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Small subdivisions of simplicial complexes
with the metric topology

By Katsuro SAKAI

(Received Feb. 19, 2010)

Abstract. D. W. Henderson established the metric topology vertion of
J. H. C. Whitehead’s Theorem on small subdivisions of simplicial complexes.
However, his proof is valid only for locally finite-dimensional simplicial com-
plexes. In this note, we give a complete proof of Henderson’s Theorem for
arbitrary simplicial complexes.

1. Introduction.

For a simplicial complex K, the polyhedron | K| has two topologies, the White-
head (weak) topology and the metric topology. By | K|y and | K|, we denote | K|
with the Whitehead (weak) topology and the metric topology, respectively. Un-
less K is locally finite, |K|y, # |K|m as spaces. For a simplicial subdivision K’ of
K, |K'|w = |K|w but |[K'|y # |K|m as spaces. We call a simplicial subdivision
K’ of K an admissible subdivision if |K'|,, = |K|m as spaces.! The barycentric
subdivision Sd K of K is admissible. Recall that the star St(o, K) at o € K is
the subcomplex of K consisting of all faces of simplexes having o as a face. Let
S ={|St(v, K)| | v e KO}, where K© is the set of all vertices of K.

The following theorem is due to J. H. C. Whitehead [3], which is very impor-
tant because one can use this theorem to prove the paracompactness of | K]y, the
simplicial approximation theorem, etc.

THEOREM 1 (J. H. C. Whitehead). Let K be an arbitrary simplicial complez.

For any open cover % of |K |, there exists a simplicial subdivision K' of K such
that Sk refines U .

In [1, Lemma V.7], D. W. Henderson established the following metric topol-
ogy version of Whitehead’s Theorem above, which is a key lemma to prove basic
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ID. W. Henderson [1] called this a proper subdivision. In [2], the suitable word “admissible”
is adopted rather than “proper” because the metric defined by such a subdivision is admissible.
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theorems on non-separable infinite-dimensional manifolds.

THEOREM 2 (D. W. Henderson). Let K be an arbitrary simplicial complex.

For any open cover % of |K|m, there exists an admissible subdivision K' of K
such that Lk refines U .

Although his proof is valid for a locally finite-dimensional simplicial complex,
it is not valid in general. The problem is the existence of the integer n(s) for a
simplex s in the proof. The n-th barycentric subdivision Sd" K of K is inductively
defined by Sd" K = Sd(Sd" ! K), where Sd° K = K. As well known, when
dim K < oo,

dim K

meshpK Sdn K = z(dn’n}'{-’—l

n
) for each n € N,

where pg is the barycentric metric (the definition is given in Preliminaries). Hence,
if the star at a simplex s in the complex is finite-dimensional then such an n(s)
exists. However, when the star at s is infinite-dimensional, such an n(s) does not
exist even locally, that is, no matter how large n is, the size of simplexes of N, (s)
is not small anywhere in s. This follows from the proposition below:

PROPOSITION 3. Let K be a simplicial complex and x € |K|. Suppose that
the star of the carrier o0 € K of x contains an infinite full complex.? For each
n € N and e > 0, there are infinitely many vertices u; € (Sd" K)9 ie N, such
that pi(z,u;) > 2 — e and every finite set of u;’s, togather with the vertices of the
carrier of x in SA"™ K, spans a simplex of Sd™ K.

In this note, we shall show Proposition 3 and give a complete proof of Theorem
2 without local finite-dimensionality.

2. Preliminaries.

Our notations are different from the paper [1]. Here are notations fixed. For
a collection 47 of subsets of X and B C X, we use the following notations:

o |B={ANB|Ac ), o|Bl={Aco|ANB+0

and st(B, &) = UM[B]

2We call ¢ € K the carrier of x € |K]| if x is an interior point of o, that is, o € K is the
smallest simplex of K containing . A full complex is a simplicial complex such that any finite
subset of the vertices spans a simplex.
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Given a collection Z of subsets of X, o[ J %] is simply denoted by </[#]. When
A refines o7, that is, each B € £ is contained in some A € &7, we write # < .

