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Abstract. We consider the semiclassical Schrédinger operator with a
well in an island potential, on which we assume smoothness only, except near
infinity. We give the asymptotic expansion of the imaginary part of the shape
resonance at the bottom of the well. This is a generalization of the result by
Helffer and Sjostrand [HeSj1] in the globally analytic case. We use an almost-
analytic extension in order to continue the WKB solution coming from the
well beyond the caustic set, and, for the justification of the accuracy of this
approximation, we develop some refined microlocal arguments in h-dependent
small regions.

1. Introduction.

This paper is concerned with the quantum resonances of the semiclassical
Schrédinger operator in R™,

P=—-h*A+V(x). (1.1)

From the physical point of view, such resonances are associated to metastable
states, that is, states with a finite life-time, and the life-time is given by the
inverse of the absolute value of the imaginary part (width) of the corresponding
resonance.

In the literature, many geometrical situations have been studied where the
location of the resonances of P has been determined up to errors of order &'(h™):
see, e.g., [BaMn], [BCD], [GeSj|, [HiSi], [Sj2]. In particular, when the approx-
imated location is at a distance ~ h™° of the real line with some fixed Ny > 0,
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then such results automatically produce good estimates on the widths of such res-
onances, too. However, in the physically most interesting situations where the
resonances are exponentially close to the real axis, only very few results give a
lower bound on the width. In [Bu], a very nice and general estimate is obtained,
extending the results by [Ha], [FeLa], [Vo], independently of the geometrical sit-
uation presented by the potential V. In particular, because of its wide generality,
such a result does not give any precise asymptotic of the width. On the contrary,
the result of [HeSj1] gives a full asymptotic of the width when the (globally an-
alytic) potential V presents the geometric situation of a well in an island, at the
origin of the creation of the so-called shape resonances.

The purpose of this article is to extend the results of [HeSj1l] to smooth
potentials that are not assumed to be globally analytic, but only near infinity
(allowing the definition of resonances by analytic distortion). In that case, we
obtain a classical expansion of the first resonance p just as in the globally analytic
case of [HeSj1].

Roughly speaking, a quantum resonance is a complex energy p for which the
Schrédinger equation

Pu=pu

admits a non-trivial solution called resonant state, which is outgoing for large x
(and thus not L? in general: see Section 2 for a rigorous definition by analytic dis-
tortion). In the case of shape resonances, the resonant state describes a quantum
particle, concentrated in the well for a long period, but then escaping to the sea
(classically allowed region outside the island) by tunneling effect. This effect is
reflected by the width of the resonance p.

More precisely, let T" be the set of points on the boundary of the island o}
where the Agmon distance from the bottom of the well zy reaches its minimum S.
In the semiclassical regime, it happens that almost all the tunneling occurs along
a small neighborhood of the geodesic curves from xg to I'. Then, the width of the
resonance p is determined by the amplitude of u near I'; and the result is,

Im p(h) ~ h(lnr)/z(zhjf])e%/h mod G(h>)e 29/,
Jj=0

where nr is some geometrical constant, and fo > 0 (see Theorem 2.3 below, and
[HeSj1, Theorem 10.12]).

In order to prove this result for non globally analytic potentials, we mainly
follow the strategy of [HeSj1], with some additional technical difficulties that we
explain now.
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Let W be a bounded domain and (-, -)w, ||||w the scalar product and the norm
in L?2(W). Then, Im p can be represented in terms of the corresponding resonant
state w on W, by applying Green’s formula to the identity ((P — p)u,u)w = 0.
This leads to,

2
Imp = —%Im %ads, (1.2)
lulliy — Jow On

where 9/0n denote the exterior normal derivative on 9W. The point is that if we
take for W a small neighborhood of O, then the contribution from the integral of
the RHS of (1.2) is concentrated near I', and the problem is mainly reduced to the
study of the asymptotic behavior of u near I'.

In the globally analytic case studied by Helffer and Sjostrand in [HeSj1],
the first step in order to obtain this asymptotic behavior consisted in extending
to the complex domain the WKB solutions coming from the well, in such a way
that one could go round the caustic set (see [HeSj1, Proposition 10.9]). In our
case, such an analytic extension is no longer possible but, by means of almost-
analytic extensions, it is still possible to go round the caustic set on the condition
of staying close enough to the real domain, namely, at a distance &((hInh=1)2/3)
of the caustic set. In this way, one can recover an (outgoing) WKB expression out
of the island, but still at a distance of order (hlnh~1)%/3 from the boundary (see
Proposition 4.6).

The next step in the proof of [HeSj1] was to use an argument of microlocal
analytic propagation that, thanks to a suitable a priori estimate, permitted to
compare the solution v with the previous WKB constructions near I'. In our case,
the analogous a priori estimate can be obtained only at a distance &((hInh=1)2/3)
of ' (see Proposition 5.2). For this reason, the usual results of propagation do not
apply, and we need to refine them in order to be able to work in A-dependent
open sets (see Lemma 6.4). Then, after a suitable change of scale, and still using
almost-analytic extensions, the comparison between u and the WKB constructions
is obtained up to a distance of order (hInh=1)%/3 of T' (see Proposition 6.8, and
Proposition 6.1).

The final step in [HeSj1] consisted in replacing u by its WKB approximation
into (1.2) (with W a fixed small enough neighborhood of O), and in using a
stationary phase argument in order to obtain the asymptotic of Im p. In our case,
a similar argument can be used with W = {d(z,0) < |hInh|*/3}, but this makes
appear terms in A7 (In h)* in the integrand of the right-hand side of (1.2). However,
by slightly changing the choice of W, and by observing that the left-hand side of
(1.2) does not depend on this choice, we can prove that, indeed, the final expansion
does not contain terms in (Inh)*, k # 0 (see (7.2) and Lemma 7.3).
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Summing up, the method consists in the three following parts:

(1) Extension of the WKB solution constructed at the bottom of the well 2 up
to a neighborhood of T'.

(2) Estimate on the difference between the WKB solution w and the resonant
state u.

(3) Computation of the asymptotics of the integral (1.2) using w instead of w.

Point 1 is performed by solving transport equations along the minimal
geodesics, and then, by using an Airy integral representation of the solution near
I'. In order to recover a WKB asymptotic expansion outside O, almost-analytic
extensions (or, more precisely, holomorphic approximations) are used as well as a
stationary-phase expansion at a distance of order |hInh|?/3 from T.

Point 2 is obtained by using three propagation arguments. At first, a stan-
dard C'°°-propagation, exploiting the fact that u is outgoing, gives a microlocal
information on u in the incoming region up to a small distance of I'. Then, a
refined C'°° propagation result permits to extend this microlocal information up
to a distance of order |hInh|?/? of T'. Finally, performing a change of scale both
in the variables and in the semiclassical parameter, an analytic-type propagation
argument gives the required estimate in a full neighborhood of I' of size | In h|?/3.

For Point 3, we take W = {d(z,0) < |h1Inh|?>/3} and we use Green’s formula
as we explained before. Then, by a deformation argument, we show that the final
expansion does not contain terms in In h, and actually coincides with the expansion
obtained in [HeSj1].

The article is organized as follows: In Section 2, we assume conditions on
the potential V' and state the main results. In Section 3, we prove Theorem 2.2,
especially the global a priori estimate (2.7) of u. Section 4 is devoted to the above
point 1, and Section 5, Section 6 and Section 7 are devoted to the point 2. In
Section 8, we study the point 3, and prove the main Theorem 2.3.

We also refer to [FLM] for a shorter version of some aspects of this work.

Finally, we thank the referee for his valuable remarks which improved the
presentation of this paper.

2. Assumptions and main results.

Let us state precisely the assumptions on the potential.

(A1) V € C* is real-valued and there exists some compact set Ko C R" such
that V is analytic on K = R™\ Ky and can be extended as a holomorphic
function in a sector

Dy = {z € C";|Imz| < 09| Rez|, Rex € KOC}



Shape resonances for non globally analytic potentials 5
for some constant g > 0. Moreover,
V(z) -0 as |Rezx|— o0, z€D.

This assumption enables us to define resonances near the real axis as complex
eigenvalues of the distorted operator Py of P. Let F(x) € C*°(R", R"™) such that
F(z) = 0 on the compact set Ky, F(z) = z for large enough |z|, and |F(x)| < |z|
everywhere. For small v > 0, we define a unitary operator on L?(R") by

U,d(x) = det(1 + vdF (x))?¢(x + vF(x)). (2.1)

The conjugate operator P, =U,PU_, is analytic with respect to v and we can
define the distorted operator by Py = Piy for positive small §. Then the essential
spectrum is given by o..s(Py) = e 2P R, (Weyl’s perturbation theorem) and
the spectrum o(Py) in the sector Sy = {F € C;—-20 < arg E < 0} is discrete
(see [Hu]). The elements of o(FPy) NSy are called resonances. This definition is
independent of # in the sense that o(Py) NSy = o(Py) NSy if &' > 0, and also
of the function F(x). Moreover, if ug is an eigenfunction of Py, it can be proved
(see, e.g., [HeMa]) that there exists u € C°°(R™), holomorphic in Dy, such that
ug = Uspu. Such functions u are called resonant states of P.
The next assumption describes the shape of V(z) in the island:

(A2) There exist a bounded open domain O with smooth boundary, a point zq in
O and a positive number Ej such that

ov 0*V

V(xo) = Ep, %(xo) =0, w(xo) >0,

and
V(z) > Ey in O\{xzo}, V(z)=FEy on 0.

To the well {xq} of the potential, we can associate a Dirichlet problem. Let us
denote by d(z,y) the Agmon distance associated with the pseudo-metric ds? =
max(V (x),0)dz?, S = d(xo,0) the minimal distance from zo to the boundary
of O, and By(zo,S) := {z; d(x,x0) < S} the open ball centered at z( of radius
S with respect to the distance d. We consider a Dirichlet realization Pp of the
operator P on the domain Bg(zg,S —n) for sufficiently small 1. The following
result is due to Helffer and Sjostrand [HeSj2] (see also Simon [Si] for a partial
version):
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THEOREM 2.1 (Helffer-Sjostrand).  Let Ap(h) be the first eigenvalue of Pp
and up(x, h) the corresponding normalized eigenfunction. Then Ap(h) has a com-
plete classical asymptotic expansion with respect to h:

Ap(h) = By + E1h + Esh? + - -+ |

where By = tr+/(1/2)(92V /022)(x¢) is the first eigenvalue of the corresponding
harmonic oscillator —A+ (1/2)((0?V /8xz2)(z¢)z, z). Moreover, in a neighborhood
w of xg, up(z, h) can be written in the WKB form:

up(z, h) = h~"*a(z, h)e~d@o:x)/h (2.2)

where a 18 a realization of a classical symbol:
a(z,h) ~ > aj(@)h’, ag(0) > 0. (2.3)
j=0

Above the sea O, on the other hand, we assume that p has no trapped
trajectories of energy Ey, in the sense that,

(A3) For any (z,€) € p~*(Eo) with z € OF, the quantity |exptH,(z,&)| tends to
infinity as |¢| tends to oco.

Here H, is the Hamilton vector field

o 9 p o .0 OV D

PT 96 Br o %€ X or or

If z € 9O, in particular, the only £ € R™ such that p(z,&) = Ey is 0, and
H,=-VV(x)-0/0¢. Hence (A3) also implies,

VV(z) #0 on 8O. (2.4)

Under the conditions (A1), (A2), (A3), we have the following theorem (it is an
analog to our situation of a result due to Heffer and Sjostrand in the globally
analytic case):

THEOREM 2.2.  Assume (A1)—(A3). Then, there exists a unique resonance
p(h) of P such that h=t[p(h) — Ap(h)| — 0 as h — 0, and it verifies,
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Ap(h) = p(h)] = & (e~ E5=</hy, (2.5)

Moreover, denoting by u(z, h) the corresponding (conveniently normalized) reso-
nant state, one has,

lu (2, h) —u(x, h)| = & (e~ GFdEor=dmI/h), (2.6)

uniformly in Bg(xo, S —n), where e(n) — 0 as n — 0, and, for any K C R"
compact, there exists Ng € N such that,

@ P, h) || g gy = O (RN, (2.7)

uniformly as h — 0, where s(x) = d(xo,z) if x € Bg(xo,S) and s(x) = S other-
wise.

Finally we assume some conditions on the set 0 N Bi(zg,S) and on the
caustic set € = {x € O;d(zo,x) = d(x,00) + S}.

The points of the set 0 N By(xg, S) are called points of type 1 in [HeSj1].
Since they mainly concentrate the interactions between the well and the sea, here

we prefer to call them points of interaction.
Our additional assumption is,

(A4) d0NBg(xo, S) is a submanifold Tof O, and € has a contact of order exactly
2 with 00O along T'.

We denote by np (< n — 1) the dimension of I'. Then, our main result is,

THEOREM 2.3.  Under Assumptions (A1)—(A4), there exists a classical sym-
bol

F(h) ~> hif5,

J=0
with fo > 0, such that
Im p(h) = —h =702 f(h)e 257",
REMARK 2.4. In the globally analytic case, it has been shown in [HeSj1]

that f(h) is an analytic classical symbol. In the general case, however, such a
property is probably no longer satisfied.
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REMARK 2.5. Our arguments can also be applied to resonances of P with a
larger real part, and give, as in [HeSj1, Theorem 10.14], a lower bound on their
width when the corresponding eigenvalue of Pp is asymptotically simple.

3. Proof of Theorem 2.2.

Proceeding as in [CMR] and [Ma2], we consider the distorted operator Py
with 8 = hln(1/h), constructed with the unitary operator U, as in (2.1), and with
F(z) = 0 on some arbitrary large compact set K C R™, that we can assume to
contain O. Moreover, following the same idea as in [HeSj1, Section 9], we also
consider the corresponding operator Py where the well has been filled-up, that is,

P@ =P+ W(l‘),

where W e C$°(0), W(xo) > 0, W > 0 everywhere, Supp W arbitrarily small
around z( (in particular, the Hamilton flow of p + W has no trapped trajectories
with energy Ep).

Then, proceeding as in [CMR, Section 7] (or [MaZ2, Section 4]), one can
construct a function ¢y € C§°((R™\ Supp W) x R™) such that,

1
—1Im pg (z — 0y — itdero, § — terby + itDyptho) = Fhln (3.1)
0

for some constant Cy > 0 large enough, where t := 2Cy0, pg is an almost-analytic
extension of the semiclassical principal symbol of Py, and the inequality holds for
(x,€) such that |Repg(x, &) — Eo| < (£)2/Co.

In particular, by [CMR, Proposition 7.2], we easily obtain,

€%/ T0 || o oy = OB A=Y ||/ T(Py = 2)o (3-2)

(-
uniformly for h > 0 small enough, v € L?(R"), and |z — Eg| < hin(1/h). Here
T' =T is the so-called FBI-Bargmann transform defined by (8.5).

