-Manakov formula concerning the continuous defocusing
NLS ([12], [14], [20], [26]). See also [22], [23], in which one encounters sums of this kind
of terms. Notice that p; = p;(n/t) can be either positive or negative depending on the
ratio n/t. This kind of change of sign is not observed in the case of the continuous NLS.

REMARK 3.2. A careful inspection of the proof of Theorem 3.1 shows that it is
enough to assume {R,(0)} € £1:19 i.e.(4) with s = 10. It implies that the eigenfunctions
and r are in C'° on C': |z] = 1. Therefore k and ¢ in Section 5 can be so chosen that
k=9, ¢ =2 and we can set £ = 1 in Proposition 7.3. We have chosen not to specify
the values of s, k, ¢ and ¢ since it makes it easy to compare the estimates in the present
paper with those in [13].

4. A new Riemann-Hilbert problem.

The solution {R,,} to the Cauchy problem of (1) can be recovered from the Riemann-
Hilbert problem (14)—(16). In this section, we rewrite it into a new, equivalent problem.
Its jump matrix admits a nice lower/upper factorization. The factors have different
expressions on different parts of the circle C': |z| = 1.

Each S; is a saddle point of ¢ with |S;| =1 and

©"(S1) = " (S3) = 2A4%\/4t2 — n2 = 2A72\/4t2 — n2,
©"(S) = ¢ (Sy) = —2A% /412 — n2 = —2A7%\/4t2 — ©"(S1).

For z = re?, we have Rep = (—1/2)t(r? — r=2)sin20 — nlogr. It vanishes for any
0 if r = 1. For any other positive value of r, the equation Re ¢ = 0 gives four branches
of 6 = 0(r) € [0,2x] and represents a curve with certain symmetry. It is shown in the
Figure 1, together with the sign of Re ¢ in each region.

Let §(z), analytic in |z| # 1, be the solution to the Riemann-Hilbert problem

54(2) =6_(2)(1 = |r(2)|?) on arc(S1S2) and arc(S3S,), (30)
04(z) = 0_(z) on arc(S253) and arc(SyS1), (31)
0(z) — 1 as z — oo, (32)

where arc(S;S) is the minor arc C C joining S; and Si and the outside of C is the
plus side. On the singular locus arc(S;S2) U arc(S3S54), 61 (%) are the boundary values
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Imz

S3

positive negative

negative \| positive

Sy

9 Rez

negative

positive

negative positive

Figure 1. Signs of Re .

from +Re¢ > 0 respectively, and there is no distinction between them on arc(52S3) U
aI‘C(S451).
This problem can be uniquely solved by the formula

0(z) = exp (2;11 {/:2 —i—/:4 } (1 —2) " log(1 — |r(7)[?) dT), (33)

where the contours are the arcs C C. We have d(—z) = d(z) and 6’(0) = 0 because
r(—71) = —r(7).

Conjugating our original Riemann-Hilbert problem (14)-(16) by

a0 =" | =

leads to the factorization problem for mA~!,

(A4 (2) = (mA™Y)_()(A_vATY), z€C, (34)

mA™! =T (2 — o0). (35)

Now, we rewrite (34)—(35) by choosing the counterclockwise orientation (the inside
being the plus side) on arc(52.53) and arc(S54.57) and the clockwise orientation (the outside

being the plus side) on arc(S;S:) and arc(S3S4). The circle |z| = 1 with this new
orientation is denoted by C' and the new Riemann-Hilbert problem on it is

(mA N, (2) = (mA Y _(2)0, z€eC, (36)
mA™r - T (2 — 00), (37)

for the 2x2 matrix 9. We have, by (30) and (31),
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C ude 1 0] [1 =762 /(1 —|r|]?
pm e (L o ET]) mssoss,
~ 9
_ ewad%( {_%_2 (1)] [(1) 7”(15 } ) on S553 U S,81.
Set
p= —77/(1 — ‘T|2) on S1S59 U 5354, (38)
= F on S353 U 85,457, (39)

then v admits a unified expression

1 0] [1 ps2
~ _— o—pados PO
v ([_,35:2 IHO 1])

on any of the arcs, where 6, = J_ = § on S3S3 U S4S;. We have a lower/upper
factorization
v = b:lerv (40)
— ados —¢pados 1 P _ 1 53_67299'0
brim 0y [0 1} [o 1] (41)
._ sado3 ,—pados 10 _ 1 0
S ) »

5. Decomposition, analytic continuation and estimates.

The function p, defined in (38) and (39), and its complex conjugate p are decomposed
in a certain way. Only the dominant parts, denoted by R or R, will contribute to the
leading term in (29). The remaining parts are shown to be small, possibly on newly
introduced segments and arcs.

From now on we assume 0 < n < (2 — Vp)t so that —7/4 < arg A < 0. Minor
modifications are required in the construction of the contour ¥ (Figure 2 below) if —(2—
Vo)t <n < 0. See Remark 6.1.

Set

Y=/(it)=2""(z—2")> +int ' log 2.

It is real-valued on |z| = 1. For z = € (§ € R), we have ¢ = cos20 —nt~10 — 1 and ¢
is monotone on any of S5, 5253, 5354, S4S1. The monotonicity also follows from the
fact that there are no other stationary points of ¢ on |z| = 1 than S;’s.

5.1. Decomposition on an arc and some estimates.
We seek a decomposition p = R+ hj+ hyr with each term having a certain estimate.
Set ¥ = 0 + /4, 9o = arg A = arctan \/(2t — n)/(2t +n). Then arc(S51S52) corresponds
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to =ty < ¥ < ¥y. We regard the function p on arc(S51.52) as a function in ¥ and denote
it by p(¥) by abuse of notation. We have p(9) = H.(9?) + 9H,(9?) (—9y < 9 < ¥y) for
smooth functions H. and H,. By Taylor’s theorem, they are expressed as follows:

1 [

ol HFD (4) (92 — y)k dy,
. 19%

Ho(9%) = p§ + -+ + pg (92 —95)F +

2

1

Ho(0?) = pg + -+ + pg (92 — 9" + — /ﬁg HFD () (9% — 7)* dn.
0

k!

Here k can be any positive integer, but we assume k = 4q+ 1, ¢ € Z for convenience of
later calculations.
We set

k k
R(9) = Ri(9) = D pi (9% = 9)" + 9y uf(9° — 93)’,
3 =0

h(9) = p(?) — R(V)
and, by abuse of notation,

04(19) — a(ei(ﬁfﬂ/ll)) _ [ei(ﬁfﬂ/él) _ ei(fﬁgfﬂ/zl)]q[ei(ﬁfﬂ/él) _ ei(’l?gfﬂ‘/ﬁl):lq.

Notice that we have R(+£W¢y) = p(£dy). The function R extends analytically from
arc(S51.52) to a fairly large complex neighborhood. Its singularity comes only from that
of log z. By abuse of notation, R(z) denotes the analytic function thus obtained, so that
R(9) = R(e"=7/D) and R(S;) = p(S)).

We have diy/dd = 2cos29 — n/t and it has a zero of order 1 at ¥ = £9y. Since
[—0,%] 2 ¥ — ¥ € R is strictly increasing, we can consider its inverse ¥ = 9(v),
Y(—9) < < P(¥y). We set

(h/a)(¥) = h(O(¥)) /(@) np(=do) < ¢ < P(do),

=0 otherwise.

Then (h/a)() is well-defined for ¢» € R, and it can be shown that h/a €
HG42)/2(_00 < 9p < 00) and that its norm is uniformly bounded with respect to
(n,t) with (19). This argument is a ‘curved’ version of [13, (1.33)]. Notice that ¥o, the
counterpart of zg of [13], is trivially bounded.