The simplex spanned by vertices vg, vy, ..., v, is denoted by (vg,v1,...,vp,).
For simplexes o and 7, 0 < 7 (or o < 7) means that o is a face (or a proper face)
of 7. The boundary, the interior, the barycenter and the set of vertices of o are
denoted by 9o, o, & and o, respectively.

Let K be a simplicial complex. The n-skeleton of K is denoted by K™ that
is, K" = {0 € K | dimo < n}. By K(n), we denote the set of all n-simplexes in
K, that is, K(n) = K™ \ K"V For A C |K], let

N(A,K)={o € K|3r € K[A] such that ¢ <1},
CAK)=K\K[Al={ceK|onA=0} and
B(A,K) = N(A,K)NC(A,K).

In case A = |L| for a subcomplex L C K, we simply write N(L, K), C(L, K)
and B(L, K) instead of N(|L|, K), C(|L|, K) and B(|L|, K), respectively. Note
that N({v}, K) = St(v, K) for each v € K but N(o,K) 2 St(o, K) for each
o € K\ K© in general. For each simplex o € K, |[N(0,K)| = st(o, K) and
|St(0, K)| = st(0, K) = st(6, K).

There exist functions 85 : |[K| — I, v € K@, such that >, ) B (z) =1
and x =Y, o) BE (@)v for each z € | K|, where (85 (2)),cx© is the barycentric
coordinate of = € |K|. It should be noticed that every 3X is affine (linear) on each
o€ K and 5 (o) = 0if v ¢ 0(®). The barycentric metric px is defined as follows:

pr(zy) = > |BK(x) - B @)

ve K (0)

The metric topology for |K| is induced by this metric.
The open star Ok (v) at v € K©) is defined by

~1
O (v) = (85) 7 ((0,1]) = | St(v, K)| \ | Lk(v, K).
For each point « € |K|, we denote by cx (x) the carrier of x in K, that is, cx () €

K is the smallest simplex containing . Then, cx (z)(® = {v € K© | g5 (z) > 0}.
The open star at € | K| can be defined as follows:

Ok@)= |J o= () Ox).

cEK|[x] vEck (z)(0)
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For each 0 < r <1, we define
Ok(xz,r)=(1—=r)z+7r0k(x) = {(1 —rx+ry|y € OK(a:)},

which is an open neighborhood of z in | K|, contained in the open ball B, (x,2r)
with center z and radius 2r. Indeed, for each y € Ok (z),

pr((L=r)z+rye)= Y [B5((1L=r)z+ry) - B ()]

ve K (0)

= Y 1|85 (y) - BE(@)| = rpx(y.z) < 2r.

ve K (0)

For a vertex v € KO we have O (v,r) = (85)7*((1 — r,1]) = B, (v,2r). The
following fact is used in the proof of [1, Lemma V.5]:

LeMMA 4. {Og(z,r) | 0 < r < 1} is an open neighborhood basis at x in
[ -

For A C |K|, let 85 =3 cxnaBE : |K| — I. In case A is a simplex
ceK,o=(BE5)"1(1) and (BX)7((0,1]) = Upeq© Ok (v). The following will be
used in the proof of Theorem 2:

LEMMA 5. (BE)"H((1 —n1]) C {y € |K| | disty, (y,0) < 2r} for each
oceK.

PrOOF. For each y € (B5)~1((1 —r,1]), we have = € o defined by

K K
x = Z ZKEziv (i.e., K (z) = g}gzg for each v € U(O)).

Then, it follows that

pr(z,y) = D |8 (@) - 85 ()|

vEK(0)
=Y (BF@ -+ Y K
vET(0) veK (0\g(0)

=2(1-85(y)) <2r

Thus, we have dist,, (y,0) < 2r. O
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For a simplicial subdivision K’ of K, px < pg but the topology induced by
pk is different from the one induced by pg in general. A simplicial subdivision K’
of K is admissible if and only if pg+ is admissible for the space |K|y,. Admissible
subdivisions are characterized in [1, Lemma V.5] and [2, Theorem 2] as follows:

THEOREM 6. For a simplicial subdivision K’ of a simplicial complex K, the
following are equivalent:

(a) K’ is admissible;
(b) Ok (v) is open in |K |y for each v € K’(O);
(c) K'O) s discrete in |K|y,.