This means that the norm of (Py — z)~! is uniformly &(|hInh|~!) when we
consider Py as acting on the space Hy := L?(R"™) endowed with the norm,

loll: :== Hew“/thHLz(RQn). (3.3)

From this point, one can proceed exactly as in [HeSj1, Proof of Proposition 9.6]
(that is, by considering a Grushin problem for Py, the inverse of which is obtained
by using the corresponding Grushin problem for Pp, and by using Agmon-type
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estimates inside the island O), and, working with ug := Ujpu (= u on K), one
concludes (2.5). Indeed, this proof never uses the analyticity of V', but just the
fact that one has a good enough control on the resolvent of the “filled-up well”-
operator.

Similarly, (2.6) is obtained as in the proof of [HeSj1, Theorem 9.9], mainly
by considering the spectral projector of Py as in [HeSj1, Formula (9.37)] (in that
case, u must be normalized, e.g., by requiring that ||ug|: = 1).

Moreover, the same arguments also show that,

||6two/hTu9HL2(( = ﬁ(e*(sfe(n))/h)’

R™\Bq(20,S—n))xR™)
and thus, also,

[uel| 2R\ Ba(wo,5—ny) = O (e7 = MI/h),

As a consequence, up to some constant factor of the type 1+ &(e=%/") (§ > 0),
the normalization of v does not depend on the particular choices of K, F', and 1.
Now, we come to the proof of (2.7).
Let x1 € C§°(Ba(xo, S —n)), such that x1 = 1 in By(zo,S —2n) (n > 0 fixed

arbitrarily small), and let x2 € C§°(Ba4(zo,(1/2)(S + 1n))), such that x2 = 1 in
Ba(o, (1/2)(S —n)). Setting, for z € v := {z € C; |z — \p| = h?},

Ry(2) := x1(Pp — 2) 'xa + (Py — 2) "M (1 = xa), (3.4)
one has (see [HeSj1, Formula (9.39))),
(P — 2)Ro(2) = I + Ko(2), (3.5)
with,

Ko(2) =[Py, xa)(Pp — 2) 'x2 = W(Pp — 2) (1 = x2)

= [~h2A, x1](Pp — 2) "'xa = W (Py — 2) 11 — xa2).

Now, if W is taken in such a way that Supp W C By(zo,7), then, as in [HeSj1]
(in particular the proof of Lemma 9.4), Agmon estimates show that,

[ Kol = ﬁ(e—(s—s(n))/zh)’
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uniformly with respect to & > 0 small enough and z € «y, and where £(n) — 0 as
n — 04 (here, Kp is considered as an operator acting on H;). In particular, we
deduce from (3.5),

(Py — z)—l = Ry(2) (I + ﬁ(e—(S—e(n))/Qh)).

Moreover, setting

1
k:=hln— :
no (3.6)

by (3.2) and (3.4), for z € v, we have,
1Ro (2l rr,y = O(h ™2 + k71) = O(h™2),
and thus, we obtain,
1(Po — 2) gy = O(h72), (3.7)

uniformly for z € v and h > 0 small enough.
Now, in order to obtain estimates on u even very close to 90, we consider the
Dirichlet realization P, of P on the h-dependent domain,

My, = {z e O; dist(z, 90) > kQ/B}.

We denote by Ap its first eigenvalue, and by v, the corresponding normalized
eigenstate. We also denote by dj, the Agmon distance on My, associated with the
pseudo-metric (V — \p)ydaz? (so that, in particular, dj, depends on h, too), and
we set,

on(z) == dp(x, x0).

At first, with x; as before, we observe that (P, — Ap)xi1up = (Pp — Ap)x1up =
O(h*°), and thus, by the Min-max principle (and since V' > Ey on M},), we have
Ey < Ay < Ap+O(h®) (in particular, A, = Ey+ @' (h)). Moreover, since g is the
only point of M}, where V reaches its (non-degenerate) minimum FEy, and since
V —Ey > 0k?/3 > h near 9M,, standard techniques (see, e.g., [HeSj2, Section 3],
and [Si]) show that, actually, A\, = Ap + &(h>°), and the gap between A; and the
second eigenvalue of P, behaves like h.
Since V — A\, <V — Ey, we also have,
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on(z) < d(zo, ). (3.8)

LEMMA 3.1.  There exists a constant C1 > 0, such that, for x € My and
h > 0 small enough, one has,

pn(x) = s(x) — Cik,

where, as before, k = hln(1/h).

PrROOF. We set Ui := {x € Mj,; £V (x) > £\, }. Then, since V(z) — Eg ~
k2/3 > X\ — Ey on OMj,, by definition, we have,

where L, stands for the set of C! curves ¢ : [0,1] — U, with ¢(0) € U, and
¢(1) = x. Moreover, since A\, = Eg + E1h + O(h?) > Ey, Assumptions (A2)—(A3)
imply that VV #£ 0 on {V = A} for h > 0 small enough. Then, if ¢, (z) < S), :=
dp(zo, O) standard arguments of Riemannian geometry (exploiting the fact that,
in that case, /(t) remains colinear to Vy, (£(t)) for any minimal geodesic /: see, e.g.,
[Mi], [HeSj2], and [Ma3, Section 3]) show that, for V(x) > An, ¢p(z) is reached
at some minimal geodesic £ that can be re-parametrized in such a way that the map
t— (£(t), (1/2)£(t)) becomes a null bicharacteristic of gn(x,&) := €2 —(V(x) = \p).
In particular, such an £ verifies [((t)| = 2,/V — An, and thus, we obtain,

Ty
on(z) =2 / (V(€(t)) — M),

where T, = T,;(h) > 0 represents the time necessary for going from U, to x in the
new parametrization. Writing A\, = Eo + hpuy, where pp, = E1 + O(h), this gives,

on(@) = 2/0 “(V (1)) = Eo)dt — 2T, hyu,

:/ VD)~ Bo MO + Ahundt — 2Ty,
0
Z/K\/deyI—QTwh/v‘h

> d(U;, ) — 2Tuhp. (3.9)
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Moreover, since, for x close to xg, we have d(xg,x) = O(|z — x0|?), we see that
d(U, ,xz0) = O(h), and thus, by the triangular inequality, d(zo,z) < d(U, ,z)+Ch
for some constant C' > 0. Combining with (3.9), we obtain,

on(x) > d(zg, ) — Ch — 2T, hpuy, > s(x) — Ch — 2T, hpy, (3.10)

still for x verifying ¢p(z) < Sp. Thus, in that case, it remains only to prove that
T, = 0(In(1/h)). To do so, we set (x(t),£(t)) == (£(t), (1/2)€(t)) = exptH,(z1,0),
where Hy(x,€) = (2¢,VV(z)) is the Hamilton field of g3, and z;, = ¢(0) €
U, . If € > 0 is any arbitrarily small fixed number, we see that Hy(z,&) remains
outside some fixed neighborhood of 0 on {(z,&); |z — zo| > &, qu(x,&) = 0}. As
a consequence, if |x — xg| > €, the time needed by ¢ to go from z to the set
{y; |y — xo| = €} is bounded, uniformly with respect to h. Therefore, it remains
to estimate the time 7" employed by £ to go from £(0) € U, to {y; |y — xo| = €}.
Since we stay in an arbitrarily small neighborhood of zg, we can assume x(t) -
VV (z(t)) > 462|z(t)|? for t € [0,T] and with some § > 0 constant. Then, setting

f(t) = (t) - £(t)/|2(t)|?, we compute,

)+ 4(f ()2 = 2EOP +2() IV @@®) o
2 =40

Therefore, on its domain of definition, the function g(t) := (§ — f(t))~! verifies,

g=4 (5 ]{)2 43—1—;:859—4,
and thus, since g(0) = §~1, we easily deduce,
o(0) > 51+ ),
as long as f(t) < 0, and thus,
f0) 20— 20

on the same interval. Now, if f(t;) = & for some t; € [0, T), we fix §; < J arbitrary,
and, for ¢ close to t1, we set g1(¢) := (61 — f)~!. Using that f(t) +4(f(t))? > 462,
the same procedure gives,
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1 11
> - . - 851(t—t1)
at) = 55 (251+5—51>€ ’

as long as f(t) > 41, that is,

1 1 1 861 (t—t1) _ L
- < = 1 =
=6 = (251 + 5—51)6 2,

In particular, (f(t) — 61)~! remains bounded on any finite interval [t;,T}] where

f(t) > 61, and this means that f(¢) cannot take the value §; on [t;,T]. Thus, in
this case, f(t) necessarily remains > ¢ on [t;,7T]. Summing up, we have proved,

26

f(t) 25_ 1+686t7 (311)
on the whole interval [0, 7]. Since,
d Cox(t) - w(t)

and |2(0)| > ¢’v/h for some &’ > 0 constant, we deduce from (3.11),

t 28ds +oo 20ds
In|z(t)] > In (6’\/E)+25t—/0 To oo Zln(é’\/ﬁ)+25t—/0 T ¢80s

and thus, on [0, T,
lz(t)| > 6" Vhe??, (3.12)

with 6" = 6'e™“2, Cy = 0+oo(26ds/(1—|—6855)). Since 0”vhe?* = & when
t = (20)"'In(¢/6”Vh), we deduce from (3.12) that, necessarily, one has T <
(20)~'In(e/6"\/h), and, by (3.10), it follows that,

on(x) > s(x) — C1k, (3.13)

for x verifying ¢n(x) < Sp, and some constant C] > 0, independent of . On the
other hand, @y (z) reaches S at some point xp, verifying V(zp,) = Ao = Eg+ O(h)

(and z;, away from some fix neighborhood of x(), and thus dist(xp, O) = O(h)
(where dist stands for the Euclidian distance). As a consequence, the Agmon
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distance d(zp,0) = O(h), too, and thus, d(zg,xr) > S — Ch for some constant
C > 0. Therefore, by continuity, (3.13) also proves that S, > S — Ci1k with
C; = Cf + C, and it follows that (3.13) is still valid if ¢n(z) > S, (since, by
definition, s(z) < S everywhere). O

LEMMA 3.2.  There exists a constant Ny > 0, such that,

||e§0h/h,0hHHl( ﬁ(tho)’

My)
uniformly for h > 0 small enough.

ProOF. Following [HeSj2], we set,

h
on(x) —ChlnC if pp(x) < Ch,

x) — n #n(z) 1 x ;
sy 00— O | ]ty 2 On

where C' > 1 is some constant that will be fixed large enough later on. Then,
we use the following identity (that is at the origin of Agmon estimates: see, e.g.,
Lemma 8.2 below, and [HeSj2, Theorem 1.1]),

Re <e¢/h(P — A\n)Vh, ed’/hvh>

= B3|V (e?"0n)||* + (V= 2 = (V9)2)e? " up, e?/ ). (3.14)

Now, if C' is taken large enough, by (3.8) we see that My, N{pp(xz) > Ch} C {V >
Ar}. Moreover, on this set we have,

Ph

and thus, using that (Vr)? < (V — Ap)+,

) Ch\?
V== (V) 2V —d— (1= =) (V= dw) 2 Ch
h

V-
Ph '

Writing again A, = Eg + pph with pp, = Ey + 0(h), and using again (3.8) and
the fact that d(zg,z) < Co(V(x) — Ep) near zy (for some Cy > 0 constant), we
deduce,
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V(@)= — (Vo)) > cp Y& =Bo _ oy pnh o Ch

Y\&==0 > 22k,
d(zo,x) en — Co i

on My N{en(x) > Ch}N{|jx — x| < 1}, and thus, taking C' large enough,

»_ Ch
Vi(z) = A — (Vo())" = 2C

on the same set. On the other hand, away from some neighborhood of zq, in M},
we have (possibly by increasing C again),

5 hk?/?
V(@) = An = (V§(2))" 2 —5—-

Inserting these estimates into (3.14), and using that the left-hand side is 0, we
obtain,

B2V (e on)||* + Wkl onl 7 oy = Ol onllRg, <ony),
and thus, since ¢ < Ch(1 —1InC) <0 on {p, < Ch}, we conclude,
hQHV(e‘j’/hvh)H2 + hk‘2/3He¢/hvhH2 =0(1).

Then, observing that e?/? > (h/M)Ce#»/" with M := sup ¢, = €(1), the result
follows. g

Now, let x, € C§°(Mj,), such that x, = 1 on {z € O;dist(x,d0) > 2k*/3}
and, for all o, %x, = O(k~2121/3) (such a xy, exists because 9O is a hypersurface
of R™). In particular, xvy, is in the domain of Py, and one has,

LEMMA 3.3.  There exists a constant N1 > 0, such that, for the positively
oriented contour v = {z € C;|z — Ap| = h?},

uniformly for h > 0 small enough.

1

2im

= O(hNieSIn),

t

/(2 — Pp) " 'xnundz — xnon
.

PROOF. Setting wy, := xpvp, we have,

Pywy, = Prwy, = Aywy + [P, xnlvn = Apwn — 202 (Vxn) (Vor) —h?(Axs)vp. (3.15)
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Moreover, on the support of Vyp, we have dist(x,i?é) < 2k?/3. and thus, by
standard properties of the Agmon distance near 20 (see, e.g., below Lemma 4.1,
and [HeSj1, Section 10]), we see that s(x) > S — Ck for some constant C' > 0.
Therefore, by Lemma 3.1, we also have pp(x) > S — C'k (C' = C 4 Cy), and by
Lemma 3.2, we deduce from (3.15),

1(Py — An)wy |2 = O(hNe=5/h),

with some constant N > 0. As a consequence, since 1y is bounded and T is an
isometry, 1, := (Py — \p)wy, verifies,

[rnlle = [|h=20% Try || = O(W™ ) ||rp |2 = ﬁ(h*M’e*S/h), (3.16)

with M, M’ > 0 constant. Then, writing,

1

1
%in ’Y(z — Py)) twpdz —wy, = %in [y z—P)) T — (2 — /\h)_l]whdz
! / Py) " trpd (3.17)
227T y 2= An (2 6) ThaZ, '
and using (3.7) and (3.16), the result immediately follows. O

Using the equation (P, — Ap)vp, = 0 and the ellipticity (in the standard sense)
of Py, it is not difficult to deduce from (3.16) and Lemma 3.2, that, for all £ > 0,
there exists M,y > 0 such that,

HPgtht = ﬁ(h_M@e_S/h). (3.18)

As a consequence, applying Pf to (3.17), we deduce from (3.18),

1
‘ P <2z7r L(z — Py) ' xpondz — thh>

for all £ > 0 and some N; > 0 constant. Then, using the classical ellipticity of
Py and the fact that, for all u, |lul|z2 = |[|Tulz2 = @(h~M||u||;), we deduce from
(3.19),

=0(h™Neem /M), (3.19)

t

1
Py /(Z — Pp) " 'xnundz — xnon
Y

A%

= O(hNeem /M), (3.20)
Hs(R™)
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for all s > 0 and some constant Ny > 0.
It also follows from Lemmas 3.2 and 3.3, that,

for some 0 > 0 constant, and therefore, we necessarily have,

1
—_— /(z — Pg)_l)(hvhdz
¥

=14 0(e "
% + (™),

t

Oé/

= _— —Py)! d
up = 5 7(z %) XrURAZ,

with |o/| = 14 @(e~%/"). In particular, by (3.20),
[|uo — O/Xh"UhHHS = ﬁ(hiNSe*S/h). (3.21)

Then, since upg = u on K, (2.7) easily follows from Lemma 3.1, Lemma 3.2, and
(3.21).