Set

s = [ = b))
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he(9) = a() / O (i a)(s) jﬂ
hir(9) = a(9) / £V (1)) (5) jﬂ
then h(’l9) = h](’l?) + h[[(’lg), |19| < ¥y and
€2, (9)] < GV (43)

for some C' > 0 on arc(S1.52). See [13, (1.36)]. The symbol C always denotes a generic
positive constant.

Set p = /2(2t —n)/(v2t+n — /2t —n ) > 0. We consider the contour Lip =
li2 Ulo1 C {Rep > 0} = {Reiyp > 0}, where

IN
IN

lig: z(u) =S1+(p—uw)A (0
0

);
lo: 2(u) = Sy — iuA ( .

u<p
u < p)

IN
IN

We have chosen p so that S; 4+ pA = Sy — ipA, that is, l12 and ly; are joined at a single
point.

Figure 2. The contour .

We can show that h;;(d) can be analytically continued to {Re ¢ > 0} = {Reiy) > 0}.
The extension is denoted by hr7(z) so that hyr(e??=7/4)) = h;;(9) by abuse of notation.
On l15, we have for v = p — u (= the distance from S1),

la(z(w))] < vi|S; — Sz +vA|T < CIl,

e 2 E Dby (2(w)]

< ([ 1%)1/2(/;(1+82>!(f%><s>lgd5)l/z-
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We have
Reiy) > C'v? (44)
for some C’ > 0, because v = 0 corresponds to the saddle point S7. On [i2,
|672itw(z(“))hn(z(u))| < Cvle O = thq/Q(tv2)Q/Qefc’t”2 < C/t92,
We have a similar estimate on lo;. Therefore, all over L5, we have
e 2 G by (2)] < O/t (45)

For a small constant € > 0, let I, C l12 and I5; C l; be the segments given by

IN
IN

l{9: 2(u) =S1+ (p—uw)A 0<u<p-—e),
0

15,: 2(u) = Sy — iuA (0<e

IN
IN

u < p).
The segment I3}, is obtained by removing the e-neighborhood of S; from I;;,. On l5,U15, C
Lis, we have Re ity > C.e? for some C, > 0. It implies

‘e‘ziw(z)R(zﬂ < Ce et (46)

5.2. Decomposition of another function on the same arc.

The function p on arc(S;S2) can be decomposed as p = R+ hy + hyy.

Set p’ = \/2(2t —n)/(v2t +n + 2t —n ) > 0. We construct the contour L}, =
lhoUlh in {Rep <0} = {Reiyy < 0} as follows:

lig: 2(u) = S+ (p' —u)id (
Uyt 2(u) = Sy —ud (

IN
IA

),

0
0 )

u
u

p/
p/

IN
IN

We have chosen p’ so that I}, and I}, are joined at a single point Sy +ip'A = Sy — p' A.
In the same way as (43) and (45), we can show

|2 (9)] < C/tB3TD/2 on arc(S;S), (47)
|2y (2)| < Ot/ on L. (48)
Set
I%: z(u) =S+ (p' —u)id 0<u<p —o),
I 2(u) = Sy —ud (e <u<yp)

In the same way as (46), we can show that
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’622tw(Z)R(Z)| <Ce %=tonllgyull. (49)

5.3. Decomposition on another arc.
On arc(S253), the functions R, hr,hrr, R, hr, hrr are constructed from p and p in
the same way as above. We have

|8_2itwh1} < C/t(3q+1)/2, ‘eQitwﬁI‘ < C/t(3q+1)/2.

Set p” = /22t +n)/(vV2t+n + /2t —n ) > 0. Let Loz be the contour obtained

by joining
log: 2(u) = S +iuA (0
l32: z(u) = Ss+ (p" —u)A (0

IN
IN

u<p’),
u<p").

IA
IA

The segments [$;, C jy, (4, k) = (2,3),(3,2) consist of points whose distance from S; is
not less than e. Notice that Sy + ip” A = S5 + p” A is inside the circle |z| = 1. Then we
can show in the same way as (45) and (46) that

|6_2itw(z)h][(2)’ S C/tq/2 on LQ?,7

’efQitw(Z)R(zﬂ < Ce %t on 155 Ul5,.
Next, let L} be the contour obtained by joining

lhy: 2(u) = Sy + ud (0<u<1),
lhs: Arc(Sy + A, S5 +iA),
lho: 2(u) = S3+i(1l —u)A 0<u<l).

Here Arc(Ss + A, S3+iA) is the minor arc C {|z| = (24++/2)}/2} from S5+ A to Sz +iA.
Then we have estimates on I, U I4, similar to (48). The arc I}, is away from the saddle
points and we have exponential decay of e2**¥h;; on it. Therefore we get an estimate like
(48) on Lb5. Moreover, we obtain an estimate like (49) if we exclude the e-neighborhood
of S5 and S3.

5.4. Decomposition on the remaining arcs.
We construct Lj; and L%, for (j,k) = (3,4),(4,1) by symmetry and get relevant
estimates. The results in this section lead to Lemma 7.1 below.

6. A Riemann-Hilbert problem on a new contour.

In this section, we introduce a new contour and formulate a new Riemann-Hilbert
problem, which is equivalent to the original problem (14)—(16). The new jump matrix
admits a certain lower/upper factorization which will be the basis of the integral repre-
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sentation given in Section 7.

Set L = U(j,k)ij - {RGQO > 0}, L' = U(ch)L;-k C {RGQD < 0}, Y= é ULU L. We
define six open sets 21,...,8¢ as in Figure 2. The + signs indicate the plus sides of the
curves. If j is odd (resp. even), arc(S;S;41) is oriented clockwise (resp. counterclockwise)
and L U L' is oriented inward (resp. outward) near S;.

REMARK 6.1. If n <0, the contour ¥ should be slightly modified.

(i) If n =0, we should replace Li2 and Loz with curves like L5 and L)); in Figure 2,
each made up of two segments and an arc.

(ii) If n is negative, the argument of A is between —7/4 and —m/2. The parts L) and
L}, should each be made up of two segments, while Lis and L34 of two segments
and an arc.

The expansion in Theorem 3.1 is uniform with respect to the ratio n/t € [—(2 —
Vo),2 — Vp]. The uniformity can be proved by considering the following three cases
(e > 0issmall): (a) e <n/t <2-V, (b) —e <n/t <e¢ (¢c) —(2—-V) <njt < —e
The uniformity in (a) follows from the calculations explicitly given in the present paper.
The contour of the type in (i) [resp. (ii)] is useful in (b) [resp. (c¢)]. In dealing with each
part of the contour, one has only to follow the Subsection 5.1 (two segments) or 5.3 (two
segments and an arc).

One can show the uniformity in —(2 — Vj) < n/t < 2 — V by using only one
multipurpose contour of the type in (i). See Figure 3. We have chosen to use the contour
as in Figure 2 in order to simplify the presentation in the case (a).

Figure 3. X (multipurpose version).

