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Abstract. We present an Ité type formula for a Gaussian process, in
which only the one-marginals of the Gaussian process are involved. Thus,
this formula is well adapted to the study of processes increasing in the convex
order, in a Gaussian framework. In particular, we give conditions ensuring that
processes defined as integrals, with respect to one parameter, of exponentials
of two-parameter Gaussian processes, are increasing in the convex order with
respect to the other parameter. Finally, we construct Gaussian sheets allowing
to exhibit martingales with the same one-marginals as the previously defined
processes.

1. Introduction.

The following notation will be used throughout our paper:

e If X and Y are two real valued random variables,

x4

Y
means that these variables have the same law.
o If (X;,¢t > 0) and (Y;, ¢t > 0) are two real valued processes,

(X1t >0) L (v;,¢ > 0)

means that the two processes are identical in law.

e S, denotes the space of n X n symmetric matrices with real entries, whereas
ST denotes the convex cone in S,, consisting of positive matrices. Thus, a
matrix M = (m; ;)1<jk<n belongs to S; if M belongs to S,, and
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Yai,...,a, € R Z aj agmj e > 0.

1<g,k<n

In the sequel, S, is assumed to be equipped with the following partial order,
induced by the convex cone S,':

VM,NeS, M<N<+= (N-M)eS;.

1.1. PCOC’s and 1-martingales.
An R-valued process (X;,t > 0) is said to increase in the convex order if

vt >0 E[|X] < oo,
and for every convex function ¢ : R — R,

te Ry — E[)p(Xy)] € (o0, +09]

is increasing.

We call such a process (X, t > 0) a PCOC, this acronym being derived from
the French name: Processus Croissant pour I’Ordre Convexe.

A process (X¢,t > 0) is called a 1-martingale if there exists (on a suitable
filtered probability space) a martingale (My,¢ > 0) which has the same one-
dimensional marginals as (X;,¢ > 0), that is, for each ¢t > 0,

X, < M,

Such a martingale (M, t > 0) is said to be associated with this process (X¢,t > 0).
Note that several different martingales may be associated with a given process.

It is an easy consequence of Jensen’s inequality that an R-valued process
(X¢,t > 0) which is a 1-martingale, is a PCOC. A remarkable result due to Kellerer
[Ke] states that, conversely, any R-valued process (X,¢ > 0) which is a PCOC,
is a 1-martingale.

A few comments about the history of Kellerer’s theorem may be of interest
here. Three steps may be singled out:

i) If X; and X5 are two random variables such that
Elg(X1)] < E[g(X2)]

for every convex function g, then there exists a Markovian kernel @) such that:
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11Q = vg, where v; (i = 1,2) is the law of X;.

Many works have been devoted to this result, by several famous authors
among whom Hardy-Littlewood, Polya, Blackwell, Stein, Cartier-Fell-Meyer,
Strassen, Rotschild-Stiglitz, to name but a few. The main tool used in these
works is the Hahn-Banach theorem.

More modern proofs related to Skorokhod embedding theorem, were then given
for this problem, along the lines of Rost [R] and Falkner-Fitzsimmons [FF].

ii) A second step consists in dealing with a sequence X7, Xo,...,X,,... of
random variables which are increasing in the convex order. This is done,
e.g. by Strassen [St].

iii) Finally, Kellerer’s work (following those of Strassen [St] and Doob [D]) deals
with a continuous time process (U, ¢ > 0) assumed to be increasing in the
convex order, to show that it is a 1-martingale. Kellerer’s result hinges on an
“integral representation of dilations”; see [Ke, Theorem 3].

In any case, the proofs offered by Strassen, Doob and especially Kellerer are not
constructive, and generally, it is a difficult problem to give a concrete description
of a martingale which is associated to a PCOC; this problem has been the aim of
several recent papers ([BY], [HY1], [HY2], [HY3], [HRY]).

1.2. Our guiding example.
Our interest in the study of PCOC’s and associated martingales originated
from the result by Carr, Ewald and Xiao [CEX] that the process:

1t
At:f/ exp(Bs—S>ds, t>0,

where (B, s > 0) is a standard Brownian motion, is a PCOC. It has been shown
later by Baker and Yor [BY] that a martingale associated with this process (A,

t>0)is
! st
M,; = exp Ws,t—? ds, t>0
0

where W denotes the standard Brownian sheet.

1.3. Generalizations of our guiding example.

The ubiquity of Brownian motion stems, for a large part, from the fact that
it belongs to the intersection of important classes of stochastic processes, e.g.:
martingales, Lévy processes, Gaussian processes. Thus, the solution of a given
problem involving Brownian motion often generalizes into one involving either of
these classes of stochastic processes. The above result by Carr, Ewald and Xiao is
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no exception to this rule, as it has already been generalized as follows:

(i) If (NVy,t > 0) is a martingale, then the process

1 st
f/ Ngds, t>0
tJo

is a PCOC (see [HPRY)).
(ii) An interesting particular case of (i) is: if (L¢, ¢ > 0) is a Lévy process such
that Elexp(Li)] < oo, then the process

1 (" exp(Ls)
ful s LV P
t 0 E[GXP(LS)]

is a PCOC and an associated martingale may be expressed, using a Lévy
sheet (see [BY], [HY2], [HRY]).