4. Extension of the WKB solution.

Let 2! € T. In this section, we will extend to a neighborhood of ! the WKB
solution,

w(z, h) ~ ™" 4a(x, h)e~ o)/ (4.1)

that approximates both the eigenfunction up(x,h) of Pp near zq (see (2.2)) and
the resonant state u(x, h) (Theorem 2.2).

4.1. Extension up to the caustic set.

The extension in the island will be done along the geodesic with respect to
the Agmon distance from zg to z?.

Let q(z,€&) = -V (x) and H, = 2£-90/0x+0,V (z)-9/9¢ its Hamilton vector
field. Then, one can see as in [HeSj1] that the integral curve (t) = (Z(t),£(t)) of
H, starting at (7(0),£(0)) = (z*,0) verifies,

(z(=00),£(=00)) = (z0,0).
Moreover, its projection on the x-space is the unique minimal geodesic between

zo and 2! staying in O U {z'} (see [HeSj1, Section 10] and [HeSj2]).
If ¢(x) := d(xg, z) — S, we learn from [HeSj2] that ¢ is C*° in a neighborhood
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Q of #([—00,0)), and the Lagrangian manifold,
A={(z,Voé(x));z € Q},

is the outgoing stable manifold of dimension n associated to the fixed point (z¢, 0)
of H,.

In particular, A is H-invariant and contains 4([—o0,0)). Moreover, since H,
does not vanish at (0) = (z',0) by (A3), A can be extended by the flow of H, to
a larger Lagrangian manifold (that we still denote by A) that contains 4([—o0, 0]).
The natural projection IT : A — R is singular at 4(0), and, as shown in [HeSj1,
Lemma 10.1], the kernel of dII(x!,0) is a one-dimensional vector space generated
by H,(x!,0).

Let us choose Euclidian coordinates  centered at x! such that Txl(ﬁo) is
given by z, = 0, and 9/9x,, is the exterior normal of O at this point. Then by
Assumption (A3),

V(z) — By = —Cozy, + W(x), (4.2)

where Cy > 0 is a constant and W (z) = &(|z|?). In a neighborhood of the point
%(0), the Lagrangian manifold A is defined by a real-valued C'*° function g(a’, &)
with g(0) =0, dg(0) = 0, that is,

dg

A= {($7£);£/ = %(xlvfn)a Tp = ag

—%J%&§. (4.3)

Moreover, there exist real-valued smooth functions £&(z'), a(z’), b(z’) and
vo(a', &), vi(a', &), such that,

€2 ()] + a(a)| + [b(@)] = () as ['] — O; (4.4)

o=+ 0(16 — €0)) = o + Ol + [ (4.5)

95", &) = ala') + H&) (6 — 6602) + 310(e' &) (60 — )5 (46)
dg , , _ / ’ c ()2

a—fn(x Jen) =0(2") + 1 (2, &) (§n — & (x )) . (4.7)

All these properties are proved in [HeSj1, pages 136-148] and do not require the
analyticity of the potential.
Then, near (z',0), the caustic set € (that, by definition, is the set where ¢
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fails to be smooth, and thus, the set of x for which the roots &, (z) of the equation
xn = —0¢,9(2',&,) are not smooth) is given by,

€ = {z;z, +b(z") = 0}. (4.8)

It is shown in [HeSj1, Lemma 10.2], that there exists a positive constant C' such
that

¢(z)le = C(V(x) — E). (4.9)

(The proof of (4.9) does not use the analyticity, but rather the fact that, since
Vl]e > 0, one has [V(V |¢)| = OV |¢).)

This estimate together with Assumptions (A3) and (A4) mean that ¢(x)|¢ is
non-negative and quadratic along T, with ¢ |r= 0.

Let Q be a small neighborhood of ~([—o0,0]) and let

Qp = {z €D, +ba') >0}, Q_=0\(Q:UF). (4.10)

Then the phase function —d(zg,z) = —¢(x) — S of (4.1) is a C* function defined
in Q_. The symbol a(z, ) can also be extended to Q_ by solving successively
for aj(z) in (2.3) the transport equations (that are first-order ordinary differ-
ential equations along the integral curves of H), and by re-summing the series
> <o a;.

More generally, the previous arguments also permit us to extend w in the
open set defined as the union of all smooth minimal geodesics included in O and
starting from zy. We denote this set by (2.

4.2. Extension beyond the caustic set.
In order to extend the WKB solution w beyond the caustic set, we follow the
idea of [HeSj1] and represent h"/%eS/hy in the integral form,

I[e](z, h) = hil/z/ ef(f”"f"‘Lg(ml’E"))/hc(a:’,§n,h)dgn. (4.11)
v(@)

For z in Q_ close to 2, the phase function z,&, + g(2’,&,) has two real critical
points (see (4.7)). The steepest descent method at one of these points gives us the
asymptotic expansion of I[c¢]. Comparing this with the symbol a, we can determine
c(x’,€,, h) so that the asymptotic expansion of e5/"w coincides with that of I[c]
in Q_.

Hence, in order to determine a possible asymptotic expansion of /"

w in QJ’_,
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it is enough to compute it for I[c].

If g was analytic with respect to &,, we would find two complex critical points
for z € Q+, one of them corresponding to an outgoing solution (i.e. resonant
state). In our C'™ case, however, g is only defined for real &,. So we will extend
g(2',-) almost-analytically (see Appendix for the definition) to a (h-dependent)
small complex neighborhood of &, = 0. Then, we will apply the steepest descent
method for 2 € Q sufficiently close to ! so that the imaginary part of the critical
point &, remains sufficiently small.

In the following, we carry out the above procedure in several steps.

4.2.1. Integral representation in Q_.
We first determine the C™ classical symbol c(z’,&,,h) ~ 372 cj(x’,&n)h

and the integration contour ~(z) for z € Q_.

Let 23 be in Q_ close to 2! and U a small neighborhood of z3. The critical
points of the phase function z,&, + g(2’,&,) are the zeros of the function x,, +
(Dg/0€,)(x',€,). From (4.7), we see that for z € U, there are two real critical
points &F(z), &, (z), and they verify,

—(zn + b(2'))

+ ) ~ &€ Z‘/ ~\fn T URL )
i) ~ &n(e) | e,

as |z, +b(z")| — 0. We define a sufficiently small real open interval v(z) so that it
contains & (z) inside as the only non-degenerate minimal point of z,&, +g(z’, &,)-
The minimal value is

$(x) = zn&;) (2) + g(', &7 (2))- (4.12)

Then by the steepest descent method, we obtain the asymptotic expansion as
h — 0 of I[c],

I[c)(x,h) ~ e /"N "bi(z)h7, (4.13)

for some C'* functions b;(z) defined on U. In particular,

bo(z) = mco (2, &5 (@),

where
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19% , ,
"(2) = 5 5 (.61 (@).

Moreover, the map (defined by (4.13)) that associates a sequence of functions
{bj(7)}32 on U to a sequence of functions {c; (', &,) XoonU = {(z/,&F(x);z €
U} is bijective, and we define the function ¢(z’, &, h) as a realization of the inverse
image of {a;(x)}32, by this map. In particular,

co(2', 65 () = ao(z). (4.14)

4.2.2. Extension of c(a’,£,,h) to a neighborhood of (z’,&,) =
(0,0).
The symbol ¢(2',&,, h), previously defined in U, formally verifies,

e9/M(P — p(h))(e9"¢) ~ 0. (4.15)

Here P = —h2A, — &2+ V (2, h(D/DE,,)), where V (2, h(D/DE,)) is considered as
a pseudodifferential operator whose action on e~9/"¢ is defined by the standard
asymptotic expansion,

Vv (:17’, h;f)n) (efg/hc)

hz 7
= eI 0LV (= 06,9) 0y (cla! ey
£>0 n=E&n

where (2, &n,n) := g(z',n) — g(2", &) — (0 = &), 9(2', &)

(4.15) leads us to transport equations, which are also differential equations
along the integral curves of Hy, on A. The flows emanating from U covers a full
neighborhood of (2/,£,) = (0,0), and thus we have extended ¢ there.

4.2.3. Critical points and the extension of ¢.

Let N > 1, k = hln(1/h), and let 7y be a holomorphic (Nk)/3-approximation
of vy with respect to &, (in the sense of Lemma 8.1), where v is the function
appearing in (4.6). Then, setting,

3 €)= afa!) + b() (60— E)) + 30(e' &) (0 — )" (4.16)
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we see that § is a holomorphic (N k)l/ 3_approximation of g with respect to &,, and
we look for the critical points of &, — x,&, + §(z’,&,), that is, the roots of the
equation with respect to &,,

a2 (ot ) =0 (4.17)

Recalling the definition of v (2/,&,) in (4.7), we fix a small enough neighborhood
QO of (2/,&,) = (0,0), such that infg: vy > ¢; for some constant ¢; > 0. Then,
possibly by shrinking a little bit ., we have,

LEMMA 4.1.  Let x € Q, N {x, +b(z') < ¢1(Nk)>/3}. Then, the equation

Fi(x) satisfying

Sl () g | Fn @)

as T, 4 b(z') tends to 0, where i1 is a holomorphic (Nk)'/-approzimation in the
&n-variable of v1 (2, &,). Moreover, setting,

(4.17) has two complex roots &, *(x),

(@) = wndy " (2) + 9 (2,6, (2), (4.18)
one has,
10 V() = e (2, + b(a')) V¥ (2 £ b(2)) + O (2 + b(a)),
(e, &5 (a"))
(4.19)
and there exists e(h) = O(h*™) real, such that,
Re ¢(z) > e(h), (4.20)

forallz € Qy N {z, +b(z') < c1(Nk)?3} and a € N™.
PrOOF. From (4.16), we have,
Tl + g(2', &) = a(d’) + x, &5 (2)) + (mn + b(m’)) (En — §fL(x’))

+ 3700 60) (6 — ), (121)
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Ty + ;Tg(xla En) =xp + b(xl) + 171 (I/7§n) (gn - ETCL(I/))Q’ (422)

where, actually, 71(2’,&,) is a holomorphic (Nk)'/3-approximations in the &,-
variable of vy (2, &,).
We set,

z, +b(z') = =22

If &, is a critical point of the phase, the left-hand side of (4.22) vanishes, and one
has,

2= I (@, &) (€ — E5(2)).

Since oy (2, &5 (x")) = 1/Co + O(|2']), and (2, &,,) is holomorphic with respect
to &, in {|Tm&,| < (Nk)Y/3}, for z and 2’ small enough this equation is solvable
with respect to &,, and the solution is given by the Lagrange inversion formula,

& =6(2") +Y (2, 2),
with,

Zk

Y (', 2) = i P o) = (4.23)
’ T d£7€71 1T 6n En=¢5 (") k" :

that is holomorphic with respect to z in {|Im z| < \/c;(Nk)/3}. Then, taking the
sign into account, we have,

67:::(17) = EfL(ZEl) + Y(xlv VvV —Tn — b(x’)),

for z € Q_, and,

& (@) = €2 + Y (2, £iv/wa + b)),
for z € Q. N {x, +b(z') < ¢ (Nk)?/3}.

We again suppose &, is a critical point. Then z,, 4+ g can be represented in
terms of ' and z, as,

Tnn +9(2', &) = a(a’) = b(a")&; (a") — &1 (a")2® — (2, 2)2° (4.24)



24 S. FuJlg, A. LAHMAR-BENBERNOU and A. MARTINEZ

where (2, 2) is smooth in 2, holomorphic in z for {|Imz| < /c1(Nk)/3}, and,
, 2

N = S e @)

as z — 0. Let ®(2/,z) be the right-hand side of (4.24). Then, for z € Q_, the
critical value is,

+0(2) (4.25)

P(z) = (', /—zn — b(z")) = ¢(x) + O(h™), (4.26)
and, for z € Q, N {z, +b(z') < c1(NE)¥/3},
d(x) = ®(2', —in/zy + b(z')). (4.27)
In particular, since the functions a, b and & are all real valued, we have,
Im () = — (2, + b(x’))3/2 Rev(a/, —iv/z, + b(x")),
for x € Q4 N {z, + b(z') < ¢;(Nk)?/3}, and thus, in view of (4.4) and (4.25), the

estimate (4.19) easily follows.
In order to prove (4.20), recall that ¢ is solution of the eikonal equation,

2
Q<$a gi) + Ep = ((a')x) —V(z)+ Ey =0.

By (4.26), this implies that ® verifies,
oo b 1 99\> [ 109\’ . , -
((91'/_8.’5'2282) +(2262> —V(x,—z —b(.%‘ ))+E0—ﬁ(h )7

for z real close enough to 0. Since in addition 0®/0z = &(|z|) by (4.24), we see
that the left-hand side is holomorphic in 2 for {|Im z| < \/e1(Nk)'/3}, and thus,

returning to the x variable, we easily deduce that ¢ verifies,

(‘;;%)2 —V(2)+ Eo = O(h*),

uniformly for z € Q, N {z, + b(z') < ¢;(Nk)*3} and h > 0 small enough. In
particular, taking the imaginary part, we obtain,
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ViIm¢(z) - VReg(z) = O(h™). (4.28)

Then, following [HeSj1], we take local coordinates (v, y,,) such that {z, +b =0}
={y, =0} and V(z, +b) - V = 9/Jy,. In view of (4.19), we obtain,

- 1 0 0
VI - L =
m () e ayn+Z W) 5y,

and the vector field VIm QNS(:E) -V can be desingularized at y, = 0 by setting
(Z/a Zn) = (y/a y’fll/2)7 leading tO,

- 1 9 = )
Vimg(z) V= - ———mn=t+0(2) | =— + Y O(2)—.
#a) ( 2/ (2!, &5 (")) ( ))8 n ; ( )8zj
Therefore, using (4.9) and (4.28), we immediately deduce (4.20). O

4.2.4. Modification of I[c].
Let us introduce the notation:

Qer,e2) ={z € ey <z, +b(2) < e2} (4.29)

for two real small numbers £; < 5. We want to extend I|[c], which is so far defined
in Q(—4,0) for some & > 0, to Q(—J, c; (Nk)?/3).