Notice that each of 3,...,Qs has two connected components and that 2, is un-
bounded. We introduce the following matrices:

1 hr

01

0 _ sados —pad
B — grdose—en { Lhor

R |

10 1 0
0 _ sados —pados | - a _ sados ,—pados | _ B
b =02 e {hl 1} y bo=02Te Lm +R 1] '

Then (40), (41) and (42) imply that by = b5.b6%, © = (b )1 (b2) 710905 . Define a new
unknown matrix m# by
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mb =mA™L, z € Q1 UQs,
:mA_l(ba )_17 z € Q3 Uy,

=mA~H (b)), z € Q5 U Q.
By (36), (37) and (40) it is the unique solution to the Riemann-Hilbert problem
mﬂ(z) =m*(2)_v*(2), z €3,
mi(z) = I as z — 00.
Here v* = v#(2) = v¥(z; n,t) is defined by

vi(z) = (b%)7 10, zeC,
= b, z €L,

= ()71, zelL

779

Set b* = b, I,b% and bﬁr = bg, b%, 1 on C, L, L' respectively. Then, on X, we have

vf = vb(z) = (1) 710l

In the next section, we shall employ wgt = :I:(bgt — 1), w = wi_ + w' . We have v? =

(I — wﬂ_)fl(l—kwg_) = (I—|—wﬁ_)([+wi).

7. Reconstruction and resolvents.

We introduce a kind of integral operators following [9], kernels being factors of jump
matrices, which enables us to solve Riemann-Hilbert problems. The advantage of this
approach is that one can derive estimates on operators from those on jump matrices.

The solution of a Riemann-Hilbert problem is stable under small perturbations of the

jump matrix. Therefore we can replace the jump matrix by an easier one, obtained by

removal of insignificant terms.

7.1. Reconstruction.
Since §’(0) = 0, (17) and (50) imply

Ry (t) = _;13(1) ;(m215) = _%(mzlé) Y —4(0) dz21 (0).
Let
_ [ S d¢ _ : f(Q) d¢
(Cif)(z)_/gc—zim“ Jim, /Eg—z/m’ ZEX

2z’ €{%-side of B}
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be the Cauchy operators on Y. Define C,: = C%,: L*(X) — L*(X) by
Cusf = Cf = Co(fut) + C(fuh) (56)

for a 2 X 2 matrix-valued function f. Later we will define similar operators by replacing
the pair (X, wﬁ) with others. Even if a kernel, say w, is supported by a subcontour 3,
of 3o, it is necessary to distinguish between C>1 and C>2.

Let pf be the solution to the equation

P =1+ Cpit. (57)
Then we have pf = (1 — C\s) 11 (the resolvent exists), and

mﬁ(z;n,t)zl—l-/wgii, z€eC\X (58)
5 — ™

is the unique solution to the Riemann-Hilbert problem (53), (54). By substituting (58)
into (55), we find that

dg

Rn(t) 21%

~5(0) / G (59)
dz

29" (60)

= —46(0) /E 272[((1 - C’wu)flf)(z)wﬁ(z)}

In Section 9, we will prove that the resolvent (1 — C\:)~!: L?(X) — L2(X) indeed exists
for any sufficiently large ¢ and that its norm is uniformly bounded.

7.2. Partition of the matrices.
We set, for 0 < e < inf(, 4/,

L.={z€eL;|z— S| >eforall j =1,2,3,4},
L.={zeL';|z— 5| >eforalj=1,234}.

Set wg = wfb | (consisting of quantities of type hy or h together with § and et¥ = i)
on C'and wg = 0 on £\ C. Let wh be equal to the contribution to wgt from the quantities
involving hy; or hy; on LU L' and set wh =0on X\ (LUL'). Additionally, let wS be
equal to the contribution to wgt from the quantities involving R or R on L. U L. and set
wi = 0on X\ (L ULL). Finally, we set wS. = wg +wh +ws and w/, = wh —wS. These
matrices are all upper or lower triangular and their diagonal elements are zero. We will
show that w$ are small in a certain sense and that the main contribution is by w/,.

We define w* = w} + w* for x = a,b,c,e. Then w® = w* + w® 4+ w® and set
w = wi—w. Set ¥ = {L\(CUL.UL.)}U{S1, S, S5, 54} = (LuL)NUj_ {|z—S;| < e},
then it is a union of four small crosses and suppw/, C suppw’ C ¥’. As is shown in
Figure 4, each cross is oriented inward or outward. We have
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2 _—2ite)
wg_ _ 5ad0367¢ad03 |:8 ]O%:l — |:8 % 0 R:| on LﬂZ’, (61)
W = gados ,—pados l:_OR 8] — l:—(S_Q(e)QitwR 8:| on L' Ny (62)

and they vanish elsewhere.

54 7/ \\“
1 1
Outward !\ l;Outwaurd
A
7/\ %
Sl Inward

Figure 4. X': four small crosses.

LEMMA 7.1.  For any positive integer £, there exist positive constants C' and ~ye
such that

wll, [w <Ct™* onC, 63
+

Wk, w’| < Ct™* onLUL, (64)
|wS|, |w| < Ce™ " on L. U L. (65)

LP estimates are easily obtained since the length of 3 is bounded uniformly with respect
to (n,t) satisfying (19). Moreover we have

wh | pas) < Ct14, '] p2(sy < Ct14, (66)

||’u};:HL1(E) < Ct_l/Q, H’LU/”LI(E) < Ct_l/g. (67)

PRrROOF. The boundedness of § and 5! will be proved in Section 8. The inequality
(63) follows from (43), (47) and their analogues. The inequalities (64) and (65) are
consequences of (45), (46), (48), (49) and their analogues. Finally in order to derive (66)
and (67), we employ (44) and its analogues. Since R, R,§,5~! are bounded, we have only
to calculate the Gauss type integral [~ et * . O

We define the integral operators C,s and Cye from L2(X) to itself of the type (56).
We have Cx = Cyyr + Ce.

Later in Section 9 we will prove that (1 — Cy/)~% and (1 — C,¢)~! exist and are
uniformly bounded for any sufficiently large t. We proceed assuming this assertion.
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7.3. Resolvents and estimates.
By the second resolvent identity, or rather by (72) below, we get

[ 0= cor D)
b))
= / 22((1 = Cyw) ) (2)w' () + I+ T+ HI + 1V, (68)
p
where
I= / 22w, T = / 2721 = Cp ) " H(Cope N,
by b
I = / 272(1 = O ) H(Copr Dw,
>
IV = / 2721 = Cu ) 10w (1 = Cu) " H(Cope "
)
Since |272| is uniformly bounded on ¥, (63), (64) and (65) imply

1), [IT], |IIT], |IV| < Ct~¢ ast — oo. (69)

ProrosITION 7.2.  We have

R,.(t) = —5(0) /Z 22 [((1 - Cw,)—lf)(z)w’(z)}m% +O0(t™5). (70)
Proor. Use (60), (68) and (69). O
PROPOSITION 7.3.  We have

R, (t) = —6(0) / 22[((1 - 055)—11)(z)w’(z)]21% +0(t™). (71)

Here C%, is an integral operator on L(X') whose kernel is w',|s:. Notice that Cy is an
integral operator on L?(X) whose kernel is w',, matrices of functions on ¥ D ¥'.

PROOF.  Since suppw’. C X', we can replace [y, by [y,. Apply [13, (2.61)]. O

REMARK 7.4. In deriving (68), we used the following formula: if the operators
A, B,C and the matrices f, g, h are such that A= B+ C, f = g+ h, then

{(1-A) ' ={(1-B) 'Thg+h+{(1-B)(CD}f
+{1=B) B+ {1-B)'C(Ll—A)(AD}f.  (72)

n (68), f,g,h involve the factor =2, which is absent in the calculation of [13]. Its
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presence complicates matters, and it will be dealt with in (97).

8. Saddle points and scaling operators.

We introduce scaling operators with respect to the saddle points. By scaling (and
rotation), we can normalize crosses and the phase function ¢, the results being the cross
e™/4R U e ™/4R and the function exp(4iz2/4). The former gives the steepest descent
path of the latter.