In this paper, we are concerned with generalizations of the result by Carr, Ewald
and Xiao, in a Gaussian framework. Thus, we consider a family (Ge+,t > 0) of
real valued, centered, Gaussian processes:

Gt = (Gas, A € A),

where A denotes a measure space. For any signed finite measure o on A, we set,
for t > 0,

A = [ exp (6o = 3BIG ] oty

and we give conditions ensuring that (AEU),t > 0) is a PCOC (Theorem 3.1). In
some cases, we also exhibit a martingale which is associated to (AEU)7 t >0), and
which is constructed in terms of a Gaussian sheet (see Theorem 4.1).

1.4. Organisation of the paper.
The remainder of this paper is organised as follows:

e In Section 2, we develop an It6 type calculus for Gaussian processes. In
fact, we provide two proofs for our It6 type formula; the first one hinges on
Gaussian characteristic functions arguments, whereas the second one, given
in Subsection 2.4, rests on Gaussian integration by parts.

e In Section 3, we use the previous calculus to prove that, under certain
conditions, processes (A,EU), t > 0) as defined in Subsection 1.3 are PCOC’s.
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e In Section 4, we construct Gaussian sheets allowing, for some processes
(AEU),t > 0), to exhibit martingales having the same one-dimensional
marginals. This yields, in these cases, another proof that they are PCOC’s.

2. An It6 type calculus for centered Gaussian processes.

2.1. An It6 type formula.
In this subsection, we consider a family of R"-valued centered Gaussian vari-
ables:

(G, t € [a,b])

where [a,b] denotes a compact interval of R. We denote, for t € [a,b], by
(G,El)7 e GE")) the components of the vector Gy, and by

C(t) = (cjn(t))1<jh<n

the covariance matrix of G.
We assume that, for all 1 < j k < n,

tela,b —cir(t) eR

is a continuous function with finite variation.
The main result of this subsection is the following weak form of an It type
formula.

THEOREM 2.1. Let
F:(z,t) € R" x [a,b] — F(z,t) € R

be a C?'-function whose derivatives of order 2 with respect to x: Fg’c’]“, 1<, k<
n, and whose derivative of order 1 with respect to t: F/, grow sub-exponentially at
infinity with respect to x, uniformly with respect to t € [a,b]. Then, for every s,t

with a < s <t <b,
E[F(Gy, )] = E[F(Gs,s)] + / E[F/(Cu,w)]du

+ % Z/S E[Fgﬁzk (Guau)]dcj,k(u). (1)

gk
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PrROOF. The proof is based on the following lemma:

LEMMA 2.1. Denote by pi(da) the law of the Gaussian variable Gy. Then,
for every s,t with a < s <t < b, there is the following identity, in the sense of
Schwartz distributions:

1 t
pe= et 5 3 [ G0y desaw). )
j’k 8

Proor. Let vy = (71,...,7.) € R"™, and denote by (x,y) the scalar product
of z,y € R". Set, for t € [a,b],

or0) = [0 (o).

We have, for t € [a, b],

. 1
2(0) = Blexplitr,Ga) = exp (= 3 325 wesalt)).
3.k
Then, for a < s <t <b,
1 t
or0) = 0:(5) = 5 3 [ 00 mdess ),
j’k $

Now,

ey, (der).

. 92
e (@) dr) — —
Oy (W) V5 Vi / e pru () . 97,008

Finally, we obtain that the Fourier transforms, in the sense of distributions, of both
sides in (2) are equal, hence the desired result follows thanks to the injectivity of
the Fourier transform. O

We now prove Theorem 2.1. We still denote by p;(dz) the law of G;.

We first suppose that
F(z,t) = g(t) h(z)

with h € C?(R™) and g € C*([a,b]). We also assume that h has compact support.
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Then for t € [a, b],

BIF(Gu.1)] = g(t) / h(a)ps(da).

Lemma 2.1 ensures that, for a < s <t <b,

+ %Z /Stg(u)(/h;’.ﬂk (x)uu(dx)> dej e (w). 3)

Clearly, equality (3) yields formula (1) in this case.
Finally, if F' satisfies the hypotheses of Theorem 2.1, the result follows easily
by approximation of F' by linear combinations of functions of the previous type.
O

REMARKS.

1. In formula (1), only the law of G, for each t € [a, b], and consequently only the
matrices C(t), are involved. This explains why this formula is well adapted to
the study of PCOC’s.

