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Abstract. In this paper, we proved the generalized resolvent estimate
and the maximal Lp-Lq regularity of the Stokes equation with first order
boundary condition in the half-space, which arises in the mathematical study
of the motion of a viscous incompressible one phase fluid flow with free surface.
The core of our approach is to prove the R boundedness of solution operators
defined in a sector Σε,γ0 = {λ ∈ C \ {0} | | arg λ| ≤ π − ε, |λ| ≥ γ0} with
0 < ε < π/2 and γ0 ≥ 0. This R boundedness implies the resolvent estimate
of the Stokes operator and the combination of this R boundedness with the
operator valued Fourier multiplier theorem of L. Weis implies the maximal
Lp-Lq regularity of the non-stationary Stokes. For a densely defined closed
operator A, we know that what A has maximal Lp regularity implies that the
resolvent estimate of A in λ ∈ Σε,γ0 , but the opposite direction is not true
in general (cf. Kalton and Lancien [19]). However, in this paper using the R
boundedness of the operator family in the sector Σε,λ0 , we derive a systematic
way to prove the resolvent estimate and the maximal Lp regularity at the same
time.

1. Introduction.

This paper is concerned with the generalized resolvent estimate and the max-
imal Lp-Lq regularity of the Stokes problem with first order boundary condition in
the half-space, which arises in the study of the free boundary problem of viscous
incompressible one phase fluid flow. This problem is mathematically to find a time
dependent domain Ωt, t being time variable, in the n-dimensional Euclidean space
Rn, an n-vector of functions v(x, t) = (v1(x, t), . . . , vn(x, t)) and a scalar function
p(x, t) satisfying the following Navier-Stokes equations:
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vt + (v · ∇)v −Div S(v, p) = f, div v = 0 in Ωt, t > 0,

S(v, p)nt − cσHnt = 0, Vn = v · nt on Γt, t > 0, (1.1)

v|t=0 = v0, in Ω0,

where Vn is the velocity of the evolution of Γt in a normal direction, nt =
(nt,1, . . . ,nt,n) is the unit outer normal to Γt, S(v, p) = −pI + µD(v) is the
Stokes stress tensor, I = (δij) is the n × n identity matrix, D(v) is the Cauchy
stress tensor with elements Djk(v) = Djvk + Dkvj (Dj = ∂/∂xj),

ith component of Div S(v, p)

=
n∑

j=1

Dj(µ(Divj + Djvi)− δijp) = µ(∆vi + Di div v)−Dip,

ith component of S(v, p)nt

=
n∑

j=1

{µ(Divj + Djvi)− δijp}nt,j =
n∑

j=1

µ(Divj + Djvi)nt,j − pnt,i,

div v =
∑n

j=1 Djvj , (v · ∇)v =
∑n

j=1 vjDjv, H is the doubled mean curvature
of Γt, µ is a positive constant describing viscosity, and cσ is a positive constant
describing the coefficient of surface tension.

The following two problems have been studied by many mathematicians: (1)
the motion of an isolated liquid mass and (2) the motion of a viscous incompressible
fluid contained in an ocean of infinite extent. In case (1), the initial domain Ω0

is bounded. A local in time unique existence theorem was proved by Solonnikov
[39], [42], [44], [45] in the L2 Sobolev-Slobodetskii space, by Schweizer [29] in
the semigroup setting, by Moglilevskĭı and Solonnikov [22], [45] in the Hölder
spaces when cσ > 0; and by Solonnikov [41] and Mucha and Zaja̧czkowski [23]
in the Lp Sobolev-Slobodetskii space and by Shibata and Shimizu [33], [34] in
the Lp in time and Lq in space setting when cσ = 0. A global in time unique
existence theorem for small initial velocity was proved by Solonnikov [41] in the
Lp Sobolev-Slobodetskii space and by Shibata and Shimizu [33], [34] in the Lp

in time and Lq in space setting when cσ = 0; and by Solonnikov [40] in the
L2 Sobolev-Slobodetskii space and by Padula and Solonnikov [25] in the Hölder
spaces under the additional assumption that the initial domain Ω0 is sufficiently
close to a ball when cσ > 0. In case (2), the initial domain Ω0 is a perturbed
layer like: Ω0 = {x ∈ R3 | −b < x3 < η(x′), x′ = (x1, x2, x3) ∈ R2}. A local
in time unique existence theorem was proved by Beale [7], Allain [3] and Tani
[51] in the L2 Sobolev-Slobodetskii space when cσ > 0 and by Abels [1] in the
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Lp Sobolev-Slobodetskii space when cσ = 0. A global in time unique existence
theorem for small initial velocity was proved in the L2 Sobolev-Slobodetskii space
by Beale [7] and Tani and Tanaka [52] when cσ > 0 and by Sylvester [47] when
cσ = 0. The decay rate was studied by Beale and Nishida [9], Sylvestre [48] and
Hataya [17].

We remark that in the two phase fluid flow case, the free boundary problem
also has been studied by Abels [2], Denisova and Solonnikov [12], [13], [14], [15],
Giga and Takahashi [18], Takahashi [49], Nouri and Poupaud [24], Prüß and Si-
monett [26], [27], [28], Shibata and Shimizu [32], Shimizu [36], [37], [38], Tanaka
[50] and references therein.

Our purpose is to prove a local in time unique existence theorem of (1.1) in
the Lp in time and Lq in space setting and in the case where the initial domain Ω0

satisfies more general assumptions including the above physical situation. In fact,
the Lp in time and Lq in space approach relaxes the regularity assumption and
compatibility condition on initial data and the general domain setting allows us
to treat several different physical situations at the same time. The core of our
approach is to prove the maximal Lp-Lq regularity of the Stokes problems with
first order boundary condition in a general domain. Since to achieve our approach
is a rather long journey, we decide to divide it into three parts. In this paper, we
prove the maximal Lp-Lq regularity of Stokes equations with first order boundary
condition in the half-space. And in the forthcoming papers, we shall discuss the
same problem in a general domain and the local in time unique existence theorem
of free boundary problems of the Navier-Stokes equations in a general domain in
the Lp in time and Lq in space setting.

Another issue of this paper is to drive a systematic way to prove the resolvent
estimate and the maximal Lp regularity at the same time in the model problem
case. On the one hand, we know that the maximal regularity implies the resolvent
estimate, but that the opposite direction is not true in general (cf. Kalton and
Lancien [19]), but on the other hand, using the R boundedness of the operator
family in the sector Σε,λ0 , we can prove the resolvent estimate and the maximal
Lp regularity at the same time at least in the model problem case.

Now, we formulate our problem in this paper. Let Rn
+ and Rn

0 be a half-space
and its boundary and let Q+ and Q0 be their cylindrical domains. Namely,

Rn
+ = {x = (x1, . . . , xn) ∈ Rn | xn > 0}, Rn

0 = {x = (x1, . . . , xn) ∈ Rn | xn = 0},
Q+ = {(x, t) | x ∈ Rn

+, t > 0} Q0 = {(x, t) | x ∈ Rn
0 , t > 0}.

Let n = (0, . . . , 0,−1) be the unit outer normal to Rn
0 . We consider the following

four problems:
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λu−Div S(u, θ) = f, div u = g in Rn
+,

S(u, θ)n = h on Rn
0 ; (1.2)

Ut −Div S(U,Θ) = F, div U = G in Q+,

S(U,Θ)n = H on Q0,

U |t=0 = 0; (1.3)

λu−Div S(u, θ) = f, div u = g in Rn
+,

λη + un = d on Rn
0 ,

S(u, θ)n + (cg − cσ∆′)ηn = h on Rn
0 ; (1.4)

Ut −Div S(U,Θ) = F, div U = G in Q+,

Yt + Un = D in Q0,

S(U,Θ)n + (cg − cσ∆′)Y n = H on Q0,

U |t=0 = 0. (1.5)

Here, cg and cσ are positive constants; U = (U1, . . . , Un), u = (u1, . . . , un), Θ, θ,
Y and η are unknown functions while F = (F1, . . . , Fn), H = (H1, . . . , Hn), f =
(f1, . . . , fn), h = (h1, . . . , hn), G, g, D and d are given functions; ∆′η =

∑n−1
j=1 D2

j η,
and (1.2) and (1.4) are the corresponding generalized resolvent problems to the
evolution equations (1.3) and (1.5), respectively.

To state our main results exactly, we introduce several symbols. Given ε

(0 < ε < π/2) and γ0 ≥ 0, we set

Σε,γ0 = {λ ∈ C \ {0} | | arg λ| ≤ π − ε, |λ| ≥ γ0},

where C stands for the set of all complex numbers. Given domain G, Lq(G) and
Wm

q (G) denote the usual Lebesgue space and Sobolev space while ‖ · ‖Lq(G) and
‖·‖W m

q (G) denote their norms, respectively. For the differentiations of scalar θ and
n-vector u = (u1, . . . , un), we use the following symbol:

∇θ = (D1θ, . . . , Dnθ), ∇2θ = (DiDjθ | i, j = 1, . . . , n),

∇u = (Diuj | i, j = 1, . . . , n), ∇2u = (DiDjuk | i, j, k = 1, . . . , n).

Given Banach space X with norm ‖ · ‖X , Xn denotes the n-product space of X,
that is Xn = {f = (f1, . . . , fn) | fi ∈ X}. The norm of Xn is also denoted by
‖ · ‖X for simplicity and
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‖f‖X =
n∑

j=1

‖fj‖X for f = (f1, . . . , fn) ∈ Xn.

Set

Ŵ 1
q (G) =

{
θ ∈ Lq,loc(G) | ∇θ ∈ Lq(G)n

}
, Ŵ 1

q,0(G) =
{
θ ∈ Ŵ 1

q (G) | θ|∂G = 0
}
,

where ∂G denotes the boundary of G. Let Ŵ−1
q (G) denote the dual space of

Ŵ 1
q′,0(G), where 1/q + 1/q′ = 1. For θ ∈ Ŵ−1

q (G) ∩ Lq(G), we have

‖θ‖Ŵ−1
q (G) = sup

{∣∣∣∣
∫

G

θϕ dx

∣∣∣∣ | ϕ ∈ Ŵ 1
q′,0(G), ‖∇ϕ‖Lq′ (G) = 1

}
.

For 1 ≤ p ≤ ∞, Lp(R, X) and Wm
p (R, X) denote the usual Lebesgue space and

Sobolev space of X-valued functions defined on the whole line R, and ‖ · ‖Lp(R,X)

and ‖ · ‖W m
p (R,X) denote their norms, respectively. Set

Lp,0,γ0(R, X) = {f : R → X | e−γ0tf(t) ∈ Lp(R, X), f(t) = 0 for t < 0},
Wm

p,0,γ0
(R, X) =

{
f ∈ Lp,0,γ0(R, X) | e−γ0tDj

t f(t) ∈ Lp(R, X), j = 1, . . . , m
}
,

Lp,0(R, X) = Lp,0,0(R, X), Wm
p,0(R, X) = Wm

p,0,0(R, X).

Let L and L −1
λ denote the Laplace transform and its inverse, that is

L [f ](λ) =
∫ ∞

−∞
e−λtf(t) dt, L −1

λ [g](t) =
1
2π

∫ ∞

−∞
eλtg(λ) dτ,

where λ = γ + iτ . Given s ∈ R and X-valued function f(t), we set

Λs
γf(t) = L −1

λ [|λ|sL [f ](λ)](t).

We introduce the Bessel potential space of X valued functions of order s as follows:

Hs
p,0,γ0

(R, X) =
{
f : R → X | e−γtΛs

γf(t) ∈ Lp(R, X)

for any γ ≥ γ0, f(t) = 0 for t < 0
}
,

Hs
p,0(R, X) = Hs

p,0,0(R, X).

The following four theorems are our main results of the paper.
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Theorem 1.1. Let 0 < ε < π/2 and 1 < q < ∞. Then, for any λ ∈ Σε,0,

f ∈ Lq

(
Rn

+

)n
, g ∈ Ŵ−1

q

(
Rn

+

) ∩W 1
q (Rn

+), h ∈ W 1
q

(
Rn

+

)
,

problem (1.2) admits a unique solution (u, θ) ∈ W 2
q (Rn

+)n×Ŵ 1
q (Rn

+) that satisfies
the estimate:

‖(|λ|u, |λ|1/2∇u,∇2u,∇θ)‖Lq(Rn
+)

≤ C
{‖(f, |λ|1/2g,∇g, |λ|1/2h,∇h)‖Lq(Rn

+) + |λ|‖g‖Ŵ−1
q (Rn

+)

}

for some constant C = Cn,q,ε,µ depending only on n, q, ε and µ.

Theorem 1.2. Let 1 < p, q < ∞ and γ0 ≥ 0. Then, for any

F ∈ Lp,0,γ0

(
R, Lq(Rn

+)n
)
, G ∈ Lp,0,γ0

(
R,W 1

q (Rn
+)

) ∩W 1
p,0,γ0

(
R, Ŵ−1

q (Rn
+)

)
,

H ∈ Lp,0,γ0

(
R,W 1

q (Rn
+)n

) ∩H
1/2
p,0,γ0

(
R, Lq(Rn

+)n
)
,

problem (1.3) admits a unique solution (U,Θ) such that

U ∈ (
Lp,0,γ0

(
R,W 2

q (Rn
+)n

) ∩W 1
p,0,γ0

(
R, Lq(Rn

+)n
))

, Θ ∈ Lp,0,γ0

(
R, Ŵ 1

q (Rn
+)

)

that satisfy the estimate:

∥∥e−γt(Ut, γU,Λ1/2
γ ∇U,∇2U,∇Θ)

∥∥
Lp(R,Lq(Rn

+))

≤ C
{∥∥e−γt

(
F, Λ1/2

γ G,∇G, Λ1/2
γ H,∇H

)∥∥
Lp(R,Lq(Rn

+))

+ ‖e−γt(Gt, γG)‖Lp(R,Ŵ−1
q (Rn

+))

}

for any γ ≥ γ0 with some constant C = Cn,p,q,µ depending only on n, p, q and µ.

Theorem 1.3. Let 0 < ε < π/2 and 1 < q < ∞. Then, there exists a
constant γ0 ≥ 1 depending on ε such that for any λ ∈ Σε,γ0 ,

f ∈ Lq(Rn
+)n, g ∈ Ŵ−1

q (Rn
+) ∩W 1

q (Rn
+), h ∈ W 1

q (Rn
+), d ∈ W 2

q (Rn
+),

problem (1.4) admits a unique solution (u, θ, η) ∈ W 2
q (Rn

+)n×Ŵ 1
q (Rn

+)×W 3
q (Rn

+)
that satisfies the estimate:
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∥∥(|λ|u, |λ|1/2∇u,∇2u,∇θ, |λ|1/2θ̃,∇θ̃)
∥∥

Lq(Rn
+)

+ |λ|‖η‖W 2
q (Rn

+) + ‖η‖W 3
q (Rn

+)

≤ C
{∥∥(f, |λ|1/2g,∇g, |λ|1/2h,∇h)

∥∥
Lq(Rn

+)
+ |λ|‖g‖Ŵ−1

q (Rn
+) + ‖d‖W 2

q (Rn
+)

}
,

|λ|3/2‖η‖W 1
q (Rn

+) ≤ C
{∥∥(f, |λ|1/2g,∇g, |λ|1/2h,∇h

)∥∥
Lq(Rn

+)

+ |λ|‖g‖Ŵ−1
q (Rn

+) + ‖d‖W 2
q (Rn

+) + |λ|1/2‖d‖W 1
q (Rn

+)

}
,

for some constant C = Cn,q,ε,µ depending only on n, q, ε and µ.

Theorem 1.4. Let 1 < p, q < ∞. Then, there exists a constant γ0 ≥ 1 such
that for any

F ∈ Lp,0,γ0

(
R, Lq(Rn

+)n
)
, G ∈ Lp,0,γ0

(
R,W 1

q (Rn
+)

) ∩W 1
p,0,γ0

(
R, Ŵ−1

q (Rn
+)

)
,

H ∈ Lp,0,γ0

(
R,W 1

q (Rn
+)n

) ∩H
1/2
p,0,γ0

(
R, Lq(Rn

+)n
)
, D ∈ Lp,0,γ0

(
R,W 2

q (Rn
+)

)
,

problem (1.5) admits a unique solution (U,Θ, Y ) such that

U ∈ Lp,0,γ0

(
R,W 2

q (Rn
+)n

) ∩W 1
p,0,γ0

(
R, Lq(Rn

+)n
)
, Θ ∈ Lp,0,γ0

(
R, Ŵ 1

q (Rn
+)

)
,

Y ∈ Lp,0,γ0

(
R,W 3

q (Rn
+)

) ∩W 1
p,0,γ0

(
R,W 2

q (Rn
+)

)

that satisfy the estimate:

∥∥e−γt(Ut, γU,Λ1/2
γ ∇U,∇2U,∇Θ)

∥∥
Lp(R,Lq(Rn

+))

+ ‖e−γt(Yt, γY )‖Lp(R,W 2
q (Rn

+)) + ‖e−γtY ‖Lp(R,W 3
q (Rn

+))

≤ C
{∥∥e−γt(F, Λ1/2

γ G,∇G, Λ1/2
γ H,∇H)

∥∥
Lp(R,Lq(Rn

+))

+ ‖e−γt(Gt, γG)‖Lp(R,Ŵ−1
q (Rn

+)) + ‖e−γtD‖Lp(R,W 2
q (Rn

+))

}

for any γ ≥ γ0 with some constant C = Cn,p,q,µ depending only on n, p, q and µ.
If we assume that D ∈ H

1/2
p,0,γ0

(R,W 1
q (Rn

+)) in addition, then Y ∈
H

3/2
p,0,γ0

(R,W 1
q (Rn

+)) and
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∥∥e−γtΛ3/2
γ Y

∥∥
Lp(R,W 1

q (Rn
+))

≤ C
{∥∥e−γt(F, Λ1/2

γ G,∇G, Λ1/2
γ H,∇H)

∥∥
Lp(R,Lq(Rn

+))

+ ‖e−γt(Gt, γG)‖Lp(R,Ŵ−1
q (Rn

+)) + ‖e−γtD‖Lp(R,W 2
q (Rn

+)

+ ‖e−γtΛ1/2
γ D‖Lp(R,W 1

q (Rn
+))

}
.

Remark 1.5. The case of non-zero initial values in (1.3) and (1.5) can be
treated by the semigroup, whose generation are guaranteed by Theorem 1.1 and
Theorem 1.3 with g = 0 and h = 0, respectively.

Remark 1.6. We use the Fourier multiplier theorem with respect to time
variable, so that it is natural to use Bessel potential spaces with respect to time
variable. Especially, Λ1/2

γ plays an essential role to treat the original nonlinear
problem.

Theorem 1.1 and Theorem 1.3 were proved by Shibata and Shimizu [31] and
[35], respectively. Theorem 1.2 was essentially proved by Shibata and Shimizu
[34]. Theorem 1.4 is only new. But it is the purpose of this paper that we
investigate a systematic approach by means of the R boundedness of the operator
family in the sector Σε,γ0 to obtain the both of the generalized resolvent estimate
and the maximal Lp-Lq regularity at the same time, and therefore we reprove the
results obtained in [31], [35] and [34].