8.1. Some functions characterizing arcs and their boundedness.
Set T1 = T2 = e_”i/‘l, T3 — T4 _ 637ri/4 and

1 S 1—|r(n)? dr
00 =5 [, o e )
S
iodr
é](z)_/T] 7__27 (74)
1
vj = —5-log(1— [r(S))|*) = 0 (75)

for j = 1,2,3,4. The integral fﬁj is performed along the minor arc from 7} to S,
which we denote by arc(7;S;). The integral x;(S;) is well-defined because the logarithm
vanishes at S;. Moreover, x; and ¢; are analytic in the complement of arc(T}S;), in
particular near Sy (k # j). We have 11 = v3, v = 14 and

S dr
57 [ el = r(MP) — = iv;l;(2) + x;(2). (76)
T
Set
3j(2) = exp ((=1)7 7 (iv;€;(2) + x;(2))) (77)
28\ YT i-1
:(z_%> ST (78)

where w7 is cut along R_ and is positive on R. It is analytic in the complement of
arc(T;S;) and satisfies a Riemann-Hilbert problem similar to (30)-(32). The function
5(2) in (33) is decomposed as

&@:II@@)

j=1

Since Im¥¢;(z) = arg[(z — S9;)/(z — Tj)], we see that exp(£iv;¢;(z)) is bounded.
Let V;,U; C arc(T;8S;) be sufficiently small neighborhoods of T} and S; respectively.
Then x;(z) and its boundary values on arc(T;S;) \ {U;,V;} are bounded as is proved
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by the Plemelj formula ([2], [3]). This formula involves a principal value integral. Its
boundedness in U; \ {S;} (as z approaches S;) is derived from the above-mentioned fact
that the logarithm in (73) vanishes at 7 = 5.

The well-definedness of x;(.S;) has been explained above. The points T);’s have been
chosen just for simplicity, not for necessity, and can be replaced by any other points on
arc(S152) or arc(S3S4) (it results in another decomposition of §). Since there is nothing
special about them as far as the product d(z) is concerned, it is well-defined and bounded
on each V;. Hence §(z), (z) and their boundary values are bounded everywhere.

REMARK 8.1. If j # k, then r(—7) = —r(7) implies x;4+2(5;+2) = x;(5;),
6j+2(Sk+2) = (5J(Sk) fOI‘j = 1, 2 and k = 1, 2,3,4 with the convention S5 = Sl, SG = SQ.

8.2. Scaling operators.
In a neighborhood of each saddle point S;, we have

) S 4 i) wi(x)=0(z—S;F)  (19)

for some function ¢;(z). Set
B; = (—1)727 (41> — n?)~V/4g;

so that ¢"(8;)37 = (=1)77'i/2. See (81).
Let the infinite crosses X(S;)’s and 3(0);’s be defined by

X(S;) = (S; + AR) U (S; + iAR), oriented inward (1=1,3),
= (S; + AR) U (S; + iAR), oriented outward (j =2,4),
2(0), = e™/4R U e /4R, oriented inward (j=1,3),
= the same set as above, oriented outward (j =2,4).

Note that 3(S;) is obtained by extending one of the four small crosses forming ' and
that the cut of d;, namely arc(S;T}), is between two rays of X(S5;).
We introduce the scaling operators with rotation

Figure 5. X(S1): an infinite cross.
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N;: (COU L?)(5(S))) — (C° U L*)(2(0);),
f(2) = (N; )(2) = f(Bjz + 5;).

It is the pull-back by the mapping M;: X£(0); — X(S;), z +— Bjz + S;. The real axis
is mapped by M; to the tangent line of the circle at .S;. The positive imaginary axis is
mapped to the outer (j = 1,3) or inner (j = 2,4) normal. Hence the singularity of 6(z)
is, if seen through Mj, to the left of 0 either j is even or odd.

By (78) and (79) we have

. (=1)7 "ty o
e = I

Bjz + 55 = T;
_ ( B; >(_1)j1wjz(—1)fle< S5 —T; >(_1)j1iw
S, T, B2+ 8 T
(D7 (51 (-1 TN X ()= (87)) (80)
(Nje%)(z) = S?B*it(sj*S;1)2/26(*1)”272/46*(%%)(Z). (81)

Here the arguments of 3;/(S; —Tj) and of (S; —T;)/(8;z+ S; —T;) (at least for a large
positive z) are between —m/2 and 7 /2.

Originally, N;4; has a cut along the preimage under M; of arc(S;7}). It is an arc?
with central angle not exceeding 7/4 which is tangent to the real line at the endpoint
0= M{l(Sj). See Figure 6. It is in the region # < argz < 57n/4 (if j is odd) or
3r/4 < argz < (if j is even). The factor 2% is originally cut along the union of the
preimage and the half-line C;: z(u) = ﬁ;l(—Sj +T;) —u, u € Ry. See Figure 6. Since
we consider 2" only on the cross 3(0);, the cut can be moved homotopically as long as
it is away from the cross. Hence the cut of 2% is moved to R_ for j = 1,2,3,4. Another
factor {(S; — Ty)/(Bjz + S; — Tj)}™i is cut along the half-line C;, but its singularity
eventually disappears as t — oo, 3; — 0.

Set

even ™\

odd .~

Figure 6. Cut of N;6; and the cross.

3Here we are assuming 0 < n < (2 — Vp)t. If —(2 — Vo)t < n < 0, the central angle is not less than
/4 but it is less than w/2. The consideration about the homotopic movement requires no change at all.
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3i(2) = 6(2)/0;(2) = [ ] ox(2)- (82)

k#j
By (80) and (81), we have
N;[Fe ] = Njloe™")(z) = 6%6}(2), (83)
where
. —15\2 ﬁ (_1)j71iyj j—1 o~
R VTN (S, (s

1 — (1) iy (—1)7i2% /4

8;(2) =2 e (ﬁjz—i—S T)

D NG () (801~ (N (2) (N0 (2) (85)
6;(55)

We choose the branch of the logarithm which is real on R, and cut along R_. The
imaginary powers in the definitions of 6? and 5} (z) should be interpreted accordingly.
j_liuje(AJ)jiz2/4

We have at least pointwise convergence §j(z) — PR as t — oo. In

Proposition 10.1 we shall show that this convergence is uniform in a certain sense.

REMARK 8.2.  We have §;42(S;12) = 0;(5;), 69,5 = (—=1)"69 (j = 1,2) because of
Remark 8.1. Since T} = T» = exp(—mi/4), the ratio 3;/(S; — T};) in the definition of 6;-)
can be represented by

pi —iA By iA (6)
Sy —Ty  2(4t2 —n2)/4(A—1)" Sy —Ty 2412 —n2)V/4(A-1)

These quantities are nothing but D; and Ds in (24).

The cross X(5;) is the union of the two lines X(5;, L) and X(S;, L’) defined by

£(8j,L) = Sj + e™/*S;R = 5; + AR (G=1,3),
=S +e /AR =S +iAR (= 2,4),

2(S;, L) =S +e /SR =8, +iAR  (j=1,3),
( )

=S, +e™/1SR = S; + AR j=24).
Notice that each X(S;, L) [resp. X(S;, L")] shares some segment with L [resp. L'], but is
not included in it. We have Mj_lz(Sj,L) = e /4R (j = 1,3), the direction of steepest
descent of e‘izz/‘l, and Mj_lE(Sj,L) = e™/4R (j = 2,4), the direction of steepest
i22/4.

descent of e Therefore ¥(S;, L) is in the direction of steepest descent of e~% for



Defocusing integrable discrete nonlinear Schrodinger equation 787

any j = 1,2,3,4 in view of (81). Similarly, ¥(S;,L’) (j = 1,2,3,4) is in the direction of
steepest descent of e?®.