Let K be a simplicial complex and L a subcomplex of K. For each subdivision
K’ of K, L is subdivided by the subcomplex K'||L| = {r € K' | 7 C |L|}
of K’. In particular, every simplex ¢ € K is triangulated by the subcomplex
K'lo ={r € K' | 7 C o} of K'. The barycentric subdivision Sd; K of K relative
to L is defined as follows:

Sdp K =LU{{(61,...,6n) |01 <--<o0,€K\L}
U {(vl,...,vm,61,...,&n> | (v1,...,0m) € L,
o1 < <0, €K\L, (vi,...,vp) <01}
Then, L is a subcomplex of Sdy K and (Sdp K)||C(L, K)| = (Sd K)||C(L, K)|.
The n-th barycentric subdivision Sd} K of K relative to L is inductively defined
by Sd7 K = Sd(Sd} ' K), where Sd} K = K. Since (Sd; K)© < (Sd K)©,
the subdivision Sd;, K is also admissible by Theorem 6 above, hence so is every
Sd}? K.
3. Proofs of Proposition 3 and Theorem 2.

PROOF OF PROPOSITION 3. Let ¢(®© = {vg,v1,...,v}, that is, 0 =
(vg,v1,...,0g). By induction on n € N, we shall show the following:

(%)n for each € > 0, there are infinitely many vertices u; € (Sd" K)(©, i € N,
such that Z?:o ﬂf(uz) < ¢ and every finite set of w;’s, togather with the
vertices of the carrier of z in Sd" K, spans a simplex of Sd™ K.

Then, the result follows because



794 K. SAKAI

prc(mui) = > |85 (@) — B (w)]

veK(0)
k
> Z ( 5(9&) - ij(ui)) + Z B (us)
=0 vEK 0\ (0)
k
= 2(1 — Z@f(ui)) >2— 2.
j=0
To see (x)1, for each e > 0, choose m € N so that (k+1)/(k+m+2) <e. By
the assumption, there are simplexes 0 < 01 < g9 < --- with dimo; = k +m + 4.
Choose 1o < 71 < -+ < T, = 0 so that (7o, 71,...,7k,) € SA K is the carrier of z.
Then, 7o, 71,..., 7k, 01,---,0; span a simplex of Sd K for each | € N and

k k
1 k41
K(5,) = < :
jz::o b, (93) ;k+m+i+1_k+m+2<€

Now, we prove the implication (x), = (*)p+1. Let 09 = csan k(x) be the
carrier of z in SA" K. We have 79 < 71 < + -+ < T, = 09 such that (7o, 71,..., Ti)
is the carrier of z in SA""™ K. Then, ky < dimog < dimo = k. For each £ > 0,
choose m € IN so that

dimog + 1 <€
dimog+m+2 2

By (*)n, we have infinitely many vertices u; € (Sd" K)(®, i € N, such that
Z?:o 655 (u;) < €/2 and every finite set of w;’s, togather with the vertices of
09, spans a simplex of SA™ K. For each i € N, let o; € Sd" K be the simplex
spanned by the vertices of o¢ and wq,...,Ups;. Then, dimo; = dimog + m +
i. Thus, we have infinitely many vertices &; € (SA"™ K)©), i € N, such that
T0sT1s -+ Thy» 01, - - ., 07 Span a simplex of Sd" ™! K for each | € N. Since 0(()0) Co
and
1 l 1
o] = w Uy,
ol Z dimog+m+1+1 +;dimao+m+l+1 !

wEJSO)

it follows that



Small subdivisions of simplicial complexes with the metric topology 795

k 1 .