2. Suppose that

t€la,b] — C(t) € S,
is an absolutely continuous function on [a,b] and that the derivative C’(t) is,

for almost every t € [a,b], a positive symmetric matrix. Then, there exists a
measurable function

t € [a,b] — D(t) € S;F
such that, for almost every ¢ € [a, b],
[D(t)]* = C'(1).
In particular,

te [a7b] — D(t) €S,
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is a square integrable function. We set

t
Mt = Ga +/ D(S)st

where B denotes a standard R"-valued Brownian motion starting from 0, inde-
pendent of G,. Then (M, t € [a,b]) is a continuous Gaussian martingale, and,
for any ¢ € [a,b], the covariance matrix of M; is C(t). Consequently, to prove
(1) in this case, we may replace (Gy,t € [a,b]) by (M, t € [a,b]), but then (1)
is a direct consequence of the classical Itd formula.

2.2. Examples.

In this subsection, we present some examples of application of our Ito-like
formula in the scalar case n = 1. In particular, when (G4, t € [a,b]) has the same
one-marginals as a semi-martingale, we compare our formula (1) with the one
obtained by application of the classical It6 formula.

2.2.1. Time changed Brownian motion.

We consider continuous functions u and v from an interval [a,b] into R and
we suppose that u has a finite variation and v is increasing and nonnegative. Let
(B:) be the standard linear Brownian motion starting from 0 and consider the
process:

G; = u(t)Bv(t), te [a,b].
Recall this is the general form of a Gaussian Markovian process (see, for instance,
[N]).

We have c(t) = E[G?] = u?(t)v(t). Let F be a C*-function on R with
compact support. Our formula (1) yields:

]‘ i
d:E[F(Gy)] = iE[F (Go)] [2u(t)v(t)du(t) + u?(t)du(t)],
whereas the application of the classical It6 formula gives:
/ 1 i
d,E[F(Gy)] = E[F'(Gy)Byldu(t) + 5E[F (Go)]u?(t)dv(t).

Consequently, we obtain:

E[F" (u(t) Buw)Ju(t)o(t) = B[F(u(t) By)) Bog)-
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The above equality may be written down as:

E[F"(a By)]a = E[F'(a By)Bi] (4)
with a = u(t)\/v(t). Obviously, a may be taken equal to 1, and (4) is a well-
known characterization of the law of By. In fact, formula (4) with ¢ instead of

F’, is the starting point of Stein’s method (see [S]); see also [T1, Appendix A.6,
Gaussian r.v.].

The following Examples 2.2.2 and 2.2.3 are particular cases of the previous
Example 2.2.1.

2.2.2. Ornstein-Uhlenbeck process.

The most famous example of a Gaussian process is the Ornstein-Uhlenbeck
process. For A € R, let (U}, t > 0) be the scalar Ornstein-Uhlenbeck process with
parameter ), starting from 0. Thus, U is the solution to the SDE:

t
U) =B+ )\/ Ulds. (5)
0
We have:
t
Vt>0 UtA = e)‘t/ e dB,.
0

Consequently, there exists a Brownian motion (3,) such that:
VE>0 U} =eMByy

with

¢
v(t):/ e 2N s,
0

Thus, (U}, t > 0) is a particular case of Example 2.2.1.
On the other hand, denoting by x(t,z) the density of Ut(’\), the Fokker-
Planck equation corresponding to the SDE (5) yields:

ou™)
ot

(1) = A (au 1,0) + 1 2P (1),
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whereas our Lemma 2.1 leads to:

Au™ B
o b =57 5z

Consequently, we obtain:

0 1 — e2Xt 52 \)
So(an®(te) = —— = (ta),

which is easy to verify directly.

2.2.3. Brownian bridge.
Let (b;,0 <t < 1) be the standard Brownian bridge satisfying by = b; = 0.
It may be obtained as solution to the SDE:

t
X
Xt = Bt — / 1 ds (6)
0

— S

and one has: E[b?] = t(1—t). Let F be a C*-function on R with compact support.
Our formula (1) yields:
d 1-2¢t

SE[F(b)] = = EIF" (b)),

whereas the application of the classical It6 formula gives:

d 1 , 1 1
&E[F(bt)} = —mE[F (be)be] + §E[F (be)]-

Consequently, we obtain:
t(1— ) B[F"(b)] = E[F"(b)be],

which is equivalent to (4) with a = y/t(1 — ).
On the other hand, there exists a Brownian motion (8,) such that:

Vt € [0, 1) by = (1 — t)ﬁt/(lfty
Thus, (b;,0 <t < 1) is again a particular case of Example 2.2.1.

Besides, denoting by (¢, z) the density of b; for 0 < ¢ < 1, the Fokker-Planck
equation corresponding to the SDE (6) yields:
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10%u

O 1,0) = 1l ) + 5 o0, ),

whereas our Lemma 2.1 leads to:

ou 1-2t8%u

Consequently, we obtain:

0 0u
%(Iu(tv ‘T)) = 7t(1 - t)@(tv I),
which is easy to verify directly.
We note that, more generally than (6), we might consider the e-generalized
Brownian bridges on the time interval [0, 7], which solve:

t
X
Xt:Bt—E/ dS, t<T.
o T'—s

These processes are also particular cases of Example 2.2.1. They have been con-
sidered in [M].