We introduce some sets each of which is in a neighborhood of a saddle point. (In
contrast, L. and L. to be introduced later are away from the saddle points.)

¥(8;,L): ={z € £(Sj,L); |z — S| < ¢} (a short segment),
X(Sj, L)e = {z € B(S;, L'); |2 — Sj| < ¢} (another short segment),
3(S5)e = 2(S;, L) UX(S;, L) (a small cross).

Then X(S;). = {z € X(5;);]z — 5;| < ¢}, ¥ = U?::LE(S]-)E, suppw, C ¥'NL =
U;*:lz(Sj,L)E and suppw’ C X' NL = U;*:lE(Sj,L’)g.

9. Crosses.

In Proposition 7.3, we have shown that the main contribution to R, (t) can be written
in terms of a resolvent on L?(X’), where ¥/ is the union of four small crosses. In this
section, we derive a formula involving four resolvents, each being defined on one of the
small crosses.

Split ' into four disjoint small crosses: ¥’ = Uj_;%(S;).. We decompose w/, into
the form

4
wly = Z w, (87)
j=1

where suppwi C X(Sj,L). and suppw’. C 2(S;,L)e. Set wi = wi_ + w’ . Define

the operators A; = Cy (j = 1,2,3,4) on L*(¥') as in (56). We have w’ = 37, w’ and
CE,/ = Zj Aj. See Proposition 7.3 for the distinction between Cl%,/ and C,,.

LEMMA 9.1.  If j # k, we have
145 Akl 2y < CEYV2,0 || Aj Akl oo ()= 12y < CE3/M (88)

PROOF. Follow the proof of [13, Lemma 3.5]. Use Lemma 7.1 and the fact that
dist(3(S;)e, X(Sk)e) is bounded from below. O

In Section 11 we will prove the existence and boundedness of (1 — A;)~1: L3(X') —
L3(X) (j = 1,2,3,4). In view of Lemma 9.1 and [13, Lemma 3.15], it leads to that of
(1-CZ)~1: [2(Y) — L3(Y'). By [13, Lemma 2.56], we find that (1—C,)~': L2(X) —
L3(X) exists and is bounded. Finally (1 — C:)~t: L3(X) — L3(X) also exists and is
bounded because of the smallness of C,;: — C,s = Cye and the second resolvent identity
1-A't={1-B)Y(B-A)+1}7'1-B)~L

We have

HAJA;C(I — Ak)_1[||L2(E’) < ||AjAkI||L2(Z’) + HA]Ak(l — Ak)_lAkIHL?,(Z/). (89)
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Here [|A;Apl||p2(sy < Ct=3/* follows from the second inequality of Lemma 9.1. On
the other hand, we have || Apl|[r2(z) < [[wF||p2sy < [J0'||p2sy < Ct=V4 by (66).
This estimate, together with the first inequality of Lemma 9.1 and the boundedness of
(1—A;)7', yields

[ A;AR(L — Ag) M || g2y < CE3/4 (90)

Following (repeatedly) [13, pp. 338-339], we obtain by (90) and Lemma 9.1
-2 \—1 ’r_ -2 ) N—1 / -1
/ 22((1- ) Dw 7/ 2 ({1+§ A;(1— Ay) }I)w +orY
’ > .
j

4
:/ w4 Y 2 (A= AT Dwh o). (91)
Z/

jk=1

We have sixteen quantities involving the pairs (A;(1—4;)~1, w*) (j, k € {1,2,3,4}). We
claim that the main contribution is by the ‘diagonal’ pairs (j = k). Let us estimate the
‘off diagonal’ terms.

Since (1 —A;)"' =1+ (1 — A;)"'4;, we have

[ =2 - ay -t

<

+

/, 22 (A D"

[ -y a et

. (92)

Notice that the distance of z € X(Sk). and n € X(S;). and that of z € ¥’ and 0 are
bounded from below. These facts, combined with (67), lead to the following Fubini type
estimate of the iterated integral in the first term:

J
(S1)e $(s,). N — % 2mi

< Cllw? () 1 csesyyollw (2l sse.) < Ct (93)

// 22 (A D"

The second term in (92) is estimated in a slightly different way. By (66), (67) and the
Schwarz inequality,

/ 2 A (1= Ap) T A Tt

/ (SW{ / o (- Aj);iljzf)(n)wj(n) dn }Z_gwk(z)

<@ - Aj)ilAjI”Ig(E(Sj)g)||wj(77)||L2(E(Sj)e)||Zﬁ2wk(z)||L1(Z(Sk)5)
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< Cllw [ 72ss,) 10"l s < O (94)

By using (91)—(94) and w’ = Z?Zl((l —Aj)(1 = A;) 1w, we get

2 N1 wd —1y
/E/ (=) IwZ/S)a — A" HUw! + 0@

Owing to [13, (2.61)], A; = Cys: L*(¥') — L*(X') in the above formula can be replaced
by C2,: L*(3(S;):) — L*(2(S;)e), which is defined as in (56) for the pair (£(5;)e, w?).
Combining this fact with Proposition 7.3 (¢ > 1), we get the following result, which
shows that the contributions of the four small crosses can be separated out.

PROPOSITION 9.2. We have

R, (t) = =6(0) Z/ 22[((1=C)) (z)wj(z)]ﬂ% +0@t™).

10. Infinite crosses and localization.

The integral in Proposition 9.2 involves values of R and R on the crosses £(S;).
(j = 1,2,3,4). In this section, we derive some estimates that compare their values on
the crosses with those at the saddle points. The differences are so small that the former
can be replaced by the latter as will be proved in Section 12.

We introduce @7, and @7 on the infinite cross ¥(S;) given by

Wl = w,, 2 € %(S))e,
Wl =0, z € B(85) \ 2(Sj)e,
W =+l 2 e N(S;)).

Define the operator A;: L2(X(S;)) — L2(X(S;)) as in (56) with the kernel w’. Set
A9 = (69)72, A?gb = ¢AY. The operator AJQ and its inverse are bounded. Define
aj: L2(3(0);) — L*(%(0);) by

aj = C(a0)-1(N;w9)A?
= Cy (o (AN TH(Nji? JAY) + C_ (o (A9) 1 (N, ) A). (95)
Then we have

AONT. Adn—1(A0)~1 AJ —1(A0\~1 X0

On Mj_lZ(Sjv L): \ {0} C 3(0);, we have
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S L R S

by (61), and the left-hand side is zero on X(0); \ Mj_lE(Sj, L)..
On Mj_lZ(Sj,L’)E C X(0),, we have

-1 2207 N (2) = ,0 0
(ADTHN; 750l A) (2) [_<5jz+sj>2R<ﬂjz+sj>6;—<z>2 0}

by (62), and the left-hand side is zero on X(0); \ MjflE(Sj, L')..

Assume that j is odd (j = 1,3). We have Mj*lE(Sj,L)E = e /RN {|B;2] < ¢}
and it is the union of the lower right (z/e~™/* > 0) and upper left (—z/e~™/* > 0)
parts. Recall that the positive imaginary axis is mapped by M; to the outer normal at
S; if j is odd.