The paper is organized as follows. In Section 2, we introduce R boundedness,
operator valued Fourier multiplier theorem and several results used in later sec-
tions. In Section 3, we prove the generalized resolvent estimate and the maximal
Lp-Lq regularity in the whole space. In Section 4, we derive solution formulas
to problems (1.2) and (1.3). In Section 5, we prepare several technical lemmas
used to prove our main results. In Section 6, applying technical lemmas to the
solution formulas, we prove Theorems 1.1 and 1.2 at the same time. In Section 7,
we derive solution formulas of (1.4) and (1.5), and applying technical lemmas to
these formulas, we prove Theorems 1.3 and 1.4 at the same time.

2. R-boundedness and operator valued Fourier multiplier theo-
rem.

Let X and Y be two Banach spaces, and ‖ · ‖X and ‖ · ‖Y denote their norms,
respectively. Let L (X, Y ) denote the set of all bounded linear operators from X

into Y and L (X) = L (X, X).

Definition 2.1. A family of operators T ⊂ L (X, Y ) is called R-bounded,
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if there exist constants C > 0 and p ∈ [1,∞) such that for each m ∈ N , N

being the set of all natural numbers, Tj ∈ T , xj ∈ X (j = 1, . . . , N) and for all
sequences {rj(u)}N

j=1 of independent, symmetric, {−1, 1}-valued random variables
on [0, 1], there holds the inequality:

∫ 1

0

∥∥∥∥
N∑

j=1

rj(u)Tj(xj)
∥∥∥∥

p

Y

du ≤ C

∫ 1

0

∥∥∥∥
N∑

j=1

rj(u)xj

∥∥∥∥
p

X

du. (2.1)

The smallest such C is called R-bound of T , which is denoted by R(T ).

Let D(R, X) and S (R, X) be the set of all X valued C∞ functions having
compact supports and the Schwartz space of rapidly decreasing X valued func-
tions, while D ′(R, X) = L (D(R), X) and S ′(R, X) = L (S (R), X), respec-
tively. Here, D(R) = D(R,C) and S (R) = S (R,C).

Definition 2.2. A Banach space X is said to be a UMD Banach space,
if the Hilbert transform is bounded on Lp(R, X) for some (and then all) p with
1 < p < ∞. Here, the Hilbert transform H of a function f ∈ S (R, X) is defined
by

Hf =
1
π

lim
ε→0+

∫

|t−s|>ε

f(s)
t− s

ds (t ∈ R).

Given M ∈ L1,loc(R,L (X, Y )), let us define the operator TM :
F−1D(R, X) → S ′(R, Y ) by the formula:

TMφ = F−1[MF [φ]], (F [φ] ∈ D(R, X)). (2.2)

Here and hereafter, F and F−1 denote the Fourier transform and its inversion
formula, that is

F [f ](ξ) = f̂(ξ) =
∫

Rn

e−ix·ξf(x) dx,

F−1[g](x) = F−1
ξ [g](x) =

1
(2π)n

∫

Rn

eix·ξg(ξ) dξ.

Theorem 2.3 (Weis [55]). Let X and Y be two UMD Banach spaces and
1 < p < ∞. Let M be a function in C1(R \ {0},L (X, Y )) such that

R({M(ρ) | ρ ∈ R \ {0}}) = κ0 < ∞, R({ρM ′(ρ) | ρ ∈ R \ {0}}) = κ1 < ∞.
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Then, the operator TM defined in (2.2) is extended to a bounded linear operator
from Lp(R, X) into Lp(R, Y ). Moreover, denoting this extension by TM , we have

‖TM‖L (Lp(R,X),Lp(R,Y )) ≤ C(κ0 + κ1)

for some positive constant C depending on p, X and Y .

Theorem 2.4 (Bourgain [10]). Let X be a UMD Banach space and 1 <

p < ∞. Let m(ρ) be a scalar function in C1(R \ {0}) such that

|m(ρ)| ≤ M, |ρm′(ρ)| ≤ M (r ∈ R \ {0})

for some positive constant M . Let Tm be a Fourier multiplier defined by the for-
mula:

Tmf = F−1[mF [f ]] (F [f ] ∈ D(R, X)).

Then, Tm is extended to a bounded linear operator on Lp(R, X). Moreover, de-
noting this extension by Tm, we have

‖Tm‖L (Lp(R,X)) ≤ CM

for some positive constant C depending on p and X.

Remark 2.5. Theorem 2.4 was extended to the several variables case by
Zimmermann [56].

In order to prove the R-boundedness, we use the following two propositions
whose proofs were given in Denk-Hieber-Prüß [11].

Proposition 2.6. Let 1 < q < ∞ and Λ be an index set. Let {kλ(x) | λ ∈
Λ} be a family of functions in L1,loc(Rn) and let us define the operator Kλ of a
function f by the formula:

Kλf(x) =
∫

Rn

kλ(x− y)f(y) dy (λ ∈ Λ).

Assume that there exists a constant M independent of λ ∈ Λ such that

‖Kλf‖L2(Rn) ≤ M‖f‖L2(Rn) (f ∈ L2(Rn), λ ∈ Λ), (2.3)
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∑

|α|=1

∣∣∂α
x kλ(x)

∣∣ ≤ M |x|−(n+1) (x ∈ Rn \ {0}, λ ∈ Λ). (2.4)

Then, the set {Kλ | λ ∈ Λ} is an R-bounded family in L (Lq(Rn)) and R({Kλ |
λ ∈ Λ}) ≤ Cn,qM for some constant Cn,q depending on n and q.

Proposition 2.7. Let G be a domain in Rn, Λ an index set and 1 < q < ∞.
Let {kλ(x, y) | λ ∈ Λ} be a family of functions in L1,loc(G ×G) and let us define
the operator Kλ of a function f by the formula:

Tλf(x) =
∫

G

k(x, y)f(y) dy (x ∈ G).

Assume that there exists a function k0(x, y) ∈ L1,loc(G×G) such that

|kλ(x, y)| ≤ k0(x, y) ((x, y) ∈ G×G, λ ∈ Λ). (2.5)

Let us define the operator K0 of a function f by the formula:

T0f(x) =
∫

G

k(x, y)f(y) dy (x ∈ G, λ ∈ Λ).

If T0 ∈ L (Lq(G)), then the set {Tλ | λ ∈ Λ} is an R-bounded family in L (Lq(G))
and R({Tλ | λ ∈ Λ}) ≤ Cq,G‖T0‖L (Lq(G)) for some positive constant Cq depending
on q.

Finally, we give a theorem used in proving the resolvent estimate and the
maximal Lp-Lq regularity.

Theorem 2.8. Let 1 < p, q < ∞, 0 < ε < π/2 and γ0 ≥ 0. Let G be a
domain in Rn and Φλ be a C1 function of τ ∈ R\{0} when λ = γ+ iτ ∈ Σε,γ with
its value in L (Lq(G)). Assume that the sets {Φλ | λ ∈ Σε,γ0} and {τ(d/dτ)Φλ |
λ = γ + iτ ∈ Σε,γ0} are R-bounded families in L (Lq(G)). In addition, we assume
that there exists a constant M such that

R({Φλ | λ ∈ Σε,γ0}) ≤ M, R

({
τ

d

dτ
Φλ | λ = γ + iτ ∈ Σε,γ0

})
≤ M.

Then, we have

‖Φλf‖Lq(G) ≤ M‖f‖Lq(G) (f ∈ Lq(G), λ ∈ Σε,γ0)
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for some constant Cq depending on q.
Moreover, if we define the operator Ψ of a function f ∈ Lp(R, Lq(G)) by the

formula:

Ψf(x, t) = L −1
λ [ΦλL [f ](λ)](x, t) = eγtF−1

τ [ΦλF [e−γtf ](τ)](t) (λ = γ + iτ)

where

F [e−γtf ](τ) =
∫ ∞

−∞
e−(γ+iτ)tf(x, t) dt,

then there exists a constant Cp,q depending on p and q such that

‖e−γtΨf‖Lp(R,Lq(G)) ≤ Cp,qM‖e−γtf‖Lp(R,Lq(G))

for any γ ≥ γ0.

Proof. Since the set {Φλ | λ ∈ Σε,γ0} is an R-bounded family in
L (Lq(G)), it is easy to see from the definition of the R boundedness that the
set {Φλ | λ ∈ Σε,γ0} is a bounded family in L (Lq(G)). Moreover, we have

‖Φλf‖Lq(G) ≤ R({Φλ | λ ∈ Σε,γ0})‖f‖Lq(G) ≤ M‖f‖Lq(G).

On the other hand, by the assumption we have

R
({

Φγ+iτ | τ ∈ R \ {0}}) ≤ M, R

({
τ

d

dτ
Φγ+iτ | τ ∈ R \ {0}

})
≤ M

for any γ ≥ γ0, and therefore applying Theorem 2.3 with X = Lq(G) to the
formula:

e−γtΨf(x, t) = F−1
τ [Φγ+iτF [e−γtf ](τ)](t),

we have

‖e−γtΨf‖Lp(R,Lq(G)) ≤ Cp,qM‖e−γtf‖Lp(R,Lq(G)). ¤
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3. Problems in the whole space.

In this section we consider the generalized resolvent problem and non-
stationary Stokes equations in Rn as follows:

λu−Div S(u, θ) = f, div u = g in Rn, (3.1)

Ut −Div S(U,Θ) = F, div U = G in Rn × (0,∞), (3.2)

subject to the initial condition: U(x, 0) = 0. We prove the following theorem.

Theorem 3.1. Let 1 < p, q < ∞, 0 < ε < π/2 and γ0 ≥ 0.
(1) For any λ ∈ Σε,0, f ∈ Lq(Rn)n and g ∈ Ŵ−1

q (Rn) ∩W 1
q (Rn), problem

(3.1) admits a unique solution (u, θ) ∈ W 2
q (Rn)n ∩ Ŵ 1

q (Rn) that satisfies the
following estimate:

∥∥(|λ|u, |λ|1/2∇u,∇2u,∇θ)
∥∥

Lq(Rn)

≤ Cn,q,ε,µ

{∥∥(f, |λ|1/2g,∇g)
∥∥

Lq(Rn)
+ |λ|‖g‖Ŵ−1

q (Rn)

}
.

(2) For any F ∈ Lp,0,γ0(R, Lq(Rn)) and G ∈ Lp,0,γ0(R,W 1
q (Rn)) ∩ W 1

p,0,γ0

(R, Ŵ−1
q (Rn)), problem (3.2) admits a unique solution

(U,Θ) ∈ (
Lp,0,γ0(R,W 2

q (Rn)n
) ∩W 1

p,0,γ0
(R, Lq(Rn)n))× Lp,0,γ0

(
R, Ŵ 1

q (Rn)
)

that satisfies the estimate:

∥∥e−γt(Ut, γU,Λ1/2
γ ∇U,∇2U,∇Θ)

∥∥
Lp(R,Lq(Rn))

≤ Cn,p,q,µ

{∥∥e−γt(F, Λ1/2
γ G,∇G)

∥∥
Lp(R,Lq(Rn))

+ ‖e−γt(Gt, γG)‖Lp(R,Ŵ−1
q (Rn))

}

for any γ ≥ γ0.

First, we reduce the problems (3.1) and (3.2) to the case where g = 0 and
G = 0. To do this, we use the following lemma.

Lemma 3.2. Let 1 < p, q < ∞.
(1) For any g ∈ Ŵ−1

q (Rn) ∩W 1
q (Rn), there exists a v ∈ W 2

q (Rn)n such that
div v = g in Rn and there hold the estimates:
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‖v‖Lq(Rn) ≤ Cn,q‖g‖Ŵ−1
q (Rn),

‖∇v‖Lq(Rn) ≤ Cn,q‖g‖Lq(Rn), (3.3)

‖∇2v‖Lq(Rn) ≤ Cn,q‖∇g‖Lq(Rn).

(2) For any G ∈ W 1
p,0(R, Ŵ−1

q (Rn)) ∩ Lp,0(R,W 1
q (Rn)), there exists a V ∈

Lp,0(R,W 2
q (Rn)n) such that div V = G in Rn ×R and

‖e−γt(Vt, γV )‖Lp(R,Lq(Rn)) ≤ Cn,p,q‖e−γt(Gt, γG)‖Lp(R,Ŵ−1
q (Rn)),

∥∥e−γtΛ1/2
γ ∇V

∥∥
Lp(R,Lq(Rn))

≤ Cn,p,q

∥∥e−γtΛ1/2
γ G

∥∥
Lp(R,Lq(Rn))

, (3.4)

‖e−γt∇2V ‖Lp(R,Lq(Rn)) ≤ Cn,p,q‖e−γt∇G‖Lp(R,Lq(Rn))

for any γ ≥ 0.

Proof.

(1) Defining vj(x) by the formula:

vj(x) = F−1
ξ

[
iξj ĝ(ξ)
|ξ|2

]
(x),

and setting v = (v1, . . . , vn), obviously we have div v = g in Rn. Moreover, by the
Fourier multiplier theorem of S. G. Mihlin, we have

‖∇v‖Lq(Rn) ≤ Cn,q‖g‖Lq(Rn), ‖∇2v‖Lq(Rn) ≤ Cn,q‖∇g‖Lq(Rn).

In order to estimate ‖v‖Lq(Rn), we take any ϕ ∈ C∞0 (Rn) and we consider a vector
of function Φ(x) = (Φ1(x), . . . ,Φn(x)) defined by the formula:

Φj(x) = −F

[
iξjF−1[ϕ](ξ)

|ξ|2
]
(x).

Setting (η, ζ)Rn =
∫

Rn η(x)ζ(x) dx, by the definition we have (vj , ϕ)Rn =
(g, Φj)Rn . Since

‖∇Φj‖Lq′ (Rn) ≤ Cn,q′‖ϕ‖L′q(Rn)

as follows from the Fourier multiplier theorem of S. G. Mihlin, we have
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|(vj , ϕ)Rn | ≤ ‖g‖Ŵ−1
q (Rn)‖∇Φj‖Lq′ (Rn) ≤ Cn,q′‖g‖Ŵ−1

q (Rn)‖ϕ‖Lq′ (Rn),

which implies that ‖v‖Lq(Rn) ≤ Cn,q′‖g‖Ŵ−1
q (Rn). Therefore, we have proved (3.3).

(2) Regarding t as a parameter, defining Vj(x, t) by the formula:

Vj(x, t) = F−1
ξ

[
iξjĜ(ξ, t)
|ξ|2

]
(x),

and setting V = (V1, . . . , Vn), obviously we have div V = G in Rn for all t > 0.
Moreover, Vj(x, t) = 0 for t < 0 because G(x, t) = 0 for t < 0 by the assumption.
Since

(
DtVj(x, t), γVj(x, t),Λ1/2

γ Vj(x, t)
)

= F−1
ξ

[
iξj(Ĝt(ξ, t), γĜ(ξ, t),F [Λ1/2

γ G](ξ, t))
|ξ|2

]
(x),

applying the same argument as in the proof of (1), we have (3.4). This completes
the proof of the lemma. ¤

In view of Lemma 3.2, we set u = v + w and U = V + W in (3.1) and (3.2),
respectively, and then setting f̃ = f − (λv − µDiv D(v)) and F̃ = F − (Vt −
µDiv D(V )), we see that (3.1) and (3.2) are converted to the following equations:

λw −Div S(w, θ) = f̃ , div w = 0 in Rn, (3.5)

Wt −Div S(W,Θ) = F̃ , div W = 0 in Rn × (0,∞), (3.6)

subject to the initial condition: W (x, 0) = 0, respectively. By Lemma 3.2 we have

‖f̃‖Lq(Rn) ≤ ‖f‖Lq(Rn) + Cn,q

{|λ|‖g‖Ŵ−1
q (Rn) + µ‖∇g‖Lq(Rn)

}
, (3.7)

‖e−γtF̃‖Lp(R,Lq(Rn))

≤ ‖e−γtF‖Lp(R,Lq(Rn))

+ Cn,q

{‖e−γtGt‖Lp(R,Ŵ−1
q (Rn)) + µ‖e−γt∇G‖Lp(R,Lq(Rn))

}
. (3.8)

Since Div D(u) = ∆u when div u = 0, in what follows instead of (3.5) and (3.6)
we consider the equations:
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λu− µ∆u +∇θ = f, div u = 0 in Rn, (3.9)
Ut − µ∆U +∇Θ = F, div U = 0 in Rn × (0,∞), (3.10)

subject to the initial condition: U(x, 0) = 0, respectively. By using the Fourier
transform, we have the following solution formulas:

u(x) = F−1
ξ

[
P (ξ)f̂(ξ)
λ + µ|ξ|2

]
(x), θ(x) = −F−1

ξ

[
iξ · f̂(ξ)
|ξ|2

]
(x),

U(x, t) = L −1
λ F−1

ξ

[
P (ξ)L F [F ](ξ, λ)

λ + µ|ξ|2
]
(x, t), Θ(x, t) = −F−1

ξ

[
iξ · F̂ (ξ, t)

|ξ|2
]
(x),

where P (ξ) is an n × n matrix whose (j, k) component Pjk(ξ) is given by the
formula: Pjk(ξ) = δjk − ξjξk|ξ|−2 and δjk denote the Kronecker delta symbols
defined by the formula: δjk = 1 when j = k and δjk = 0 when j 6= k. Note that

L F [F ](ξ, λ) =
∫ ∞

−∞

∫

Rn

e−(λt+iξ·x)F (x, t) dxdt

=
∫ ∞

−∞

∫

Rn

e−i(τt+ξ·x)e−γtF (x, t) dxdt

= F [e−γtF ](ξ, τ) (λ = γ + iτ),

L −1
λ F−1

ξ [G(ξ, λ)](x, t) =
1

(2π)n+1

∫ ∞

−∞

∫

Rn

eλt+iξ·xG(ξ, λ) dξdτ

=
eγt

(2π)n+1

∫ ∞

−∞

∫

Rn

ei(τt+ξ·x)G(ξ, λ) dξdτ

= eγtF−1[G](x, t).

By a technical reason, instead of u and U we consider

uε(x) = F−1
ξ

[
e−ε|ξ|2P (ξ)f̂(ξ)

λ + µ|ξ|2
]
(x), θε(x) = −F−1

ξ

[
ie−ε|ξ|2ξ · f̂(ξ)

|ξ|2
]
(x),

Uε(x, t) = L −1
λ F−1

ξ

[
e−ε|ξ|2P (ξ)L F [F ](ξ, λ)

λ + µ|ξ|2
]
(x, t),

Θε(x, t) = −F−1
ξ

[
ie−ε|ξ|2ξ · F̂ (ξ, t)

|ξ|2
]
(x),
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for ε > 0. We see that

λuε − µ∆uε +∇θε = fε, div uε = 0 in Rn,

(Uε)t − µ∆Uε +∇Θε = Fε, div Uε = 0 in Rn × (0,∞),

where fε(x) = F−1
ξ [e−ε|ξ|2 f̂(ξ)](x) and Fε(x, t) = F−1

ξ [e−ε|ξ|2 F̂ (ξ, t)](x). In order
to estimate λuε and (Uε)t, we consider a family of kernel functions kε,λ(x) and
operators Kε,λ defined by the formulas:

kε,λ(x) = F−1
ξ

[
λe−ε|ξ|2P (ξ)

λ + µ|ξ|2
]
(x),

Kε,λ[f ](x) =
∫

Rn

kε,λ(x− y)f(y) dy = F−1
ξ

[
λe−ε|ξ|2P (ξ)f̂(ξ)

λ + µ|ξ|2
]
(x).