2.2.4. Fractional Brownian motion.

Let (BH,t > 0) be the fractional Brownian motion with Hurst index H €
(0,1). It is a continuous centered Gaussian process such that, for any ¢ > 0,
E[(Bf)?] = t*#. Let F be a C*function on R with compact support. Our
formula (1) yields, for 0 < s < t:

BF(BE)) = BEGE) + 1 [ BF B @

Although the fractional Brownian motion is not Markovian (except for H = 1/2),
and hence is not a particular case of Example 2.2.1, there exists a Brownian motion
(Bu) such that, for each ¢ > 0,

Bg{ i ﬂt2H.

Formula (7) then also follows from the classical 1td formula applied to the martin-
gale (ﬁtm{).
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2.3. An application of Theorem 2.1.

As an application of Theorem 2.1, we now present a simple proof of the
Gordon-Slepian Lemma, the statement of which we recall below (see, for instance,
[Ka] and [T2, Proposition 1.3.2]).

PROPOSITION 2.1 (Gordon-Slepian Lemma). Let X = (Xq,...,X,) and
Y =(Y3,...,Y,) be two centered Gaussian vectors in R™, and let A and B be two
subsets of {1,...,n} x {1,...,n}. We assume:

E[X;Xy] < E[Y;Yi] if (j, k) €
E[X;Xi] > E[;Yi] if (j.k) €
E[X,;X;] = E[Y;Y,] if (j.k) ¢ AUB.

Let F : R* — R be a C?-function whose derivatives of order 2 are sub-
exponential at infinity. We assume:

F' >0 if(jkeA and F' , <0 if(j.k)€B.

ZTj, T — ZTj, T —
Then

E[F(X)] < E[F(Y)].
PrROOF. As in Kahane’s proof ([Ka]), we set, for t € [0, 1],

G =VtY +V1—tX

where X and Y are assumed to be independent (a special case of the smart path
method used, again and again, in [T2]). Then, by Theorem 2.1,

E[F(G))| = E Z / [F! (G (BIY;Yi] — E[X; X,])du.

Now, by hypothesis, for every (j, k),

(E[Y;Yi] — E[X; X)) Fy, 4, = 0. O
2.4. An alternative proof of Theorem 2.1.
We now give an alternative proof of Theorem 2.1, based on a Gaussian inte-
gration by parts formula and on the smart path method mentioned in the proof
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of Proposition 2.1.
We first recall the Gaussian integration by parts formula stated, for instance,
as Formula (A.41) in [T1, Appendix A.6, Gaussian r.v.].

PROPOSITION 2.2.  Let (g1,.-.,9n,9) be an R" ™ -valued centered Gaussian
variable, and let F be a C'-function on R"™ with compact support. Then

E[F(g1,...,92)9) = > Elgr 9| E[F}, (91, 9n)]-
k=1

n
Now, to prove formula (1) in Theorem 2.1, we may assume that the C?!-

function F' has a compact support. For a < s <t < band 0 < v <1, we define
Gs.+(v) by the equality in law:

Gar) V0 G, + VI —0G,,

where G; and G4 are assumed to be independent. We then obtain directly, by
differentiating the function of v:

~

E[F(Gs(v), vt + (1 —v)s)]

for v between 0 and 1:

1 o~
E[F(G,t)] = E[F(Gs,s)] + (t — s)/o E[F/(Gs4(v),vt + (1 —v)s)]dv

Moreover, by Proposition 2.2,

RS
NG

1

G@ﬂ
1—v °

=Y E[F] , (Ges(v), vt + (1 —)s)] (cjk(t) — cjn(5))-

E {F;j (Ga(v), vt + (1= 0)s) ( o)
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We now consider a subdivision w = (wy, ..., w,) of the interval [s,?] (w1 = s,
w, = t). Then, by telescoping,

E[F(Gy,1)] = E[F(Gy,s)] + / Hw(u)du—i—%z / K (u)de; p(u) — (8)
S ],k S

with

T

1 1
Z (/0 E[F/ (G (), vwi41 + (1 — v)wl)]dv> Lug g 1) ()
1

HOw) = Y
1=

and

r—1

1
ju,)k(u) = Z <A E[Falt/],xk (GU)H»l,’lUl ('U), VW41 + (1 - ’U)’U)l)]dﬂ) ]-[wl,le)(u)'
1=1

Clearly, if u € [wy, wi11), then for every v € [0, 1], CA}'le,wl (v) tends to Gy, in law
when the mesh of w tends to 0. Consequently, for any u € [s,t], H*(u) (resp.
K3 (u)) tends to E[F(Gy,u)] (resp. E[F, ., (Gu,u)]) when the mesh of w tends
to 0. Therefore, passing to the limit in (8) as the mesh of w tends to 0, we obtain
formula (1).