If z € Q0,c1(Nk)??), then by Lemma 4.1, |Im&; " (z)| < (Nk)Y/3. We
modify the integration contour v(z) in (4.11) within this complex strip so that it
remains to be a steepest descent curve passing by &, (x) for = € Q(0, ¢ (Nk)?/3).
A careful observation of the real part of the phase as in [HeSj1, Remark 10.4],
gives the following lemma:

LEMMA 4.2. Let 6 > 0 be small enough. Then, for x € Q(—5,c1(Nk)?/3),
there exists a piecewise smooth curve Yy (x,h) in a small complex neighborhood of
&n = E5(2) satisfying the following properties:

(i) yn(x,h) is included in a band {¢, € C;|Tm&,| < (NK)Y/3Y and the extrem-
ities are independent of x (i.e. fived when h is fized).
(ii) If z € Q(=4,0), v (z,h) contains & (x), and along yn(x,h), one has,

Re (2n&n + §(2', &) — d()

251(‘$n+b($/)|1/2+|§n n |)|§n n )|
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for some constant 6; > 0. Moreover, |&, — &F(2)] > 81(Nk)Y? at the
extremities of yn(x, h).

(iii) If z € Q(0,c1(Nk)?3), yn(x,h) contains &, (x), and along the contour
An(x,h), one has,

Re (26 + §(2',€0) — 6(2))

> 81 (|2 + b)) + |60 — &7 @)]) |60 — &7 (@)

for some constant 6; > 0. Moreover, |&, — &% (x)| > 6,(Nk)Y/3 at the
extremities of yn(x, h).

Now, we also define a holomorphic (Nk)/3-approximation &', -, h) of the

symbol c(2', -, h) by writing ¢ ~ 37, h/c;, and by taking a holomorphic (Nk)'/3-
approximation é; of ¢;, and by re-summing the formal symbol > >0 h7é; (note
that here, each ¢; depends on h, but in a very well-controlled way).

With these é(z’,-, h) and vn(x, h), we define the modified integral represen-

tation of e3/"w by the formula,
In[E)(x, h) = h™1/2 / e~ En&nt 3@ LG (3! € R)dE,. (4.30)
N (z,h)

LEMMA 4.3.  There exists a constant 02 > 0 such that, for x € Q(—6,0), and
for all N > 1, one has,

8« (I[d(x, h) — In[d(x, h)) = O (RPN —1/2"lalg=d@)/h),

PRrROOF. By definition (¢, g) and (¢, ) coincide on the real, up to &(h>).
Therefore, substituting the real contour 7(z) to yn(z,h) in the expression of
In[E](x, h), we obtain an integral Jy(z) that coincides with I[c|(x,h) up to
O(h>e~?®)/h) Then, modifying continuously v(x) into yy(z,h) in Jy(z), we
recover Iy[¢](x, h) up to error terms coming from the fact that ~(z) and vy (z, h)
do not have the same extremities. However, in view of Lemma 4.2 (ii) and the fact
that, along y(z), the minimum of Re(x,&, + §(z’,&,)) — ¢(x) is non-degenerate,
we see that the deformation can be done in such a way that these error terms are
O~ @8R Z (35N e~0@)/h) with 5, = 51, 0

LEMMA 4.4. As h — 0, one has

(P = p(h)In[d] = O(h?>N e Red@@/hy,
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uniformly in Q(—8,c1(NE)?/3).

PROOF. In view of (4.15), it is enough to check,

P(INN[E]) = h—1/2/ e_m”&”/hls(e_g/hé)dfn + ﬁ(hégNe—ReJ)(m)/h).
'yN(r,h)

This can be done exactly in the same way as Proposition 10.5 in [HeSj1], with
the only difference that, in our case, the values of Re(x,&, + g) at the extremities
of yn(z, h) are greater than Re ¢(x) + d2Nk. O

4.2.5. Asymptotic expansion of fN[é].
Here, we fix ¢y € (0,c¢1), and we study the asymptotic behavior of Iy[é](z, h)
as h tends to 0, for z in Q(ca(Nk)?/3, ¢ (Nk)?/3). Setting,

102§

i(z) = 5@@’,&7(@)

(= —iV/or (@ & @)) (@, 1 o) + O(|wn + bla))).
we have,

PROPOSITION 4.5.  For all integers L, M and N large enough, and for x in
Q(ca(NE)?/3,¢1(Nk)?/3), one has,

. e—d@)/h [ L1212 o™
IN[E](LL‘,h) = W mZ:O 6m($){’l:(1‘)3} +RL’M’N(.’E7h) s (431)

with, for any a € N,

SaN—1/2 . 41 hm m/2
> @ - m
lawRL,Mw(a?,h)’ < Cn,ah mEZOCLva (Nk)

M/2
+ Oy BBV 4 pt2gm (M / (4.32)
L, L,« Nk ) .

where the positive constant 0, does not depend on (L, M, N), while Cn o does not
depend on (L, M), and Cr, o, does not depend on (M, N'). Moreover, the coefficients
of the symbol verify,
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Bo(z) = Vméo (2, &, (z)) = Vméo (2, &5(2")) + O (Vwn + b(2')),

(4.33)
Bm(z)=0(1) (m=0,1,...) as wz,+b(z') — 0.

In particular, taking M = 2[Nk/C}h] with C} > 0 large enough depending on L
only, one obtains,

- e—(@)/h L+[Nk/C}h] m
IN[E](.%',h) = W Z ﬂm(x){f(l;‘):g} +ﬁ(h6LN—|—hL) , (4.34)
m=0

uniformly for x € Q(ca(NE)?/3,¢1(NE)?/3) and h > 0 small enough, and where
the positive constant dg, does not depend on N large enough.

PROOF. For x € Q(ca(Nk)?/3,c1(Nk)?/3), setting n = &, — &,(x), we can

write,
Tnbn + (2, 60) = $() + F(@)n? + Gla )’
where G(z,7) fo 1—-1)*/2)8 (', &, (x) + tn)dt is holomorphic with respect

to nin {|Re 77| < 61, |Imn| < 51(Nk)1/3}, with §; > 0 small enough (independent
of N). Then, we set,

F(x)n? + G(z,n)n® = #(x)¢?,

so that 7 = /7, ¢ = ¢/ verify,

i1+ Gla, 7(@)n)i = .

where the square root is 1 for 77 = 0. This equation is solvable with respect to
7, and gives 7j = 7j(x,() where the function #(z,¢) is smooth with respect to
z € Qea(Nk)2/3 ¢ (NE)*?3) and holomorphic with respect to ¢ in some fixed
neighborhood of 0, and (3ﬁ/8é)|é:0 =1.

Changing the variables from &, to ¢ in (4.30), we obtain,

In[d(z,h) = h—1/2€—$(w)/h/ —r(x)gz/hF(m g )dc7
r

~(z,h)

where the contour I'y(x, k) is such that,
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0 € T'n (2, h); Re(#(2)¢?) > d3|7(x)| - |¢|* along T'n (=, h); (4.35)
[¢| > 03|7(x)| at the extremities of 'y (z, h), (4.36)

for some positive constant d3, and where the symbol,

Pl o) 1= (0’6 (0) 4 7)o, 0.1 B (0.0)

3)

can be developed asymptotically into,

F(x,¢h) ~ Y Fy(, ()R’

£>0

with F, holomorphic with respect to ¢ in a fixed neighborhood of 0, and Fy(z,0) =
éo(',€,1(x)). Actually, Fy also depends on N, but using Lemma 8.1 (ii) and the
fact that |7(x)| ~ (Nk)'/3, we easily obtain that the derivatives of F; verify,

02| < ity

for some constant Cy > 0 independent of N.

Now we set y = 7(x)'/2¢, where #(z)'/? is the branch such that 7(z)%/? ~
e~/ (v (2, +b))V/*, and, using (4.35)(4.36), we see that a new slight modifica-
tion of the contour of integration gives,

—d(x 54;3/2
In[d(z, h) = M eV o h)dy + ﬁ(e—5sf($)3/h)
A hi(z) \ J-s,53/2 v *3/2’ Y

for some constants d,,d5 > 0. As a consequence, using again that |7(z)| ~ (Nk)/3

and writing F' = ZZL:() Fuh? + O(hET1), we obtain,

In[d(x, h)

e ¢(w/h< L 6af
_ Z /

5,73/2

3/2

ey2/th< ~3/2>dy-|—ﬁ(h‘56N hLH))

with some new positive constant dg.
At this point, we can proceed with the usual Laplace method in order to
estimate each term of the previous sum. Writing,
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F( ’~3/2> ZF"m ~3m/2 ZF“" ~3m/2+SM"’

m=0

with |Fy, ()| < C"T and [Sare| < 2002 |y /73/2|M+1 ] we obtain,

Inle](z, h)
e—d@yh g LM 6473/2 TN
— —y?/h (1)
= (o ruton [ () e (o))
¢=0 m=0 4

@/hr oM too m
_c (ZZFM(;E)M/ eV /h<~§/2> dy
Vhr(z) \ =5 s —o0 7/

+ R(Ll)l\/[N(x) + R(LQ)M N( )>

e—d@)/n y L [M/2] 1 12
oY o (Z 3 I‘<m+2>F472m(x)i,3m + Ry (@) + R%,N(x))
£=0 m=0

(4.37)

with,
B\ M/2
| R v (@)] < O 4 Ot +CM+1< > MM/,

d¢ N m—+1 h m/2 m/2
|RLMN( )| < Cnh ZC Vi mm/?,

for some positive constant dg¢ independent of (L, M, N), some positive constant

Cn independent of (L, M), and some positive constant Cr, independent of (M, N).

Similar estimates hold true for all the derivatives with respect to x of R(L )M N and

R
L,M,N"
Hence, we obtain (4.31) if we set,

Bin(x) = Y F<j+;>Fé,2j(x)f($)3Z7

jt+l=m

and,
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Rysn (&) = h1/? (RS,’M,Nm T+ RO, (@)

1 hm+€+1/2
(p/2]

L+m<L+
£>L or m>[M/2]

In particular, (4.32) with oo = 0 is verified, as well as the estimates on §,,(x) and,
moreover,

ﬁo(it) = F(;)FQ({E,O) = \/%Eo(x',fgi(w))'

The estimate (4.32) for all « is obtained in the same way.
Finally, substituting M = 2[Nk/C}h] into (4.32) with a = 0, (4.34) follows
by taking C} > 4C%70, since in that case, we have,

BAL\ M/2 202 \ M/2 )
O%(Tl <Nk> < C’L,o( C’Z’O) < Cp 27 [INK/CLh]

< 20L7027Nk/cih _ 20L70h6LN,

with dy, := (In2)/C7, and,

M m/2 M m/2
hm 2
+1 +1
Yoe(w) = Len(s)

m=0

> 2
<Cro Z 27m/2 = \/%[_ 1CL,0- U

m=0

Let us observe that the principal symbol (denoted by ao(z)) of the asymptotic
expansion of Iy[¢] is,

_ ﬁo(l’) _ T ( /
V() ()

Elo(.%‘)

and it behaves like,

ag(x @ € ()1 (14 0(z)), (4.38)
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as z = —iy/T, +b(z’) — 0. Recall that the principal term of I[¢] for z € Q_
should coincide with ag(x) (see (4.14)), that is,

aog(xr) = Lco$'7+$7
@) =/ ;o @ & @)

and it has the same behavior (4.38) as ag(z), as z = /—z, — b(z’) — 0.

4.3. Global WKB solution near 0.

The previous study shows that, for any point ' of " and for any N > 1, the
WKB solution w = h~"/*e=5/"][¢] can be extended in a neighborhood of z' of
the form,

Qn(z!) := U exptV f(w(z1)),

—to<t<(Nk)2/3

where w(z1) is a fixed small enough neighborhood of z! in the caustic set €, and f
is such that f = 0 is an equation of € near z', with {f > 0} NO® # (. Therefore,
by using a standard partition of unity in a neighborhood w(T') of T in &, we obtain
an extension wy of w in an open set of the form,

Qn = U exptX (w(T)),
—to<t<(Nk)2/3

where X is any vector-field transverse to ¢ near I' and directed towards O (for
instance, one can take X = —VV).

Moreover, by Assumption (A4) and (4.9) (see also [HeSj1, Remarque 10.4]),
we see that, if 2 € € is such that dist(I',z) ~ (Nk)'/2, then Re (ﬁ(aj) ~ Nk, and
thus wy(z) = O(h~"/ e~ (StRed)/h)y — (RSN e=S/") for some constant § > 0.
We also observe that, on €, we have d(zg,z) — S = Rep(z) ~ dist(I',z)2. As a
consequence (thanks to (4.28)), if we set,

Y(€) ={x e ¥€; S+ Nk <d(xo,z) <S+2Nk},
then, we also have,

wy = ﬁ(h‘we_s/h) on Y5 (%) = U exptX (v(%)).
0<t<(Nk)2/3

We extend our WKB solution wy in the domain
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M, := {z € O;dist(x,00) > n},

for small i > 0, by patching it (in the standard way by using a partition of unity)
with the eigenfunction corresponding to the first eigenvalue of the Dirichlet prob-
lem of P on M,. Since they coincide modulo O(h>e~Uz0,2)/M Jocally uniformly
in QNM,, (see [HeSj2]), the extension (that we always denote by wy) still satisfies

(P — p(h))wn(, h) = 6(h e~ (S+Red@)/h)

locally uniformly in QU M,,.
Now, for €,ty > 0 small enough, we set,

w(e) :={r € €;d(zg,z) < S +¢};

wh(e,ty) == U exptX (w(e));

0<t<to
Qe to) := {x € QU M,;;d(z0,2) < S+ e} UwT (g, 10).
Then Q(e, tp) is an open set including Bgy(xg, S) for sufficiently small n, and the
previous discussion shows that wy is well defined and C* on Q(2Nk, (Nk)?/3),
with,
wy = O(h*Ne /") on Q(2Nk, (NE)2P)\Q(NE, (Nk)>/3), (4.39)
(see [HeSj2] for this estimate in M, \§2), and moreover, by construction, it satisfies
(P = p(h))wn (w, h) = O (h*N e~ (S+Rea(2)/hy (4.40)
on Q(2Nk, (Nk)?/3), for some constant ¢ > 0.
As a consequence, if we take a cut-off function xn such that Suppxny C
Q(2Nk, (NE)?/3), xy = 1 on Q(Nk, (1/2)(Nk)?/?), 0°xn = O(k~Ne) (for all
a € N" and some N, > 0 independent of N), then, setting,

WN = XNWN,

we see that wy is C on {dist(x,0) < do(Nk)*/3} for some fixed dp > 0, and it
verifies,

(P = p)ion = 0(h¥N e Re9/M) in {dist(z, O) < 6o(Nk)>/3}.
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Summing up (and slightly changing the notations by writing wy instead of
17)23/21\,/63/2), we have proved,

PROPOSITION 4.6.  For any large enough N, there exists a smooth function
wy (z,h) € C(Oy), with Oy := {dist(z, 0) < 2(Nk)?/3}, verifying the following
properties:

(i) There exists a constant 6 > 0, independent of N, such that uniformly in
On, and for all « € Z7, one has,

wy(x, h) = ﬁ(h*mae*(SJrRed;(z))/h);

(P = p(h))wn (@, h) = O(rON e (SHReO@)/h),

for some mq > 0, and where ¢ is defined by gzNS(x) = d(zg,x) = S forx €
QU M,, and by (4.18) for x € wt (2Nk, (Nk)?/3).
(ii) In any compact subset of Q, for any M € N, one has,

M
wy(x,h) = h~"/4e= (SHe@)/h ( > aj(x)h? + ﬁ(hM+1)) :
j=0

as h — 0, where a;(x) are extensions of those given in (2.3), and ag is
elliptic.