We have

λuε(x) = Kε,λ[f ](x),

(Uε)t(x, t) = L −1
λ [Kε,λ[L [F ](λ)]](t) = eγtF−1

τ [Kε,γ+iτ [F [e−γtF ](τ)]](t).

Now, we prove that for any 0 < σ < π/2 sets {Kε,λ | λ ∈ Σσ,0} and
{τ(d/dτ)Kε,λ | λ ∈ Σσ,0} are R bounded families in L (Lq(Rn)), whose R bounds
do not exceed some constant C which depends only on σ, µ and n. We start with
the following well-known fact.

Lemma 3.3. Let 0 < σ < π/2 and λ ∈ Σσ,0. Then, |λ + µ|ξ|2| ≥
sin(σ/2)(|λ|+ µ|ξ|2).

Lemma 3.4. Let 0 < σ < π/2 and s ∈ R. Set N0 = N ∪ {0}. Then, for
any λ ∈ Σσ,0 and multi-index α = (α1, . . . , αn) ∈ Nn

0 , we have

∣∣Dα
ξ (λ + µ|ξ|2)s

∣∣ ≤ Cα,s,µ,σ(|λ|1/2 + |ξ|)2s−|α|.

Proof. Setting f(t) = ts, by the Bell formula and Lemma 3.3 we have

∣∣Dα
ξ (λ + µ|ξ|2)s

∣∣

≤ Cα

|α|∑

`=1

∣∣f (`)(λ + µ|ξ|2)∣∣
∑

α1+···+α`=α

|αi|≥1

∣∣Dα1
ξ (λ + µ|ξ|2)∣∣ · · · ∣∣Dα`

ξ (λ + µ|ξ|2)∣∣
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≤ Cα,s,µ,σ

|α|∑

`=1

(|λ|1/2 + |ξ|)2(s−`)
∑

k+2(`−k)=|α|
|ξ|k

≤ Cα,s,µ,σ(|λ|1/2 + |ξ|)2s−|α|

where we have used the facts that 2` − k = |α| and |ξ|k ≤ (|λ|1/2 + |ξ|)k =
(|λ|1/2 + |ξ|)2`−|α|. ¤

Now, we check the conditions stated in Proposition 2.6. By the Parseval
formula, we have

‖Kε,λ[f ]‖L2(Rn) =
( ∫

Rn

∣∣∣∣
λe−ε|ξ|2P (ξ)f̂(ξ)

λ + µ|ξ|2
∣∣∣∣
2

dξ

)1/2

≤ Cσ‖f‖L2(Rn) (λ ∈ Σσ,0). (3.11)

Noting that

τ
∂

∂τ

λ

λ + µ|ξ|2 =
iµτ |ξ|2

(λ + µ|ξ|2)2 ,

we have also

∥∥∥∥τ
∂

∂τ
Kε,λ[f ]

∥∥∥∥
L2(Rn)

=
( ∫

Rn

∣∣∣∣
iµτ |ξ|2e−ε|ξ|2P (ξ)f̂(ξ)

(λ + µ|ξ|2)2
∣∣∣∣
2

dξ

)1/2

≤ Cσ‖f‖L2(Rn) (λ ∈ Σσ,0), (3.12)

where we have used the fact that

∣∣∣∣
iµτ |ξ|2

(λ + µ|ξ|2)2
∣∣∣∣ ≤ Cσ

µ|λ||ξ|2
(|λ|+ µ|ξ|2)2 ≤ Cσ.

To continue the estimate, we use the following lemma.

Lemma 3.5. For any ε > 0 and multi-index α ∈ Nn
0 , there exists a constant

Cα independent of ε and ξ such that

∣∣Dα
ξ e−ε|ξ|2∣∣ ≤ Cαe−(ε/2)|ξ|2 |ξ|−|α|.
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Proof. Setting f(t) = e−εt, by the Bell formula we have

∣∣Dα
ξ e−ε|ξ|2∣∣ ≤ Cα

|α|∑

`=1

|f (`)(|ξ|2)|
∑

α1+···+α`=α

|αi|≥1

∣∣Dα1
ξ |ξ|2

∣∣ · · ·
∣∣Dα`

ξ |ξ|2
∣∣

≤ Cα

|α|∑

`=1

e−ε|ξ|2ε`|ξ|2`−|α| ≤ Cαe−(ε/2)|ξ|2 |ξ|−|α|,

where we have used the facts that |Dα
ξ |ξ|2| ≤ 2|ξ|2−|α| and e−ε|ξ|2(ε|ξ|2)` ≤

C`e
−(ε/2)|ξ|2 for some constant C` independent of ε and ξ. This completes the

proof of the lemma. ¤

By Lemma 3.5 and the Leibniz formula, we have

∣∣∣∣Dα
ξ

(
iξj

λe−ε|ξ|2P (ξ)
λ + µ|ξ|2

)∣∣∣∣ ≤ Cα,σ,µ|ξ|1−|α|,
∣∣∣∣Dα

ξ

{
τ

∂

∂τ

(
iξj

λe−ε|ξ|2P (ξ)
λ + µ|ξ|2

)}∣∣∣∣ ≤ Cα,σ,µ|ξ|1−|α|

for j = 1, . . . , n and (λ, ξ) ∈ Σσ,0 × (Rn \ {0}), which combined with Lemma 3.6
below due to Shibata and Shimizu [30, Theorem 2.3] implies that

|Djkε,λ(x)| ≤ Cσ,µ|x|−(n+1),

∣∣∣∣Dj

{
τ

∂

∂τ
(kε,λ(x)

}∣∣∣∣ ≤ Cσ,µ|x|−(n+1) (3.13)

for any λ ∈ Σσ,0 and x ∈ Rn \ {0}.

Lemma 3.6. Let N and n be a non-negative integer and positive integer,
respectively. Let 0 < σ ≤ 1 and set s = N + σ − n. Let `(σ) be a number defined
in such a way that `(σ) = 0 when 0 < σ < 1 and `(σ) = 1 when σ = 1. Let f(ξ)
be a function in CN+`(σ)+1(Rn \ {0}) which satisfies the following two conditions:

(1) Dγ
ξ f ∈ L1(Rn) for any multi-index γ ∈ Nn

0 with |γ| ≤ N .
(2) For any multi-index γ ∈ Nn

0 with |γ| ≤ N + 1 + `(σ) there exists a number
Cσ such that

∣∣Dγ
ξ f(ξ)

∣∣ ≤ Cσ|ξ|s−|γ| (ξ ∈ Rn \ {0}).
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Then, there exists a constant Cn,s depending essentially only on n and α such that

∣∣F−1
ξ [f ](x)

∣∣ ≤ Cn,α

(
max

|γ|≤N+1+`(σ)
Cγ

)
|x|−(n+s) (x ∈ Rn \ {0}).

In view of (3.12), (3.11) and (3.13) we can apply Proposition 2.6 and therefore,
there exists a constant Mn,q,σ,µ > 0 depending essentially only on n, q, σ and µ

such that

R({Kε,λ | λ ∈ Σσ,0}) ≤ Mn,q,σ,µ,

R

({
τ

∂

∂τ
Kε,λ | λ ∈ Σσ,0

})
≤ Mn,q,σ,µ, (3.14)

which combined with Theorem 2.8 implies that

‖λuε‖Lq(Rn) ≤ Cn,q,σ,µ‖f‖Lq(Rn), (3.15)

‖e−γt(Uε)t‖Lp(R,Lq(Rn)) ≤ Cn,p,q,µ‖e−γtF‖Lp(R,Lq(Rn)) (3.16)

for any γ ≥ 0.
Now, we discuss the limit process. We have

uε(x)− uε′(x) = F−1
ξ

[
(e−ε|ξ|2 − e−ε′|ξ|2)P (ξ)

λ + µ|ξ|2 f̂(ξ)
]
(x).

Since

e−ε|ξ|2 − e−ε′|ξ|2 = −(ε− ε′)|ξ|2
∫ 1

0

e−(θε+(1−θ)ε′)|ξ|2 dθ,

by Lemma 3.5 and the Leibniz formula we have

∣∣Dα
ξ (e−ε|ξ|2 − e−ε′|ξ|2)

∣∣ ≤ Cα|ε− ε′||ξ|2−|α|e−(min(ε,ε′)/2)|ξ|2 ,

which implies that

∣∣∣∣Dα
ξ

{
(τ∂τ )`

(
(e−ε|ξ|2 − e−ε′|ξ|2)P (ξ)

λ + µ|ξ|2
)}∣∣∣∣ ≤ Cα,σ,µ|ε− ε′||ξ|−|α|e−(min(ε,ε′)/2)|ξ|2

for ` = 0, 1. Setting



Maximal Lp-Lq regularity of the Stokes problem 581

kε,ε′,λ(x) = F−1
ξ

[
(e−ε|ξ|2 − e−ε′|ξ|2)P (ξ)

λ + µ|ξ|2
]
(x),

Kε,ε′,λ[f ](x) =
∫

Rn

kε,ε′,λ(x− y)f(y) dy

for λ ∈ Σσ,0, by the same argument as in the proof of (3.14) we have

R({Kε,ε′,λ | λ ∈ Σσ,0}) ≤ Mn,q,σ,µ|ε− ε′|,

R

({
τ

∂

∂τ
Kε,ε′,λ | λ ∈ Σσ,0

})
≤ Mn,q,σ,µ|ε− ε′|. (3.17)

Since

uε − uε′ = Kε,ε′,λ[f ], Uε − Uε′ = eγtF−1
τ [Kε,ε′,λ[F [e−γtF ](τ)]],

combining (3.14) and Theorem 2.8 implies that

‖uε − uε′‖Lq(Rn) ≤ Cn,q,σ,µ|ε− ε′|‖f‖Lq(Rn),

‖e−γt(Uε − Uε′)‖Lp(R,Lq(Rn)) ≤ Cn,p,q,µ|ε− ε′|‖e−γtF‖Lp(R,Lq(Rn)).

Therefore, {uε}ε>0 and {Uε(x, t)}ε>0 are Cauchy sequences in Lq(Rn) and
Lp(R, Lq(Rn)), respectively, which implies that there exist u ∈ Lq(Rn) and
U ∈ Lp(R, Lq(Rn)) such that

lim
ε→0+

‖uε − u‖Lq(Rn) = 0, lim
ε→0+

‖e−γt(Uε − U)‖Lp(R,Lq(Rn)) = 0 (3.18)

for any γ ≥ 0, respectively. Combining (3.15) and (3.18) implies that

‖λu‖Lq(Rn) ≤ Cn,q,σ,µ‖f‖Lq(Rn).

On the other hand, to estimate Ut we use the following fact.

Theorem 3.7 (cf. [16]). Let 1 < p < ∞, let Ω be a domain in Rn and
let X be a reflexive Banach space. Let p′ be a conjugate exponent of p, that is
1/p + 1/p′ = 1. Then,

Lp(Ω, X)∗ = Lp′(Ω, X∗), Lp(Ω, X)∗∗ = Lp(Ω, X),

where Y ∗ stands for the dual space of Y .
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Note that C∞0 (Rn+1) is dense in Lp(R, Lq(Rn)) when 1 ≤ p < ∞ and 1 ≤
q < ∞. Given any ϕ ∈ C∞0 (Rn+1), we have

(e−γtUt, ϕ)Rn+1 = −(U, (e−γtϕ)t)Rn+1 = (U − Uε + Uε, (e−γtϕ)t)Rn+1 ,

and therefore

∣∣(e−γtUt, ϕ)Rn+1

∣∣

≤ ‖e−γt(U − Uε)‖Lp(R,Lq(Rn))

(
γ‖ϕ‖Lp′ (R,Lq′ (Ω)) + ‖ϕt‖Lp′ (R,Lq′ (Rn))

)

+ ‖e−γt(Uε)t‖Lp(R,Lq(Rn))‖ϕ‖Lp′ (R,Lq′ (Rn)).

Letting ε → 0+ and using (3.16) and (3.18), we have

|(e−γtUt, ϕ)Rn+1 | ≤ Cn,p,q,µ‖e−γtF‖Lp(R,Lq(Rn))‖ϕ‖Lp′ (R,Lq′ (Rn)),

which combined with Theorem 3.7 implies that

‖e−γtUt‖Lp(R,Lq(Rn)) ≤ Cn,p,q,µ‖e−γtF‖Lp(R,Lq(Rn))

for any γ ≥ 0.
Analogously, considering that

k1
ε,λ(x) = F−1

ξ

[
γe−ε|ξ|2P (ξ)

λ + µ|ξ|2
]
(x);

k2
ε,λ(x) = F−1

ξ

[ |λ|1/2e−ε|ξ|2ξjP (ξ)
λ + µ|ξ|2

]
(x);

k3
ε,λ(x) = F−1

ξ

[
ξjξke−ε|ξ|2P (ξ)

λ + µ|ξ|2
]
(x),

we can show the following estimates:

γ‖e−γtU‖Lp(R,Lq(Rn)) ≤ Cn,p,q,µ‖e−γtF‖Lp(R,Lq(Rn));

|λ|1/2‖Dju‖Lq(Rn) ≤ Cn,q,σ,µ‖f‖Lq(Rn),

∥∥e−γtΛ1/2
γ DjU

∥∥
Lp(R,Lq(Rn))

≤ Cn,p,q,µ‖e−γtF‖Lp(R,Lq(Rn));
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‖DjDku‖Lq(Rn) ≤ Cn,q,σ,µ‖f‖Lq(Rn),

‖e−γtDjDkU‖Lp(R,Lq(Rn)) ≤ Cn,p,q,µ‖e−γtF‖Lp(R,Lq(Rn))

for any λ ∈ Σσ,0 and γ ≥ 0, respectively. Therefore, we have proved the existence
of solutions u and U to problems (3.9) and (3.10), which satisfy the estimates:

∥∥(|λ|u, |λ|1/2∇u,∇2u)
∥∥

Lq(Rn)
≤ Cn,q,σ,µ‖f‖Lq(Rn),

∥∥e−γt(Ut, γU,Λ1/2
γ ∇U,∇2U)

∥∥
Lp(R,Lq(Rn))

≤ Cn,p,q,µ‖e−γtF‖Lp(R,Lq(Rn)), (3.19)

respectively. About the estimates of the pressure terms θ and Θ, we use the
estimates (3.19) and the equations (3.9) and (3.10). The uniqueness of solutions
follows from the existence of solutions to the dual problem. What F = 0 when
t < 0 implies that U also vanishes when t < 0. In fact, we know the estimate

γ‖e−γtU‖Lp(R,Lq(Rn)) ≤ Cn,p,q,µ‖e−γtF‖Lq(R,Lq(Rn)) (3.20)

for γ ≥ γ0 with some γ0 > 0. Since F = 0 when t < 0, we have

γ‖U‖Lp((−∞,0),Lq(Rn)) ≤ γ‖e−γtU‖Lp((−∞,0),Lq(Rn)) ≤ γ‖e−γtU‖Lp(R,Lq(Rn))

≤ C‖e−γtF‖Lp(R,Lq(Rn)) = C‖e−γtF‖Lp((0,∞),Lq(Rn))

≤ C‖e−γ0tF‖Lp((0,∞),Lq(Rn)).

Letting γ → ∞, we have ‖U‖Lp((−∞,0),Lq(Rn)) = 0, which implies that U = 0
when t < 0. This completes the proof of Theorem 3.1.

4. Solution formula of the model problem without surface tension
in the half-space.

In this section we consider the following generalized resolvent problem and
non-stationary Stokes equations in Rn

+:

λu− µ∆u +∇θ = f, div u = g in Rn
+, S(u, θ)n = h on Rn

0 , (4.1)

Ut − µ∆U +∇Θ = F, div U = G in Q+, S(U,Θ)n = H on Q0, (4.2)

subject to the initial condition: U |t=0 = 0, respectively. In order to reduce (4.1)
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and (4.2) to the case where g = 0 and G = 0, respectively, we use the following
lemma.

Lemma 4.1. Let 1 < p, q < ∞ and γ0 ≥ 0.
(1) For any g ∈ Ŵ−1

q (Rn
+)∩W 1

q (Rn
+), there exists a v ∈ W 2

q (Rn
+)n such that

div v = g in Ω and there hold the estimates:

‖v‖Lq(Rn
+) ≤ Cn,q‖g‖Ŵ−1

q (Rn
+),

‖∇v‖Lq(Rn
+) ≤ Cn,q‖g‖Lq(Rn

+),

‖∇2v‖Lq(Rn
+) ≤ Cn,q‖∇g‖Lq(Rn

+).

(2) For any G ∈ Lp,0,γ0(R,W 1
q (Rn

+)) ∩W 1
p,0(R, Ŵ−1

q (Rn
+)), there exists a V

such that

V ∈ Lp,0,γ0

(
R,W 2

q (Rn
+)n

) ∩W 1
p,0,γ0

(
R, Lq(Rn

+)n
)

and div V = G in Q+. Moreover, for any γ ≥ γ0 there hold the estimates:

‖e−γt(Vt, γV )‖Lp(R,Lq(Rn
+)) ≤ Cn,q‖e−γt(Gt, γG)‖Lp(R,Ŵ−1

q (Rn
+)),

∥∥e−γtΛ1/2
γ ∇V

∥∥
Lp(R,Lq(Rn

+))
≤ Cn,q

∥∥e−γtΛ1/2
γ G

∥∥
Lp(R,Lq(Rn

+))
,

‖e−γt∇2V ‖Lp(R,Lq(Rn
+)) ≤ Cn,q‖e−γt∇G‖Lp(R,Lq(Rn

+)).

Proof.

(1) Throughout the paper, given function f(x) defined on Rn and F (x, t)
defined on Rn

+ × R, fe, F e and fo, F o denote their even and odd extensions,
respectively, that is

fe(x) =

{
f(x) for xn > 0

f(x′,−xn) for xn < 0,
fo(x) =

{
f(x) for xn > 0

−f(x′,−xn) for xn < 0,

F e(x, t) =

{
F (x, t) for xn > 0

F (x′,−xn, t) for xn < 0,
F o(x, t) =

{
F (x, t) for xn > 0

−F (x′,−xn, t) for xn < 0,

where x′ = (x1, . . . , xn−1). Setting

vj(x) = −F−1
ξ

[
iξjF [go](ξ)

|ξ|2
]
(x), v(x) = (v1(x), . . . , vn(x)),
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we have div v = go in Rn. First, we prove that ‖v‖Lq(Rn
+) ≤ Cn,q‖g‖Ŵ−1

q (Rn
+).

From the proof of Lemma 3.2 we see that

‖vj‖Lq(Rn) ≤ Cn,q‖go‖Ŵ−1
q (Rn), (4.3)

while we have

‖go‖Ŵ−1
q (Rn) ≤ 2‖g‖Ŵ−1

q (Rn
+). (4.4)

In fact, we choose ϕ ∈ C∞0 (Rn) arbitrarily and we observe that

(go, ϕ)Rn =
∫

Rn
+

g(x)(ϕ(x)− ϕ(x′,−xn)) dx.

Since ϕ(x)− ϕ(x′,−xn) ∈ Ŵ 1
q′,0(R

n
+), we have

|(go, ϕ)Rn | ≤ 2‖g‖Ŵ−1
q (Rn

+)‖∇ϕ‖Lq′ (R
n
+) ≤ 2‖g‖Ŵ−1

q (Rn
+)‖∇ϕ‖Lq′ (Rn),

which implies (4.4). Combining (4.3) and (4.4) yields that

‖vj‖Lq(Rn
+) ≤ ‖vj‖Lq(Rn) ≤ Cn,q‖go‖W−1

q (Rn) ≤ 2Cn,q‖g‖Ŵ−1
q (Rn

+).