2.5. A variant of Theorem 2.1.

In this subsection, we keep the framework, the hypotheses and the notation
of Subsection 2.1. A real valued function h(x,t), defined on R x R, will be called
a space-time harmonic function if h is a C%'-function satisfying, on R x R, the
equation:

o 10
ot = 20x?

It is well-known that any nonnegative space-time harmonic function may be rep-

resented as:
2
h(z,t) = / exp (yx — ty)dy(y)
R 2

where v denotes a positive finite measure on R. We refer to [Y, Theorem 1.3] for
a probabilistic proof.
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THEOREM 2.2. Let h(Y), ... h(™) be n space-time harmonic functions, and
define the function H = (Hy, ..., H,), from R" X [a,b] into R", by

Hj(z,t) = h9) (25, ¢;,;(1)).

Let ® : R® — R be a C?-function such that the derivatives of order 2 with respect
to x of the function F defined by

F(x,t) = ®[H(z,t)],

are sub-exponential at infinity with respect to x, uniformly with respect to t € [a,b].
Then, for every s,t with a < s <t <b,

Bl (G 0] = BOHG. o)+ 3 Y [ B8l (G )
gk 78

o) , ohk)
(G0 (w) ——

ox ox

(ng)7 c;ak(u)) de; p(u).

PRrROOF. If the covariance matrix C is a C'-function, the function F is of
class C?! and Theorem 2.2 follows by a direct application of Theorem 2.1, after
simplifications which are consequences of the harmonicity property. Actually, the
general case may be treated by a slight adaptation of the proof of Theorem 2.1. [J

We now state two easy corollaries.

COROLLARY 2.1.  Let KV, ... h("™ be n space-time harmonic functions and
ai,...,a, € R. Define the function k, from R™ x [a,b] into R, by

k(z,t) = Zaj W9 (@, ¢5.5(t)).-

Let ¢ : R — R be a C?-function such that the derivatives of order 2 with respect
to x of the function F' defined by
F(x,t) = ¢[k(x,t)],

are sub-exponential at infinity with respect to x, uniformly with respect to t € [a,b].
Then, for every s,t with a < s <t <b,
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BlolH(Ge 0] = Blolb(Gun )]+ 5 Sy s [ B[ (G
Jik s

ond Oh)
’ W (GT(,L])7 Cj,j (u)) or (G&k)v Ck,k(u)):| dcj,k(u)'

COROLLARY 2.2. Letai,...,an € R and let ¢ : R — R be a C?-function
whose second derivative has polynomial growth at infinity. We set, for 1 < j <mn,

Y0 = exp (Gu) _ Caa(“))
u u 2

and
Ky =Y a;Y,9.
J
Then, for every s,t with a < s <t <b,

Elp(K:)] = Elp(K,)] + %Zaj ak/ E[¢"(K,) Y9 Y] de; i (u).
J.k s

3. Application to PCOC’s.

3.1. Notation.
We first introduce the notation which will be in force in Section 3 and in
Section 4.

e We denote by A a measure space.
e We consider, for each ¢ > 0, a real valued measurable centered Gaussian
process
G._’t == (G)\7t,)\ € A)
e For A\, € A and t > 0, we set:

cxu(t) = BlGxi Gl

e For any signed finite measure o on A, we set, for ¢ > 0,
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" 1
AE ) _ / exp (G)\,t — 20>\,/\(t)>‘7(d)‘)'
A

We now introduce various conditions which will appear in the sequel.

(My) A is a separable metric space equipped with its Borel o-field.
(M3) A is a metric o-compact space equipped with its Borel o-field.
(C1) For all t > 0, the function:

(AMp) e AXA—cy,(t) eR

is continuous.
(C2) The function:

(AMu,t) EAXAXRL —cyu(t) R

is continuous.
(I1) For every A, € A, the function

te Ry —c\,u(t) €ER

is increasing.
(I2) For every n > 1, for every Aq1,..., A, € A, the matrix function

t€ Ry — (ex; a0 (1) 1<jk<n € Sn
is increasing with respect to the order on S,, induced by the convex cone
Sr.

Obviously, (M) entails (M7) and (Cs) entails (Cy), whereas conditions (I;) and
(I2) are not comparable.

3.2. Integrals of log-normal processes.

The next theorem provides sufficient conditions for the process (AEU), t>0)
to be a PCOC.

THEOREM 3.1.  We assume (Ms) and (Cy).
If either (1) is satisfied and o is a positive finite measure, or (1) is satisfied
and o is a signed finite measure, then (Aga),t >0) is a PCOC.

PROOF. We begin with a lemma for which we refer to [HPRY, Chapter 1].
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LEMMA 3.1.  Let (X¢,t > 0) be a real valued integrable process, i.e.:
Vt>0  E[|X]] < occ.
This process is a PCOC if (and only if), for any ¥ € €, the function
t>0— E[y(Xy)]
1S 1ncreasing.

Here, € denotes the set of all convex C?-functions v such that ¥" has a
compact support.