(iii) In {(Nk)?/® < dist(z,0) < 2(Nk)*?} nwt(Nk, (1/2)(Nk)*/3), for any
large enough L, there exist C, > 0 and 01, > 0 independent of N such that

L+[Nk/C} R]

wy(z,h) = h_"/4e_(5+<5($))/h( Z dj(x)hj + ﬁ(h‘sLN + hL)>7
3=0
(4.41)
as h — 0, with a; (independent of h) of the form,
a;(z) = (dist(z, €))~/2 Y43, (x, dist(z, €)), (4.42)

where Bj is smooth near T' x {0} for all j, and in particular [30 is elliptic
near I' x {0}.
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5. Comparison in the island.

In this section, we compare the WKB solution wy with the true resonant state
u inside O near a point of interaction x'. More precisely, we obtain an estimate
on the difference up to a distance of order (Nk)?/3 of z'.

We use the same notations as in Section 4. Let x € 2_ be a point suffi-
ciently close to z'. Using the representation formula (4.12) for ¢ (see also [HeSj1,
Formula (10.22)]), we see that,

o(x) = (', =b(a")) + (xn + b(a"))&;, (2') — Calan + ()P, (5.1)

for some positive constant C;. Moreover, thanks to Assumption (A4), we already
know that ¢(z/, —b(z')) = ¢|« (2, —b(z’)) > §|2’|*> with § > 0 constant, and thus,
using (4.4), we see that ¢(a’, —b(z")) + (z, + b(2'))€5(2’) > 0 near z'. As a
consequence, we deduce from (5.1),

d(zg,z) > S — Cy|z, + b(2")[>/2 (5.2)
In particular, if z € Q(—(Nk)?/3,0), k = hlog(1/h), we have,

e—s(z)/h — ﬁ(h_clNe_S/h).

The aim of this section is to show a local a priori estimate near a point of
interaction ' (Proposition 5.1), and then, as a direct consequence, a global a
priori estimate in a neighborhood of 9O (Proposition 5.2).

PROPOSITION 5.1.  There exists No € Z and C' > 0, such that, for any
N >0, one has,

|u(x, h) —won(z, h)HHl(Q(—(Nk)Z/S,o)) = ﬁ(h_Nze_S/h)a

uniformly as h — 0.

PROOF. Recall (Theorem 2.2) that there exists Ny such that

||es(x)/hu(x,h = O(h=No).

)HHl(Q,)

The WKB solution wen also satisfies the same estimate (see Proposition 4.6), and
hence so does the difference,
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Hes(x)/h(u(%h) —wepn(x,h O(h—No).

))HHI(Q_) =

In particular,

(@, h) = won (2, W)l g1 (6 a(ee.o)ss—2ep) = € (R~ Noe™5/M),

for some other constant Nj.
Now, we set,

Ql = Ql(h) = Bd(JZQ,S - k) NnNQ_.

Since every point of 2; can be connected to zg by a smooth minimal geodesic
(with respect to the Agmon distance), the arguments of the previous section show
that the WKB solution wen (2, k) is well defined in all of Q; (we use its integral
representation when « becomes too close to a point of interaction). Moreover, it is
not difficult to construct x;, € C5°(£21), such that x, =1 on {d(xo,z) < S — 2k},
0 < xn <1 everywhere, and, for all « € N,

9% xn = O(h™ "),
for some constant N, > 0. Then, we set,
W= xp(r)wen(z, h),
and, for N > 1 arbitrarily large,

¢n () = min (d(zo,2) + C1Nk + k(S — d(xo,2))"/3,
S+ (1- k1/3)(S — d(azo,m))).

On Q(—(Nk)%/3,0), by (5.2) we have d(zg, ) > S — C;Nk. Therefore, ¢n(z) > S
there, and it suffices to show that there exists Ny such that, for any N > 1,

||6¢N/h(xhu _ ﬁ))HHl(Ql) — ﬁ(h—No).
We prove it by using Agmon estimates (see Lemma 8.2 in Appendix). At first, we

observe that, by construction (and since ¢ < d(xo,x) + (C1 N 4+ SY/3)k), we have
(uniformly in ),
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(P — p(h)) = [P, xnJwon + 6 (hSCON =dleaa)/hy

= O (umpr,h eI 4 G(RION-CNS P i) (53)
for some M; > 0 constant. Moreover, using (2.7),
HeasN/h(P_ P(h))XhUHL2 — ||6¢N/h[P’ Xh]u||L2 _ ﬁ(h—M{e(FN—S)/h)’ (5.4)
for some other constant M > 0, and with,

Fy:= sup on.
SuppVxn

Since S — d(xg,z) < 2k on Supp Vxp, we have Fy < S +2(1 — kM/3)k < S + 2k,
and thus, we deduce from (5.4),

[e~/™(P — p(h))xnul| . = (R 172). (5.5)
Setting,
ulh = XhU — wa
and choosing C' such that 6C > Cy, we obtain from (5.3)—(5.5),
e/ (P — p(h))up |, = (R, (5.6)
for some constant M, > 0, independent of N.
We also observe, that, on Q7 := QN {d(zg,z) +C1 Nk +k(S —d(zo,x))*/3 <
S+ (1 —k'/3)(S — d(wg, x))}, we have,

k
(1‘M5dumm>

and, on QF := Q; N {d(zg,z) + C1Nk + k(S — d(z0,2))"/> > S + (1 — k*/3)(S —
d(.’L‘o,I))},

V¢N = 2/3>Vd(1'0,$)7

Von = —(1 — kY)Vd(z, x).

Since k(S — d(xo,x))~%/3 < k'/3 <« 1, for h sufficiently small we easily deduce,
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k
(S — d(zo,2))*/3

VfRepf\ngSNFzg (V — Ey) — (Rep — Ep), on Q7 ;

and,
V —Rep— |Von|? > kY/3(V — Ey) — (Rep — Ey), on QF.

Now, since VV # 0 on 90, a quick examination of the Hamilton curves of ¢ =
€2 — V(x) starting from 90 x {0}, shows that, for z € O close enough to 90,
one has d(z,00) = O((V(x) — E)*/?). Therefore, by the triangle inequality, we
deduce,

d(l'(),.’r) Z S — CQ(V(LB) — Eo)g/g, (57)

where Cy > 0 is a constant, and the inequality is actually valid in all of O except
for some fixed small enough neighborhood Uy of zq (since V — Ey > 0 on O\{zo}).

In particular, Uy can be assumed to be disjoint from Q7 , and then (5.7) shows
that V(z) — Ey > (k/C2)%/? on Qf . Therefore, observing also that |p — Eo| < Csh
with C3 > 0 constant, on this set, we obtain,

k
2
V —Rep— |[Von]| Z@*C?)}LZ@, (5.8)
for h > 0 small enough.
Moreover, by (5.7), on O\Uy, we also have,
V- E, _ 1
35 — dwo, )7 = 302
and thus, if x € Q7 \Uo,
o k
V —Rep—[Von[> > (5.9)

—= —C3h > ——,
3c2/? aci?

for h > 0 small enough. On the other hand, by (2.5) and the results of [HeSj2],
we know that won(x,h) is a good approximation of u(x,h) on Uy, in the sense
that,

Hed(mo ,I)/hu/

}LHLQ(U[)) = ﬁ(hoo)



Shape resonances for non globally analytic potentials 39
. _ _g1/3
Since eN/h = g(h=CN=5""¢d@o.2)/1) e deduce,

[|e?~ /P, = 0(h™). (5.10)

||L2(U0)

Now, we apply the identity (3.14) with u},én,Rep instead of vy, @, Ap. Using
(5.6), (5.8), (5.9), and (5.10), this permits us to obtain,

W[V K| M| = 0 (020 4 B2 e M ).
In particular,
le® /Mt || = @(n™ 1),
and thus, also,
[V (/)| = o= M=F72),

and the result follows. O

Now, we estimate u —wen globally in an N, h-dependent small neighborhood
Uy = {z;dist(x,00) < 2(Nk)?/3} of the boundary of the island. We show

PROPOSITION 5.2.  There exist Ny € Z and C > 0 such that, for any N,
one has as h — 0

lu—won | wy) = O(h N2 5. (5.11)
ProOOF. Let Up,; be the neighborhood of I" in Uy defined by,
Uni1=0UnnN Q(Nk, to), (5.12)

with tg > 0 small enough. We may assume,

Unvi C | Qh(— (NE)Y3, (NK)*?),
zlel

where QL (—(Nk)¥3, (Nk)?3) is the neighborhood of each z* € T' defined by
(4.29). )
Then Proposition 5.1, (2.7) and an estimate of I[¢] in the sea mean that there
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exists Ny such that

lu —wenlm Uy, = ﬁ(hfme*s/h). (5.13)
It follows from (2.7) and the fact (Uy\Un,1) N Ba(zo,S) = 0 that

||u||H1(UN\UN,1) = ﬁ(h_NQe_S/h)a

and since wen vanishes in Uy\Up,1, we obtain (5.11). O

6. Comparison in the sea.

In this section, we give a more precise estimate on vy = 5/ (u—weon) (C > 0
being as in Proposition 5.1), in the neighborhood Uy of 00. We will show

PROPOSITION 6.1.  For any L > 0 and for any o € Z%, there exists N o > 1
such that, for any N > Np, o, one has,

0%un(x,h) = O(hY) as h—0, (6.1)

uniformly in Uy .

Let & be an arbitrary point on 0. In the sequel, all the estimates we give
are locally uniform with respect to & € 9O (and thus, indeed, globally uniform
since A0 is compact).

Here again, we choose FEuclidian coordinates x as in Section 4.1 but centered
at & such that T3(90) is given by z,, = 0, and 8/dzx,, is the exterior normal of O
at this point.

Consider h-dependent neighborhoods of z, of the form

on(h) = {5 |z, — | < (NE)?3; |2" — &'| < (Nk)Y?}, (6.2)
where k = hlog(1/h).

Let (x(¢),&(t)) = exptHp(0,0) be the Hamilton flow passing by the origin at
time O i.e.

dx
(6.3)
e ov

dt Oz’
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Recall that, by the non-trapping condition (A3), there exists, at any point & on
BO, a positive constant Cy = Cy(Z) such that the potential V' is written in the
form (4.2). Hence —(0V /0x) = (0,...,0,Co) + O(|z]), and the flow is tangent to
the &,-axis. As ¢t — 0, one has

za(t) = Cot? + O(t3), &.(t) = Cot + O(t?),

(6.4)
a'(t) = O(t*), gt)y= o).

When t — +o0o, on the other hand, |z(t)] — oo by Assumption (A3), and &(t) —
¢X for some X € R™ satisfying |€X|? = Ey by (A1). That is, as t — o0,

a(t) =265t +o([t]), €(t) =¢&E +o(1), €| =V Eo. (6.5)

In particular,

{x(t) -€(t) = 2Eot + o(|t]) as t — +oo (6.6)

(8] - [€(8)] = 2Eolt] + o([¢])

6.1. Propagation in the incoming region.

Here, we study the microlocal estimate of €%/"y and e
along the incoming Hamilton flow (J,_,(z(t),£(t)). For the estimate on e
use the fact that u is outgoing at infinity and the propagation of frequency set. For
that of e5/Mwen, we use the result of Section 4.

S/hwen independently

S/ha, we

6.1.1. Microlocal estimate of e5/"u.

We first study @ = e%/"u. Using the Bargmann-FBI transform T, of (8.5),
we plan to prove that, for some convenient p > 0, T,a(x,&, h) is exponentially
small for (z,&) close enough to (z(—t),£(—t)), t > 0 sufficiently large. Actually,
we prove something slightly better, namely,

LEMMA 6.2. For any S1 > 0, there exist t1 > 0 and p > 0, such that, for
all t > ty, one has,

TMU(JZ, 67 h’) = ﬁ(6_31/h)5

uniformly for (x,€) in a neighborhood of (x(—t),&(—t)).

PrROOF. Let F(z) be the function used to define the distorted operator Py
(see (2.1)), and let xy € C°(R.) verifying x(|z|) = 0 on 7, (Supp ¢o)U{ F(x) # x},
X =1 on [R,+00) for R > 1 large enough, x’' > 0 everywhere.
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For § > 0 small enough, we consider the distortion,
Gs(x) ==z +10x(|z|),
and the corresponding distortion operator Us, formally given by,

Uso(x) == (det Gs)/%p(Gs(x)).

Then, the distorted operator Py s := UsPyU 5 !is well defined, and its principal
symbol pg s verifies,
po.5(%,€) = po(x,§) if v € T (Supp ho) U {F () # z};
Po5(x,€) = (1 +i0)*(dGs () "1€)* + V((1 + i) G ()
if 2 ¢ m, (Supp o) U {F(x) # a}.