By the Fourier multiplier theorem of S. G. Mihlin, we have

‖∇vj‖Lq(Rn) ≤ Cn,q‖go‖Lq(Rn) ≤ 2Cn,q‖g‖Lq(Rn
+).

Since Dkgo = (Dkg)o for k = 1, . . . , n− 1, we have

‖∇Dkvj‖Lq(Rn) ≤ Cn,q‖(Dkg)o‖Lq(Rn) ≤ 2Cn,q‖Dkg‖Lq(Rn
+) (j = 1, . . . , n).

Moreover, if we write

D2
nvk(x) = F−1

ξ

[
ξ2
nF [(Dkg)o](ξ)

|ξ|2
]
(x),

we have

∥∥D2
nvk

∥∥
Lq(Rn)

≤ Cn,q‖(Dkg)o‖Lq(Rn) ≤ 2Cn,q‖Dkg‖Lq(Rn
+). (4.5)
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Since div v = g0 in Rn, we have D2
nvn = Dng−∑n−1

k=1 D2
nvk in Rn

+, which combined
with (4.5) yields that

∥∥D2
nvn

∥∥
Lq(Rn

+)
≤ Cn,q‖∇g‖Lq(Rn

+).

Summing up, we have proved the assertion (1).
(2) Defining Vj and V by the formulas:

Vj(x, t) = −F−1
ξ

[
iξjF [Go](ξ, t)]

|ξ|2
]
(x), V (x, t) = (V1(x, t), . . . , Vn(x, t)),

regarding t as a parameter and using the same argument as in the proof of the
assertion (1), we have the assertion (2). This completes the proof of Lemma 4.1.

¤

Setting u = v + w, f̃ = f − (λv − µDiv D(v)), h̃ = h− µD(v)n in (4.1) and
U = V + W , F̃ = F − (Vt − µDiv D(V )), H̃ = F − µD(V )n in (4.2), respectively,
we have

λw − µ∆w +∇θ = f̃ , div w = 0 in Rn
+, S(w, θ)n = h̃ on Rn

0 , (4.6)

Wt − µ∆W +∇Θ = F̃ , div W = 0 in Q+, S(W,Θ)n = H̃ on Q0, (4.7)

subject to W |t=0 = 0. By Lemma 4.1 we have

‖f̃‖Lq(Rn
+) ≤ ‖f‖Lq(Rn

+) + Cn,q

{|λ|‖g‖Ŵ−1
q (Rn

+) + µ‖∇g‖Lq(Rn
+)

}
,

|λ|1/2‖h̃‖Lq(Rn
+) + ‖∇h̃‖Lq(Rn

+)

≤ |λ|1/2‖h‖Lq(Rn
+) + ‖∇h‖Lq(Rn

+) + Cn,q

{|λ|1/2‖g‖Lq(Rn
+) + µ‖∇g‖Lq(Rn

+)

}
,

‖e−γtF̃‖Lp(R,Lq(Rn
+))

≤ ‖e−γtF‖Lp(R,Lq(Rn
+))

+ Cn,p,q

{‖e−γtGt‖Lp(R,Ŵ−1
q (Rn

+)) + µ‖e−γt∇G‖Lp(R,Lq(Rn
+))

}
,

∥∥e−γt(Λ1/2
γ H̃,∇H̃)

∥∥
Lp(R,Lq(Rn

+))

≤ ∥∥e−γt(Λ1/2
γ H,∇H)

∥∥
Lp(R,Lq(Rn

+))
+ Cn,p,qµ

∥∥e−γt(Λ1/2
γ G,∇G)

∥∥
Lp(R,Lq(Rn

+))
.

Below, we consider (4.1) with g = 0 and (4.2) with G = 0, respectively. First
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of all, we reduce these problems to the case where f = 0 and F = 0. For this
purpose, setting ιf = (fo

1 , . . . , fo
n−1, f

e
n) and ιF = (F o

1 , . . . , F o
n−1, F

e
n), let us define

(v(x), τ(x)) and (V (x, t),Υ(x, t)) by the formulas:

v(x) = F−1
ξ

[
P (ξ)F [ιf ](ξ)

λ + µ|ξ|2
]
(x), τ(x) = −F−1

ξ

[
iξ ·F [ιf ](ξ)

|ξ|2
]
(x),

V (x, t) = L −1
λ F−1

ξ

[
P (ξ)L F [ιF ](ξ, λ)

λ + µ|ξ|2
]
(x, t),

Υ(x, t) = −F−1
ξ

[
iξ ·F [ιF ](ξ, t)

|ξ|2
]
(x).

Employing the same argument as in Section 3, we have

(v, τ) ∈ W 2
q (Rn)n × Ŵ 1

q (Rn),

λv − µ∆v +∇τ = ιf, div v = 0 in Rn,
∥∥(|λ|v, |λ|1/2∇v,∇2v,∇τ)

∥∥
Lq(Rn)

≤ Cn,q,σ,µ‖ιf‖Lq(Rn) ≤ 2Cn,q,σ,µ‖f‖Lq(Rn
+) (4.8)

for any λ ∈ Σσ,0 and 0 < σ < π/2. And also, when F ∈ Lp,0(R, Lq(Rn
+)n) we

have

V ∈ Lp,0

(
R,W 2

q (Rn)n
) ∩W 1

p,0

(
R, Lq(Rn)

)
, Υ ∈ Lp,0

(
R, Ŵ 1

q (Rn)
)
,

Vt − µ∆V +∇Υ = ιF, div V = 0 in Rn × (0,∞), V |t=0 = 0,
∥∥e−γt(Vt, γV, Λ1/2

γ ∇V,∇2V,∇Υ)
∥∥

Lp(R,Lq(Rn))

≤ Cn,p,q,µ‖e−γtF‖Lp(R,Lq(Rn
+)) (4.9)

for any γ ≥ 0, where we have used ‖e−γtιF‖Lp(R,Lq(Rn)) ≤ 2‖e−γtF‖Lp(R,Lq(Rn
+)).

Moreover, from the definition of ιf and ιF it follows that

Dnvn |Rn
0
= 0, τ |Rn

0
= 0, DnVn |Rn

0
= 0, Υ |Rn

0
= 0

(cf. Shibata and Shimizu [31], [34]).
Now, setting u = v + w, θ = τ + κ, h̃ = h− µD(v)n in (4.1) with g = 0 and

U = V + W , Θ = Υ + Ξ, H̃ = H − µD(V )n in (4.2) with G = 0, respectively, we
have



588 Y. Shibata and S. Shimizu

λw −Div S(w, κ) = 0, div w = 0 in Rn
+, S(w, κ)n = h̃ on Rn

0 , (4.10)

Wt −Div D(W,Ξ) = 0, div W = 0 in Q+, S(W,Ξ)n = H̃ on Q0, (4.11)

subject to W |t=0 = 0. By (4.8) and (4.9) we have

∥∥(|λ|1/2h̃,∇h̃)
∥∥

Lq(Rn
+)
≤ ∥∥(|λ|1/2h,∇h)

∥∥
Lq(Rn

+)
+ Cn,q,σ,µ‖f‖Lq(Rn

+),

∥∥e−γt
(
Λ1/2

γ H̃,∇H̃
)∥∥

Lp(R,Lq(Rn
+))

≤ ∥∥e−γt
(
Λ1/2

γ H,∇H
)∥∥

Lp(R,Lq(Rn
+))

+ Cp,q,n,µ‖e−γtF‖Lp(R,Lq(Rn
+))

for any λ ∈ Σσ,0 and γ ≥ 0, and H̃ = 0 for t < 0. Therefore, in what follows we
consider (4.1) and (4.2) under the conditions that f = 0, g = 0 and F = 0, G = 0,
respectively. Since Div S(u, θ) = µ∆u − ∇θ when div u = 0, in what follows we
consider the problems:

λu− µ∆u +∇θ = 0, div u = 0 in Rn
+,

µ(Dnuj + Djun) = −hj (j = 1, . . . , n− 1) on Rn
0 ,

2µDnun − θ = −hn on Rn
0 , (4.12)

Ut − µ∆U +∇Θ = 0, div U = 0 in Q+,

µ(DnUj + DjUn) = −Hj (j = 1, . . . , n− 1) on Q0,

2µDnUn −Θ = −Hn on Q0, (4.13)

subject to U |t=0 = 0 under the conditions that h ∈ W 1
q (Rn

+) and H ∈
Lp,0(R,W 1

q (Rn
+)) ∩H

1/2
p,0 (R, Lq(Rn

+)). To get the solution formula to (4.12), we
apply the partial Fourier transform with respect to x′ = (x1, . . . , xn−1) that is
defined by the formula:

v̂(ξ′, xn) =
∫

Rn−1
e−ix′·ξ′v(x′, xn) dx′, ξ′ = (ξ1, . . . , ξn−1) (4.14)

to (4.12) and therefore, setting

A = |ξ′|, B =
√

λµ−1 + |ξ′|2, (4.15)

we have
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λûj(ξ′, xn) + µA2ûj(ξ′, xn)− µD2
nûj(ξ′, xn) + iξj θ̂(ξ′, xn) = 0 (xn > 0),

λûn(ξ′, xn) + µA2ûn(ξ′, xn)− µD2
nûn(ξ′, xn) + Dnθ̂(ξ′, xn) = 0 (xn > 0),

n−1∑

j=1

iξj ûj(ξ′, xn) + Dnûn(ξ′, xn) = 0 (xn > 0),

µ
(
Dnûj(ξ′, 0) + iξj ûn(ξ′, 0)

)
= −ĥj(ξ′, 0),

2µDnĥn(ξ′, 0)− θ̂(ξ′, 0) = −ĥn(ξ′, 0), (4.16)

where j runs through 1 to n− 1. Setting

ûj(ξ′, xn) = αje
−Axn + βje

−Bxn , θ̂(ξ′, xn) = γe−Axn

and inserting these formulas into (4.16), we have

µαj(B2 −A2) + iξjγ = 0, µαn(B2 −A2)−Aγ = 0,

n−1∑

k=1

iξkαk −Aαn = 0,
n−1∑

k=1

iξkβk −Bβn = 0,

µ(Aαj + Bβj + iξj(αn + βn)) = ĥj(ξ′, 0), 2µ(Aαn + Bβn) + γ = ĥn(ξ′, 0),
(4.17)

where j runs through 1 to n− 1. Solving (4.17) and setting

D(A,B) = B3 + AB2 + 3A2B −A3, (4.18)

we have

αj =
iξj

µ(B −A)D(A,B)

{
2iB

n−1∑

k=1

ξkĥk(ξ′, 0)− (A2 + B2)ĥn(ξ′, 0)
}

,

βj =
iξj

µB(B −A)D(A,B)

{
(A2 + B2 − 4AB)

n−1∑

k=1

iξkĥk(ξ′, 0) + 2AB2ĥn(ξ′, 0)
}

+
1

µB
ĥj(ξ′, 0),

αn = − 1
µ(B −A)D(A,B)

{
2AB

n−1∑

k=1

iξkĥk(ξ′, 0)− (A2 + B2)Aĥn(ξ′, 0)
}

,
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βn =
1

µ(B −A)D(A,B)

{
(A2 + B2)

n−1∑

k=1

iξkĥk(ξ′, 0)− 2A3ĥn(ξ′, 0)
}

,

γ = − A + B

D(A,B)

{
2B

n−1∑

k=1

iξkhk(ξ′, 0)− (A2 + B2)ĥn(ξ′, 0)
}

,

where j runs through 1 to n− 1. Therefore, setting

M (A,B, xn) =
e−Bxn − e−Axn

B −A
, (4.19)

we have

uj(x) = −F−1
ξ′

[
2iξjA

µD(A,B)
M (A,B, xn)

(
iξ′ · ĥ′(ξ′, 0)−Bĥn(ξ′, 0)

)]
(x′)

−F−1
ξ′

[
e−Bxn(B −A)ξj

µBD(A,B)
ξ′ · ĥ′(ξ′, 0)

]
(x′)

+ F−1
ξ′

[
2iξje

−Axn

µD(A,B)
(
iξ′ · ĥ′(ξ′, 0) + (B −A)ĥn(ξ′, 0)

)]
(x′)

+ F−1
ξ′

[
e−Bxn

µB
ĥj(ξ′, 0)

]
(x′) (j = 1, . . . , n− 1), (4.20)

un(x) = F−1
ξ′

[
A

µD(A,B)
M (A,B, xn)

(
2Biξ′ · ĥ′(ξ′, 0)− (A2 + B2)ĥn(ξ′, 0)

)]
(x′)

+ F−1
ξ′

[
e−Bxn

µD(A,B)
(
(B −A)iξ′ · ĥ′(ξ′, 0) + A(A + B)ĥn(ξ′, 0)

)]
(x′),

(4.21)

θ(x) = −F−1
ξ′

[
(A + B)e−Axn

D(A,B)
(
2Biξ′ · ĥ′(ξ′, 0)− (A2 + B2)ĥn(ξ′, 0)

)]
(x′),

(4.22)

where we have set ξ′ · ĥ′ =
∑n−1

k=1 ξkĥk for the notational simplicity and F−1
ξ′

denotes the Fourier inverse transform with respect to ξ′ = (ξ1, . . . , ξn−1), that is

F−1
ξ′ [g(ξ′)](x′) =

1
(2π)n−1

∫

Rn−1
eix′·ξ′g(ξ′) dξ′.

Using the partial Fourier transform with respect to x′ and the Laplace trans-
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form with respect to t, we have the following solution formula to (4.13) as follows:

Uj(x, t) = −L −1
λ F−1

ξ′

[
2iξjAM (A,B, xn)

µD(A,B)
(
iξ′ ·L F [H ′](ξ′, 0, λ)

−BL F [Hn](ξ′, 0, λ)
)]

(x′, t)

−L −1
λ F−1

ξ′

[
e−Bxn(B −A)ξj

µBD(A,B)
ξ′ ·L F [H ′](ξ′, 0, λ)

]
(x′, t)

+ L −1
λ F−1

ξ′

[
2iξje

−Axn

µD(A,B)
(
iξ′ ·L F [H ′](ξ′, 0, λ)

+ (B −A)L F [Hn](ξ′, 0, λ)
)]

(x′, t)

+ L −1
λ F−1

ξ′

[
e−Bxn

µB
L F [Hj ](ξ′, 0, λ)

]
(x′, t) (j = 1, . . . , n− 1),

(4.23)

Un(x, t) = L −1
λ F−1

ξ′

[
AM (A,B, xn)

µD(A,B)
(
2Biξ′ ·L F [H ′](ξ′, 0, λ)

− (A2 + B2)L F [Hn](ξ′, 0, λ)
)]

(x′, t)

+ L −1
λ F−1

ξ′

[
e−Bxn

µD(A,B)
(
(B −A)iξ′ ·L F [H ′](ξ′, 0, λ)

+ A(A + B)L F [Hn](ξ′, 0, λ)
)]

(x′, t), (4.24)

Θ(x, t) = −L −1
λ F−1

ξ′

[
(A + B)e−Axn

D(A,B)
(
2Biξ′ ·L F [H ′](ξ′, 0, λ)

− (A2 + B2)L F [Hn](ξ′, 0, λ)
)]

(x′, t), (4.25)

where we have set

L F [H](ξ′, xn, λ) =
∫

Rn

e−λt+iξ′·x′H(x′, xn, t) dtdx′

= FtFx′ [e−γtH(·, xn, ·)](ξ′, τ) (λ = γ + iτ),

L −1
λ F−1

ξ′ [G(ξ, xn, λ)](x′, t) =
1

(2π)n

∫

Rn

eλt+iξ′·x′G(ξ′, xn, λ) dτdξ′

= eγtF−1
τ F−1

ξ′ [G(ξ′, xn, γ + iτ)](x′, t).
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5. Technical lemmas.

In this section, we show several estimates of Fourier multipliers, which will
be used to estimate solution formulas obtained in Section 4. First of all, we
introduce two classes of multipliers. Let 0 < ε < π/2 and γ0 ≥ 0. Let m(λ, ξ′)
be a function defined on Σε,γ0 which is infinitely many times differentiable with
respect to τ and ξ′ when λ = γ + iτ ∈ Σε,γ0 and ξ′ ∈ Rn−1 \ {0}. If there exists
a real number s such that for any multi-index α′ = (α1, . . . , αn−1) ∈ Nn−1

0 and
(λ, ξ′) ∈ Σε,γ0 × (Rn−1 \ {0}) there hold the estimates:

∣∣∣Dα′
ξ′ m(λ, ξ′)

∣∣∣ ≤ Cα′,ε,γ0,µ(|λ|1/2 + A)s−|α|,
∣∣∣∣Dα′

ξ′

(
τ

∂m

∂τ
(λ, ξ′)

)∣∣∣∣ ≤ Cα′,ε,γ0,µ(|λ|1/2 + A)s−|α| (5.1)

for some constant Cα′,ε,γ0,µ depending on α′, ε, γ0 and µ only, then m(λ, ξ′) is
called a multiplier of order s with type 1. If there exists a real number s such that
for any multi-index α′ = (α1, . . . , αn−1) ∈ Nn−1

0 and (λ, ξ′) ∈ Σε,γ0×(Rn−1 \{0})
there hold the estimates:

∣∣∣Dα′
ξ′ m(λ, ξ′)

∣∣∣ ≤ Cα′,ε,γ0,µ(|λ|1/2 + A)sA−|α|,
∣∣∣∣Dα′

ξ′

(
τ

∂m

∂τ
(λ, ξ′)

)∣∣∣∣ ≤ Cα′,ε,γ0,µ(|λ|1/2 + A)sA−|α| (5.2)

for some constant Cα′,ε,γ0,µ depending on α′, ε, γ0 and µ only, then m(λ, ξ′) is
called a multiplier of order s with type 2. In what follows, we denote the set of
all multipliers defined on Σε,γ0 × (Rn−1 \ {0}) of order s with type ` (` = 1, 2) by
Ms,`,ε,γ0 . For example, the Riesz kernel ξj/|ξ′| belongs to M0,2,ε,0 (j = 1, . . . , n−
1). A function |λ|s = (γ2 + τ2)s/2 belongs to M2s,1,ε,0 when s ≥ 0. A function
λ|λ|−1/2 belongs to M1,1,ε,γ0 . The following lemma follows from the definition of
Ms,`,ε,γ0 and the Leibniz rule.

Lemma 5.1. Let s1, s2 ∈ R.

(1) Given mi ∈ Msi,1,ε,γ0 (i = 1, 2), we have m1m2 ∈ Ms1+s2,1,ε,γ0 .
(2) Given `i ∈ Msi,i,ε,γ0 (i = 1, 2), we have `1`2 ∈ Ms1+s2,2,ε,γ0 .
(3) Given ni ∈ Msi,2,ε,γ0 (i = 1, 2), we have n1n2 ∈ Ms1+s2,2,ε,γ0 .

