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Abstract. We generalize the notion of modular forms mod p to the
case of Hermitian modular forms. Moreover we determine the structure of
the algebra of degree 2 Hermitian modular forms mod p in the cases that the

corresponding quadratic field is Q(v/—1) and Q(v/—3).

1. Introduction.

The theory of modular forms mod p was initially developed by H. P. F.
Swinnerton-Dyer [12]. Since then the theory has developed into one of the essen-
tial tools for studying p-adic and mod p properties of modular forms; for example,
it played an essential role when J.-P. Serre defined the notion of p-adic modular
forms [11]. Consequently, generalization has been attempted by several people.
N. M. Katz developed the theory from the viewpoint of algebraic geometry [7].
The generalization to the case of modular forms of several variables has been stud-
ied by the second author. He determined the structure of the algebra of Siegel
modular forms mod p in the case of degree two (cf. [9]).

In this paper, we generalize the notion of modular forms mod p to the case
of Hermitian modular forms and determine the structure of the algebra of Hermi-
tian modular forms mod p in the cases of degree two over Q(v/—1) and Q(v/—3)
(Theorem 5.2, Theorem 6.2).

As in the case of Siegel modular forms, the main points of the proof are as
follows:

(1) Construction of generators over Z(,, (Theorem 5.1, Theorem 6.1).
(2) Construction of a Hermitian modular form F,_; of weight p — 1 satisfying

Fp,_1=1 (mod p).

(Proposition 5.1, Proposition 6.1).
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(3) Determination of the Krull dimension of the algebras.

Our results depend strongly on the structure theorem for the graded ring of
Hermitian modular forms obtained by T. Dern and A. Krieg [4].

2. Hermitian modular forms.

2.1. Definition and notation.
The Hermitian upper half-space of degree n is defined by

H, = {Z € M,(C) | %(z —7) > o}

where *Z is the transposed complex conjugate of Z. The space H,, contains the
Siegel upper half-space of degree n

S, = H, N Sym,(C).

Let K be an imaginary quadratic number field with discriminant dg and ring
of integers Ok . The Hermitian modular group

acts on H,, by fractional transformation

AB

H,>Z7Zvw+— M(Z):=(AZ+B)(CZ+D)™', M= <CD

> € U,(Ok).

The subgroup SU,(Ok) := U,(Ok) N SLy,(K) coincides with the full group
U,.(Ok) unless dg = —3 or —4.

Let I' C U,(Ok) be a subgroup of finite index and vy (k € Z) an abelian
character of T satisfying vy - v = vgrr. We denote by My (T, vi) the space of
Hermitian modular forms of weight k and character v with respect to I'. Namely,
it consists of holomorphic functions F' : H,, — C satisfying

F |y M(Z):=det(CZ + D)""F(M(Z)) = vx(M) - F(Z),

for all M = (ég) el.
The subspace Sk (T, vy) of cusp forms is characterized by the condition
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=
(I><F & (([)] 8)) =0 forallU e GL,(K)

where @ is the Siegel ®-operator. A modular form F € My(T,vy) is called
symmetric (resp. skew-symmetric) if

F('Z)=F(Z) (resp. F(*Z) = —F(2)).

We denote by My, (T, v)5¥™ (resp. M(T,vy)**¢¥) the subspace consisting of
symmetric (resp. skew-symmetric) modular forms. Moreover

Sk(F, l/k)Sym = Mk(F, I/k)Sym N Sk(l“, l/k),

Sk(l“, l/k)Skew = Mk(F7 Vk)Skew n Sk(F, Vk).

2.2. Fourier expansion.
If F e My (T, vy,) satisfies the condition

F(Z+ B)=F(Z) forall Be€ Her,(Ck),
then F' has a Fourier expansion of the form

F(Z)y= > ap(H)exp2nitr(HZ)]
0<HEA, (K)

where
An(K) = {H = (hkj) c Hern(K) ‘ hir € Z, RV thkj S ﬁK}

Put w := (dx + v/di)/2 and define the matrices Z = (21;) and Z = () by

Then the above F can be considered as a function of the n(n — 1)/2 complex
variables Zi; (k < j) in Z and of the n(n + 1)/2 complex variables Z,; (k < j) in
Z. Moreover, F' has period 1 for each of these variables. If we define

Gk = exp(2mizy;) (k <j), Grj = exp(2mizy;) (k < j)
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then
F= Zap ) exp[2mitr(H Z)] Zap

may be considered as an element of the formal power series ring

Cldii' i (k < )]ldar, -+ s dnnl-
Let R be a subring of C'. We define
M (Un(Ok),vi)R
_ {F =" ap(H)q" € My(Ua(Ox),v1) | ap(H) € R for all H € An(K)}
and
My(Un(Ok),vi) 5™ = Mr(Un(Ok), vi)r N Mi(Un(OK ), vi)*Y™.