Now, the proof of Theorem 3.1 proceeds in three steps.

1. We first assume that
n
o= Z a;oy,
=1

where J, denotes the Dirac measure at A and aq,...,a, € R.
We have

g . 1
Ai ) — Zaj exp (ij,t TN (t)>

j=1
Since for any t, E[|A§J)|] < [y lo(dA)] < oo, to prove that (Agg),t > 0) is
a PCOC, it suffices to prove (Lemma 3.1) that, for any ¥ € %, the function

t>0— E[@[J(AEU))] is increasing.
We fix 0 < s <t. Weset, for 1 <j <nanduel0,1],

GY) = \VuGy,: +V1I—uGy, s
where the Gaussian vectors (G, t,...,Gx,+) and (Gy, s,-..,Gx, s) are sup-

posed to be independent. This will be yet another instance of application of
the smart path method. Then, by Corollary 2.2, we have:

BI6(K0) = B(Ko) + 5 3 ajan | B0 (K) YD Y]
Gk 0

: (CA]‘,MC (t) — Cxj g (S))du
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where, for 1 < j <mn,
. 1 L
v = exp (G - 1B[GGY))
and
Ky =Y a;Y,9.
j=1
Since
Ki=AY, Ky=AY, 4">0 and Y >0,

if either (I7) is satisfied and o is a positive measure, or (I3) is satisfied, then,
for 0 <s <t

E[y(A7)] 2 B[y (4()],

which proves the result.

. By hypothesis (M3), there exists a sequence (A,),>0 of compact subsets of A
with [, An = A. We now assume that the support of o is contained in some
compact set A,,. Then, there exists a sequence (c,,,n > 0), weakly converging
to o, such that, for each n, o, is as in step 1 a linear combination of Dirac
measures supported by A,,. Besides, we may suppose

Wn /\an(dA)| §/|o(d>\)\. )

Moreover, if o is a positive measure, all measures o, may be assumed to be
positive.

Let ¢ € €. By step 1, if either (I7) is satisfied and o is a positive measure, or
(I2) is satisfied, then for any n > 0 and 0 < s <,

E[p(Af")] > E[p(Al7)]. (10)

On the other hand,

B -4 = [ [, e 0dto = o)t - o))

no
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Consequently, using (9) and (C;), we obtain the convergence, in L2, of the
sequence (A7 n > 0) to A7,

Since 1 is affine outside of a compact interval, then 1 is a Lipschitz continuous
function, and the sequence ((A\"™),n > 0) converges in L? to 1(A'”). We
may then pass to the limit in (10) and obtain, for 0 < s <,

E[y(A7)] 2 B[v(4()].

Then the desired result follows from Lemma 3.1.
3. In the general case, we set, for any n > 0

o N

n

We have, for t > 0,

hm Agan) :Ai(to-) a.s. and |A§O'n)’ §A§|U|),

n—oo
which allows to apply step 2 and to pass to the limit. O

REMARK. Suppose that, for all A\,u € A, the function c , is absolutely
continuous on R, . Then, Condition (I3) may be written as:
For every n > 1, for every A1,..., A, € A, the matrix

(cg\j)\k (t)) 1<4,k<n

is a positive symmetric matrix for a.e. ¢ > 0.

3.3. Examples.

3.3.1. Processes (tG)).

We assume (Mz) and we consider a real valued measurable centered Gaussian
process (G, A € A). For A\, u € A, we set:

c(\ p) = E[GyG,].

We assume the following hypothesis:

(C) The function:

M) EAXA—c\p)ER

is continuous.
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We set, for A € A and t > 0,
1 _
G/\,t =tG,.

Then, G satisfies (Cs) and (I5).

3.3.2. Processes (Gxt).

Here, we consider the particular case A = R, and a measurable centered
Gaussian process (G, A > 0) satisfying the previous condition (5’) We set, for
A>0andt >0,

G¢) = Gar

Furthermore, we assume the following hypothesis:

(I) For A\, u > 0, the function
t>0—c(tAtp)

is increasing.

Then the process G satisfies (Cy) and (I;). In particular, Theorem 3.1 implies

that the process
I 1
= [ exp|Gx— zc(A\A) )dAE>0
t Jo 2

is a PCOC.

An example of a process (G, A > 0) satisfying the above properties (5) and
(I), is the fractional Brownian motion B with Hurst index H € (0,1). Indeed,
then:

1
e ) = S (AP + [P =[x = ) > 0
and
c(t At p) =2 c(\, p).
Actually, for each t > 0, there is the equality in law:

B @ B,
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Therefore, we may as well apply the previous paragraph 3.3.1. Consequently, for
any signed finite measure o on R,

2H
/ exp (BtHA - (MQ) >da(>\), t>0
Ry

is a PCOC.

We now introduce another example. Let
a:(\s)e Ry xRy — a(\s) € Ry

be a nonnegative measurable function such that:

i) For every A > 0, a(\, o) € L2(R,).
ii) The function
(A7:u’) € R+ X R+ - a(>\7 S) CL(,U, S)dS
0

is continuous.
iii) For any s > 0, the function

A€ Ry — a(Ns)

is increasing.