From now on, we show several lemmas which will be used to estimate solution
formulas given in Section 4.
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Lemma 5.2. Let s ∈ R and 0 < ε < π/2. Let A, B and D(A,B) be symbols
defined in (4.15) and (4.18), respectively. Then, there exists a positive constant c

depending on ε and µ such that

c(|λ|1/2 + A) ≤ Re B ≤ |B| ≤ (µ−1|λ|)1/2 + A, (5.3)

c(|λ|1/2 + A)3 ≤ |D(A,B)| ≤ 6((µ−1|λ|)1/2 + A)3. (5.4)

Moreover, we have Bs ∈ Ms,1,ε,0, (A + B)s ∈ Ms,2,ε,0 and D(A,B)s ∈ M3s,2,ε,0

for any s ∈ R. If s ≥ 0, then As ∈ Ms,2,ε,0.

Proof. The inequalities (5.3) and (5.4) were proved in Shibata and Shimizu
[31, Lemma 4.4]. Now, we prove that Bs ∈ Ms,1,ε,0. Employing the same argu-
ment as in the proof of Lemma 3.4, we have

∣∣∣Dα′
ξ′ B

s
∣∣∣ ≤ Cα′,ε,µ,s(|λ|1/2 + A)s−|α′|.

Using the formula: τ∂τBs = i(2µ)−1sτ(λµ−1 + A2)s/2−1, we have

∣∣∣∣Dα′
ξ′

(
τ

∂Bs

∂τ

)∣∣∣∣ ≤ Cα′,ε,µ,s|τ |(|λ|1/2 + A)s−2−|α′|

≤ Cα′,ε,µ,s
|λ|

(|λ|1/2 + A)2
(|λ|1/2 + A)s−|α′|

≤ Cα′,ε,µ,s(|λ|1/2 + A)s−|α′|.

Combining these estimates implies that (|λ|1/2 + A)s ∈ Ms,1,ε,0.
By the Bell formula, we have also

∣∣∣Dα′
ξ′ A

s
∣∣∣ ≤ Cα′,sA

s−|α′|. (5.5)

Since As ≤ (|λ|1/2 +A)s when s ≥ 0, it follows from (5.5) that As ∈ Ms,2,ε,0 when
s ≥ 0.

Setting f(t) = ts for t > 0, by the Bell formula we have

∣∣∣Dα′
ξ′ (A + B)s

∣∣∣ ≤ Cα′

|α′|∑

`=1

|f (`)(A + B)|
∑

α′1+···+α′
`
=α′

|α′
i
|≥1

∣∣∣Dα′1
ξ′ (A + B)

∣∣∣ · · ·
∣∣∣Dα′`

ξ′ (A + B)
∣∣∣
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≤ Cα′,ε,µ,s

|α′|∑

`=1

(|λ|1/2 + A)s−`(|λ|1/2 + A)`A−|α
′|

≤ Cα′,ε,µ,s(|λ|1/2 + A)sA−|α
′|,

where we have used (5.5) and

∣∣∣Dα′
ξ′ B

∣∣∣ ≤ Cα′,ε,µ(|λ|1/2 + A)1−|α
′| ≤ Cα′,ε,µ,s(|λ|1/2 + A)A−|α

′|,

c(|λ|1/2 + A) ≤ Re B ≤ Re (A + B) ≤ A + |B| ≤ 2
(
(|λ|µ−1)1/2 + A

)
.

Since τ∂τ (A+B)s = 2−1s(A+B)s−1τµ−1(λµ−1 +A− 2)−1/2, by the Leibniz rule
we have

∣∣∣∣Dα′
ξ′

(
τ

∂(A + B)s

∂τ

)∣∣∣∣

≤ |s|
2
|τ |

∑

β′+γ′=α′

α′!
β′!γ′!

∣∣∣Dβ′

ξ′ (A + B)s−1
∣∣∣
∣∣∣Dγ′

ξ′B
−1

∣∣∣

≤ Cα′,ε,µ,s|λ|
∑

β′+γ′=α′
(|λ|1/2 + A)s−1A−|β

′|(|λ|1/2 + A)−1A−|γ
′|

≤ Cα′,ε,µ,s|λ|(|λ|1/2 + A)−2(|λ|1/2 + A)sA−|α
′| ≤ Cα′,ε,µ,s(|λ|1/2 + A)sA−|α

′|.

Combining these estimates implies that (A + B)s ∈ Ms,2,ε,0.
Since A, B ∈ M1,2,ε,0 and D(A,B) is a cubic polynomial with respect to A

and B, by Lemma 5.1 we have D(A,B) ∈ M3,2,ε,0. Setting f(t) = ts for t > 0, by
the Bell formula and (5.4) we have

∣∣∣Dα′
ξ′ D(A,B)s

∣∣∣

≤ Cα′

|α′|∑

`=1

|f (`)(D(A,B))|
∑

α′1+···+α′
`
=α′

|α′
i
|≥1

∣∣∣Dα′1
ξ′ D(A,B)

∣∣∣ · · ·
∣∣∣Dα′`

ξ′ D(A,B)
∣∣∣

≤ Cα′,ε,µ,s

|α′|∑

`=1

(|λ|1/2 + A)3(s−`)
∑

α′1+···+α′
`
=α′

|α′
i
|≥1

(|λ|1/2 + A)3A−|α
′
1|

· · · (|λ|1/2 + A)3A−|α
′
`|

≤ Cα′,ε,µ,s(|λ|1/2 + A)3sA−|α
′|.
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We have τ∂τD(A,B)s = sτD(A,B)s−1E(A,B) with E(A,B) = i(3/2)µ−1B +
iµ−1A + i(3/2)µ−1B−1A2. Since E(A,B) ∈ M1,2,ε,0 as follows from Lemma 5.1,
by the Leibniz formula we have

∣∣∣∣Dα′
ξ′

(
τ

∂D(A,B)s

∂τ

)∣∣∣∣

≤ Cα′ |s||τ |
∑

β′+γ′=α′

∣∣∣Dβ′

ξ′ D(A,B)s−1
∣∣∣
∣∣∣Dγ′

ξ′E(A,B)
∣∣∣

≤ Cα′,ε,µ,s|λ|
∑

β′+γ′=α′
(|λ|1/2 + A)3(s−1)A−|β

′|(|λ|1/2 + A)A−|γ
′|

≤ Cα′,ε,µ,s(|λ|1/2 + A)3sA−|α
′|.

Combining these estimates implies that D(A,B)s ∈ M3s,1,ε,0. This completes the
proof of the lemma. ¤

Lemma 5.3. Let ` = 0, 1 and 0 < ε < π/2. We use the symbols defined
in (4.15) and (4.19). Then, for any multi-index α′ ∈ Nn−1

0 and (λ, ξ′, xn) ∈
Σε,γ0 × (Rn−1 \ {0})× (0,∞), we have

∣∣∣Dα′
ξ′

{
(τ∂τ )`e−Bxn

}∣∣∣ ≤ Cα′,ε,µ(|λ|1/2 + A)−|α
′|e−d(|λ|1/2+A)xn ,

∣∣∣Dα′
ξ′ e

−Axn

∣∣∣ ≤ Cα′A
−|α′|e−(1/2)Axn ,

∣∣∣Dα′
ξ′

{
(τ∂τ )`M (A,B, xn)

}∣∣∣ ≤ Cα′,ε,µ(xn or |λ|−1/2)e−dAxnA−|α
′|,

where d is a positive constant which depends on ε and µ but is independent of α′.

Proof. We write

M (A,B, xn) = −xn

∫ 1

0

e−((1−θ)A+θB)xn dθ.

Setting f(t) = e−txn , by the Bell formula we have
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∣∣∣Dα′
ξ′ e

−((1−θ)A+θB)xn

∣∣∣ =
∣∣∣Dα′

ξ′ f((1− θ)A + θB)
∣∣∣

≤ Cα′

|α′|∑

`=1

∣∣f (`)((a− θ)A + θB)
∣∣ ∑

α′1+···+α′
`
=α′

|α′
i
|≥1

∣∣∣Dα′1
ξ′ ((1− θ)A + θB)

∣∣∣

· · ·
∣∣∣Dα′`

ξ′ ((1− θ)A + θB)
∣∣∣

≤ Cα′

|α′|∑

`=1

x`
ne−((1−θ)A+cθ(|λ|1/2+A))xn

(
(1− θ)A1−|α′1| + θ(|λ|1/2 + A)1−|α

′
1|

)

· · · ((1− θ)A1−|α′`| + θ(|λ|1/2 + A)1−|α
′
`|
)
,

where we have used |e−((1−θ)A+θB)xn | = e−((1−θ)A+θRe B)xn and (5.3). When
θ = 0, we have

∣∣∣Dα′
ξ′ e

−Axn

∣∣∣ ≤ Cα′

|α′|∑

`=1

x`
ne−AxnA`−|α′| ≤ Cα′e

−(1/2)AxnA−|α
′|. (5.6)

When θ = 1, we have

∣∣∣Dα′
ξ′ e

−Bxn

∣∣∣ ≤ Cα′

|α′|∑

`=1

x`
ne−c(|λ|1/2+A)xn(|λ|1/2 + A)`−|α′|

≤ Cα′e
−(c/2)(|λ|1/2+A)xn(|λ|1/2 + A)−|α

′|. (5.7)

For general 0 < θ < 1, since we may assume that 0 < c ≤ 1 without loss of
generality, we have

∣∣∣Dα′
ξ′ e

−((1−θ)A+θB)xn

∣∣∣

≤ Cα′

|α′|∑

`=1

x`
ne−((1−θ)A+θc(|λ|1/2+A))xn

(
(1− θ)A + θ(|λ|1/2 + A)

)`
A−|α

′|

≤ Cα′

|α′|∑

`=1

x`
ne−c((1−θ)A+θ(|λ|1/2+A))xn

(
(1− θ)A + θ(|λ|1/2 + A)

)`
A−|α

′|

≤ Cα′e
−(c/2)

(
(1−θ)A+θ(|λ|1/2+A)

)
xnA−|α

′|, (5.8)

which implies that
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∣∣∣Dα′
ξ′ M (A,B, xn)

∣∣∣ ≤ Cα′

∫ 1

0

e−(c/2)((1−θ)A+θ(|λ|1/2+A))xn dθxnA−|α
′|

= Cα′

∫ 1

0

e−(c/2)Axne−θ(c/2)|λ|1/2xn dθxnA−|α
′|.

On the one hand, integrating the last formula with respect to θ, we have

∣∣∣Dα′
ξ′ M (A,B, xn)

∣∣∣ ≤ Cα′(c/2)−1|λ|−1/2e−(c/2)AxnA−|α
′|, (5.9)

but on the other hand, using the estimate: e−θ(c/2)|λ|1/2xn ≤ 1, we have

∣∣∣Dα′
ξ′ M (A,B, xn)

∣∣∣ ≤ Cα′xne−(c/2)AxnA−|α
′|. (5.10)

Since ∂τe−Bxn = −i(2µ)−1xnB−1e−Bxn , by the Leibniz formula, Lemma 5.2
and (5.7)

∣∣∣Dα′
ξ′

(
τ∂τe−Bxn

)∣∣∣ ≤ Cα′xn

∑

β′+γ′=α′

∣∣∣Dβ′

ξ′ (τ∂τB)
∣∣∣
∣∣∣Dγ′

ξ′ e
−Bxn

∣∣∣

≤ Cα′xn

∑

β′+γ′=α′
(|λ|1/2 + A)1−|β

′|e−c(|λ|1/2+A)xn(|λ|1/2 + A)−|γ
′|

≤ Cα′e
−(c/2)(|λ|1/2+A)xn(|λ|1/2 + A)−|α

′|.

Since

τ
∂

∂τ
M (A,B, xn) = i

µ−1τx2
n

2

∫ 1

0

θB−1e−((1−θ)A+θB)xn dθ,

by the Leibniz rule, Lemma 5.2 and (5.8) we have

∣∣∣Dα′
ξ′ (τ∂τM (A,B, xn))

∣∣∣

≤ Cα′ |λ|
∑

β′+γ′=α′

∫ 1

0

θ(|λ|1/2 + A)−1−|β′|e−(c/2)((1−θ)A+θ(|λ|1/2+A))xnA−|γ
′| dθx2

n

≤ Cα′xn
|λ|

(|λ|1/2 + A)2

∫ 1

0

θ(|λ|1/2 + A)xne−(c/2)((1−θ)A+θ(|λ|1/2+A))xnA−|α
′| dθ
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≤ Cα′xn

∫ 1

0

e−(c/4)((1−θ)A+θ(|λ|1/2+A))xn dθA−|α
′|

= Cα′xn

∫ 1

0

e−(c/4)(A+θ|λ|1/2)xn dθA−|α
′|.

Therefore, by the same argument as in obtaining (5.9) and (5.10) we have

∣∣∣Dα′
ξ′ (τ∂τM (A,B, xn))

∣∣∣ ≤ Cα′(xn or |λ|−1/2)e−(c/4)AxnA−|α
′|.

This completes the proof of the lemma. ¤

Lemma 5.4. Let 0 < ε < π/2, 1 < q < ∞ and γ0 ≥ 0 and we use the
symbols defined in (4.14), (4.15) and (4.19). Let mi ∈ M0,i,ε,γ0 (i = 1, 2), and we
define the operators Kj(λ) (j = 1, 2, 3, 4, 5) for λ ∈ Σε,γ0 by the formulas:

[K1(λ)g](x) =
∫ ∞

0

F−1
ξ′

[
m1(λ, ξ′)|λ|1/2e−B(xn+yn)ĝ(ξ′, yn)

]
(x′) dyn,

[K2(λ)g](x) =
∫ ∞

0

F−1
ξ′

[
m2(λ, ξ′)Ae−B(xn+yn)ĝ(ξ′, yn)

]
(x′) dyn,

[K3(λ)g](x) =
∫ ∞

0

F−1
ξ′

[
m2(λ, ξ′)Ae−A(xn+yn)ĝ(ξ′, yn)

]
(x′) dyn,

[K4(λ)g](x) =
∫ ∞

0

F−1
ξ′

[
m2(λ, ξ′)A2M (A,B, xn + yn)ĝ(ξ′, yn)

]
(x′) dyn,

[K5(λ)g](x) =
∫ ∞

0

F−1
ξ′

[
m2(λ, ξ′)|λ|1/2AM (A,B, xn + yn)ĝ(ξ′, yn)

]
(x′) dyn.

Then, for ` = 1, 2 and j = 1, 2, 3, 4, 5, the sets {(τ∂τ )`Kj(λ) | λ ∈ Σε,γ0} are
R-bounded families in L (Lq(Rn

+)), whose R bounds do not exceed some constant
Cn,q,ε,γ0,µ depending essentially only on n, q, ε, γ0 and µ.

Proof. In what follows, we say that the family of operator {A(λ) | λ ∈
Σε,γ0} has the required properties if {(τ∂τ )`A(λ) | λ ∈ Σε,γ0} are R-bounded
families in L (Lq(Rn)), whose R bounds do not exceed some constant Cn,q,ε,γ0,µ

which depends essentially only on n, q, ε, γ0 and µ. First, we consider K1(λ).
Setting k1,λ(x) = F−1

ξ′ [m1(λ, ξ′)|λ|1/2e−Bxn ](x′), we have

[K1(λ)g](x) =
∫

Rn
+

k1,λ(x′ − y′, xn + yn)g(y) dy.
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We prove that there exists a constant Cn,ε,γ0,µ depending essentially only on n, ε,
γ0 and µ such that

|k1,λ(x)| ≤ Cn,ε,γ0,µ|x|−n (λ ∈ Σε,γ0 , x ∈ Rn \ {0}), (5.11)
∣∣∣∣τ

∂

∂τ
k1,λ(x)

∣∣∣∣ ≤ Cn,ε,γ0,µ|x|−n (λ ∈ Σε,γ0 , x ∈ Rn \ {0}). (5.12)

By the assumption, the Leibniz rule and Lemma 5.3 we have

∣∣∣Dα′
ξ′ (m1(λ, ξ′)|λ|1/2e−Bxn)

∣∣∣

≤ Cα′,ε,γ0,µ|λ|1/2(|λ|1/2 + A)−|α
′|e−d(|λ|1/2+A)xn . (5.13)

Using the identity:

eix′·ξ′ =
n−1∑

j=1

xj

i|x′|2
∂

∂ξj
eix′·ξ′ ,

k1,λ(x) can be written in the form:

k1,λ(x) =
∑

|α′|=n

(
ix′

|x′|2
)α′( 1

2π

)n−1 ∫

Rn−1
eix′·ξ′Dα′

ξ′
(
m1(λ, ξ′)|λ|1/2e−Bxn

)
dξ′.

Applying (5.13) to the above formula and using the change of variables: ξ′ =
|λ|1/2η′ imply that

|k1,λ(x)| ≤ Cn,ε,γ0,µ|x′|−n

∫

Rn−1
|λ|1/2(|λ|1/2 + |ξ′|)−n dξ′

= Cn,ε,γ0,µ|x′|−n

∫

Rn−1
(1 + |η′|)−n dη′.

Moreover, by (5.13) we have

|k1,λ(x)| ≤
(

1
2π

)n−1 ∫

Rn−1
Cε,γ0,µ|λ|1/2e−d(|λ|1/2+|ξ′|)xn dξ′

≤
(

1
2π

)n−1
Cε,γ0,µn!
(dxn)n

∫

Rn−1
|λ|1/2(|λ|1/2 + |ξ′|)−n dξ′
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=
(

1
2π

)n−1
Cε,γ0,µn!
(dxn)n

∫

Rn−1
(1 + |η′|)−n dη′.

Combining above two estimations implies (5.11).
Recall that τ∂τk1,λ(x) = F−1

ξ′ [τ∂τ (m1(λ, ξ′)|λ|1/2e−Bxn)](x′). Noting that

τ∂τ

(
m1(λ, ξ′)|λ|1/2e−Bxn

)

= τ
∂m1(λ, ξ′)

∂τ
|λ|1/2e−Bxn +

τ2

2
|λ|− 3

2 e−Bxn + m1(λ, ξ′)|λ|1/2

(
τ

∂e−Bxn

∂τ

)
,

by the Leibniz rule, the assumption and Lemma 5.3 we have

∣∣∣∣Dα′
ξ′

{
τ

∂

∂τ

(|λ|1/2e−Bxn
)}∣∣∣∣

≤ Cα′,ε,γ0,µ

{ ∑

β′+γ′=α′
(|λ|1/2 + A)−|β

′||λ|1/2(|λ|1/2 + A)−|γ
′|e−d(|λ|1/2+A)xn

+
τ2

|λ|3/2
(|λ|1/2 + A)−|α

′|e−d(|λ|1/2+A)xn

}

≤ Cα′,ε,γ0,µ|λ|1/2(|λ|1/2 + A)−|α
′|e−d(|λ|1/2+A)xn . (5.14)

Employing the same argument as in proving (5.11) by (5.13), we have (5.12) by
using (5.14).

Now, using Proposition 2.7, we prove that K1(λ) has the required properties.
For this purpose, in view of (5.11) and (5.12) we set k0(x) = Cn,ε,γ0,µ|x|−n and
we define the operator K0 by the formula:

[K0g](x) =
∫

Rn
+

k0(x′ − y′, xn + yn)g(y) dy.

We prove that K0 is a bounded linear operator on Lq(Rn
+), whose bound does not

exceed a constant Cn,ε,γ0,µ. By the Young inequality we have

‖K0[g](·, xn)‖Lq(Rn−1) ≤
∫ ∞

0

‖k0(·, xn + yn)‖L1(Rn−1)‖g(·, yn)‖Lq(Rn−1) dyn

≤ Cn,ε,γ0,µ

∫ ∞

0

‖g(·, yn)‖Lq(Rn−1)

xn + yn
dyn. (5.15)
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To continue the estimate (5.15) we use the following lemma.