ProrosiTION 10.1.  Assume j = 1 or 3. Fiz an arbitrary constant v with 0 <
2v < 1. Then on Mj_lz(Sj, L). N{z;+2/e"™/* > 0} respectively, we have
(B2 + ;) "2R(Bjz + ;)81 (2)% — S72R(S;%) 22 i e~ /2
< Ct™ Y2 logt - |e*(”22)/2|, (97)
|R(5JZ + SJ)éjl(z)Q B R(Sji)z2iuje—iz2/2|

< Ct™ Y2 logt - |e_(i722)/2|. (98)

We choose R(S;+) = 7#(S;) on the lower right part and R(S;—) = —7(S;)/(1 — |r(S;)|*)
on the upper left part. The analytic functions z*>"i and 5]1» (2) have cuts along R_.

PrROOF. We show only (97) because (98) is just an easier version of it. Moreover
we can assume j = 1 by symmetry. On M, '%(S;, L)., we have

|072/2]| (812 + S1)2R(Brz + $1)61(2)? — Sy 2R(S14) 22 1672

— |e—(iv2*)/2 N1 (2)? -2 2ivy Li(—1+27)(2%/2)
= le R(ﬂlz + Sl)FElEgAiz — Sl R(Sli)z e , (99)
61(S1)
where
F— (3 z—l—S)—2<Sl_Tl>2iyl (100)
' ' prz+ 51 —Th 7
. 52
E; = 22" exp (Z(l + 27)? - 2]\71301(,2)), (101)

Es = exp(2{Nix1(2) — x1(51)})- (102)
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Each factor in (99) is uniformly bounded with respect to (n,t).
Since ze~%"/2 is bounded and fB; = O(t~/2), we have

e/ 2[R(8,2 + S1) — R(S12)]]

< |e==2|812] sup |R (w + S1)| < C|pi| < Ct~ Y2, (103)
|

w|<e

Similarly, we obtain

e~ =)/2(F — 572)| < o1/, (104)
‘e—(mzz)m [W - 1} ' <ot (105)
01(51)?

Moreover, N1¢1(z) = O(|312]®) and the boundedness of 2?1 and 23e=72°/2 imply
e 2[E) — 227 exp(i(—1 + 27)22/2)]|

< |6 ivz /2| sup
0<s<1

d . 22
o exp | i(—1+ 27)5 — 25Ny (2)

S

< Cle ™ 2||B12P < C|B|? < Ct73/2 < c Y2, (106)

Four t~1/2 type estimates (103)-(106) have been obtained.
Lastly we derive a t~1/21ogt type estimate involving F5. We have

e~ /2By — 1) < sup |2 N 2alS0} 1205 2(Ny y (2) — x1(S1))]. (107)
0<s<1

Since the supremum is bounded, we have only to derive a t=1/2logt type estimate of the
second factor in (107). Integration by parts yields

S 1= r(n))? T—(biz+51)
27| IN- — S1)] = 1 dl =—-L1—-L 108
ﬂ—l[ 1X1(Z) Xl( 1)] /T1 0og 1 — |7’(Sl)|2 og — Sl 1 2y ( )
where
L—[r(T))*, Ti—(Brz+51)
Ly =1lo lo , 109
PTRT TSR T TSy (109)
Sy _

Ly :/ log MQ(T) dr, (110)

i) T — Sl

9(r) = - Tog(1 ~ Ir(r)). (1)
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The first logarithm in L; is bounded. The second logarithm can be estimated in the
same way as (103) etc. and we get

le=%" 2L, < Ct V2, (112)

We express the integral Lo as the sum of two terms:

Ly= LY+ L2,
S1 .
1= [ {o(r) - g(S1)}log T P25 (113)
T T — Sl
Sy _
) T—5

We have [log(1+ w)| = | [;"(1 + 2)~'dz| < C|w]| in any sector that is away from the
negative real axis. For 7 and z in L3, the ratio —3,2/(7 — S1) is in such a sector and

7= (frz+51) Prz Bz
log ———————=| = |1 1—-—— )| <C|l——|. 11
‘Og T—5 ’Og( T—51 _CT—Sl ( 5)
It implies
y2? iy2? (1) — g(S1)
e~F 2L < Cle /2||5lz|/ ' dr| < Ct™1/2, (116)
T T — 51
Next we consider L2. An elementary calculation shows
S1 _
/ log _ ($1z + 51) Jr
T T — Sl
= [(r = 1z — S1)log(T — P12z — S1) — (7 — S1) log(T — Sl)]:z%
= —Bizlog(—Br2) — [(T1 — 81 — w)log(Ty — Sy — w)]"_0**. (117)

The product of e~2"/2 and the second term in the right-hand side of (117) can be dealt
with in the usual way, as in (103) etc. The product of e~%°/2 and the first term enjoys
an estimate involving t /2 logt. Indeed, if ¢ is sufficiently large,

|7 /281 2 log(— A12)| < [e™"* 2Bz log 2| + [e 0=/ 22]|By log(— )|

< Ct V24tV 2 logt < Ot~ Y2 logt. (118)

By (117) and these estimates, we get
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e 22| < Ct /2 logt. (119)

Combining (107), (108), (112), (116) and (119), we obtain
e /2 (Ey — 1)| < Ot log . (120)

Finally (97) follows from (99), (103), (104), (105), (106) and (120). O

If j is odd (j = 1,3), we have MJ-*IE(Sj,L’)E = e™/*R N {|B;z| < ¢} and it is the
union of the upper right (z/e™/4 > 0) and lower left (—z/e™/* > 0) parts.

ProposiTION 10.2.  Assume j = 1 or 3. Fiz an arbitrary constant v with 0 <
2y < 1. Then on MJIZ(S’J»,L’)E N{z;+z/e™/* > 0}, we have

(B + S;)*R(B;z + A‘S'j)éjl-(z)*2 - S],—QR(Sji)Zf%uj eiz2/2|
< O gt o013, o1
|R(Bjz + 5;)8;(2) "2 — R(S;£)z—>" 6i22/2|

< Ct™Y210gt - |el2)/2, (122)

We choose R(S;+) = r(S;) on the upper right part and R(S;—) = —r(S;)/(1 — |r(S;)|?)
on the lower left part.

REMARK 10.3. If j is even, we have M; 'S(S;,L). = e™/*R N {|B;2| < ¢} and
MJ-_IE(S]»,L’)E = e ™/4R N {|B;2| < €}. The positive imaginary axis is mapped by M;
to the inner normal at S;. Roughly speaking, we have the following:

o On M;'S(S;, ). (j =2,4);

(Bjz + S;)?R(B;z + S;)0;(2)* tends to S;QR(S’ji)z_gi”fe"zz/2 and R(8;z +
57)6}(z)? tends to R(S;=£)z~2"s €i#’/2 as t — 0o. Here we choose R(S;+) =7(5;)
on the upper right part and R(S;—) = —7(S;)/(1—|r(S;)|?) on the lower left part.

o On M;'S(S;, L)e (4 = 2,4);

(Bjz + S;)2R(B;z + S5;)0; ()2 tends to S;QR(SJ-j:)zzi’jje‘izQ/2 and R(B;z +
S;)03(2)? tends to R(S;+)z~2"s €’/ as t — co. Here we choose R(S;+) = r(S;)
on the lower right part and R(S;—) = —r(S;)/(1—|r(S;)|?) on the upper left part.

11. Boundedness of inverses.

Recall that A; is an operator on L?(¥’) with the kernel w/ supported by £(S;). and
that X' = Uj_,%(S;). In this section, we prove that (1 — A;)~" exists and is bounded
as an operator on L?(¥’). This fact was used in Section 9. We make three steps of
reduction (which will be followed by still other steps later in this section). It is enough
to prove the existence and boundedness of:
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(i)(l—%)‘1 2(2(85)e) = L2(X(S5)e)-
(i) (1—A;)7" L2(3(S))) — L2(3(S}))-
(iif) (1— ;)" L2(3 (0);) = L*(%(0);).