Next, we observe that,
dGs(z) = (1 4+ idx(|x|)) + 10 A(x),
with,

Alz) = X/|(I|T|)($j$k)1<j,k<n-

In particular, one has (A(z)y,y) = (xX'(|z]))/(|z|){z,y)*> > 0 for all y € R", and
thus, it is not difficult to deduce that Im '‘dGs(x)~1dGs(z)~1 < 0 for § > 0 small
enough. As a consequence, we see that, for « ¢ m,(Supp o) U {F(z) # x}, one
has

Impy s(z,€) < —06% + O ((z)~%),

and thus, if F(x) and ¢y have been conveniently constructed, and using (3.1), we
obtain,

—Impy,s (@ — t0y1h0 — itDetbo, & — terpo + it0x1ho) >

)

Ql=

for some constant C' > 0, and for (x,&) such that | Repg s(x,&) + W(x) — Eg| <
(€)2/C. As for Py (see Section 2), this implies that (Pys+W —p)~! is well defined



Shape resonances for non globally analytic potentials 43

and has a norm @'(k~!) on H;. ) .
On the other hand, we also know that ug 5 := Usug = UsU;pu is well defined,
and is in L2(R") (see, e.g., [HeMa]). Thus, we can write,

(Pg’g + W — p)?.myg = Wu975 = W’LL,
that is, ug s = (Pp,s + W — p) "' Wu, and thus,
[uo.sllL2(rmy = O (B M) |ugslle = O(hME), (6.7)

for some M > 0 constant, independent of § > 0 small enough.
Making in the expression of T,,u the change of contour of integration,

R" >y — Gos(y) := Gs(y) +i0F(Gs5(y)),

we obtain,

Toule,€) = c, / ¢i(E=Gos ()E/h=n(z=Co.s W) 2y (1) det dGy 5 (y)dy,
R’V‘L

and thus, using (6.7) and the Cauchy-Schwarz inequality,

1/2
T#u(m,f) — ﬁ(h*Ml) |:/6{2ImGe,é(y)€+H(ImGe,s(y))2M(wReGe,s(y))2}/hdy

(6.8)

for some M; > 0 constant, independent of .

Now, let R; > 1 be some fixed number arbitrarily large, and take ¢ > 0
sufficiently large to have |x(—t)] > R + 2R;. Then, for (z,£) close enough to
(z(—t),&(—t)), and setting & := § + 0, we deduce from (6.8),

B . 1/2
Tou(z, €) = O(h=M1) {/ 626y£/h+u62yz/hu(wy+96y)2/hdy}
ly

—z|<|z|/2

+ ﬁ(h—Mle—uﬁ/wh)

) N 1/2
% [/ 20y€/htpdy? /h—p(z—Re Ge,a(y))2/2hdy} ’
ly—z|>|z|/2

and thus, for 6/p small enough, (and since |y — x| > |z|/2 implies |y — x| > |y|/4,
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and we have Re Gy 5(y) = y + 0(0d]y|), and |{| remains uniformly bounded),
, - 1/2
TMU(.’E,S) _ ﬁ(h_Ml) |:/ e26y5/h+u52y2/hdy + ﬁ(e—uRf/ML). (69)
ly—z|<|z|/2
Moreover, if |y — x| < |z|/2, we have y-£ < x-&+|z|-|£|/2, and thus, by (6.6), and
for (z,€) close enough to (z(—t),&(—t)), we obtain (possibly by taking ¢ larger),

LE< -
y-§< 5

In the same way, using (6.5), we also obtain,

3
ly| < % < 4+/ Eot,

and thus, inserting these estimates into (6.9), we find,
Tu(z,&) = ﬁ(thleonSt(l—wﬂSt)/h) n ﬁ(e,“Rg/zlh).

In particular, for any S; > 0, if we first fix u > 0 such that Fy > 64157, then
Ry such that uR?/4 > Sy, then t > 1 such that |z(—t)| > R + 2R, and finally
§ = (32ut)~! — 0 = (32ut)~* — k, we obtain,

Tyu(z,§) = ﬁ(h—Mle—EOSt/% I e_Sl/h)
ﬁ(h—M1e—Eo/64,uh + e_Sl/h)

= ﬁ(eisl/h),

uniformly for (z,&) close enough to (x(—t),&(—t)) and A > 0 small enough. O

In particular, taking S; > S, we obtain,

Tu(e%/Mu) = O(h™) near (x(—t1),&(—t)),
and therefore,

(¢(~t1),&(~t1)) & FS(e%/ ),

where FS(e%/Mu) stands for the frequency set of e/"u (see, e.g., [GuSt],



Shape resonances for non globally analytic potentials 45
[Mal]). Moreover, by (2.7), we know that, for any K C R"\Bg(z¢,S) compact,
€5/ u|| g1 (rey = O(h~Nx) for some Ng > 0 constant. Since R™\Bg(zo,5) is a
neighborhood of {z(—t);t > 0}, and (P — p)(e%/"u) = 0 in 2'(R™\By(xo, S)), the
standard result of propagation of the frequency set for solutions of real-principal

type partial differential equations (see, e.g., [Mal, Chapter 4, Exercise 7]) can be
applied above this set, and tells us,

(z(—t),&(—t)) ¢ FS(e% ) for all t > 0. (6.10)
In particular, for any p > 0 fixed (independent of h), for any ¢ > 0, and for

any K C R™\By(xo,S) compact containing (z(—t),£(—t)) in its interior, we have
(denoting by 1x the characteristic function of K),

T, (1xe"u) = (h>) uniformly near (z(—t),&(—t)). (6.11)
Now, we set,

Tyu(z, &) = /ei(m—y)é/h—un(mn—yn)z/2h—(m’—y/)2/2hu(y)dy, (6.12)

where p,, :== (Nk)~1/3.

LEMMA 6.3.  For anyt > 0, for any K C R"\Bgy(xo,S) compact containing
x(—t) in its interior, and for any N > 1, we have,

T (1ge¥"u) = O(h*°) uniformly near (z(—t), &(—t)).
Proor. We write,
Tn(1ge¥"u) = (TnT}) Ty (1 e M),

and a straightforward computation shows that the distribution kernel Ky of TwT7
verifies (see, e.g., [Mal, proof of Proposition 3.2.5]),

|KN(JU, é" z, <)| — a67(#n/(l‘i’l‘n))(zn7Zn)2/2h7(1/(1+#n))(§n7<n)2/2h

w e (&' =) /4h—(&'~C)?/h

with @ = O(h™"™). Then, the result easily follows from the obvious observation
that, for any fixed 4 > 0, one has,
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6_(Nn/(1+ﬂn))6/h + e_(l/(l""un))é/h — ﬁ(hoo) O

Now, we fix once for all a compact set Ky = K\Bg(zo,S), where K € R" is
a compact neighborhood of the closure of O.

LEMMA 6.4.  There exists 09 > 0 such that, for any 6 € (0,d¢], for all N > 1
large enough, and for ty := 6~ Y(Nk)'/3, one has,

Tn(1x, e "u) = G(hN) uniformly in # (ty,h),
where,

P |n — o (—tn)| < O(NK)?3, |6, — &n(—tn)| < 8(NK)V3,
tn,h) = .
(ta 1) { tn)| < 8(NE < 5(Nk }

@/ — 2’ (—tn)| < S(NE)3,|¢ =€ (~tn)| < 6(NK)/?
PROOF. At first, we cut off the function e%/"u by setting
ur = x4,

where y; € C®(R™), Supp x4 C {k*/3 < dist(z,0) < 2}, x4 = 1 on {2k?*/3 <
dist(z, O) < 3/2}, and 0%y = O(k~2°/3) for all « € Z7. In particular, by (2.7),
we have ||(P — p)ui||2 = ||[P, x+]e% " ul| 2 = O(h~N) for some Ny > 0 constant,
and, if v = ¥ (z,£) € C§°(R*") is such that

T Supp b C {3(Nk)?/3 < dist(z,0) <1}, supy| <2, (6.13)
then, for any M > 1, we have,

h_MwTN(P - p)u1(x, g) = h_M¢TN [Pv X+]U1(.’E, 5)

and, since |z, —y,| > (Nk)?/3 for z € m, Supp v and y € Supp[P, x4 |u1, we easily
obtain,

B M T (P = p)us || o = €(h Nt 4+ h=2Memhn(N)Y2/20)
that is,

[T (P = pyua| o = O(R N 4 2NN,
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In particular, for M < N/4, this gives,
A= M Tn (P = p)usl| ., = O(h~ ™). (6.14)

Now, in order to specify the function v we are going to work with, we first make
a symplectic change of variables near (0,0) € R*":

/

1
Yy :x/, Yn = Ty — 6057%7

(6.15)
77/ = 6/7 N = &n-
In this new coordinates, we have

2 / 1 2

p=n _C(]yn+W y7yn+5077n s (616)
0 0 0 2 0

H,=2— +Co=— - VW — + —10,0,, W—. 6.17
p 77 ay/ + Oann 877 + C(]n n ayn ( )

Now, we fix tg > 0 small enough, and we consider the function,

ot = s (o (o)

where x € C§°(Ry;[0,1]) is such that,

4
Suppx C [0,a], x=1on [O,(ﬂ, —aSX/§00nR+,

for some constant ¢ > 0 small enough, and f € C§°(R;[0,1 + to + €']) is defined
in the following way,

7(5) = x0(8)f1(5) = xo(s) ( ~os-2k [ - 5) o)

(Nk)_1/3 t73
where C, C7 > 0 are large enough constants, and xg is a cut-off function such that,

Xo € C3° ([—to — &, —C1(Nk)/?; 0, 1]);

Xo = 1 on [~tg, =201 (Nk)'/3];
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Xo <0 on [-2C1(Nk)Y3, —C1(Nk)'/3);
for all £ >0, x\" = O((Nk)~/3) on [-2C, (NE)'/3, —Cy(Nk)/?);

for all £ >0, Xée) = 0(1) on [—ty — &, —to].

This 1) satisfies the condition (6.13), since on the support of 1, one has

1
Ey — V(x) = 772 + Coyn — W(?J/a Yn + 0077121)

> np — aConi + O(a®nk +n3)
C?

for sufficiently small a. In particular, (6.14) is valid with such a .
Moreover, one has

0% 0090y = O((Nk) =o' +2lenl+18D/3), (6.19)

Therefore, we see that ¢ satisfies the conditions (8.6)—(8.7) in the (y',7)-
coordinates, with p = 0, and the same conditions in the (y,,n,)-coordinates,
with p = —1/3.

Then, by a straightforward generalization of Proposition 8.3, and by using
(8.9) and (6.14), we obtain,

k{(MHy¢ + qrp)h™ M Tyur, kM Ty )

= O(h)||(h M Tyw ||* + 0(hN) ||[B MV Ty

, (6.20)

where M < N/4 and N; > 1 is independent of N, and ¢asy is defined in (8.9).
In the sequel, we use the notations,

I, ;== Suppy N {nn € [—tg — e, —to + 5/}};
Iy ;== Suppy N {77n € [—to+¢€, —QCl(Nk)l/B}};

I3 := Supp® N {n, € [-2C1(Nk)Y/3, —C1(Nk)'/?]}.

Let us now estimate |Hp| from below on I, U I3. First, observe that one has
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|f ()| < 2x0(7n) (6.21)
if to < 1/C, and in particular on I U I3, where x{ < 0, one has

2C2(Nk)?/3

0 Yot = Cxaln) (6.22)

)] > (0+

Using these estimates, and the expression (6.17), we can easily show

LEMMA 6.5. Fortg < Cp/2

01 2 1)l (G = (5 ) ). (6.23)

where

_ <|77’> _ < |Yn| ) _ <|y'l>
X1 =X ) X2 =X 5 | X3 =X .
‘nn| |77n| ‘nn|
PROOF. One can estimate |Co(9/9n,)¢| from below by

0
‘Coani/)‘ > Colf' (nm)Ix1x2X3-

One can also estimate 2|n'(9/9y" )|, INW (/00 )|, |nn| |V, W(0/0yn)¢| from
above by |f’| times a constant of &'(1/C'). For example,

0 ! 8
2 Ulay,lff‘ < fX1X2|:77||X§| <dfxixs < Zxixalf'];

using the facts |1'|/|nn] < a, |x4| < 4/a, f < 2f'/C. On the other hand, for
VW (9/0n,)1|, one has

0
oY

b

7] 0
oyl < — | <

which is smaller than |(9/9n,, )| for sufficiently small ¢o. O

Now, let Cy > C; be another large enough constant. We set,
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1 1 1 1
Q= Ulz)N > —; > —; > — > — 5
1 (2 3) {XO_027X1_021X2_C,27X3_C2}7
QQ = (IQ U Ig)\Ql

Then, by construction, on 5 we have by (6.21),

1 2
VS g < o (6.24)

Moreover, in a neighborhood of Xy := (0;0, —3C1(Nk)'/3), of the form,
v = {0 < lmnl, ynl < Slml®, ¥/ < Slnal, [(NE)™ 3, +3C4| < 6},
(where 6 > 0 is a small enough constant), we see that,

1 1/3 9 —C gt 8
¥ > Su(Xn) = 3CCH(NK)'/? — 205 /SC B2 =0 (6.25)

and, by (6.24), we can fix Cy large enough, in such a way that,

1
sup e < S7o. (6.26)
Qs 2

On the other hand, by (6.22), (6.23), on €, we have,

Co .. Co ( 2012(Nk)2/3)
Hyp| > —= > —a | C+ ——F—). 6.27

Using the expression of gar deduced from Proposition 8.3, and the fact that here,
p(x,€) = €2+ V(x), we have

LEMMA 6.6. Ash — 0,

1
qury = —2kM? 1,0y, Ve, ) + O <1n1> : (6.28)
h

In particular, on Qq, for M/N sufficiently small, one has

M
|QM1/J| < ?|Hp¢| (6-29)
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Proor. Taking into account that

Otp = O(k™'%), 0,00 = O(k™/7),
Oertp = O(k™?), De, b = Ok,

and hence that
Oy =0(k°), 4,10, v=0FK"?),
we see that for p = &2 + V(z),
Imp(z — 2kp™ 10,9, & +ik0,, ) = kHyh — 2k 11,05, 10, 1 + O (K*/?),

and that

1 op . Op B . .
haz”{/i@Rex Z@Ref}(x 2kp 10z, € + k0, )

1 Jp dp

1 ORex _iaReJ(%O + O(h).

~10., |

Since 0., [(1/1)(0p/0Rex) — i(Op/ORe&)](x,§) is real, we obtain (6.28).
The estimate (6.29) follows from (6.28) and (6.27), because using the estimate

ann¢ = ﬁ(‘nn|71)a

one sees that

M (NK)?/3
EM? 11,0, 00, ) =C— - M ,
e 0060 = Oy - M
for some constant C' independent of M, N. O
Thus, still by (6.27),
MCC
\MH b + qary| > % on Q. (6.30)

“icr

Now, we turn back to (6.20), that we rewrite as,
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((MHy + qrrp)h M Ty, 7“b_]\/w’-”1vu1>Ql

= —((MHp + quy)h™ M Tvuy, h*MwTNm)hUQZ

+ O (hk™ [k MY Tyur||? + =N k= WM Ty ),

and thus, since M H, + qary = O(h™3) for some N3 > 1 constant, and 7 is
bounded on Supp ¢,

(MHyY + qargp)h™ M Tyur, MY Ty ),
= O(h ™| MY Tyus ||, 0, + bE~H B~ Tyua |1§,)

+ (k) Tvun |* + hN kMY Ty ).