Setting

GA:/ a(\, s)dBs, A>0
0

where (Bj;) is a standard Brownian motion, we see that properties (C') and (I) are
satisfied.
Finally, we consider, for € € R, the process:

G\ = Ban1 — E()\ AN 1)31

where B denotes the standard Brownian motion. Obviously, (6’) is satisfied. An

easy computation shows that (I) is satisfied if and only if
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1
H—e>—.

V2

Consider now the case e = 1. Then, (G; = By —t B1,0 <t < 1) is a representation
of the standard Brownian bridge (b;,0 < ¢t < 1). The following proposition shows
that, in this case, the conclusion of Theorem 3.1 fails.

ProrosiTION 3.1.  Let (b,,0 < u < 1) be the standard Brownian bridge. We
set, fort €]0,1],

1
t(1 — ut t(1 — at
Agl):/ exp(but—u( 5 u))du and AgZ):exp(bat—a( 5 a))
0

with a € (1/2,1]. Then, neither (A]El)7 0<t<1)nor (A,EQ),O <t<1)isaPCOC.

PRrROOF. It is not difficult to see that the left derivative at ¢ = 1 of E[(Agj))ﬂ
is < 0 for j = 1,2. Hence, for the convex function ¢ (x) = 22, the function

te0,1] — E[p(A7)]

is not increasing. O

Note that, for ¢ € [0, 1],

1 [t 1—
Agl) = f/ exp (bs — s( S))ds

Thus, replacing in the guiding Example 1.2, the Brownian motion (B;) by the
Brownian bridge (bs), destroys the PCOC property.

3.3.3. Brownian sheet.
Let, for \,t > 0,

Gre = Wi
where W denotes the standard Brownian sheet. We have:
exu(t) =t(AA ).

Then G satisfies hypotheses (C2), (I1) and (I2). In fact, for any ¢ > 0,
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(d)
G-,t = \/EB.

where B denotes the standard Brownian motion. We may then consider this
example as a particular case of Example 3.3.1. (replacing ¢ by /). On the other

hand, for any A > 0,
tA
<exp (W,\,t — 2),75 > 0)

is a (#;)-martingale, with
Wy =0{Wrs; A>0, 0<s<t}.
Therefore, Theorem 3.1 is obvious in this case since (A,Ea)) is a (#;)-martingale.

3.3.4. Stochastic integrals.
We assume (Ms). Let

h:(A\s)eAx R, — h(\s)ER

be a measurable function such that:

i) For every A € A, h(\, o) € L} (R).

loc

ii) For any ¢ > 0, the function

AMp)eAXA— /0 h(\, s)h(p, s)ds

is continuous.

We note that, for
t
Gt :/ h(A,s)dBs ; A€ A,t >0
0
where (B;) is a standard Brownian motion, then:

CA’M(t):/o h(\, s)h(p, s)ds.

Therefore, G satisfies hypotheses (C7) and (I2).
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3.3.5. On a theorem of Kahane.
We assume (Maz). Let

X=X\, Y=(X €A
be two real valued measurable centered Gaussian processes. We set, for A, u € A,
ex (A p) = B[X\X,],  ey(A\p) = EY)Y,]
and we assume that cx and cy are continuous functions on A x A. The follow-

ing proposition is stated in [Ka] with the additional assumption that the convex
function v below is increasing.

PROPOSITION 3.2.  We assume:
VA peA  ex(\p) <ev(Ap).

Then, for any positive finite measure o on A and for any convex function ¢ on R,

E[z/){ /Aexp (XA - CX(;\’/\))a(d/\)H
< E{w{ /Aexp <yA - W)a(dA)H.

PROOF. We shall use again the smart path method. We set, for A € A and
t€[0,1],

G = \/EY)\ +vV1—tX,

where the processes X and Y are assumed to be independent. Then properties
(C1) and (I;) are satisfied for ¢ € [0, 1]. Therefore, by Theorem 3.1, the process

tey(AMA) + (1 —t)ex (A N)
//\exp(G)\yt 5 >(7(d)\)7 0<t<1

is a PCOC, which leads to the desired result. O
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4. PCOC’s and Gaussian sheets.

In this section, our aim is to associate, to certain process (Aga)nf > 0) as
defined in Subsection 3.1, a martingale having the same one-dimensional marginals
as this process. This will produce another proof that they are PCOC’s.

Our main tool is the construction of Gaussian sheets.

4.1. Gaussian sheets.

THEOREM 4.1.  Under (M), (C2) and (I3), there exists a measurable cen-
tered Gaussian process:

(F)\}t 3 )\ S A,t Z 0),
such that
V(A s), (u,t) € A X Ry ET, T, =cru(sAt). (11)
PrOOF. We first prove that
[(/\a S)v (:U7 t)] — C)x,u(s A t)

is a covariance on A x R,.