(0)

Ik
d11n00+m+l+1( Z Z "‘ZZ@{T(%))

50 j=0 i=1 5=0
90

1
<
dimog+m+1+1

le e ¢
i 1+ — —+ - ==c.
(d1m00—|— —|—2><2—1—2 €

This completes the proof. O

For simplexes 0,7 € K, when ¢(© U7 spans a simplex, such a simplex is
denoted by o7. Recall that a subcomplex L of a simplicial complex K is full (in
K) if each simplex o € K[L] meets |L| at a face, that is, N |L| is a face of 0. For
any subcomplex L of K, Sd L is a full subcomplex of Sd K.

LEMMA 7. Let K be a simplicial complex and L a finite-dimensional full sub-
complex of K. Every simplicial subdivision B' of B(L, K) extends to a simplicial
subdivision N' of N(L, K) such that LU B’ C N’ and N'(©) = L(® y B'(©),

ProOF. Foreacht € B, cx(7) € B(L, K) and Lk(ck (7), K)NL # (), where
¢k (7) is the carrier of the barycenter of 7 in K. For each o € Lk(ck(7),K)N L,
we have o7 C ocg (7) € K. Then, we define

N' =LUB' U{or |0 €Lk(ck(7),K)NL, 7€ B'}.

Obviously, N’(©) = Ly B'©®), For each = € [N(L, K)| \ |L U B'|, since L is full
in K, we have 0 = cx(x) N|L| € L. Let o’ be the opposite face of ¢k (x) from o.
Then, o/ € B(L, K). Since B’ is a subdivision of B(L, K), we have 7 € B’ such
that cx(7) = ¢’ and = € or. Thus, N’ is a subdivision of N (L, K). O

PROOF OF THEOREM 2. First of all, note that if a subdivision K’ of K re-
fines % then Sk refines st % = {st(U, %) | U € %}. Since every open cover
of |K|;, has the open star-refinement, it suffices to construct an admissible sub-
division K’ of K which refines 7. We shall inductively construct admissible
subdivisions K, of K, n > 0, so as to satisfy the following conditions:

(1) K, is a subdivision of K,,_1;

(2) Kl KD = K, o [[K);
(3) Kn[K™)] refines ?/

4) [C(K™=V, K )l—IC(K(" YKy,
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equivalently [N (K™~ 1 K,)| = |N(K"V K, 1),

where K_; = SdK and KV = (. Then, (2) guarantees that K' =
Unen Enl|[K™)] is a simplicial subdivision of K, where one should note that
Ko||[K©| = KO ¢ K,||[K®|. By (3), K’ refines %. Since each K, is admissi-
ble, K'O||K™| = K| K™ is discrete in |K|y by (2). Since |C(K™,K")| c
|C(K™, K,)| by (2) and (4), C(K™, K')(®) has no accumulation points in |K(|.
Then, it follows that K'(®) is discrete in |K |y, which means that K’ is an admis-
sible subdivision of K by Theorem 6.

For cach vertex v € K choose 1/2 < t, < 1 so that (859 K)=1([t,, 1]) is
contained in some U, € % (Lemma 5 or 4). Dividing each o € (Sd* K)[v] \ {v}
into two cells by (85" K)=1(t,), we have a cell complex L subdividing Sd? K, that
is,

L=K9uco(K® sd? K)
U{on (85T K)1(t,), o n (B3 5) 1[0, 1)),
o N (BT K Y([t,, 1)) | o € (Sd® K)[o] \ {v}, v e KO},

Then, L(© is discrete in | K|p,. Indeed, L(®) consists of the vertices (Sd* K)® and
the points

Vo = (1 —ty)w+tyw, veK® welk(,Sd*K)®,
Since Sd* K is an admissible subdivision of K, (Sd* K)©® is discrete in |K|p.
On the other hand, {(359°5)=1(t,) | v € KO} is discrete in |K|m,. Then, it
suffices to see that {v, | w € Lk(v,Sd? K)©} is discrete in (359" K)=1(¢,) for

each v € K. Note that the metric pgq x is admissible for |K|,. For each
w,w' € Lk(v,Sd* K)©),

psa? 1 (Vws vr) = B35 K (0) + B35 K (v,0) = 2(1 — 1,).
Now, let Ky be a simplicial subdivision of L with Kéo) = L), Since K(()O) =
L) is discrete in |K|m, Ko is an admissible subdivision of K by Theorem 6.
Observe that

|St(v, Ko)| = (857%) " ([t, 1)) C U, for v e K.