So we may consider the inclusion:
My (Un(OK),vi)r C R[d i (k < )]ldans - - dnnl.-

We fix a prime number p. For F = Y ap(H)¢" € My (Un(OKk),vi)q, we
define v, (F') € Z by

vp(F) := HeiAIif(K) ord,(ap(H)). (2.1)

It should be noted that the value v, (F) is finite.
Let Z(,) denote the local ring at p, namely, Z,) := Q@ N Z,. The following
lemma will be needed in later sections.

LEMMA 2.1. [fF S Mk(Un(ﬁK),I/k)gm and G € Mk/(Un(ﬁK),I/k/)gm
satisfy

FG e M]H_k/(Un(ﬁK), l/k_;,_k/)szy(: and ’UP(G) = O,

then

F € My(Un(Ox), vi) 3"
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PROOF. The lemma is an easy consequence of the identity
0p(FG) = v,(F) + 0,(G). 0

2.3. Hermitian modular forms mod p.
Let Z(,) be as in the previous section. For any element F' = Y ar(H)g" €
M (U, (OKk), Vk)z(p), consider the reduction mod p of F":

Fi=Yap(t)q"

—_~—

where ap(H) denotes the reduction mod p of ar(H) € Z(,). Therefore we may

regard F as follows:
FeF it qt (k< 5)]ldn,- . dun] = Flql.

We define subspaces of Fy[q]:

My (Un(Orc) )y = {F =3 ar(H)" | F € My(Un(01), 1)z}

My(Un(0x), )™ = {F =Y ap(H)g" | F € My(Un(0x), )30 }.

The subalgebra

M(Un(Ok),v)p = Mp(Un(Ok), 1), C F gl
keZ

is called the algebra of Hermitian modular forms mod p.

REMARK. Later we treat the case where vj, = det®/? or det® (cf. (2.2)). We
write the sum ), ., My (Un(Ok), vk)p by M(U,(Ok),v), symbolically.

Similarly we can define subalgebras

M(Un(Ok),v)30™ = > My(Un(Oxc),vi)5™,
keZ

MU (O),v)rm™ =3 Myp(Un(Ok), o) 3™
ke2Z

The main purpose of this paper is to determine the structure of the algebra
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MO Uy(0k), )™ = Y M(Ua(Ok), 1) 30"
ke2Z

for K = Q(v/—1) and Q(v/—3) where

{detk/2 for K = Q(v/—1),
—
’ det?  for K = Q(v/=3).

3. Siegel modular forms.

In this section we introduce some results concerning Siegel modular forms

which are needed in later sections.

3.1. Definition and notation.

Let M (T',,) denote the space of Siegel modular forms of weight k& (€ Z) for
the Siegel modular group T, := Sp,(Z) and Si(T,,) the subspace of cusp forms.
Any Siegel modular form F(Z) in My (I',,) has a Fourier expansion of the form

F(Z)= Y ap(T)exp2ritr(TZ)],
0<TEA,

where
A, = Sym:l(Z) = {T = (tkj) € Symn(Q) | trk, thj S Z}
(the lattice in Sym, (R) of half-integral, symmetric matrices).
Taking qi; := exp(2mizy;) with Z = (z;) € H,,, we write
n
) 2r;
q" = exp2mitr(TZ)] = H qkj“ H qli’jj.
1<k<j<n k=1
Using this notation, we obtain the generalized g-expansion:

F= Y ar(M)d" =) (ZGF(T) II qiﬁ) lﬁ%ik

0<TEA,, t; try k<j
€ C[qk*]l’ ng} IIQIla S 7an]]

For any subring R C C, we adopt the notation,
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My (T,)p = {F= S ar (D) | ar(T) € R(VTeAn>}7

TeA,

Sk(Fn)R = Mk(Fn) n Sk(l—‘n)

Any element F' € My (T',,)g can be regarded as an element of

R[qI:j17qkj] qulv B QTmH-

3.2. Siegel modular forms of degree 2.
In this subsection we consider the case of degree 2. A typical example of a
Siegel modular form is the Siegel-Eisenstein series

Gi(Z):= >  det(CZ+D)*, ZeS,

M=(&5)

where k > 3 is even and M = (& [, ) runs over a set of representatives { (§ &) }\I.
It is known that Gy € M(T'2)q

We set
43867
X0 = T910.35.52.7.53 (G1o = GaGo),
691 - 1847 441 250 3-1)
.__ e
X12:= =50 35 <(;12 69191~ Go1 )

Then we have X, € S(I'2)z (k= 10,12) and

14 11
2 2

ax,, <1 ) = ax,, <1 > =1.
3 1 3 1

THEOREM 3.1 (Igusa [6]). The graded ring

M©(Ty) : {{9 M;(Ty)
ke2Z

is generated by four modular forms

G4, Gs, X10, X12,
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which are algebraically independent. Namely,
M(e) (FQ) = C[G47 Gﬁ; XlO; X12]-