Lemma 5.5 (cf. [46]). Let k(t, s) be a function defined on (0,∞) × (0,∞)
which satisfies the condition: k(λt, λs) = λ−1k(t, s) for any λ > 0 and (t, s) ∈
(0,∞)× (0,∞). In addition, we assume that for some 1 ≤ q < ∞

∫ ∞

0

|k(1, s)|s−1/q ds = Aq < ∞.

If we define the integral operator T by the formula:

[Tf ](t) =
∫ ∞

0

k(t, s)f(s) ds,

then T is a bounded linear operator on Lq((0,∞)) and

‖Tf‖Lq((0,∞)) ≤ Aq‖f‖Lq((0,∞)).

If we set k(xn, yn) = Cn,ε,γ0,µ/(xn + yn), then k(λxn, λyn) = λ−1k(xn, yn)
and for 1 < q < ∞ we have

∫ ∞

0

k(1, yn)y−1/q
n dyn = Cn,ε,γ0,µ

∫ ∞

0

dyn

(1 + yn)y1/q
n

= An,ε,γ0,µ < ∞.

Applying Lemma 5.5 to (5.15), we have

‖K0[g]‖Lq(Rn
+) ≤ An,ε,γ0,µ‖g‖Lq(Rn

+),

which combined with Proposition 2.7 implies that K1(λ) has the required proper-
ties.

Now, we consider K2(λ). If we set k2,λ(x) = F−1
ξ′ [m2(λ, ξ′)Ae−Bxn ](x′), then

the operator K2(λ) is given by the formula:

[K2(λ)g](x) =
∫

Rn
+

k2,λ(x′ − y′, xn + yn)g(y) dy.

Therefore, as we proved that K1(λ) has the required properties by using (5.11)
and (5.12), to prove that K2(λ) has the required properties it is sufficient to prove
that for any λ ∈ Σε,λ0 and x ∈ Rn \ {0} there hold the estimates:
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|k2,λ(x)| ≤ Cn,ε,γ0,µ|x|−n, |τ∂τk2,λ(x)| ≤ Cn,ε,γ0,µ|x|−n. (5.16)

By the assumption, the Leibniz rule, and Lemma 5.3 we have

∣∣∣Dα′
ξ′ (m2(λ, ξ′)Ae−Bxn)

∣∣∣

≤ Cα′
∑

β′+γ′+δ′=α′

∣∣∣Dβ′

ξ′ m2(λ, ξ′)
∣∣∣
∣∣∣Dγ′

ξ′A
∣∣∣
∣∣∣Dδ′

ξ′e
−Bxn

∣∣∣

≤ Cα′,ε,γ0,µ

∑

β′+γ′+δ′=α′
A−β′A1−|γ′|(|λ|1/2 + A)−|δ

′|e−d(|λ|1/2+A)xn

≤ Cα′,ε,γ0,µ|ξ′|1−|α
′|e−d(|λ|1/2+A)xn . (5.17)

Since τ∂(m2(λ, ξ′)Ae−Bxn) = ∂τm2(λ, ξ′)Ae−Bxn + m2(λ)A∂τe−Bxn , employing
the same argument as in (5.17), by the assumption, the Leibniz rule and Lemma
5.3 we have also

∣∣∣∣Dα′
ξ′

{
τ

∂

∂τ

(
m2(λ, ξ′)Ae−Bxn

)}∣∣∣∣ ≤ Cα′,ε,γ0,µ|ξ′|1−|α
′|e−d(|λ|1/2+A)xn . (5.18)

In view of (5.17) and (5.18), we apply Lemma 3.6, replacing n by n− 1 to obtain

|k2,λ(x)| ≤ Cn,ε,γ0,µ|x′|−n, |τ∂τk2,λ(x)| ≤ Cn,ε,γ0,µ|x′|−n. (5.19)

On the other hand, using (5.17) with α′ = 0 and the change of variables: xnξ′ = η′,
we have

∣∣(τ∂τ )`k2,λ(x)
∣∣ ≤ C0,ε,γ0,µ

(
1
2π

)n−1 ∫

Rn−1
|ξ′|e−d|ξ′|xn dξ′

= (xn)−nC0,ε,γ0,µ

(
1
2π

)n−1 ∫

Rn−1
|η′|e−d|η′| dη′,

for ` = 0 and 1, which combined with (5.17) and (5.18) implies (5.16), and therefore
K2(λ) has the required properties.

Now, we consider K3(λ). Setting k3,λ(x) = F−1
ξ′ [m2(λ, ξ′)Ae−Axn ](x′), we

have

[K3(λ)g](x) =
∫

Rn
+

k3,λ(x′ − y′, xn + yn)g(y) dy,
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so that to prove that K3(λ) has the required properties it is sufficient to prove
that

|k3,λ(x)| ≤ Cn,ε,γ0,µ|x|−n, |τ∂τk3,λ(x)| ≤ Cn,ε,γ0,µ|x|−n. (5.20)

By the Leibniz rule, the assumption and Lemma 5.3 we have

∣∣∣Dα′
ξ′

{
(τ∂τ )`(m2(λ, ξ′)Ae−Axn)

}∣∣∣ ≤ Cα′,ε,γ0,µA1−|α′|e−(1/2)Axn (` = 0, 1),

which combined with Lemma 3.6 implies (5.20).
Now, we consider K4(λ). Setting k4,λ(x) = F−1

ξ′ [m2(λ, ξ′)A2M (A,B, xn)]
×(x′), we have

[K4(λ)g](x) =
∫

Rn
+

k4,λ(x′ − y′, xn + yn)g(y) dy,

so that to prove that K4(λ) has the required properties it is sufficient to prove
that

|k4,λ(x)| ≤ Cn,ε,γ0,µ|x|−n, |τ∂τk4,λ(x)| ≤ Cn,ε,γ0,µ|x|−n. (5.21)

By the Leibniz rule, the assumption and Lemma 5.3, we have

∣∣∣Dα′
ξ′

{
(τ∂τ )`(m2(λ, ξ′)A2M (A,B, xn))

}∣∣∣

≤ Cα′,ε,γ0,µA2−|α′|xne−dAxn ≤ Cα′,ε,γ0,µ

(
d

2

)−1

A1−|α′|e−(d/2)Axn (` = 0, 1),

which combined with Lemma 3.6 implies (5.21).
Finally, we consider K5(λ). Setting k5,λ(x) = F−1

ξ′ [m2(λ, ξ′)|λ|1/2A

·M (A,B, xn)](x′), we have

[K5(λ)g](x) =
∫

Rn
+

k5,λ(x′ − y′, xn + yn)g(y) dy,

so that to prove that K5(λ) has the required properties it is sufficient to prove
that

|k5,λ(x)| ≤ Cn,ε,γ0,µ|x|−n, |τ∂τk5,λ(x)| ≤ Cn,ε,γ0,µ|x|−n. (5.22)
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By the Leibniz rule, the assumption and Lemma 5.3, we have
∣∣∣Dα′

ξ′
{
(τ∂τ )`(m2(λ, ξ′)|λ|1/2AM (A,B, xn))

}∣∣∣

≤ Cα′,ε,γ0,µA1−|α′|xne−dAxn (` = 0, 1),

which combined with Lemma 3.6 implies (5.22). This completes the proof of the
lemma. ¤

Now, we show two lemmas which will be used to estimate the solutions (u, θ)
and (U,Θ), respectively.

Lemma 5.6. Let 0 < ε < π/2, γ0 ≥ 0 and 1 < q < ∞ and we use the symbols
defined in (4.14), (4.15) and (4.19). Given k0 ∈ M−1,1,ε,γ0 and k1 ∈ M−2,2,ε,γ0 ,
we define the operators Lj(λ) (j = 1, 2, 3, 4, 5) by the following formulas:

[L1(λ)g](x) =
∫ ∞

0

F−1
ξ′

[
k0(λ, ξ′)e−B(xn+yn)ĝ(ξ′, yn)

]
(x′) dyn,

[L2(λ)g](x) =
∫ ∞

0

F−1
ξ′

[
k1(λ, ξ′)Ae−B(xn+yn)ĝ(ξ′, yn)

]
(x′) dyn,

[L3(λ)g](x) =
∫ ∞

0

F−1
ξ′

[
k1(λ, ξ′)Ae−A(xn+yn)ĝ(ξ′, yn)

]
(x′) dyn,

[L4(λ)g](x) =
∫ ∞

0

F−1
ξ′

[
k1(λ, ξ′)A2M (A,B, xn + yn)ĝ(ξ′, yn)

]
(x′) dyn,

[L5(λ)g](x) =
∫ ∞

0

F−1
ξ′

[
k1(λ, ξ′)|λ|1/2AM (A,B, xn + yn)ĝ(ξ′, yn)

]
(x′) dyn.

Then, for ` = 0, 1, i = 1, 2, 3, 4, 5 and j, k = 1, . . . , n, the following sets:

{
(τ∂τ )`(λLi(λ)) | λ ∈ Σε,γ0

}
,

{
(τ∂τ )`(γLi(λ)) | λ ∈ Σε,γ0

}
,

{
(τ∂τ )`(|λ|1/2DjLi(λ)) | λ ∈ Σε,γ0

}
,

{
(τ∂τ )`(DjDkLi(λ)) | λ ∈ Σε,γ0

}

are R-bounded families in L (Lq(Rn
+)), whose R bounds do not exceed some con-

stant Cn,q,ε,γ0,µ depending only on n, q, ε, γ0 and µ.

Proof. In what follows, we say that the set {A(λ) | λ ∈ Σε,γ0} has the
required property if {(τ∂τ )`A(λ) | λ ∈ Σε,γ0} (` = 0, 1) are R bounded families in
L (Lq(Rn

+)) whose R bounds do not exceed some constant Cn,q,ε,γ0,µ depending
only on n, q, ε, γ0 and µ. First, we consider L1(λ). We write
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λ[L1(λ)g](x) =
∫ ∞

0

F−1
ξ′

[
λ|λ|−1/2k0(λ, ξ′)|λ|1/2e−B(xn+yn)ĝ(ξ′, yn)

]
(x′) dyn,

γ[L1(λ)g](x) =
∫ ∞

0

F−1
ξ′

[
γ|λ|−1/2k0(λ, ξ′)|λ|1/2e−B(xn+yn)ĝ(ξ′, yn)

]
(x′) dyn,

|λ|1/2Dn[L1(λ)g](x) = −
∫ ∞

0

F−1
ξ′

[
Bk0(λ, ξ′)|λ|1/2e−B(xn+yn)ĝ(ξ′, yn)

]
(x′) dyn.

Since λ|λ|1/2, γ|λ|−1/2 and B ∈ M1,1,ε,γ0 , by Lemma 5.1 λ|λ|−1/2k0, γ|λ|−1/2k0

and Bk0 ∈ M0,1,ε,γ0 , so that Lemma 5.4 implies that the sets: {λL1(λ) | λ ∈
Σε,γ0}, {γL1(λ) | λ ∈ Σε,γ0} and {|λ|1/2DnL1(λ) | λ ∈ Σε,γ0} have the required
properties.

For j, k = 1, . . . , n− 1, we write

|λ|1/2Dj [L1(λ)g](x)

=
∫ ∞

0

F−1
ξ′

[|λ|1/2(iξjA
−1)k0(λ, ξ′)Ae−B(xn+yn)ĝ(ξ′, yn)

]
(x′) dyn,

DjDk[L1(λ)g](x) =
∫ ∞

0

F−1
ξ′

[
(iξj)(iξkA−1)k0(λ, ξ′)Ae−B(xn+yn)ĝ(ξ′, yn)

]
(x′) dyn,

DjDn[L1(λ)g](x) = −
∫ ∞

0

F−1
ξ′

[
(iξjA

−1)Bk0(λ, ξ′)Ae−B(xn+yn)ĝ(ξ′, yn)
]
(x′) dyn.

Since |λ|1/2 ∈ M1,1,ε,γ0 , iξjA
−1 ∈ M0,2,ε,γ0 , iξj ∈ M1,2,ε,γ0 and B ∈ M1,1,ε,γ0 ,

by Lemma 5.1 |λ|1/2(iξjA
−1)k0, (iξj)(iξkA−1)k0 and (iξjA

−1)Bk0 belong to
M0,2,ε,γ0 , respectively, so that Lemma 5.4 implies that the sets {|λ|1/2DjL1(λ) |
λ ∈ Σε,γ0}, {DjDkL1(λ) | λ ∈ Σε,γ0} and {DjDnL1(λ) | λ ∈ Σε,γ0} (j, k =
1, . . . , n − 1) have the required properties. Since D2

nL1(λ) = λµ−1L1(λ) +∑n−1
j=1 D2

j L1(λ), we see easily that the set {D2
nL1(λ) | λ ∈ Σε,γ0} has the required

properties.
Now, we consider the operator L2(λ). For j, k = 1, . . . , n− 1, we write

(
λ[L2(λ)g](x), γ[L2(λ)g](x), |λ|1/2Dj [L2(λ)g](x), DjDk[L2(λ)g](x),

|λ|1/2Dn[L2(λ)g](x), DnDj [L2(λ)g](x), D2
n[L2(λ)g](x)

)

=
∫ ∞

0

F−1
ξ′

[(
λ, γ, |λ|1/2(iξj), (iξj)(iξk),−|λ|1/2B,

(−iξj)B,B2
)
k1(λ, ξ′)Ae−B(xn+yn)ĝ(ξ′, yn)

]
(x′) dyn.
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By Lemma 5.1, λk1, γk1, |λ|1/2(iξj)k1, (iξj)(iξk)k1, |λ|1/2Bk1, (iξj)Bk1 and B2k1

belong to M0,2,ε,γ0 , so that Lemma 5.4 implies that the sets: {λL2(λ) | λ ∈ Σε,γ0},
{γL2(λ) | λ ∈ Σε,γ0}, {|λ|1/2DjL2(λ) | λ ∈ Σε,γ0}, {DjDkL2(λ) | λ ∈ Σε,γ0}
(j, k = 1, . . . , n) have the required properties, respectively. Analogously, we see
that the same assertions hold true for the operator L3(λ).

Now, we consider L4(λ). For j, k = 1, . . . , n− 1, we write

(
λ[L4(λ)g](x), γ[L4(λ)g](x), |λ|1/2Dj [L4(λ)g](x), DjDk[L4(λ)g](x)

)

=
∫ ∞

0

F−1
ξ′

[(
λ, γ, |λ|1/2(iξj), (iξj)(iξk)

)

· k1(λ, ξ′)A2M (A,B, xn + yn)ĝ(ξ′, yn)
]
(x′) dyn.

By Lemma 5.1, λk1, γk1, |λ|1/2(iξj)k1 and (iξj)(iξk)k1 belong to M0,2,ε,γ0 , so that
Lemma 5.4 implies that the sets: {λL4(λ) | λ ∈ Σε,γ0}, {γL4(λ) | λ ∈ Σε,γ0} and
{DjDkL4(λ) | λ ∈ Σε,γ0} have the required properties, respectively. Since

DnM (A,B, xn) = −e−Bxn −AM (A,B, xn), (5.23)

we have

(|λ|1/2Dn[L4(λ)g](x), DjDn[L4(λ)g](x)
)

= −
∫ ∞

0

F−1
ξ′

[
(|λ|1/2, iξj)Ak1(λ, ξ′)Ae−B(xn+yn)ĝ(ξ′, yn)

]
(x′) dyn

−
∫ ∞

0

F−1
ξ′

[
(|λ|1/2, iξj)Ak1(λ, ξ′)A2M (A,B, xn + yn)ĝ(ξ′, yn)

]
(x′) dyn.

By Lemma 5.1, |λ|1/2Ak1 and (iξj)Ak1 belong to M0,2,ε,γ0 , so that Lemma 5.4 im-
plies that the sets: {|λ|1/2DnL4(λ) | λ ∈ Σε,γ0} and {DjDnL4(λ) | λ ∈ Σε,γ0} have
the required properties, respectively. Since D2

nM (A,B, xn) = (A + B)e−Bxn +
A2M (A,B, xn), we have

D2
n[L4(λ)g](x) =

∫ ∞

0

F−1
ξ′

[
(A + B)Ak1(λ, ξ′)Ae−B(xn+yn)ĝ(ξ′, λ)

]
(x′) dyn

+
∫ ∞

0

F−1
ξ′

[
A2k1(λ, ξ′)A2M (A,B, xn + yn)ĝ(ξ′, λ)

]
(x′) dyn.

By Lemma 5.1 (A+B)Ak1 and A2k1 belong to M0,2,ε,γ0 , so that Lemma 5.4 implies



Maximal Lp-Lq regularity of the Stokes problem 607

that the set: {D2
nL4(λ) | λ ∈ Σε,γ0} has the required properties. Analogously, we

see that the same assertions hold true for the operator L5(λ), which completes the
proof of the lemma. ¤

Lemma 5.7. Let 0 < ε < π/2, γ0 ≥ 0 and 1 < q < ∞ and we use the symbols
defined in (4.14), (4.15) and (4.19). Given k2 ∈ M0,1,ε,γ0 and k3 ∈ M−1,2,ε,γ0 , we
define the operators Lj(λ) (j = 6, 7, 8, 9, 10) by the formulas:

[L6(λ)g](x) =
∫ ∞

0

F−1
ξ′

[
k2(λ, ξ′)e−B(xn+yn)ĝ(ξ′, yn)

]
(x′) dyn,

[L7(λ)g](x) =
∫ ∞

0

F−1
ξ′

[
k3(λ, ξ′)Ae−B(xn+yn)ĝ(ξ′, yn)

]
(x′) dyn,

[L8(λ)g](x) =
∫ ∞

0

F−1
ξ′

[
k3(λ, ξ′)Ae−A(xn+yn)ĝ(ξ′, yn)

]
(x′) dyn,

[L9(λ)g](x) =
∫ ∞

0

F−1
ξ′

[
k3(λ, ξ′)A2M (A,B, xn + yn)ĝ(ξ′, yn)

]
(x′) dyn,

[L10(λ)g](x) =
∫ ∞

0

F−1
ξ′

[
k3(λ, ξ′)|λ|1/2AM (A,B, xn + yn)ĝ(ξ′, yn)

]
(x′) dyn.

Then, for ` = 0, 1, i = 6, 7, 8, 9, 10 and j = 1, . . . , n, the sets:

{
(τ∂τ )`|λ|1/2Li(λ) | λ ∈ Σε,γ0

}
,

{
(τ∂τ )`DjLi(λ) | λ ∈ Σε,γ0

}

are R-bounded families in L (Lq(Rn
+)) whose R bounds do not exceed some con-

stant Cn,q,ε,γ0,µ depending only on n, q, ε, γ0 and µ.

Proof. As in the proof of Lemma 5.6, we say that the set {A(λ) | λ ∈ Σε,γ0}
has the required property if {(τ∂τ )`A(λ) | λ ∈ Σε,γ0} (` = 0, 1) are R bounded
families in L (Lq(Rn

+)) whose R bounds do not exceed some constant Cn,q,ε,γ0,µ

depending only on n, q, ε, γ0 and µ. We consider L6(λ) and we write

|λ|1/2[L6(λ)g](x) =
∫ ∞

0

F−1
ξ′

[
k2(λ, ξ′)|λ|1/2e−B(xn+yn)ĝ(ξ′, yn)

]
(x′) dyn.