Then, Ky satisfies (3).
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B, = B(r",C(K"),Ky)) N(r*, C(K"), Ky))

Figure 1. The subdivision Ky of Sd? K.

Assume that K,,_; has been obtained. For each n-simplex 7 € K, we define
T™T=7N |C(K("_1),Kn,1)|.

Note that K,_1|7* is a triangulation of 7*. We can choose n(7) € N so that
SA") (K 1| ) < % 2 Let

B, = B(r*,C(K™ VY K,_1)) and

N, = Sdp" N (7%, (K™Y K, _4)).

Then, N, is an admissible subdivision of N(7*,C(K™~Y K, 1)), hence |N, |y, is
a subspace of |K,_1|m = |K|m. Moreover,

N |75 =Sd"" (K, | ) <%,
hence each o € N;|r* is contained in some U, € %. By Lemma 5,
(BY-)71([t,1]) C U, for some 1/2 < t < 1. Since N,|r* is finite, we can find

1/2 < t, < 1 such that

{7t 1) [oe N | 77} < %.

3In general, n(r) cannot be chosen so that Sd™(") (N (r, K,,_1) N C(87, Kn_1)) < % (Propo-
sition 3).
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For each 0 € N,[r*]\ N,|7*, we have ¢ N 7* € N |7* and BN .|o = g0
Dividing each ¢ € N,.[7*] \ N,|7* into two cells by (627)~'(t;), we have a cell
complex L. subdividing N, that is,

Ly = No|[r* U C(r*,No) U {o N (B27) " (tr), o N (B77)H([0,t:]),
aN(B) ([t 1)) | o € Ne [T ]\ N, [ 74}

*

Then, L is discrete in |N:|m, so in |K|y. Indeed, L9 consists of N{” and the
points

(1 -t )w+tw, ve NOIT*  weLk(v, N,) O\ 7%,
where N'” is discrete in |N;|m- As is easily observed, we have
dist,, (N, (BY)72(t,)) > min{2t, 2(1 —¢,)}.

For each v,v' € N£0)|T*, w € Lk(v, N;) O\ 7% and w’ € Lk(v/, N )OO\ 7%, if v # o'
or w # w' then

pn, (1= t-)w+trv, (1 —t)w' +t0") > min{2¢,, 2(1 —t,)}.

N(r*, C(K©, Ky))

Sd" ) (K| )

N(K((Jo)v KO)

C(K), Ky)

Figure 2. The subdivision N; of N(7, Ko).

Now, for each 7 € K(n), let K be a simplicial subdivision of L, with K9 =

L(TO) . Observe
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B, =K.NC(K™ K, ;) and |B;| = |K,|n|C(K™ K, )|
Then, the following is a simplicial complex subdividing C(K "1 K, _;):

C'=CE™M K, )u |J K.
TEK(n)

By Lemma 7, we have a simplicial subsdivision N’ of N(K ™Y K, ;) such that

N'||IB(K™VY K, )| =C'||B(K" Y, K,_1)| and

N'© = N(E® K, )Y uB©O.
Then, K,, = C' U B’ is a simplicial subdivision of K,,_; such that

IN(KC"Y K, q)| = [N(K"™V, K,)

)

that is, K, satisfies the conditions (1) and (4). Note that

KO = N (D, 5 ) v k)oK
TeK(n)
ZKy(lO—)lu U NT(O)’
TeK(n)

which is discrete in |K|y,. This means that K, is an admissible subdivision of K
by Theorem 6. By our construction, we have K, ||[K"™~ V| = K,_||K"~1)|, that
is, K, satisfies (2). Moreover, K,[K(™] < % because

K K™V < K, ([K" Y] <% and

K, [KMN\ K K" Ve () No=<%.
TEK(n)

Thus, K, satisfies (3). The proof is completed. O
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