3.3. Siegel modular forms mod p.
For any Siegel modular form

F = ZGF(T)(]T S Mk(rn)z(p),

there exists a formal power series correspondence,

ﬁ = ZGF(T)C]T € F;D l:qki]laqkj:l [[qllu .. '7qn’n]]7

—_~—

where ap(T) denotes the reduction modulo p of ap(T). We define

My(Ta)y = {F = Y ar(T)q" | F € Mi(Th)z,, }
C Fp I:q];j17 Qk]} quh R an]]

The algebra

M(Ty)p =Y Mi(Ty), (resp. M@(T,), = > My(T,

keZ ke2Z

)

is called the algebra of Siegel modular forms modp (resp. the algebra of Siegel

modular forms modp of even weight).

The structure of M(Fl)p was determined by H. P. F. Swinnerton-Dyer [12].
Moreover the structure of M (I's), was studied by the second author [9]. Here we

introduce the structure theorem of M(®) ('), for the cases p > 5.

PROPOSITION 3.1.  Assume that p > 5. If F' € My(T'2)z,, (k: even), then
there exists a unique polynomial P(x1,%2,23,%4) € Zp |21, T2, 73, T4] such that

F = P(G4,Gs, X10, X12)

where Gy, (k = 4,6) is the Siegel-Eisenstein series and Xy, (k = 10,12) is the cusp

form defined in (3.1).
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PROPOSITION 3.2.  Assume that p > 5. There exists a Siegel modular form
F,_1 € Mp,l(I‘g)Z(p) such that

F,_1=1 (mod p)

where the congruence is defined Fourier coefficient-wise.

REMARK. The existence of such a modular form of general degree was stud-
ied by Bocherer and the second author [1].

THEOREM 3.2 ([9]). Assume that p > 5. Then we have
M)(T'5) = w1, 22, w3, 4] /(A = 1)

where (g— 1) is the principal ideal generated by A—1and A€ Zp [x1, 22,23, T4
is defined by

F,—1 = A(Gy4, Gg, X10, X12).
REMARK. There are many possibilities for the choice of Fj,_;; however, the
polynomial A € Fy[x1, %2, x3, 4] is uniquely determined by p.

4. Hermitian modular forms of degree 2.

4.1. Eisenstein series and cusp forms.
In this section, we deal with Hermitian modular forms of degree 2.
We consider the Hermitian Eisenstein series of degree 2

Ep(Z):= Y (detM)¥?det(CZ+ D)™, Ze Hy,
w=(¢p)
where k > 4 is even and M = (¢ /) runs over a set of representatives of

{(5 I)}\Uz(ﬁx). Then we have

sym

E), € My (Us(Oxc), det™/?)

Moreover E; € My(Uy(Ok),det ™)%™ is constructed by the Maass lift ([10]).
In the case that the class number of K is one, the Fourier coefficient of Ej, is
given as follows:
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THEOREM 4.1 (Krieg [10], Dern [2], [3]). Assume that the class number of
K is one. The Fourier coefficient ag, (H) of Ey is given as follows.

g, (H)
Ak(k — 1) k1 || det(H) B
Br Bh1n Do<aen &Gk -2, — 2 if rank(H) = 2,
= 2k '
_Bfkokq(E(H)) if rank(H) = 1,
1 if H=0,

where

B, is the m-th Bernoulli number,

By 18 the m-th generalized Bernoulli number associated with the Kronecker
character xx = (dTK),

e(H):=max{l € N |I7'H € Ay(K)},
and

1

GK(m,N) = m(dm%}(

(N) = 0 (),
(4.1)
Tmox(N) =Y xx(d)d™, o} ((N)= Y xx(N/d)d"

0<d|N 0<d|N

In the case that the class number of K is 1, we can construct cusp forms by
using Hermitian Eisenstein series (cf. [4, Corollary 2]).

PROPOSITION 4.1.  Assume that the class number of K is 1. Then there are
symmetric cusp forms

fr0 := Ero — EaEg € S10(Us(Ok), det™°)*¥™,
441 5 250 4.2)

fi2 = E12 — @EZ - @Eé € S12(U2(0k), 1)%™.

4.2. The graded ring over Q(1/—1).
In this section, we deal with the case K = Q(1/—1). The following result is
due to Dern and Krieg.

THEOREM 4.2 (Dern-Krieg [4]). Let K = Q(v/—1).

(1) There exists a skew-symmetric Hermitian modular form ¢4 €
S (Us(Ok ), xx¢ det)**e® such that
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(;54 |52 =0.
(2) The graded ring

P Mi(Us(0k ), det*/?)svm
ke2Z

is generated by

Ey, Eg, ¢3, E1o and E1»

which are algebraically independent.