Since k2 ∈ M0,1,ε,γ0 , Lemma 5.4 implies that the set {|λ|1/2L6(λ) | λ ∈ Σε,γ0} has
the required properties. For j = 1, . . . , n− 1 we write

Dj [L6(λ)g](x) =
∫ ∞

0

F−1
ξ′

[
(iξjA

−1)k2(λ, ξ′)Ae−B(xn+yn)ĝ(ξ′, yn)
]
(x′) dyn.
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Since iξjA
−1 ∈ M0,2,ε,γ0 , by Lemma 5.4 (iξjA

−1)k2 ∈ M0,1,ε,γ0 , so that Lemma
5.4 implies that the set {DjL6(λ) | λ ∈ Σε,γ0} has the required properties. Finally,
using the identity

B = µ−1(λ|λ|−1/2B−1)|λ|1/2 + (AB−1)A,

we write

Dn[L6(λ)g](x)

= µ−1

∫ ∞

0

F−1
ξ′

[
(λ|λ|−1/2B−1)k2(λ, ξ′)|λ|1/2e−B(xn+yn)ĝ(ξ′, yn)

]
(x′) dyn

+
∫ ∞

0

F−1
ξ′

[
(AB−1)k2(λ, ξ′)Ae−B(xn+yn)ĝ(ξ′, yn)

]
(x′) dyn.

By Lemma 5.1, λ|λ|−1/2B−1k2 ∈ M0,1,ε,γ0 and AB−1k2 ∈ M0,2,ε,γ0 , so that
Lemma 5.4 implies that the set {DnL6(λ) | λ ∈ Σε,γ0} has the required prop-
erties.

By Lemmas 5.1 and 5.4, we see easily that the assertions for L7(λ), L8(λ),
L9(λ) and L10(λ) hold true. This completes the proof of the lemma. ¤

6. Proofs of Theorem 1.1 and Theorem 1.2.

In this section, applying Lemma 5.6, Lemma 5.7 and Theorem 2.8 to the
solution formulas given in (4.20), (4.21), (4.22), (4.23), (4.24) and (4.25), we prove
Theorems 1.1 and 1.2. Using a trick due to Volevich [54] and (5.23), and writing
∇′ · h′ =

∑n−1
k=1 Dkhk, from (4.20) we have

uj(x) =

2µ−1
n−1∑

k=1

∫ ∞

0

F−1
ξ′

[
ξj(ξkA−1)
D(A,B)

A2M (A,B, xn + yn)F [Dnhk](ξ′, yn)
]
(x′) dyn

+ 2µ−1

∫ ∞

0

F−1
ξ′

[
iξj

D(A,B)
Ae−B(xn+yn)F [∇′ · h′](ξ′, yn)

]
(x′) dyn

+ 2µ−1

∫ ∞

0

F−1
ξ′

[
iξj

D(A,B)
A2M (A,B, xn + yn)F [∇′ · h′](ξ′, yn)

]
(x′) dyn

+ 2µ−1

∫ ∞

0

F−1
ξ′

[
2i(ξjA

−1)B
D(A,B)

A2M (A,B, xn + yn)F [Dnhn](ξ′, yn)
]
(x′) dyn
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− 2µ−1

∫ ∞

0

F−1
ξ′

[
B

D(A,B)
Ae−B(xn+yn)F [Djhn](ξ′, yn)

]
(x′) dyn

− 2µ−1

∫ ∞

0

F−1
ξ′

[
B

D(A,B)
A2M (A,B, xn + yn)F [Djhn](ξ′, yn)

]
(x′) dyn

−
n−1∑

k=1

µ−1

∫ ∞

0

F−1
ξ′

[
(B −A)ξj(ξkA−1)

BD(A,B)
Ae−B(xn+yn)F [Dnhk](ξ′, yn)

]
(x′) dyn

− µ−1

∫ ∞

0

F−1
ξ′

[
(B −A)(ξjA

−1)
D(A,B)

Ae−B(xn+yn)F [∇′ · h′](ξ′, yn)
]
(x′) dyn

−
n−1∑

k=1

2µ−1

∫ ∞

0

F−1
ξ′

[
ξj(ξkA−1)
D(A,B)

Ae−A(xn+yn)F [Dnhk](ξ′, yn)
]
(x′) dyn

− 2µ−1

∫ ∞

0

F−1
ξ′

[
iξj

D(A,B)
Ae−A(xn+yn)F [∇′ · h′](ξ′, yn)

]
(x′) dyn

− 2µ−1

∫ ∞

0

F−1
ξ′

[
2i(B −A)(ξjA

−1)
D(A,B)

Ae−A(xn+yn)F [Dnhn](ξ′, yn)
]
(x′) dyn

− 2µ−1

∫ ∞

0

F−1
ξ′

[
B −A

D(A,B)
Ae−A(xn+yn)F [Djhn](ξ′, yn)

]
(x′) dyn

+ µ−1

∫ ∞

0

F−1
ξ′

[
B−1e−B(xn+yn)F [Dnhj ](ξ′, yn)

]
(x′) dyn

− µ−2

∫ ∞

0

F−1
ξ′

[
λ|λ|−1/2

B2
e−B(xn+yn)F [|λ|1/2hj ](ξ′, yn)

]
(x′) dyn

+ µ−1
n−1∑

k=1

∫ ∞

0

F−1
ξ′

[
iξkA−1

B2
Ae−B(xn+yn)F [Dkhj ](ξ′, yn)

]
(x′) dyn.

Lemma 5.1 and Lemma 5.2 imply that the symbols:

ξj(ξkA−1)
D(A,B)

,
ξj

D(A,B)
,

(ξjA
−1)B

D(A,B)
,

B

D(A,B)
,

(B −A)ξj(ξkA−1)
BD(A,B)

,
(B −A)(ξjA

−1)
D(A,B)

,
B −A

D(A,B)
,

ξkA−1

B2

(6.1)

belong to M−2,2,ε,0 and that the symbols:
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B−1,
λ|λ|−1/2

B2
(6.2)

belong to M−1,1,ε,0. Therefore, by Lemma 5.6 and Theorem 2.8 we have

∥∥(|λ|uj , |λ|1/2∇uj ,∇2uj)
∥∥

Lq(Rn
+)
≤ Cn,q,ε,µ‖(∇h, |λ|1/2h)‖Lq(Rn

+)

for any λ ∈ Σε,0 and j = 1, . . . , n− 1, and

∥∥e−γt((Uj)t, γUj ,Λ1/2
γ ∇Uj ,∇2Uj)

∥∥
Lp(R,Lq(Rn

+))

≤ Cn,p,q,µ

∥∥e−γt(∇H, Λ1/2
γ H)

∥∥
Lp(R,Lq(Rn

+))

for any γ ≥ 0 and j = 1, . . . , n− 1.
Using a trick due to Volevich [54] and the relations: B−A = µ−1λ(A+B)−1

and B = (µ−1λ + A2)B−1, from (4.21) we have

un(x) =

µ−1
n−1∑

k=1

∫ ∞

0

F−1
ξ′

[
2iB(ξkA−1)

D(A,B)
A2M (A,B, xn + yn)F [Dnhk](ξ′, yn)

]
(x′) dyn

− µ−1

∫ ∞

0

F−1
ξ′

[
2iB

D(A,B)
Ae−B(xn+yn)F [∇′ · h′](ξ′, yn)

]
(x′) dyn

− µ−1

∫ ∞

0

F−1
ξ′

[
2iB

D(A,B)
A2M (A,B, xn + yn)F [∇′ · h′](ξ′, yn)

]
(x′) dyn

− µ−1

∫ ∞

0

F−1
ξ′

[
2A

D(A,B)
A2M (A,B, xn + yn)F [Dnhn](ξ′, yn)

]
(x′) dyn

− iµ−1
n−1∑

k=1

∫ ∞

0

F−1
ξ′

[
2iξk

D(A,B)
Ae−B(xn+yn)F [Dkhn](ξ′, yn)

]
(x′) dyn

− iµ−1
n−1∑

k=1

∫ ∞

0

F−1
ξ′

[
2iξk

D(A,B)
A2M (A,B, xn + yn)F [Dkhn](ξ′, yn)

]
(x′) dyn

− µ−2

∫ ∞

0

F−1
ξ′

[
λ|λ|−1/2

D(A,B)
A|λ|1/2M (A,B, xn + yn)F [Dnhn](ξ′, yn)

]
(x′) dyn

− µ−2

∫ ∞

0

F−1
ξ′

[
λ|λ|−1/2

D(A,B)
Ae−B(xn+yn)F [|λ|1/2hn](ξ′, yn)

]
(x′) dyn



Maximal Lp-Lq regularity of the Stokes problem 611

− µ−2

∫ ∞

0

F−1
ξ′

[
λ|λ|−1/2

D(A,B)
A2M (A,B, xn + yn)F [|λ|1/2hn](ξ′, yn)

]
(x′) dyn

+ µ−1
n−1∑

k=1

∫ ∞

0

F−1
ξ′

[
i(ξkA−1)(B −A)

D(A,B)
Ae−B(xn+yn)F [Dnhk](ξ′, yn)

]
(x′) dyn

− µ−2
n−1∑

k=1

∫ ∞

0

F−1
ξ′

[
iB(ξkA−1)λ|λ|−1/2

D(A,B)(A + B)
Ae−B(xn+yn)F [|λ|1/2hk](ξ′, yn)

]
(x′) dyn

+ µ−1

∫ ∞

0

F−1
ξ′

[
A + B

D(A,B)
Ae−B(xn+yn)F [Dnhn](ξ′, yn)

]
(x′) dyn

− µ−2

∫ ∞

0

F−1
ξ′

[
(A + B)λ|λ|−1/2

D(A,B)B
Ae−B(xn+yn)F [|λ|1/2hn](ξ′, yn)

]
(x′) dyn

+ µ−1
n−1∑

k=1

∫ ∞

0

F−1
ξ′

[
(A + B)(iξk)
D(A,B)B

Ae−B(xn+yn)F [Dkhn](ξ′, yn)
]
(x′) dyn.

Lemma 5.1 and Lemma 5.2 imply that the symbols:

A

D(A,B)
,

λ|λ|−1/2

D(A,B)
,

(B(ξkA−1)λ|λ|−1/2

D(A,B)B
,

A + B

D(A,B)
,

(A + B)λ|λ|−1/2

D(A,B)B
,

(A + B)ξk

D(A,B)B
(6.3)

and the symbols appearing in (6.1) belong to M−2,2,ε,0, and therefore by Lemma
5.6 and Theorem 2.8 we have

∥∥(|λ|un, |λ|1/2∇un,∇2un)
∥∥

Lq(Rn
+)
≤ Cn,q,ε,µ‖(∇h, |λ|1/2h)‖Lq(Rn

+)

for any λ ∈ Σε,0, and

∥∥e−γt
(
(Un)t, γUn,Λ1/2

γ ∇Un,∇2Un

)∥∥
Lp(R,Lq(Rn

+))

≤ Cn,p,q,µ

∥∥e−γt(∇H, Λ1/2
γ H)

∥∥
Lp(R,Lq(Rn

+))

for any γ ≥ 0.
Concerning the pressure terms θ and Θ, we know that ∇θ = −λu + µ∆u and

∇Θ = −Ut + µ∆U , and therefore
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‖∇θ‖Lq(Rn
+) ≤ Cn,q,ε,µ

∥∥(∇h, |λ|1/2h)
∥∥

Lq(Rn
+)

(λ ∈ Σε,0),

‖e−γt∇Θ‖Lp(R,Lq(Rn
+)) ≤ Cn,p,q,µ

∥∥e−γt(∇H, Λ1/2
γ H)

∥∥
Lp(R,Lq(Rn

+))
(γ ≥ 0).

This completes the proofs of Theorem 1.1 and Theorem 1.2.

7. About the surface tension problem.

In this section, we consider problems (1.5) and (1.4) and we prove Theorem
1.3 and Theorem 1.4. Let (v, τ) and (V, Υ) be solutions to problems:

λv −Div S(v, τ) = f, div v = g in Rn
+,

S(v, τ)n = h on Rn
0 ; (7.1)

Vt −Div S(V, Υ) = F, div V = G in Q+,

S(V, Υ)n = H on Q0,

V |t=0 = 0, (7.2)

and we set u = v + w, θ = τ + κ in (1.4) and U = V + W , Θ = Υ + Ξ in (1.5),
respectively. Then, the problems (1.4) and (1.5) convert to the following problems,
respectively:

λw −Div S(w, κ) = 0, div w = 0 in Rn
+,

λη + wn = d− vn on Rn
0 ,

S(w, κ)n + (cg − cσ∆′)ηn = 0 on Rn
0 ; (7.3)

Wt −Div S(W,Ξ) = 0, div W = 0, in Q+,

Yt + Wn = D − Vn on Q0,

S(W,Ξ)n + (cg − cσ∆′)Y n = 0 on Q0,

W |t=0 = 0, Y |t=0 = 0. (7.4)

Therefore, instead of (7.3) and (7.4) we consider problems (1.4) with f = 0, g = 0
and h = 0, and (1.5) with F = 0, G = 0 and H = 0 in what follows. Namely, we
consider the following problems:

λu−Div S(u, θ) = 0, div u = 0 in Rn
+,

λη + un = d on Rn
0 ,
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S(u, θ)n + (cg − cσ∆′)ηn = 0 on Rn
0 ; (7.5)

Ut −Div S(U,Θ) = 0, div U = 0, in Q+,

Yt + Un = D on Q0,

S(U,Θ)n + (cg − cσ∆′)Y n = 0 on Q0,

U |t=0 = 0, Y |t=0 = 0. (7.6)

First, we derive the solution formula of the problem (7.5). In Shibata and Shimizu
[35], the solution formula of the problem (7.5) was obtained, but for the complete-
ness we discuss it again. As was done in the Section 4, applying the partial Fourier
transform with respect to x′ = (x1, . . . , xn−1) to (7.5), we have

(λ + µA2)ûj(ξ′, xn)− µD2
nûj(ξ′, xn) + iξj θ̂(ξ′, xn) = 0 (xn > 0),

(λ + µA2)ûn(ξ′, xn)− µD2
nûn(ξ′, xn) + Dnθ̂(ξ′, xn) = 0 (xn > 0),

n−1∑

j=1

iξj ûj(ξ′, xn) + Dnûn(ξ′, xn) = 0 (xn > 0),

λη̂(ξ′, 0) + ûn(ξ′, 0) = d̂(ξ′, 0),

µ(Dnûj(ξ′, 0) + iξj ûn(ξ′, 0)) = 0,

2µDnûn(ξ′, 0)− θ̂(ξ′, 0) + (cg + cσA2)η̂ = 0, (7.7)

where j runs through 1 to n − 1 in the 1st equation and 5th equation. Setting
ĥj(ξ′, 0) = 0 (j = 1, . . . , n − 1) and ĥn(ξ′, 0) = (cg + cσA2)η̂(ξ′, 0) in (4.16), by
(4.20), (4.21) and (4.22) we have

ûj(ξ′, xn) = − (A2 + B2)e−Axniξj

µ(B −A)D(A,B)
(cg + cσA2)η̂(ξ′, 0)

+
2ABe−Bxniξj

µ(B −A)D(A,B)
(cg + cσA2)η̂(ξ′, 0), (7.8)

ûn(ξ′, xn) =
A(A2 + B2)e−Axn

µ(B −A)D(A,B)
(cg + cσA2)η̂(ξ′, 0)

− 2A3e−Bxn

µ(B −A)D(A,B)
(cg + cσA2)η̂(ξ′, 0), (7.9)

θ̂(ξ′, xn) =
(A + B)(A2 + B2)e−Axn

D(A,B)
(cg + cσA2)η̂(ξ′, 0). (7.10)
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Therefore, combining the 4th equation in (7.7) and (7.9) we have

η̂(ξ′, 0) =
µ−1D(A,B)

(A + B)L(A,B)
d̂(ξ′, 0), (7.11)

where we have set

L(A,B) = (B −A)D(A,B) + µ−2A(cg + cσA2)

= (A2 + B2)2 − 4A3B + µ−2A(cg + cσA2). (7.12)

Let ϕ(xn) be a function in C∞(R) such that ϕ(xn) = 1 when xn < 1 and ϕ(xn) = 0
when xn > 2 and in view of (7.11) we set

η(x) = ϕ(xn)F−1
ξ′

[
µ−1D(A,B)e−Axn

(A + B)L(A,B)
d̂(ξ′, 0)

]
(x′). (7.13)

Moreover, we define Y (x, t) by the formula:

Y (x, t) = ϕ(xn)L −1
λ F−1

ξ′

[
µ−1D(A,B)e−Axn

(A + B)L(A,B)
L F [D](ξ′, 0, λ)

]
(x′, t), (7.14)

where D is a given function in (7.6). We show the following lemma.

Lemma 7.1. Let 1 < p, q < ∞ and 0 < ε < π/2. Then, there exists a γ0 ≥ 1
depending on ε such that the following assertions hold true:

(1) If λ ∈ Σε,γ0 and d ∈ W 2
q (Rn

+), then η ∈ W 3
q (Rn

+) and

|λ|‖η‖W 2
q (Rn

+) + ‖η‖W 3
q (Rn

+) ≤ Cn,q,ε,γ0‖d‖W 2
q (Rn

+),

|λ|3/2‖η‖W 1
q (Rn

+) ≤ Cn,q,ε,γ0 |λ|1/2‖d‖W 1
q (Rn

+).

(2) If D ∈ Lp,0,γ0(R,W 2
q (Rn

+)), then Y ∈ Lp,0,γ0(R,W 2
q (Rn

+)) ∩ W 1
p,0,γ0

(R,

W 2
q (Rn

+)) and

‖e−γt(Yt, γY )‖Lp(R,W 2
q (Rn

+)) + ‖e−γtY ‖Lp(R,W 3
q (Rn

+))

≤ Cn,p,q,γ0‖e−γtD‖Lp(R,W 2
q (Rn

+))

for any γ ≤ γ0. If D ∈ H
1/2
p,0,γ0

(R,W 1
q (Rn

+)), then Y ∈ H
3/2
p,0,γ0

(R,W 1
q (Rn

+))
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and

∥∥e−γtΛ3/2
γ Y

∥∥
Lp(R,W 1

q (Rn
+))

≤ Cn,p,q,γ0

∥∥e−γtΛ1/2
γ D

∥∥
Lp(R,W 1

q (Rn
+))

for any γ ≥ γ0.

For a while we assume that Lemma 7.1 holds true. In view of (7.8), (7.9)
and (7.10), setting z(x) = (cg − cσ∆′)η(x), we define u(x), θ(x) and θ̃(x) by the
formulas:

uj(x) = −F−1
ξ′

[
(A2 + B2)e−Axniξj

µ(B −A)D(A,B)
ẑ(ξ′, 0)

]
(x′)

+ F−1
ξ′

[
2ABe−Bxniξj

µ(B −A)D(A,B)
ẑ(ξ′, 0)

]
(x′),

un(x) = F−1
ξ′

[
A(A2 + B2)e−Axn

µ(B −A)D(A,B)
ẑ(ξ′, 0)

]
(x′)

−F−1
ξ′

[
2A3e−Bxn

µ(B −A)D(A,B)
ẑ(ξ′, 0)

]
(x′),

θ(x) = F−1
ξ′

[
(A + B)(A2 + B2)e−Axn

D(A,B)
ẑ(ξ′, 0)

]
(x′).