The first two steps of reduction are due to [13, Lemma 2.56]. The third is due to a
scaling argument. Indeed, (96) implies

(1— A7)t = NHAY) (1 — o) tAIN, (123)

and the boundedness of (1 — A7)~! follows from that of (1 — a;)~", since Nj,A? and
their inverses are bounded.
Set

ol = (A9) 7 () A7 = ()7 Ny, (121)

so that by (95)
0= Cy = Cu (0 ) +C_ (o ).
The cross X(0); consists of four rays:
Z(O>J = Ui:12(0)§7 E(O);c = eiSkﬂ/4R+7

where s; =1, so = 3, s3 = 5, s4 = 7. Each ray is oriented inward if j is odd and outward
if j is even. Set

wh™ = tli>nolo W, (125)

By (98), (122) and Remark 10.3, (125) holds in L? (1 < p < c0). The concrete forms of

W™ are given below.

11.1. Case A.
Assume that j is odd (j = 1, 3). The contour X(0), is oriented inward. Notice that
r(S1) = —r(Ss3),v1 = vs3. By virtue of (61), (87) and (124) we get

FS) g i
0 77]2,27,1/] etz /2
= ) TSP zexOR
0 0
S0 QN S20v, ,—i22 )2
8 7(S;)z . e 7 s c E(O)?,
=0, z € $(0); U X(0)3

and (62), (87) and (124) imply
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joo 0 0

= o »(0)}
w2 _,,,(Sj)z—2zujezz2/2 0|’ z € (O)]’
0 0
_ . 3
= ’I“(SJ) 2Z_Qiyjeizz/2 ol FAS E(O)]7
1—r(S;)]
=0, z € $(0)2 UX(0);.

For each j, either w}™ or w”™ is 0 and the associated jump matrix is

(I —wh) I+ wh™®) = (T+ ") (I +wh™®) = T+wh™ or I+ (126)
Set Wi = W™ + W™ and
@ = Cie = 1 (@ W) + O (0 wi™): L*(5(0);) — L2(£(0);).

By (98), (122) and Remark 10.3, we find that the boundedness of (1 — «;)~! can be
derived from that of (1 — a?*)~1: L3(3(0);) — L*(X(0),) if ¢ is sufficiently large. The
proof of the boundedness of (1 — a?*°)~1 (at least for j = 1,3) can be found in [12],
[14]. Indeed, the matrices w}2™ are the same (up to inversion in the case of different
orientations) as those in [12, p.198] and [14, p.46]. The presentation in the former is
sketchy. A complete proof is given in the latter, but probably it is not easy to find,
especially at libraries outside Japan. So here we repeat key steps of the calculation in
[14]. The method is basically the same as that in [13], which can be referred to for some
details.

Reorient and extend ¥(0); to X¢ (we do without the subscript j for simplicity) which
is defined as follows:

e X =%(0); UR=RUe™/4RUe /R as sets.
e R is unconventionally oriented from the right to the left, e™/*R from the lower
left to the upper right, e ™/4R from the upper left to the lower right.

We have $¢ = US_ ¢ 53¢ = eUwT/AR, (a1 =1,a2=3,a3 =4, a4 =5, a5 = 7, ag = 8).
Let Qf(k =1,2,...,6) be the sector between X¢_, and Xf, (here £§ = X§). The rays
are so oriented that C_%e f and C*" f are analytic in the even- and odd-numbered sectors
respectively for f € L?(X¢).

From w}™, we obtain the renewed jump matrix

v =wf(z) = (09) 715 = (I —we) M+ w) = ([ +wo)(I +w),
where

1 0

b+ = Bl = T(Sj)z_2iuj€i22/2 1

b =1 on X,
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Notice that we have changed orientations on ¥{UXE = X(0);UX(0)], where w§ =

b =1, b° = By =

Wl = (b5 — 1)

H. YAMANE

1 f(Sj)Z2il/je—i22/2

1

_ f(Sj) ZQiuje—iZQ/Z
1—[r(S;)? L =1
1
1 0
T’(Sj) %% i 2/2
_ 52 piz 1
1—1[r(S;)I?

€
on X5,

€
on X5,

e
on Xy,

€
on X,

€
on X,

on X°.

e

F

The operator o/ = C,;.~ of type (56) associated with (3(0);,w’™) coincides with that
associated with (3§ U X5 U X U XE, we |seuseussuse ). By [13, Lemma 2.56], in order to
prove the boundedness of (1 — a/>°)~1: L2(3(0),;) — L*(2(0);), we have only to prove
that of (1 — C,)~!, where C, is the operator associated with (3¢, w$).
Define a piecewise analytic matrix function ¢(z) on C\ 3¢ as follows:

Qi

Q5

3

Q4

Q5

0%

¢(2)

Z—il/j o3 Bl_l

Z—il/jag

Z—il/j o3 B2_ 1

Z—iujag B?’—l

z

—’iVj g3

—iV‘O‘3 -1
ZT Wi By

(127)

On ¥, set v*%(2) = ¢_ (z)ve(z)qbf(z). Then we have v®%(z) = I on X U XS U XS U ¢,

On 3§, we

have

v?(2)

(Z—iujangl) (z—iVjo'ngl) —

e~ () /Dados | 1 ,
—r(S;) 1=1[r(S;)

1

7(55)

— Z—il/j ad o3 (3;134)

On X§ = R_, its orientation implies (27%9)_/(27"i); = > = (1 — |r(9;)|*) ! and

ve?(2) = e~ ((iz%)/4) ad os

_ 67((iz2)/4) ad o3

We set,

7(55)
1

7(S;

)

—r(S;) 1—|r(S)?]

1 —2 A .
T Ir(S))P | (2073 (z779)
0

1
—r(S;)

1—[r(S5;)[?
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wi? =0on Tf U U USE, (128)
. 2
e _ 0 0] o [0 7(S;)e=/2
we? = wi’¢ +w®? on ¥°. (130)

We have v¢ = (I —w*?) (I +w$?) on ¢, By [13, Lemma 2.56], the boundedness of
(1= Cye.s)™t on L2(X°) follows from that of (1 — C,,e.6|r)~t on L2(R). The latter is an
immediate consequence of |r(S;)| < 1.

By means of the process of [13, pp.344-346] and the several steps of reduction in
this section, we can derive the boundedness of (1—Ce)™t, (1—a?®)™! = (1-C, )71,
(1—a)'=1-Cu) ™ (1—4)" " (1-C%,) " and (1 - Aj)~".

11.2. Case B.
Assume that j is even (j = 2,4). The contour X(0); is oriented outward. Notice
that r(S2) = —r(S4),vo = v4. We have

ico [0 7(S;)z"2vieiz’ /2

_ 1
Wit =, J 0 , z € 5(0);,
f(S) 2
. 0 —— "I =2 iz /2
Wi = —rSHR° ¢ ], zex0),
0 0
w}>® =0, z € 2(0)2UX(0)],
and
4 0 0
;00 . 2
wh™ = r(S5) 2z2wje—iz2/2 ol *°€ %(0)5,
1—|r(S;)]
; 0 0
J,00 __ 4
U5 T s o) 2 €20,
W™ =0, 2 € 2(0)}UR(0)3.

Define w’>° and a/'*° in the same way as in Case A. Here again we want to show
the boundedness of (1 —a?>)~1: L2(3(0);) — L*(X(0);).