REMARK. The form ¢4 is constructed by the Borcherds product. Namely,
it has an infinite product expression and the divisor can be specified exactly.

For later purposes, we replace some of the above generators by modular forms

with integral Fourier coefficients.

4.2.1. Form of weight 4 over Q(+/—1).
LEMMA 4.1.

sym

(1) Ey € My(Us(Ok),det®)3y™.

(2) Ey|s,= G4 where Gy is the Siegel-Eisenstein series of weight 4.
PROOF.

(1) If rank(H) = 2,

Ak(k—1)  4-4-3

= = -960 € Z.
By - Br_1xx Bai-B3y_,

Hence we have

ag,(H) € Z if rank(H) = 2.
If rank(H) = 1, then ag, (H) = 24003(c(H)). These facts imply integrality:
FE, € M4(U2(ﬁK),det72)?m = M4(U2(ﬁK),det2)?m.

(2) Noting that Ey |s,€ My(T'3) and dim My(T'2) = 1, we have E4 |s,= G4. O
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4.2.2. Form of weight 6 over Q(/—1).
LEMMA 4.2.

(1) E6 (S Me(UQ(ﬁK),detg)?m.
(2) FEs |s,= Gg where Gg is the Siegel-Eisenstein series of weight 6.

PROOF.
(1) If rank(H) = 2,

4-6-5

E ()

ap,(H) = Gk (4, =

-B
SXK 0<d|e(H)

2016 . Adet(H
-2y dGK<4,d2()), (cf. (4.1)).
0<d|e(H)

Noting that 4det(H) # 1 (mod 4) and Fermat’s congruence, we obtain

(154 o )

This implies ag,(H) € Z if rank(H) = 2. In the case that rank(H) = 1, we
have

These statements imply that ag,(H) € Z. Namely, we have
FEg € M(;(UQ(ﬁK), deti'?’)?m = MG(UQ(ﬁK),detg)SZym.

(2) The proof is similar to the case of weight 4. O
4.2.3. Form of weight 8 over Q(+/—1).
LEMMA 4.3.  We define

X8 ‘= (rbzzl,

where ¢4 is the skew-symmetric Hermitian modular form given in Theorem 4.2.
Then we have the following results:

(1) xs € Ss(Us(Ox), 1)Y™.
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(2) aXS((l_li)/2 (1+1i)/2) =1, namely vp(xs) =0 (cf. (2.1)).
(3) X8 |S2E 0.
(4) s = —(61/(210 82 - 52))(By — F2) = —(61/230400) (Hs — %),

PROOF. The facts (1) and (2) are consequences of [4, Corollary 4]. Namely,
they come from the fact that ¢4 is constructed by the Borcherds product. Here
we give another proof.

Let My(T'o(4),x" ) be the space of modular forms of weight k¥ on the con-
gruence subgroup I'o(4) C SLy(Z) with character x*,. We define the subspace

ME(F0(4)’X]34) by

Mlj (FO (4)a X}i4)

= {1 =3 arma € MuTo(@).x50) L ag(m) = 0, if x_a(n) = 1}.

This is an analogue of Kohnen’s plus space (cf. [10, p.670]). Krieg constructed
an isomorphism

Q: M,(Ux(0x), 1) — Mi_1(To(4),x"3") (4.3)

(cf. [10, p.676, Theorem]), where #(Uz(Ck),1) C My(U2(OK),1)%¥™ is the
Hermitian Maass space defined in [10, p.667]. Moreover, F' € .#;,(U2(0k),1) is
a cusp form if and only if Q(F') is a cusp form.

We know that

_1+2Zq and Fy(z) := Z o1(n)q"

n>1
n:odd

are generators of the graded ring

D Mi(To(4), x> ).

kez

If we set
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then h7 € S3(T'o(4), x—4) (the space of cusp forms). We see that
xs € Ss(U2(OKk),1)%™

and, moreover

xs) = —hr (ch (43))

From this, we obtain

1 4det(H)

_ 7

a.(H)= > d 4det(H) C”( 2 )
0<d|e(H) 1 + X—-4 T

We must show the integrality of xs. We shall prove

! a7<4det(H)) cZ. (4.4)

4ddet(H d?
t (55

To prove this, we note the g-expansion of F»(z). We see that
h; = F§ (mod 2Z[q]).