Using (6.30), we deduce,

_ 2 _ _ _ _

Hh MwTNmHQl = ﬁ(h N3Hh MwTNUq”%lugb +hk 1Hh MwTN'U,lH?h)
+ O (hk [ Tnur||* + 2N k7 A MY Ty ),
and thus, since hk~! = |Inh|~! — 0 as h — 0,
_ 2 _ _
[n= M Ty |, = 6 (R A= Tyvua 17, L0,)
+ O (hk [ Tnur||* + 2N kA MY Ty ),

uniformly for A > 0 small enough. Therefore, setting Ny = max(Ns3, Ny + 1), we
obtain,

=T g, = Ch=™ [ Ty |

< ChNe ([l MY Tyun |17, 0, + O Ty |1?),
for some positive constant C , and thus,
||h_M¢TN’U’1HQl S C/h_N4(1 + ||h_MwTNu1||11UQ2 + H<§>T'N’LL1||)7

for some other constant C” > 0.
In particular, since #y C Q; and ||[{(§)Tnu1|| = |Jua| g = O(1),
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[h M0 T ], = G0N (14 M T 1,00,)

=0 ") (1+[|[n M Ty o, + h M| Tvuallr,)-

Then, using Lemma 6.3, we see that |Tnui|, = €(h*) if a has been taken
sufficiently small, and thus, using (6.25)—(6.26), we obtain,

hiN[TOHTNul”WN _ ﬁ(th4f(M/2)T0)’
that is,
I Tnur|lwy = € (R~ N+ M/2m0), (6.31)

where the estimate is valid for NV large enough, M /N small enough, and is uniform
with respect to h > 0 small enough. This completes the proof. O

6.1.2. Microlocal estimate of e5/"Pwen.
Now, we study the microlocal behavior of the WKB solution wey in # (tn, h).

For N > 1 arbitrary, we denote by xn a cut-off function of the type,

X (@) = XO(|ZT\L,,;)§’;|)><0(5\;;)£;), (6.32)

where the function xo € C§°(R4+;[0,1]) verifies xo = 1 in a sufficiently large
neighborhood of 0, and is fixed in such a way that xy(z) = 1 in {|z, — Zn| <
|Zn (—tn) — &) +20(NE)?/3; |2 — 2| < |2/ (—tn) — 2| + 25(NE)/2} (here, ty and
 are those of Lemma 6.4). Then, setting,

WN = 1B,(z0,5)c XNWCN,

(with C' > 0 fixed large enough, as in Proposition 5.1), we have,

LEMMA 6.7.  For any L € N large enough, there exists 6, > 0 such that, for
any 6 € (0,0], for all N > 1 large enough, and for ty := 6~ (Nk)'/3, one has,

Ty (es/hﬁ)N) = ﬁ(h‘SN + hL) uniformly in # (tn,h).

PROOF. Let x!(r) € C5°(RT;[0,1]) be a cut-off function such that x! =1
for 0 < r <26 and x! =0 for 30 < r and set,
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1oy (e —an(—ty)| |z" — 2’ (—tn)|
X (@) = Xl( RO AR A
We write,
TN (6S/hII)N) = TN (es/hX}Vﬁ)N) + TN (es/h(l - X}V)@N) = .[1 + IQ.

First we study Ir. We have |z, — y,| > §(NEk)?/3 or |2/ —y'| > 6(Nk)/? if
[Ty, — 2 (—tn)| < S(NE)?/3, and |2/ —2'(—tn)| < §(NE)/2, and y € Supp(1—x})-
Hence, there we have

ef,un(mnfyn)z/th(m’fy’)z/Qh < h52N/2.
With the estimate of e%/Mwy in Proposition 4.6 (i), we deduce,
|Lo(w, & h)| = O(h N4,

uniformly for (z,£) € # (tn, h).

Next we study I;. Since Supp xy C Q(c2(Nk)?/3, ¢ (Nk)?/3) for some ¢; >
¢y > 0, we can use the WKB expansion (4.41), that we prefer to write in the
coordinates 2z’ = v/, z, = yn + b(y’) as in (4.34). Using also (4.24) and (4.27), we
obtain,

es/th(y; h) = h_"/4e_‘£(2/72”)/hA(z', zZn;h) + ﬁ(h‘sLN + hL),

where

(b(zla Zn) = a(zl) - b(zl)gvcz(zl) + §7CL(Z/)Z” - iD(Zlv _izrlb/Q)Zg/Qv
L+[Nk/cph] & 1/2

A, zn; h) = Z Jile —iz) 4

. . )
o (e

with (2, 71.2711/2) and f;(#, 71.2711/2) holomorphic with respect to zy/? for |zn| <
c1(Nk)?/3, and 9(0,0) = (2/3)v/Co (see (4.24), (4.25), (4.5)). In particular, on
Supp x &, we have,

|A(2', zn; h)| = O((Nk)~/5). (6.33)

Now, I; is written as,
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Ii(x,6,h) = h‘”“/ e @2/ (g, 2 h)dz + O (h°HN + hE),
Rn

with

P(x,2,8) = (*T/ - z/) &+ (Tn — 2n + b(zl»En + i(l;(z/7 Zn)

i(x' — 22 ipn(a, — 20 + b(2))?
SR 2 ;

d(z, z;h) = xN(2, 20 — () A(Z, 203 h).

+

By the change of scale,
o = (NK)V2E = (NK) P20
2 = (NK)Y?3, 2, = (Nk)*/®z,; (6.34)
¢ = (Nk)1/2€~/§ &n = (Nk)l/Bgna

and setting

h:=(Nk)"'h (< 1), (6.35)

I, becomes,

Li(z, €, h) = (Nk)HD)/3+(n=1)ep—n/4 / eV @2OMG(F, 2 B)dz + 0(hOrN + hE),

where
D= (-9 E4 2V + e 4 o),
with @(Z') = €(|7|?) real-valued, and d(&, Z; h) is a smooth function in Z supported
in
{12, — Co6 ™2+ O((NK)'/3)| < 35} N {|Z' + O((Nk)*%)| < 35}, (6.36)

(recall from (6.4) and (4.4) that z(—ty) = (O((Nk)*/?), Cod~2(Nk)*/* + O(Nk))
and a(z'),b(2"),£5(2') are real-valued functions that are €(|2'|?)). Moreover, d
satisfies the same estimate as (6.33), and it is holomorphic with respect to Z, in a
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(h-independent) small neighborhood of z,, = Z,.
Then it suffices to show,

0

€ <=
0z,

s

v

R 5, (6.37)

for some positive constant ¢ independent of h and N. Indeed, in that case, a
standard modification of the integration path with respect to z, around 2, = 7,
to the upper complex plane with small enough radius, shows that I, = & (e*‘s/ hy
as h — 0, with another constant § > 0, and this means that I; = &(h°N) as
h — 0.

The fact that (6.37) holds for Z in the support of d (where (6.36) holds) and
(x,€) € # (tn, h) follows from,

v

€ =
0z,

R

= *gn + v COE’}L/z + ﬁ((Nk)l/S)a
and the estimates (6.36) and —én > Cpé~ ' — 6 implies

—&n + /Cozt/? > 2056~ — b6.

This completes the proof. O
6.2. Propagation up to the outgoing region.

Now, for N > 1 large enough, we set,

UN 1= XNV = XNeS/h(u —wen),

where xn is as in (6.32), and C' > 0 must be fixed large enough as in Proposition
5.1. Lemmas 6.4 and 6.7 imply that for any L large enough, there exists d;, > 0
such that for any N > L/éy,

Tn(vy) = O(h°N + hE) uniformly in # (tx, h), (6.38)
where § > 0 is a fixed small engugh constant independent of N, L, and ty =
§~Y(NE)'/3. Moreover, since Re¢ > —C, Nk on Supp xn (for some C; > 0 con-

stant), we deduce from Proposition 4.6 that, if C' > 0 has been chosen sufficiently
large, then,

(P = p(h))oy = [P, xw]e" (u —wen) + O ().
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Now, we introduce the (N, h)-dependent distance JN7 associated with the metric,

|da’|? dz?
+ .
Nk ' (Nk)i/3

Then, using Proposition 5.1, we see that if
dn (z,Supp Vxn) > ¢ (6.39)

for some fixed € > 0, thanks to the Gaussian factor in the definition of T (see
(6.12) for the definition), we have,

Tn(P — p(h)on (2,€) = O(h~NeFN/2),
for some N5 > 0 independent of IV, and thus,
Tn(P = p(h)on (2,€) = O(h=N/%), (6.40)
for all N large enough, and uniformly with respect to h > 0 small enough and
(x,€) € R?" verifying (6.39).

Still working in the same coordinates (for which & = 0), we consider the
(h, N)-dependent change of variables,

x= (2, 2,) — 3= (T, 3,) := ((Nk)fl/Qa:’, (Nk)72/3a:n),

and the corresponding unitary operator Uy on L?(R™). Under this change, the
function vy is transformed into,

on (%) = Unon (F) = (NE)Y Y 205 (NK)V2E (N BE,),
and one can check,
T’l~)N (j7 g; il) =C (Nk)_n/4_1/12TN’l)N (AN(LE, g), h), (641)

where T = T is the standard FBI transform defined in (8.5) with ¢; =
2-"/2(xh) =37/, and,

An(2,€) = ((NK)Y23' (Nk)* 33,5 (Nk)Y2E (NK)Y3E,);
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-k !
Then, setting,
(NE)=2/3(P — p) = P = —(Nk)'/3h?Ay — 1?02 +V(&),
with,
V(#,h) == (Nk) "3V ((NK)Y23 (Nk)*3,) — (Nk)~2/3p
= —Cody + (NE)"2/3[Eg — p(h) + W ((NK)'/2%, (Nk)*3,,)],

we deduce from (6.41) that (6.40) becomes,

TPin (‘%75; ;}) = ﬁ(cl(Nk)—(n+3)/4e_€2/4ﬁ) _ 6(6—62/6"3), (6.42)
for any IV > 1 large enough, and uniformly with respect to A > 0 small enough

and (Z,€) € R?" verifying (6.39). (Here, we have used the fact that Nk = h/h =
;L71671/(Nﬁ).)

Moreover, setting,
B(%,€) == (NK)YPIE'? + €2+ V (&, h) = (Nk)"2/*po An(3,9),
a direct computation shows that, for all £ € R, one has,
exptHy = Ayt o (exp(Nk)'/3tH,) o Ay.
As a consequence, still using (6.41), we see that (6.38) can be rewritten as,
Ty (7, & h) = e (Nk) /4126 (e0/7 4 g=0u/h)
— O(e%:/?M), 5}, = min(5,41) (6.43)

uniformly in the tubular domain

O (e ot N o Gt LAY
@ — &' (=071)| < 8(Nk)VO, | — €' (=67")| < 6(Nk)~/S
(6.44)
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where (&(f),£(f)) = exptH;(0,0).
Moreover, using (2.7), Proposition 5.1, and the properties of weoy in the sea,
we see that there exists N7 > 0, such that,

lon | = O(h~N) = 6N/ VD), (6.45)

In particular, for any € > 0, one has ||Oy || g1 = ﬁ(ee/il) when N is large enough.
Now, we are in a situation very similar to that of the propagation of analytic
singularities, except for the fact that the symbol of P is not analytic. However,
denoting by W a holomorphic C(Nk)?/3-approximation of W near 0 (in the sense
of Lemma 8.1, and with C' > 0 sufficiently large), and setting,
Wy (2) = Wx (Nk)23, (Nk)*3%,);
VN(.’Z') = —C()jn + (Nk')_2/3 [EO - p(h) + VNVN(.’E)],

Py == —(Nk)Y*h*Agz — h202, + Vn (),
we deduce from (6.42), (6.45), (and, e.g., the fact that (Nk)N = h~Ne=1/h =

ﬁN(e’l/ﬂl)), that, for any € > 0 fixed small enough and for any N > 1 large
enough, we have,

TPy (2,6 1) = On(e=/%h), (6.46)

uniformly with respect to A > 0 small enough and (5375) € R?" verifying (6.39),
which can be expresses as

17| < & (=0 D[ +20 —¢, |Tn] <|Zn(—6"1)|+26 —c. (6.47)
Now, by construction, the symbol of Py is holomorphic in a (arbitrarily large)

complex neighborhood of (0,0), and since Eo — p(h) = €(h) and 0°W(z) =
O(|z|®~12D+), we see that the total h-semiclassical symbol py of Py verifies,

-1
B (#,€) = & — Coitn + (NE)/(E) + (Nk)1/3ﬁ<laz|2 + (N]n ;11) )
that tends to,

Po(2,€) =& — Con,
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as h tends to 0. In particular, py does not depend on N, and the point
exp(—0~1H;(0,0)) tends to exp(—3~1Hj,(0,0)) as h — 0.

From now on, we fix € > 0 small enough and the cut-off function x¢ in such
a way that dist(m,(exptHj,(0,0)), Supp Vxo) > 2¢ for all £ € [-6~1,671], where
d is the same as in (6.43).

Then, modifying the proof of the theorem of the propagation of analytic
singularities (see, e.g., [Sj1, Theorem 9.1], or [Mal, Theorem 4.3.7]), we can show
that, in our case, the estimates (6.45), (6.43) and (6.46) imply

PROPOSITION 6.8.  There exists a constant 61 > 0 independent of L, such
that, for all L large enough (and N = L/é1), one has, for h > 0 small enough,

Ton (%, h) = 6(e0L/P) (6.48)

uniformly in V(61) = {& &) < 61} x {& (k)OI + |6a] < 61}

PROOF. As in (6.15), we make a symplectic change of coordinates

1 -
~/:i'/7 ~n:‘%n_i?m
Y ) Y G (6.49)
77/ = 5/’ ﬁn = fnv
which leads to
0

po = —CoYn, Hp, = Co (6.50)

O

For positive constants a,b,c,d with b < a and «, 8 with a < 20d, we take
feC( —a,d};[0,a]) and x € C§°(] — ¢, ¢[;]0,1]) such that

d
re-son|-ngl. s0=1%
=1on _c¢ >10n _ce <10utside _cc
X_ 4743 X74 232u X74 272

Then the weight function

G(@,7) = £ i) x (G )X (NE)YO 15 ) x (NE) 6] )

satisfies
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[Hpot)| > == in (6.51)
9| < max <i‘ a;ﬁd) = % in Qs (6.52)

where Supp ¢ C 3 U Q, UQg, with

~ d
QIZA//C/QX |:_ba2:|a

Qo = (7o x [=b,d])\,
Qg, = 7/5 X [—a7 —b]

and
Vo= {37 1@ ) < e(Nk) V0, (5] < ).