Let A1,..., A, € A and tq,...,t, € R;. We denote by u a bijection from
{1,2,...,n} onto {1,2,...,n} such that, setting s, = t,(,), we have:

81 < 82 < - < sy

We also set s = 0 and we denote by v the inverse of the bijection u. Condition
(I2) ensures the existence of matrices

DA () e §F 0 1<r<n
such that,

2 1

[D()‘l“'")‘”)('f'ﬂ = m (cAijk (Sr) — C)\j,)\k (Srfl))lgj,kgn

if 8,1 < s, and D(’\l""’A")(r) =0if s,_1 = s,. Let

By = (B},...,B}), t>0
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be a standard R"-valued Brownian motion, independent of Goo. We set, for
1<j5<n,

where

denote the entries of the matrix DX +An) (7). Then,

v(j)Av(k)
E(Z; Zk) = ca,n )+ ) (ex, e (80) = ex,an (50-1)) = x, a0 (Su()notn)-
r=1
Since
Su(j)rv(k) = Sv(j) N Su(k) = tj Nk,
we obtain

E[Z; Zk] = ex; 0, () Atr),

which ensures the covariance property.
From the preceding, there exists a centered Gaussian process:

(Fk,t ; A€ Aat > 0)7
such that

E[F)\,s Fu,t] = C,\,H(S AN t)

Moreover, hypotheses (M) and (Cs) easily entail that the Gaussian space gener-
ated by this process I' is separable. Therefore, by [N, Corollaire 3.8, p.44] (see
also, for instance, [J, Chapter VIII]), the process admits a measurable version. [J

In some particular cases, we can give more explicit constructions, without
assuming hypotheses (M), (C2).
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PROPOSITION 4.1.  Assume that there exists an increasing function ¢ on R
such that, for every \,p € A andt >0,

exu(t) = et)en,u(1),
i.e.: we may consider (G, A € A) as given by (\/o(t)Ga1, A € A).

Let (Gsn)7 n > 0) be a sequence of independent copies of Ge 1, and let (e,,n >
0) be a Hilbert basis of L?>(R.). We set

e »(t)
Lye= Z (/ en(s)ds) GE\").
0

n=0
Then,
(Tae: AEAE>0),

is a measurable centered Gaussian process such that (11) is satisfied.

PrOOF. Since the function ¢ is increasing, the result follows from Parseval’s
identity. d

PRrROPOSITION 4.2. Let g : A x Ry — R be a measurable function such
that, for every A € A, g(\,®) € L?>(R,). We suppose that

Gap = t/ g(\, s)dBg
0

where (Bs) is a standard Brownian motion. We denote by (Ws, ; s,t > 0) the
Brownian sheet and we set:

FA,t:/ 9N u)d Wy, 2.
0

Then,

(Tae; AEAT20),

is a measurable centered Gaussian process such that (11) is satisfied.

ProoF. The result follows from the equality:
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exu(tNs) = (tAs)? /OOO g\, u)g(p, u)du. O

PRrROPOSITION 4.3. Let h : A x Ry — R be a measurable function such
that, for every A € A, h(\, ) € L? (Ry). We suppose that

loc

t
Gy = / h(\, 5)dB,
0

where (Bs) is a standard Brownian motion. We set:
Iyt =Gxq.
Then,

(Tae s AEAL=0),

is a measurable centered Gaussian process such that (11) is satisfied.

The proof is straightforward.

The following proposition states the properties of I' which are essential in the
sequel.

PROPOSITION 4.4.  Let (x4 ; A€ At > 0) be a measurable centered Gaus-
sian process such that (11) holds. We set, fort >0,

G =0{Txrs; AEAN0<s <t}

Then,

1) For 0 < s <t, the process ('t — ' s, A € A) is independent of the o-field ¥;.
2) For anyt >0,

(d)

Fo,t = Go,t'

The proof is straightforward.

4.2. Application to PCOC’s.
PROPOSITION 4.5.  Assume there exists a measurable centered Gaussian pro-
cess:

(F)\,t 5 A€ Aat > 0)7
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such that (11) is satisfied. We set, fort >0,
G =0{Trs; NEA0<s<t}

Let 0 be a signed finite measure on A. We set, fort >0,

. 1
M7 = [ exp (T = Jern®))atan.
A
Then (Mt(g),t > 0) is a (4)-martingale and, for each t > 0,
N

In particular, (A\”) ¢ > 0) is a PCOC.

ProoF. This is a direct consequence of Proposition 4.4, using the following
consequence of (11):

VO <s <t VAEA, E[(Tx: —Txs)? = can(t) —exa(s). O

Theorem 4.1, Proposition 4.1, Proposition 4.2 and Proposition 4.3 give con-
ditions entailing the hypothesis of the above proposition. In particular, Theorem
4.1 and Proposition 4.5 yield another proof (with slightly different hypotheses) of
Theorem 3.1 under Condition (I3).
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