This means that, if az(n) is odd, then n must be even. This implies (4.4) and
proves (1). Since a7(2) = 1, we have (2). The fact (3) comes from ¢4 |g,= 0. The
identity (4) is obtained by calculations of the Fourier coefficients of Eg and E7. [

4.2.4. Form of weight 10 over Q(1/—1).
LEMMA 4.4.  We define

277 277

Flo=m———"'  fo=——""_
10 59 33 52 7110 2419200

(Ero — E4FEs),

where f1g is the cusp form of weight 10 defined in (4.2). Then we have the following
results:

(1) Fio € S10(U2(OK ), det®) 3™,

(2) Fio |s,= 6X10, where X19 € S10(T2) is Igusa’s cusp form of weight 10 defined
in (3.1).
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Proor. We set

ho(2) := 0™ (2)F3(z) — 120°%(2) F3(2) — 64602 (2) Fy (2)
= Zag(n)q” € Mg(Lo(4), x-4)-
n=1
If we consider Krieg’s isomorphism 2 (cf. (4.3)), then we have

Fig € Slo(UQ(ﬁK), det5)sym

and

From this, we have

1 4 det(H)

—_ 9

aro(H)= > d 4det(H) a9< 2 >'
0<d‘€(H) 1 + ‘X_4 <d2>

By the similar argument to that of Lemma 4.3, we can prove the integrality of
Fip. This proves (1). The Siegel modular form Fig |g, is a cusp form of weight
10. Since dim S19(I'2) =1, Fig |s, is a constant multiple of X;o. If we note that

1 1 1 1= 1 1 1 ik
2 2 2 2
aF10\s (1 )ZaFlo (1 '3 >+aF10 (1 +CLF10 1—1
2 1 g1 3 1 - 1
=14+4+1=6,
we have
Fio |s,= 6X10. O

4.2.5. Form of weight 12 over Q(+/—1).
LEMMA 4.5.  We define

F12 =

19691 - 2659 f +29~34.52~72~6791
211 .37 .53 . 7273 \ /12 19 - 691 - 2659 4X8
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34910011 34801 414251
1271009152000 * " 9082368000

2002662144000
50521 )
8010648576~ 6’

EyFs

where f1o is the cusp form of weight 12 defined in (4.2). Then we have the following
results:

(1) Fis € Slz(UQ(ﬁK), I)E”n

(2) Fi2 |s,= X12, where X132 € S12(T'2) is Iqusa’s cusp form of weight 12 defined
in (3.1).
ProOOF. We set

hi1(2) := 20" (2)F3(2) — 320%(2) Fy (2)
= an(n)g" € My (To(4), x-4).
If we consider Krieg’s isomorphism 2 (cf. (4.3), then we have

Fis € SlQ(UZ(ﬁK)v 1)sym

and

ar,(H) = > $11+‘X_4(zdmiﬂﬁ) au<4d3£H))'

0<d|e(H) =

This implies (1). The Siegel modular form Fis |g, is a cusp form of weight 12.
Since dim S12(T'2) = 1, Fi2 |s, is a constant multiple of X;5. If we note that

(1 2) o T) e Lo
AFys|s 1 = AFy, 144 +ar, 1 +tar, 14
“\2 ! E 2 1 = 1
=0+1+0=1,
we obtain
Fis |s,= Xi2. O

Summarizing these results, we obtain the following theorem.
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THEOREM 4.3. Let K = Q(v/-1).

The graded ring

@ Mk(U2(ﬁK)7detk/2)sym
ke2Z

is generated by

Ey, Egs, xs, Fio and i

which are algebraically independent. Moreover, all of these forms have integral
Fourier coefficients.

E4|s,= G4, FEs|s,=Gs, x8ls5,=0, Fio|s,=6X10, Fi2|s,= X2,
where Gy, is the Siegel-FEisenstein series and Xy is Igusa’s cusp form defined
in (3.1).

4.3. The graded ring over Q(+/—3).
In this section, we deal with the case K = Q(1/—3). The following result is
to Dern and Krieg.

THEOREM 4.4 (Dern-Krieg [4]). Let K = Q(v/—3).

There ezists a skew-symmetric Hermitian modular form ¢g €
So(Us(Ok), 1)%k¢ such that

(bg |52£ 0

The graded ring

@ Mk(Ug(ﬁK), detk)Sym
ke2Z

is generated by
E4, EG, Em Elg and ¢g
which are algebraically independent.

REMARK. The form ¢g is constructed by the Borcherds product.

As in the case that Q(v/—1), we replace some of the generators.
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4.3.1. Form of weight 4 over Q(+/—3).

LEMMA 4.6.
(1) Ey € My(Uz(Ok),deth) ™.
(2) Ey |5‘2: Gy.

PROOF.

(1) In this case, we have

Ak(k—1)  4-4-3

= =-2160 € Z.
By -Brp—1,xx Bi-Bs

sX—3

Hence, by Theorem 4.1, we have
ag,(H) € Z ifrank(H) = 2.
If rank(H) = 1, then ap, (H) = 24005(¢(H)). These facts imply
Ey € My(Uz(Ok),det ™)™ = My(Uz(Ok ), det*) ™.

A direct calculation shows (2).