Denote w}™ by wi ™ or w3 when j is even or odd respectively. Replace r(S;)

with 7(S;) (hence 7(S;) with 7(S;)) in the definition of w3* and denote by w3 >

the matrix thus obtained. For example, when j = 2, we have

—odd,o0 —odd,oco 0 0 1
w+ = O’ U.}_ = _f(SQ)Z_QiV26i22/2 0 on 2(0)2.
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Notice that 7 is evaluated at j = 2 (an even number), although the form of the matrix
is borrowed from the odd j’s and the superscript contains the word ‘odd’.

The problem concerning (Doidd’oo can be solved in the same way as that concerning
w31 We find that
even,00 __ t-odd,co __ —odd,co o 01
wy = 'l = —0107 o1, 01= |1 gl (131)

We denote a?>® = C,j. by a®*™>® or a°d9:% when j is even or odd respectively, and
let 3°49:2° be the operator obtained by replacing w3'®™ with @3> in 44 Let &,
be the right multiplication by o1, namely 61(f) = fo1. Then (131) implies

even,oo

« =610a® 05y, (132)
because the cross X(0), changes orientation in accordance with the parity of j. It cancels
out the negative sign in the right-hand side of (131). Moreover it exchanges the positive
and negative sides of the rays, as is compatible with the & and F signs in (131). Therefore
the boundedness of (1 — a®4>)~1 proved in the previous subsection implies that of

(1 _ dodd,oo)—l and (1 _ aeven,oo)—l.

12. Reconstruction via scaling.

12.1. Reduction to infinity. ‘
We defined the operator A;: L?*(X(S;)) — L?(3(S;)) with the kernel @’ at the
beginning of Section 10. By Proposition 9.2 and [13, Lemma 2.56], we obtain

4
Ra(t) = =6(0) 3[R (8)]1 + O, (133)
j=1
where the matriz RJ (t) is defined by

Ri(t) = / (1= Ay) 1) (2) 2 (2) 22
x(5;)

. 134
211 (134)

By (123) and AN, = A9, we obtain

R0 = [ OO o) AN, 1) ()09 () o
= [ (=) anE ) T (e ) ) 5
2(S;) i

with 2’ = M{l(z) = (2 —5;)/8; € £(0);.

The change of variables z = ;2" + S leads to
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R} (t) = 5; /E(O) (1 —ay) P AY) () (A2) T (v ['_QW])(Z')CLZ/

) 21
J

The operator «; is basically right action. It commutes with the left multiplication by
A9 = (69)7* and so does (1 —a;)~". We get by (124)

. dz
R, (1) :ﬁj(fﬁ’)ad“/ (1= ay) T (2)(Bz + Sj) 2w (2) 5 (135)
2(0); 2mi
By using Propositions 10.1, 10.2 and Remark 10.3, we get
[ (0= a) e+ 8) ) ds
£(0);
= / (1- a;?o)_ll) (z)S;zwj’Oo(z) dz 4+ Ot~ '/?1ogt). (136)
2(0),

We substitute (136) into (135). Then (133) and 3; = O(t~'/2) yield the following
proposition.

PRrRoPOSITION 12.1.

M‘/‘\

Xj: [/E(O)j((l—a?")11)(Z)wj’°o(2) dz

+O(t logt). (137)

21

The integral in (137) can be calculated by using a Riemann-Hilbert problem. For
C\ 2(0);, set

(s — (1 = a3) ' D(w?>(C) da¢
mle) =1+ /z(o)j ¢(—z o

Then m7(z) solves (uniquely) the Riemann-Hilbert problem

mi(z) =m! (2)07(2), z € ¥(0);, (138)
mi(z) — 1 as z — 00, (139)

with v/ (z) = (I — w?™)~1(I + w ). As z — oo, m/(z) behaves like m7(z) = I —
z7ImJ + O(272), where

da¢

14
211 (140)

ml = [ (=) W)
(0);

is nothing but the integral in (137). It implies the following proposition.
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ProrosiTION 12.2. We have

R, (t) = ;i S:2(mi),, + Ot " logt). (141)

The integral m{ is calculated in two steps depending on the parity of j.

12.2. Case A.
Assume that j is odd. We introduce the contour ¥ in the following way:

o 3 = X¢ as sets.

e Set 3 = ¢, QO = Q¢ for k=1,2,...,6. Orient each Sk from the (upper/lower)
left to the (upper/lower) right. In other words, the orientation of 3 differs from
that of X¢ on R.

Set H = mi¢~!, where ¢ is as in (127). Its jump matrix on ¥ \ R is p_vig! =
gb,vegb;l = v%? = I. Denote by ¥ its jump matrix on R = 2§ U X¢. We have

H, =H 9onR, (142)
Hz™"% =1 —2"'m] + O(27%) as 2 — cc. (143)
We can show that

el (%)) ades |1 [P(SH)[P —T(S))
0=v"%(z)" " lr=¢e r(S;) 1

REMARK 12.3.  If r(S;) = 0, then we have v; =0, 0 = I. It follows that H = I,
m7] = 0. Hence M; in Theorem 3.1 vanishes.

Assume 7(S;) # 0. Our formulas (142) and (143) are just the counterparts of [13
(4.18), (4.19)]. We can follow the calculation in [13, pp. 349-352] and get

. i/2 —in /4 —mv;/2 . iv/92 im /4 ,—mv; /2
(mi)er =~ ()= T (144)
7(S;)T (ivy) (S, (—iv;)

Tt follows from r(S7) = —r(S3) that

(m)a1 = —(m1)a1,  (m3)12 = —(m1)12.

12.3. Case B. '
Before calculating mJ when j is even, we give a general argument. Let us consider
a pair of Riemann-Hilbert problems on a common contour:
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My = M_v, M — I as z — oo, (145)

M, = M_(oyvoy), M — 1 as z — oco. (146)

The latter implies

o1Mio1 = (o1 M_o1)v, o01Moy — I asz— o0

and o1 Mo, satisfies (145). Therefore, if (145) is uniquely solvable, so is (146) and we
have o1 Moy = M, hence

M =o,Moy, My = Mya, My = May. (147)

Now we come back to our specific situation. Recall that

_odd
Wi = —0103 0. (148)

We are almost in the situation described in (145) and (146). On the right-hand side of
(148), there is a negative sign and the subscript F replaces +. These deviations from
(146) are canceled out by the fact that ¥(0); is oriented differently in accordance with
the parity of j. See (149) below.

When j is even, we reverse the orientation of ¥(0);. Then the orientation is now
even,00)71(I o even,OO).

inward and the new jump matrix is veyen = v7(2) ™1 = (I + Wy
Set voaa(7(S)) = (I — @) ~1(I + @594, then (148) implies

Veven = 01Vodd (F(Sj))(fL (149)

Therefore the solution in Case A with r(S;) and 7(S;) interchanged gives that in Case
B by the procedure in (147). If j is even, (144) and (147) lead to

; i 27T617r/4€—77yj/2

N e (150)

It follows that (m$)a; = —(m?)a;.

PROPOSITION 12.4. We have
Rt =20 (89) 7282 (m? o1 151
n(t) = = 53;(69) 7872 (md),, + Ot logt). (151)

PrOOF. In (141), the third and the fourth terms are identical with the first and
the second respectively, because (12 = — 8, (67,5)* = (89), S7, 5 = S7 and (mit?)g =

—(m})a1. Notice that (m?)q; is referred to as M; in Theorem 3.1. O
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12.4. Proof of Theorem 3.1.
Substitute (144) and (150) into (151). Then we get Theorem 3.1 in view of (84) and

(86). See Remark 12.3 for the case r(S;) = 0.
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