By the observations in Section 6 and Lemma 7.1 we have

u(x) ∈ W 2
q (Rn

+)n, θ ∈ Ŵ 1
q (Rn

+),
∥∥(λu, |λ|1/2∇u,∇2u,∇θ)

∥∥
Lq(Rn

+)

≤ Cn,q,ε,γ0

∥∥(∇z, |λ|1/2z)‖Lq(Rn
+) ≤ Cn,q,ε,γ0‖d‖W 2

q (Rn
+)

for any λ ∈ Σε,γ0 , where we have used the fact that |λ|1/2 ≤ |λ| when λ ∈ Σε,γ0 .
Moreover, (u, η, θ) solves the problem (7.5).

And also, setting Z(x, t) = (cg − cσ∆′)Y (x, t) we define U(x, t) and Θ(x, t)
by the formulas:

Uj(x, t) = −L −1
λ F−1

ξ′

[
(A2 + B2)e−Axniξj

µ(B −A)D(A,B)
L F [Z](ξ′, 0, λ)

]
(x′, t)

+ L −1
λ F−1

ξ′

[
2ABe−Bxniξj

µ(B −A)D(A,B)
L F [Z](ξ′, 0, λ)

]
(x′, t),



616 Y. Shibata and S. Shimizu

Un(x, t) = L −1
λ F−1

ξ′

[
A(A2 + B2)e−Axn

µ(B −A)D(A,B)
L F [Z](ξ′, 0, λ)

]
(x′, t)

−L −1
λ F−1

ξ′

[
2A3e−Bxn

µ(B −A)D(A,B)
L F [Z](ξ′, 0, λ)

]
(x′, t),

Θ(x, t) = L −1
λ F−1

ξ′

[
(A + B)(A2 + B2)e−Axn

D(A,B)
L F [Z](ξ′, 0, λ)

]
(x′, t).

By the observations in Section 6 and Lemma 7.1 we have

U ∈ Lp,0,γ0

(
R,W 2

q (Rn
+)n

) ∩W 1
p,0,γ0

(
R, Lq(Rn

+)n
)
, Θ ∈ Lp,0,γ0

(
R, Ŵ 1

q (Rn
+)

)
,

∥∥e−γt
(
Ut, γU,Λ1/2

γ ∇U,∇2U,∇Θ
)∥∥

Lp(R,Lq(Rn
+))

≤ Cn,p,q,γ0

∥∥e−γt(∇Z, Λ1/2
γ Z)

∥∥
Lp(R,Lq(Rn

+))
≤ Cp,q,γ0‖e−γtD‖Lp(R,W 2

q (Rn
+))

for any γ ≥ γ0, where we have used the fact that

∥∥e−γtΛ1/2
γ Z

∥∥
Lp(R,Lq(Rn

+))
≤ Cn,p,qγ

−1/2‖e−γtZt‖Lp(R,Lq(Rn
+)) (γ ≥ γ0 ≥ 1)

which follows from Theorem 2.4 and the inequalities:

∣∣(τ∂τ )`(|λ|1/2λ−1)
∣∣ ≤ Cγ−1/2 (λ = γ + iτ ∈ Σε,γ0 , ` = 0, 1).

Moreover, (U,Θ, Y ) solves the problem (7.6). Therefore, to complete the proofs
of Theorem 1.3 and Theorem 1.4, it is sufficient to prove Lemma 7.1.

To prove Lemma 7.1, we start with the following lemma.

Lemma 7.2. Let 0 < ε < π/2. Then, there exists a γ0 ≥ 1 depending only on
ε, cg, cσ and µ such that for any λ ∈ Σε,γ0 , any ξ′ ∈ Rn−1 \ {0}, any multi-index
α′ = (α1, . . . , αn−1) ∈ Nn−1

0 and ` = 0, 1 we have

∣∣Dα′
ξ′ {(τ∂τ )`L(A,B)−1}∣∣

≤ Cα′,ε,γ0,µ

(|λ|(|λ|1/2 + A)2 + A(cg + cσA2)
)−1

A−|α
′|. (7.15)

Proof. When ` = 0, the assertion was proved by Shibata and Shimizu [35].
Since

∂τL(A,B)−1 = −L(A,B)−2iµ(2(A2 + B2)−A3B−1),
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by the Leibniz rule, Lemma 5.2 and (7.15) with ` = 0 we have
∣∣∣Dα′

ξ′ (τ∂τL(A,B)−1)
∣∣∣

≤ Cα′µ
−1|τ |

∑

β′+γ′+δ′=α′

∣∣∣Dβ′

ξ′ L(A,B)−1
∣∣∣
∣∣∣Dγ′

ξ′L(A,B)−1
∣∣∣

·
∣∣∣Dδ′

ξ′ (2(A2 + B2)−A3B−1)
∣∣∣

≤ Cα′,ε,γ0,µ|λ|
{|λ|((|λ|1/2 + A)2 + A(cg + cσA2)

}−2
A−|α

′|

≤ Cα′,ε,γ0,µ

{|λ|((|λ|1/2 + A)2 + A(cg + cσA2)
}−1

A−|α
′|,

which completes the proof of the lemma. ¤

A proof of Lemma 7.1. Let η and Y be functions defined in (7.13) and
(7.14). To estimate λη and (Yt, γY ), using the identity:

(A + B)L(A,B) = λµ−1D(A,B) + A(A + B)µ−2(cg + cσA2),

we write

η(x) = ϕ(xn)
{

1
λ

F−1
ξ′

[
e−Axn d̂(ξ′, 0)

]
(x′)

−F−1
ξ′

[
µ−2(cg + cσA2)

λL(A,B)
Ae−Axn d̂(ξ′, 0)

]
(x′)

}
,

Y (x, t) = ϕ(xn)
{

L −1
λ F−1

ξ′

[
1
λ

e−AxnL F [D](ξ′, 0, λ)
]
(x′, t)

−L −1
λ F−1

ξ′

[
µ−2(cg + cσA2)

λL(A,B)
Ae−AxnL F [D](ξ′, 0, λ)

]
(x′, t)

}
.

(7.16)

We set

η1(x) =
1
λ

K[d](x), K[d](x) = F−1
ξ′

[
e−Axn d̂(ξ′, 0)

]
(x′),

Y1(x, t) = L −1
λ F−1

ξ′

[
1
λ

e−AxnL F [D](ξ′, 0, λ)
]
(x′, t)

= L −1

[
1
λ

L [K[D(·, 0, t)](x′)](λ)
]
(t). (7.17)
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By Lemma 5.3 and Fourier multiplier theorem of S. G. Mihlin, we have

sup
xn≥0

‖K[d](·, xn)‖Lq(Rn−1) ≤ Cn,q‖d(·, 0)‖Lq(Rn−1), (7.18)

where Lq(Rn−1) is the usual Lq space of functions with respect to x′ =
(x1, . . . , xn−1) variables. By Theorem 2.4 we have

∥∥e−γt(DtY1, γY1)(·, xn, t)
∥∥

Lp(R,Lq(Rn−1))

≤ Cp

∥∥e−γtK[D(·, t)](·, xn)
∥∥

Lp(R,Lq(Rn−1))
,

∥∥e−γt(Λ3/2
γ Y1)(·, xn, t)

∥∥
Lp(R,Lq(Rn−1))

≤ Cp

∥∥e−γtK[(Λ1/2
γ D)(·, t)](·, xn)

∥∥
Lp(R,Lq(Rn−1))

(7.19)

for any γ ≥ 0. Combining (7.19) and (7.18), we have

sup
xn≥0

∥∥e−γt(DtY1, γY1)(·, xn, t)
∥∥

Lp(R,Lq(Rn−1))

≤ Cp,q

∥∥e−γtD(·, 0, ·)∥∥
Lp(R,Lq(Rn−1))

,

sup
xn≥0

∥∥e−γt(Λ3/2
γ Y1)(·, xn, t)

∥∥
Lp(R,Lq(Rn−1))

≤ Cp,q

∥∥e−γt(Λ1/2
γ D)(·, 0, ·)

∥∥
Lp(R,Lq(Rn−1))

. (7.20)

To estimate the derivatives of K[d], by a trick due to Volevich we write

K[d](x) = −
∫ ∞

0

F−1
ξ′

[
e−A(xn+yn)

( n−1∑

`=1

(iξ`A
−1)F [D`d](ξ′, yn)

+ F [Dnd](ξ′, yn)
)]

(x′) dyn.

Therefore, for j, k = 1, . . . , n− 1 we have

DjK[d](x) = −
∫ ∞

0

F−1
ξ′

[
Ae−A(xn+yn)(iξjA

−1)
( n−1∑

`=1

(iξ`A
−1)F [D`d](ξ′, yn)

+ F [Dnd](ξ′, yn)
)]

(x′) dyn,
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DnK[d](x) =
∫ ∞

0

F−1
ξ′

[
Ae−A(xn+yn)

( n−1∑

`=1

(iξ`A
−1)F [D`d](ξ′, yn)

+ F [Dnd](ξ′, yn)
)]

(x′) dyn,

DjDkK[d](x) = −
∫ ∞

0

F−1
ξ′

[
Ae−A(xn+yn)(iξjA

−1)

·
( n−1∑

`=1

(iξ`A
−1)F [DkD`d](ξ′, yn) + F [DkDnd](ξ′, yn)

)]
(x′) dyn,

DjDnK[d](x) =
∫ ∞

0

F−1
ξ′

[
Ae−A(xn+yn)

( n−1∑

`=1

(iξ`A
−1)F [DjD`d](ξ′, yn)

+ F [DjDnd](ξ′, yn)
)]

(x′) dyn,

D2
nK[d](x) = −

∫ ∞

0

F−1
ξ′

[
Ae−A(xn+yn)

n−1∑
m=1

(iξmA−1)

·
( n−1∑

`=1

(iξ`A
−1)F [DmD`d](ξ′, xn) + F [DmDnd](ξ′, yn)

)]
(x′) dyn.

Since ξjA
−1 ∈ M0,2,ε,γ0 , applying Lemma 5.4, we have

‖∇`K[d]‖Lq(Rn
+) ≤ Cn,q‖∇`d‖Lq(Rn

+) (7.21)

for ` = 1, 2 where ∇1d = ∇d. Aplying (7.21) to the formulas of η1(x) and Y1(x, t)
in (7.17) and using Theorem 2.4 for the estimate of Y1, we have

|λ|1+s‖∇η1‖Lq(Rn
+) ≤ Cn,q|λ|s‖∇d‖Lq(Rn

+) (s = 0, 1/2),

|λ|‖∇2η1‖Lq(Rn
+) ≤ Cn,q‖∇2d‖Lq(Rn

+), (7.22)

‖e−γt∇(DtY1, γY1)‖Lp(R,Lq(Rn
+)) ≤ Cp,q‖e−γt∇D‖Lp(R,Lq(Rn

+)),

∥∥e−γt∇Λ3/2
γ Y1

∥∥
Lp(R,Lq(Rn

+))
≤ Cp,q

∥∥e−γt∇Λ1/2
γ D

∥∥
Lp(R,Lq(Rn

+))
,

‖e−γt∇2(DtY1, γY1)‖Lp(R,Lq(Rn
+)) ≤ Cp,q‖e−γt∇2D‖Lp(R,Lq(Rn

+)). (7.23)

In view of (7.16), we set
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η2(x) = −F−1
ξ′

[
µ−2(cg + cσA2)

λL(A,B)
Ae−Axn d̂(ξ′, 0)

]
(x′),

Y2(x, t) = −L −1
λ F−1

ξ′

[
µ−2(cg + cσA2)

λL(A,B)
Ae−AxnL F [D](ξ′, 0, λ)

]
(x′, t),

and then η(x) = ϕ(xn)(η1(x)+η2(x)) and Y (x, t) = ϕ(xn)(Y1(x, t)+Y2(x, t)). By
using a trick due to Volevich, we write

λη2(x) =
∫ ∞

0

F−1
ξ′

[
µ−2(cg + cσA2)

L(A,B)
Ae−A(xn+yn)F [Dnd](ξ′, yn)

]
(x′) dyn

+
n−1∑

`=1

∫ ∞

0

F−1
ξ′

[
µ−2(cg + cσA2)(iξ`A

−1)
L(A,B)

·Ae−A(xn+yn)F [D`d](ξ′, yn)
]
(x′) dyn.

Lemma 7.2 and Lemma 5.1 imply that the symbols: (cg + cσA2)/(L(A,B)) and
((cg + cσA2)(iξ`A

−1))/(L(A,B)) belong to M−1,2,ε,γ0 . Applying Lemma 5.7, we
have

|λ|1+s‖η2‖W 1
q (Rn

+) ≤ Cn,q,ε,γ0 |λ|s‖∇d‖Lq(Rn
+)

(
λ ∈ Σε,γ0 , s = 0,

1
2

)
,

‖e−γt(DtY2, γY2)‖Lp(R,W 1
q (Rn

+)) ≤ Cn,p,q,γ0‖e−γt∇D‖Lp(R,Lq(Rn
+)) (γ ≥ γ0),

∥∥e−γtΛ3/2
γ Y2

∥∥
Lp(R,W 1

q (Rn
+))

≤ Cn,p,q,γ0

∥∥e−γt∇Λ1/2D
∥∥

Lp(R,Lq(Rn
+))

(γ ≥ γ0).

(7.24)

Moreover, for j, . . . , n− 1 we have

λDjη2(x) =
∫ ∞

0

F−1
ξ′

[
µ−2(cg + cσA2)

L(A,B)
Ae−A(xn+yn)F [DjDnd](ξ′, yn)

]
(x′) dyn

+
n−1∑

`=1

∫ ∞

0

F−1
ξ′

[
µ−2(cg + cσA2)

L(A,B)

·Ae−A(xn+yn)F [DjD`d](ξ′, yn)
]
(x′) dyn,
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λDnη2(x) = −
n−1∑
m=1

∫ ∞

0

F−1
ξ′

[
µ−2(cg + cσA2)(iξmA−1)

L(A,B)

·Ae−A(xn+yn)F [DmDnd](ξ′, yn)
]
(x′) dyn

−
n−1∑

`,m=1

∫ ∞

0

F−1
ξ′

[
µ−2(cg + cσA2)(iξmA−1)

L(A,B)

·Ae−A(xn+yn)F [D`Dmd](ξ′, yn)
]
(x′) dyn.

Lemma 7.2 and Lemma 5.1 imply that the symbols: ((cg + cσA2)(iξmA−1))/
(L(A,B)) belong to M−1,2,ε,γ0 . Applying Lemma 5.7, we have

|λ|‖∇2η2‖Lq(Rn
+) ≤ Cn,q,ε,γ0‖∇2d‖Lq(Rn

+) (λ ∈ Σε,γ0),

‖e−γt∇2(DtY2, γY2)‖Lp(R,Lq(Rn
+)) ≤ Cn,p,q,γ0‖e−γt∇2D‖Lp(R,Lq(Rn

+)) (γ ≥ γ0).

(7.25)

Noting that ‖d(·, 0)‖Lq(Rn−1) ≤ Cn,q‖d‖W 1
q (Rn

+), by (7.16), (7.18), (7.20), (7.22),
(7.23), (7.24) and (7.25) we have

|λ|‖η‖W 2
q (Rn

+) ≤ Cn,q,ε,γ0‖d‖W 2
q (Rn

+) (λ ∈ Σε,γ0),

|λ|3/2‖η‖W 1
q (Rn

+) ≤ Cn,q,ε,γ0 |λ|1/2‖d‖W 1
q (Rn

+) (λ ∈ Σε,γ0),

‖e−γt(Yt, γY )‖Lp(R,W 2
q (Rn

+)) ≤ Cn,p,q,γ0‖e−γtD‖Lp(R,W 2
q (Rn

+)) (γ ≥ γ0),
∥∥e−γtΛ3/2

γ Y
∥∥

Lp(R,W 1
q (Rn

+))
≤ Cn,p,q,γ0‖e−γtΛ1/2

γ D‖Lp(R,W 1
q (Rn

+)) (γ ≥ γ0).

To estimate the 3rd spatial derivatives of η and Y , in view of (7.13) and (7.14),
we set

η3(x) = F−1
ξ′

[
µ−1D(A,B)e−Axn

(A + B)L(A,B)
d̂(ξ′, 0)

]
(x′),

Y3(x, t) = L −1
λ F−1

ξ′

[
µ−1D(A,B)e−Axn

(A + B)L(A,B)
L F [D](ξ′, 0, λ)

]
(x′, t).

Note that η(x) = ϕ(xn)η3(x) and Y (x, t) = ϕ(xn)Y3(x, t). Applying a trick due
to Volevich, we write
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η3(x) =
∫ ∞

0

F−1
ξ′

[
µ−1D(A,B)

(A + B)L(A,B)
Ae−A(xn+yn)F [d](ξ′, yn)

]
(x′) dyn

−
∫ ∞

0

F−1
ξ′

[
µ−1D(A,B)

(A + B)L(A,B)
e−A(xn+yn)F [Dnd](ξ′, yn)

]
(x′) dyn.

And then, for j, k = 1, . . . , n− 1 we write

DjDkη3(x) =
∫ ∞

0

F−1
ξ′

[
µ−1D(A,B)

(A + B)L(A,B)
Ae−A(xn+yn)F [DjDkd](ξ′, yn)

]
(x′) dyn

−
∫ ∞

0

F−1
ξ′

[
µ−1D(A,B)(iξjA

−1)
(A + B)L(A,B)

·Ae−A(xn+yn)F [DkDnd](ξ′, yn)
]
(x′) dyn,

DjDnη3(x) =
n−1∑

`=1

∫ ∞

0

F−1
ξ′

[
µ−1D(A,B)(iξ`A

−1)
(A + B)L(A,B)

·Ae−A(xn+yn)F [D`Dkd](ξ′, yn)
]
(x′) dyn

+
∫ ∞

0

F−1
ξ′

[
µ−1D(A,B)

(A + B)L(A,B)
Ae−A(xn+yn)F [DjDnd](ξ′, yn)

]
(x′) dyn,

D2
nη3(x) = −

∫ ∞

0

F−1
ξ′

[
µ−1D(A,B)

(A + B)L(A,B)
Ae−A(xn+yn)F [∆′d](ξ′, yn)

]
(x′) dyn

+
n−1∑

`=1

∫ ∞

0

F−1
ξ′

[
µ−1D(A,B)(iξ`A

−1)
(A + B)L(A,B)

·Ae−A(xn+yn)F [D`Dnd](ξ′, yn)
]
(x′) dyn.

Lemma 7.2, Lemma 5.2 and Lemma 5.1 imply that the symbols:

D(A,B)
(A + B)L(A,B)

,
D(A,B)(iξjA

−1)
(A + B)L(A,B)

,
D(A,B)(iξ`A

−1)
(A + B)L(A,B)

belong to M−1,2,ε,γ0 , so that applying Lemma 5.7 we have

‖∇2η3‖W 1
q (Rn

+) ≤ Cn,q,ε,γ0‖∇2d‖Lq(Rn
+) (λ ∈ Σε,γ0),

‖e−γt∇2Y3‖Lp(R,W 1
q (Rn

+)) ≤ Cn,q,ε,γ0‖e−γt∇2D‖Lp(R,Lq(Rn
+)) (γ ≥ γ0),
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which completes the proof of Lemma 7.1. ¤
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