4.3.2. Form of weight 6 over Q(1/—3).
LEMMA 4.7.

(1) Es € Mg(Uz(Ok),det®) ™.
(2) EG |S2: G6'

ProoOF.
(1) If k = 6, then

Ak(k—1)  4-6-5

= = —1512 € Z.
By - Bi—1xx  Bo-Bsyx_,

Hence, by the similar argument to the weight 4 case, we have
Es € Mg(Us(Ok),det ™) Y™ = Mg (Ua(Ok), det®) ™.

We have (2) by a direct calculation.

4.3.3. Form of weight 10 over Q(+/—3).
LEMMA 4.8.  We define
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809 809

Flom ————  flo=———"(E1o— E,Es).

10 553552 7110 21772800( 10 = EuFs)

Then we have

(1) Fip € S10(Ua2(Ok),det™*)F™.
(2) Fio |52: 2X1p.

PROOF.

(1) We give an explicit formula for the Fourier coefficient of Fyo. Note that

Ei(2):=1 +6Z ( Z x_3(d)>q" € M1(To(3), x-3)

=1 0<d|n

and

Bs(2) = i (% a3 )ar e Matrof@ )

0<d|n

generate the graded ring

@ M, (To(3),x"5).

keZ

If we set

ho(2) == E}(2)A}(2) — 27A}(2) = Y ag(n)q",

then hg € Mg (T'0(3),x—3) (the Kohnen plus-subspace), where
M;: (To(3), x—3)
= {F =Y ar(n)g" € Mu(To(3), x-3) | as(n) = 0, if x_a(n) = 1}.
If we consider Krieg’s isomorphism (cf. (4.3)), then we have

F10 S SlO(UQ(ﬁK), deth)sym

and
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aFlO(H) = Z dg 2

3det(H)
0<dle(H) 1 —+ X-3 T

A similar calculation in Lemma 4.4 shows (2).
4.3.4. Form of weight 12 over Q(+/—3).
LEMMA 4.9. We define
py o 09LI84T 12767
2T o1 g6 58 72712 T T 36578304000 \
Then we have

(1) Fis € 512(U2<ﬁK)a 1)8Zym'
(2) F12 ‘5‘2: 2X12-

PROOF.
(1) If we define

ag(SchQ(H))_

M1y 250
6914 691 ¢

hii(2) := B} (2)A3(2) — 2TEF(2)A}(2) = Y an(n)q™,

then
hi1 € Ml*l (Fo(?)), X_3).
If we consider Krieg’s isomorphism, then

Fio € S12(Ua(0OK),1)%Y™

and

ap,(H) = > d 2 a11<3det(H)>.

3det(H)
0<d|e(H) 1 + X-3 T

Hence we get (1).

A similar calculation in Lemma 4.5 shows (2).
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4.3.5. Form of weight 18 over Q(+/—3).
LEMMA 4.10. We define

X18 = Q%-

Then we have the following results:

(1) x18 € S1e(U2(O0k),1)F™.

(2) ayyq (212/\/5 2i/2\/§> = 1, namely vy(x18) = 0 (cf. (2.1)).

(3) xisls,=0.
PROOF. The facts (1) and (2) come from [4, Corollary 3]. The fact (3) is a
consequence of ¢g |s,= 0. O

From these results, we have the following theorem.

THEOREM 4.5. Let K = Q(v/-3).
(1) The graded ring

@ Mk;(UQ(ﬁK), detk)sym
ke2Z

is generated by

Ey, Eg, Fio, 12 and x18

which are algebraically independent. Moreover all of these forms have integral
Fourier coefficients.

(2) Eils,=Ga, Egls,=Ges, Fiols,=2X10, Fi2s,=2X12, x18(5,=0
where Gy, is the Siegel-Fisenstein series and Xy, is Igusa’s cusp form given in
(3.1).

5. Main theorem for the case of K = Q(v/—1).

Throughout this section we assume that K = Q(v/—1) and determine the
structure of the Hermitian modular forms mod p. To do this, we begin with some
results in the first two subsections.
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5.1. Graded ring over Z, for Q(+/—1).

In this subsection, we determine the structure of the graded ring of Hermitian
modular forms with p-integral Fourier coefficients in the case K = Q(v/—1).

We shall show the following.

THEOREM b5.1. Let K = Q(v/-1). Assume that p > 5. If F €
Mk(Ug(ﬁK>,V}g);y(Z (k : even), then there exists a polynomial P(x1,xa,x3,
T4,25) € Z(p)[r1, T2, T3, 4, T5] such that

F = P(Ey, Eg, X3, F10, F12),

in other words,

D M(Ua(Ok), i) 3" = Zy)[Eas Es, xs, Fro, Fral.
0<ke2Z

ProoF. Let F € Mk(Ug(ﬁK),yk);y(:;. By Theorem 4.3, there exist two
polynomials P; € Clzy,xa, x3,x4] and Py € Clz1, x9, T3, X4, 5] such that

F = P\(Ey, Eg, Fo, F12) + X8 - P2(E4, Eg, X3, F1o, F12).
If we restrict both sides to Ss, then we obtain
F |s,= P1(G4,G¢,6X10, X12)

because of Theorem 4.3, (2). Since F' [s,€ My(I'2)z,,,, there exists a unique
polynomial Q € Z,)[x1, 22,3, 24] such that

F |52: Pl(G47G6a6X107X12) = Q(G47G6;X10;X12)'

We note that the modular forms G4, Gg, X109, and X715 are algebraically indepen-
dent (cf. Theorem 4.3) and 67! is p-integral. Therefore we see that

P e Z(p) [.131, T, T3, x4].
This implies that

X8 - P2(Ey, Eg, X8, F10, F12)
= F — Pi(Ey, Eg, Fio, F12) € Mk(UQ(ﬁK)aVk)SZy(:-
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If we apply Lemma 2.1 of Section 2.2 to the left-hand side, then
Py(Ey, Eg, xs, F1o, F12) € My—s(U2(OK), Vk—s)7, . -
(Note that v,(xs) = 0.) Using an inductive argument on the weight, we see that
Py € Zy |71, 22,73, 24, T5].

This completes the proof of Theorem 5.1. 1

5.2. Existence of some modular form in the case K = Q(v/—1).

In [8], the authors showed the existence of a Hermitian modular form with
trivial character which is congruent to 1 modulo p under the condition that K =
Q(v/—1) or Q(v/—3). H. Hentschel and G. Nebe [5] have constructed such modular
forms in a more general setting.

In the case of degree 2 and p > 5, we can construct such a modular form in
another way.

PropoOSITION 5.1. Let K = Q(v/—1). Assume that p > 5. Then there
exists a Hermitian modular form F,_1 € Mp_1(U2(Ok), Vp,l)szy(:; such that

Fp_1=1 (mod p).

PROOF. Let ¢41 and ¢6,1 be the normalized Hermitian Jacobi-Eisenstein
series of index 1 and respective weights 4, 6. In the case of K = Q(y/—1), all of
the Fourier coefficients of ¢, (k = 4,6) are rational integral and the constant term
is equal to 1 (e.g. cf. [8, Section 6]). We set

g gy ifp=1 (mod 4),
U= e
ai’ ~¢61 ifp=3 (mod 4),

where g4 is the normalized Eisenstein series of weight 4 for SLy(Z). Then we have

VYp-11 € Jp11(U1(OK),vp-1),

where Jy1(U1(Ok), i) is the space of the Jacobi forms of weight k& and index
1 with character v. (For the precise definition, we refer to [2, Section 1.3].)
Moreover all of the Fourier coefficients of ,_; ;1 are rational integral and the
constant term is equal to 1. We now take the Maass lift .# from Ji, 1 (U1(Ck), vi)
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to My (Us(Ok),vi) as in [2, p. 80, (4.3)]. Then

2(p—1
Fp1 = _%///(wpfl,l)
p—1
satisfies
F,_1 ¢ Mp_l(UQ(ﬁK)’Vp_l)SZy(:; and Fp,_1 =1 (mod p). O

5.3. Structure of the algebra of mod p Hermitian modular forms

over Q(v/—1).
In this subsection, we determine the structure of the ring of Hermitian mod-
ular forms mod p. The following theorem is one of our main results.

THEOREM 5.2. Let K = Q(v/—1) and p > 5. We take a modular form
Fp1 € Mp_1(U2(0k), l/p_l)szy(z: such that F,_1 =1 (mod p).

(The existence of such a form is guaranteed by Proposition 5.1.)
If B(x1, %2, 23,74, 25) € Zp)[21, 72, 23,74, 5] is the polynomial defined by

prl - B(E47 EG; X87F107 F12)a
then the polynomial B — 1 is irreducible in F,[z1, %2, x3, 24, x5 and
M(e)(UQ(ﬁK)vy);ym = Fp[$17902,$3,134,335]/(§ —1). (5.1)

ProoF. First we show the irreducibility of B—1. We restrict the Hermitian
modular form Fj,_; to S3. Then it still satisfies the congruence

Fp_1l]s,=1 (mod p).
By Theorem 3.2, there exists a polynomial A € Z,) [x1, 22, 3, x4] such that

Fp—l |52: A(G4, Gﬁ,Xlo,Xlg) and ;{7 1 is irreducible in Fp[l‘hl’g,l'g, "134}. Seek-
ing a contradiction, we suppose that B — 1 is decomposed in F,[z1, x2, T3, T4, T5):

§($1,$279€3,$4,$5) — 1= Pi(z1, 22, 23,24, 25) Pa (1, T2, T3, T4, T5).
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This implies that

A(x1, 29, 3,24) — 1 = B(x1,29,0,6x3,24) — 1
= 51(3617332,076553,$4)ﬁ;($1,$270,6333,$4)-

This contradicts the irreducibility of A—1.
Secondly, we show the isomorphism (5.1). We consider the following diagram:

Fp[xla $2,x3,$471’5] ﬂ) M(e)(UQ(ﬁK), V)sym

| -

Fp[mlvl'anSa T4 L M(e) (Fg)p

where

o (P(x1, 22,23, 74, 5

0s(Q(21, 22, 3, 14

p(P(x17$27x37x47‘r5

~— ~—

We shall show that

Kerpy = (E -1). (5.2)

The inclusion (B — 1) C Ker gy is a consequence of Fp—1 =1 (mod p). Assume
that

(B—1) C Kerpg. (5.3)
Since the map @y is surjective, we have

Fp[l‘l,xg, xg,x4,x5]/Ker v = M(e)(UQ(ﬁK), l/)sym.

p

By the assumption (5.3), we have
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Krull dim M) (Uz(Og), v)50™

= Krull dim F[z1, 22, 23, 24, 25]/Ker o < 3.
On the other hand, the map 9 is surjective and
M (Us(Oxc),v)3™ [Ker = M (T'g),.
We note that Kery # 0. In fact Yg is a non-zero element of Ker. Since
Krull dim M(©) (Us(0k ), v)5¥™ /Kery) =3 (ct. Theorem 3.2),

we have

3 = Krull dim M(®) (Ux(Ok ), v)3¥™ /Ker ¢

< Krull dim M(e)(UQ(ﬁK)a V).

p

This contradicts (5.4) and completes the proof of (5.1).

6. Main theorem in the case K = Q(1/—3).

(5.4)

In this section, we assume that K = Q(+/—3) and determine the structure
of the corresponding algebra of Hermitian modular forms mod p. The proof is

carried out by similar argument as in the case Q(v/—1).
6.1. Graded ring over Z, for Q(+/—3).

As in Section 5.1, we determine the structure of the graded ring of Hermitian

modular forms with p-integral Fourier coefficients in the case K = Q(+/—3).

THEOREM 6.1.  Assume that p > 5. If F' € Mk(Ug(ﬁ’K),Vk)SZy(”: (k : even),
then there exists a polynomial P(x1,x2,%3,24,%5) € Z(p)[T1, T2, 23,74, T5] such

that

F = P(Ey4, Es, Fro, F12, X18),
in other words

@ Mi(U2(Ok), )z, = Zp)|Es, Ee, Fio, Fi2, X1s]-
0<ke2z
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Here vy, := det” (cf. (2.2)).
PROOF. In the argument in Theorem 5.1, we replace xg by x1s. O

6.2. Existence of some modular form in the case K = Q(1/—3).
We present the corresponding result to Proposition 5.1.

PROPOSITION 6.1.  Let K = Q(v/—3) and p > 5. Then there exists a
Hermitian modular form F,_1 € M,_1(U2(OKk), Vp,l)szy(z such that

Fp_1=1 (mod p).

PrROOF. The proof of Proposition 5.1 is essentially valid in this case after
making a minor change. Let ¢41 and ¢, be the normalized Hermitian Jacobi-
Eisenstein series of index 1 and respective weight 4, 6. In the case of K = Q(\/—3),
all of the Fourier coefficients of ¢y, (k = 4, 6) are rational integral and the constant
term is equal to 1. Following the argument in Proposition 5.1, we set

gép_7)/6 g1 ifp=1 (mod 6),
L A
9¢" “¢41 ifp=5 (mod 6),

where gg is the normalized Eisenstein series of weight 6 for SLa(Z). Then we can
construct Fj,_; by taking the Maass lift as in the proof of Proposition 5.1. O

6.3. Structure of the algebra of mod p Hermitian modular forms

over Q(+/—3).

We state the structure theorem of Hermitian modular forms mod p in the case

Q(V-3).
THEOREM 6.2. Let K = Q(+/—3) and p > 5. We take a modular form

Fp,_q € Mp_l(Ug(ﬁK),l/p_l)sZy(z such that F,_1 =1 (mod p).

(The existence of such form is guaranteed by Proposition 6.1.)
If B(x1, w2, 23,74, 25) € Z(p)[21, T2, 23,74, 5] is the polynomial defined by

F,_1 = B(Ey4, Es, Fio, F12, X18),

then the polynomial B — 1 is irreducible in F,[z1, %2, 3,24, x5] and
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(7]

(8]
[9]
(10]
1]

[12]

T. KikuTA and S. NAGAOKA

M(e)(Ug(ﬁK)ﬂ/);ym = Fplry, x0, 23,24, 25] /(B — 1).

ProOOF. The proof is similar to that of Theorem 5.2. g
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