Remark that Q3 C #(h) if a, b are suitably chosen.
A microlocal exponential estimate leads us, in our case, to

92H(Hﬁ0w)69w/?le~)NH2 < C’(kl/g +93)H60¢/ET1~}N”2 + HGQWETPN@N||2,

for a small parameter 6 and for each fixed L, N = L/dr. Let 01 be such small
number that C(k'/3/62 +60) x Cy3/64 < 1/2 holds for sufficiently small h, and let
denote again by 0z, the minimum of ¢} and 6. Then we have, by (6.51),

[ |y < NPT 2oy + Culle AT B P, (653

Q1) (Q1UQ3
for some constant Cp, > 0. First using (6.52) and |f| < «, one can estimate the
RHS of (6.53) by

26&6L¢/4h”T,L~JN” )+26&5Lw/h||T,Z‘}N|| )+CL€a5Lw/h||T1~JNH2,

2 2
L2 (Qz L2 (QS

and next, by using (6.45), (6.43) and (6.46) (observing that (6.47) is satisfied with
T =myexptHp, for all -5~ <t <0), by,

C/L(e(a/4+N1/L)5L/B Jre(aq/z)h/;} +e(a6L752/6)/f~1)'
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The LHS of (6.53) is estimated from below by

1= T [ ) 2 1€ Ton a5,y = €D HITON a5

(Ql) (V(61)) —

if 01 is so small that ¢ > 3/8 on V' (d1). Thus we obtain

ITox 22051y < Ch (eCO/SHNIDIL/ L (5/9)a=1/205 /b 1 (G/8)a61=6/0)/F).

This implies (6.48), if one takes o and ¢; sufficiently small. O

On the other hand, if | < & for small enough & and £ € R™\V¢(81) (where
we set Ve(01) = {& (NR)VO[¢/| + |€a] < 1)), then,

B (8,€) = c(l&ul? + (NB)VPIE + 1)
for some positive constant ¢, and again, standard techniques of microlocal analytic
singularities (see, e.g., [Mal, Theorem 4.2.2]) show, for any m > 0, the existence

of some &, > 1 (still independent of N), such that (possibly by shrinking a little
bit &),

K™ Tron 2 100y xve ey = €™ (6.54)

Gathering (6.48) and (6.54), we obtain,

K6 il 2 16,y ey = @ (6750").

In particular, using the fact that,

110N 172 ((121<5, < R

= (27h)"c} /{ s e~ @0 MGy () 2dgdi
z|<o1 X R"™

> (wh)~"/? / ' e~ @0/ R 5y (7) [P djdz
l5—g1<V/h, [31<(1/2)8,

b _pso~
Z?”n /2||vN||2L2({\;z|g(1/2)6i}>’

(where b, stands for the volume of the unit ball of R™), and turning back to the
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previous coordinates, we obtain,

”UNHLQ({|x’\§(1/2)6i(Nk:)l/2,|:1:n|§(1/2)51(Nk)2/3}) = ﬁ’(h‘le).

In the same way, working with (£)™T;0y instead of T10x, we also find,

[on (o)< (1208, (k)12 | <1208 (NR)2/3}) = O (RO1F),

for large enough L. Since L is arbitrarily large, (6.1) holds uniformly in # (tn, h)
by standard Sobolev estimates, and since Z € 0O was taken arbitrarily, Proposition
6.1 follows.

7. Asymptotics of the width.

We calculate the asymptotic expansion of Im p(h) using the formula (1.2) and
the results of the preceding sections.
Let W, C R™ be an N, h-dependent open domain containing O defined by

W, = {z;dist(z,0) < o(Nk)*?}

forl1 <o <2.

The boundary W, is in Uy for 1 < o < 2. Hence, replacing u by wen in
the formula (1.2) by using Proposition 6.1, and noticing that ||u|z2wy ) — 1 is
exponentially small, we have

T p(h) = —h? Im/ 3chwdS+ ﬁ<h2L6725/h). (7.1)

Moreover, the domain of integration OW, can be replaced by W, N Uy ; using
the facts (4.39) and Proposition 4.6 (i).

Then we can substitute the asymptotic formula (4.41) into the integrand of
(7.1); for any L large enough, there exist dr,cr(= 1/C%) > 0 such that for all
N > L/6y,, one has

0
h2 gZNwC hl n/2 —2(S+Re @) /h

L+cp, N|Inh|

¢ —  ,0a ;
x > <anajak+ha )h3+k+ﬁ(hL)

4,k=0
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The vector field @ Im ¢/dz - d/0x is transversal to the caustics 4 where Im ¢ =
Im ¢ = 0. Let ¢ be the one-to-one map which associates to a point 2 in OW,NUn 1
the point y = ¢(z) on € such that the integral curve of dIm ¢/dx-0/dx emanating
from y passes by x.

LEMMA 7.1.  On OW,NUp 1, the function Re (,Zg(l‘) reaches its (transversally
non-degenerate) minimum S at 1= (T') modulo €(h®). More precisely, one has,

Re d(z) low,nuy, = ¢(u(z)) + O(h>).
Proor. This is a direct consequence of (4.9) and (4.28). O

LEMMA 7.2. Let x € OW, NUnq, and y = v(z) € €. There exists a
family of smooth functions {3 (y,dist(x,%))}_, defined in € x [0,2(Nk)?/3),
with By(y,0) > 0, such that, for any large L, there exist ér,cr, > 0 such that for
all N> L/dr, one has,

R Tm &QCNW — pln/2,—2(S+(y))/h
mn

2L+42cp N|Inh|+1 1 —m
X > B (y,6(Nk)/3) (N In ) + O(ht)
m=0 h

PrOOF. We know by (4.19) and (4.42) that

0Tm ¢ B
on

O (dist(z,%)Y?), a; = O(dist(x, ) %/27 /1),
It follows that, for j + k = m,

8Im¢~>~ — . —3m/2;m _ s—3m/2 h ™
o a;aih dist(z, €) ™ =4 Nt

9a;

m—+1
o akh™ e dist(w, €) DR = 6‘3(m+1)/2(h) '
n

Nk
In particular, the principal term 5] (y, 0) is positive. In fact,

99
on

By, 6(Nk)*/3) = —lao|*.
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In local coordinates as in Section 4, 8/dn = (O(|x])0/0x', (1 + O(|x|))d/dzy) by

(4.4), and

OIm ¢
ox’

OmE e = T D | (1 b)),

jao|* = &(|2']) + &(xn + b(z")),

as Tn, + b(z") tends to 0, by (4.38) and (4.19). O

Now expanding £, in Taylor series with respect to dist(z,€), we obtain

2L+2c; N|Inh|+1 3L/2]+1

—m
—Imp: hl—n/QG—QS/h Z (Nh’l h) Z 5j_3m/2(Nk)2j/3

m=0 §=0

« / WG (y)dy + 6 (REH/2e25I) / =200/ gy,
ENUN,1 ’ €

f"IUN,l

To the integrals of the RHS, we apply the stationary phase method using Assump-
tion (A4), which means that the phase ¢(y) attains its transversally non-degenerate
minimum on the whole submanifold I'. For any large L, we obtain,

L—-1
/ 672¢(y)/hﬂ;n j(y)dy _ h(nlnr)/2{ Z dl,j,mhl + ﬁ(hL)}’
ENUN,1 7

=0

where {d; j.m } is a family of real numbers with dy ¢ > 0. Here np = dimT'. Hence
we have

— p—(1=nr)/2,25/h 11 p(h)

= Y R () Ry o, (12
(L,jm)eV

where
, ; _[3L
N =<(,j,m)e N I<L-1,5< 5 +1, m<2(L+cN|lnh|)+15.

LEMMA 7.3. Let (I,j,m) € A. The real number d ;, vanishes if j —
3m/2 # 0.
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PROOF. Observing that h < k?/3 < |Inh|~!, we introduce an order rela-
tion in the set 4. We write (I,7,m) < (I’,j',m’) if one of the following three
conditions holds:

) I<l, (Q)l=10andj<j, (ii)l=10,j=j, andm<m'

Suppose there exists dj j.» # 0 with j —3m/2 # 0 and let (lo,jo,mo) be the
smallest among such (I,m, j)’s. Then the RHS of (7.2) becomes

- 1\~ ™ 4o
> di g mh" T+ dig o mo 0K/ ( In h) (N2/3g)fosmo/2

(1,3,m)<(lo,jo,m0)

+ 0<hl°k2j"/3<ln ]11> ) 0).

Here, 0 is an arbitrary number varying between 1 and 2 and d; j,,, are indepen-
dent of 6. On the other hand, the LHS of (7.2) is independent of ¢. This is a
contradiction and we have proved Lemma 7.3. g

Then the proof of Theorem 2.3 follows from (7.2) and this Lemma 7.3, since

for j —3m/2 =0, one has
IR
In—) K¥/3=pm
(")

8. Appendix.

8.1. Holomorphic d-approximation.

Let f = f(z) be a smooth function on R™ uniformly bounded together with
all its derivatives. A function f(x,y) on R?" is said to be an almost-analytic
extension of f if

f(z,0) = f(z),
and, for all a € Z?ﬁ7

0 (55 + i )Tl = 2. (5.1

as |y| — 04, uniformly with respect to z. We can construct an almost-analytic
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extension (see, e.g., [MeSj]) by setting,

fam = ¥ Do (1-x(12)). (52)

acEN™

where x € C3°(R) is a fixed cutoff function that is equal to 1 near 0, and (¢4 )aen=
is a decreasing sequence of positive numbers converging to 0 sufficiently rapidly.
More precisely, we choose €, such that, for any 3 < «a, one has,

|y| sup ‘ (1 - x(ﬁ))a‘“*ﬁf’ <al

Then, the corresponding almost-analytic extension have the following elementary
properties:

LEmMMA 8.1.  Let f be as above.

(i) If f(n@y) and f(w,y) are both almost-analytic extensions of f(x), then, for
any § > 0, one has

sup |f(z,y)| < min{sup |f| + 2,sup | f| + 6(1 + sup |V f])}.
Y=

(ii) Let f be an almost-analytic extension of f and let I, ..., I, C R be bounded
open intervals. Then, for any § > 0 there exists a function fs, holomorphic
in U5 :={z € C™;dist(z;,1;) <0, j =1,...,n}, such that, for all « € Z3",
Be€ZY, and N > 1, there exists C(o, N) > 0, such that,

sup  |0%(fs(z +iy) — f(z,9))| < Ca, N)&V; (8.3)
z+iyels
sup [02fs| < sup |f(z,y)|o7 B, (8:4)
z€ls z+iy€las

uniformly as 6 — 0y. (Such a function fs will be called a holomorphic
d-approximation of f on Iy x -+ x I,.)

(iii) Suppose n = 1 and f(x) is real valued. If f'(xo) # 0, then any almost-
analytic extension f(x,y) is one to one in a neighborhood of (x,y) = (x0,0)
and the inverse f~'(u,v) defined in a neighborhood of (u,v) = (f(x0),0) is
an almost-analytic extension of f~1(u).
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PROOF. The proof of (i) is easy and we proceed with that of (ii). We denote
by (9) the (positively oriented) n-contour,

8) := {¢ € C™dist(¢;, I;) = 26, 5 = 1,...,n},

and, for z € y(J), we set,

fs(z) =

1 f(Re¢,Im()
d¢y - --dé,,.
[y(é) ( G1 G

(2im)n =) (20— Cn)

Then, f5 is clearly holomorphic in I's, and since |z; — (;| > § for { € v(d) and
z € T's, (8.4) is obtained in a standard way by differentiating under the integral-
sign. Moreover, for z = x + iy € ['s, we have,

f5(2) = fla,y) =

1 fRe¢,Im¢) = f(z,y)
/ : d¢y - -+ dp,

(2171—)” - Cl) Tt (Zn - Cn)

and, using the notations 9, = (1/2)(9, — i0,) and 9, = (1/2)(9, + i9,), we see
that,

fRe¢, Im¢) — f(z,y)
:(C—z)/o (azf)(t<+(1—t)z)dt+(gfz)/o (D.F) (¢ + (1 — t)=)dt,

where azf(z) stands for 8Zf(x, y), and similarly for ng(z). Therefore, since f is
almost-analytic, and |Im z| 4+ |Im (| = €(9), we obtain,

fé(Z) - f(m,y) = = () H[;ﬁj(zﬁ — CZ)

dCy -+ dGn + (. y),

with Fj(z,() = fol(azjf)(tC + (1 — t)z)dt, and 9%r = €(6*°) uniformly. Thus,
since Fj(2,C) [Tpz (20 — ¢)~' depends smoothly on (; in the domain A; :=
{¢5; dlSt(Cj, ;) < 20}, by the Stokes formula, we obtain,

6] 7 ) [~
fi(z) - zz/ H;J LES ey G NG+ 1(a),
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with v;(8) == {¢; € A;, dist(Ce, I;) = 26, £ # j}. Then, (8.3) follows from the fact
that d¢, F; = 0(6°) together with all its derivatives.

Now, we prove (iii). Let us use the coordinates (z,z) = (z + iy, z — iy)
(¢,C) = (u+iv,u —iv) and regard f and g = =1 as functions of (z,z) and (¢, ¢
respectively. Then

)

Differentiating by ¢, one gets
3zf5<g + 5zf5Cg =0,

where 0, = (1/2)(0/0x — i(0/dy)), 0. = (1/2)(0/0x + i(9/dy)) and J; =
(1/2)(8/0u —i(9/0v)), Oc = (1/2)(0/0u + i(0/0v)).

Since 0, f does not vanish near g by assumption, we can conclude that 5‘< g=
O(Jv]|*®), i.e. g is an almost-analytic extension of f~(u) if 9, f is, as function of
(u,v), of O(|v|*°) as v — 0.

First, 0.f = € (Jy|°®) since f is almost-analytic. On the other hand, since
f(x) is real-valued, we see from (8.2) that v = f'(x)y + O(y®) as y — 0, and since
f'(z0) # 0, we also see that y = @(v) as v — 0. Hence 0, f = O([v|>). O

8.2. A priori estimates.
We recall some a priori estimates. The first is the so-called Agmon estimate
(see for example [HeSj2], [Mal]):

LEMMA 8.2. Foranyh >0,V € L>®(R") real-valued, E € R, f € H'(R"),
and ¢ real-valued and Lipshitz on R™, one has

Re <e”/h(—h2A +V-E)f, e‘p/hf>
= 2V PP +((V ~ B = V(@) P)e?/" £, e/ ).
The second is a microlocal estimate originated by one of the authors ([Maz2]).

For u(xz,h) € S'(R™) and p > 0, we define the so-called FBI-Bargmann transform
T,, by the formula,

T,Lu(x,f,h) = Clt/ ei(ﬂc*y)-§/h*#(ﬂcf.71)2/2hu(y7h)dy7 (8.5)

n

where ¢, = pu™/427"/2(xh)=3"/4. The operator T}, is unitary from L?(R") to
L2(R?"), and et /24T, u(zx, €) is an entire function of z, = = — i&/ .
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PROPOSITION 8.3. Let m € San(1), d > 0, p € S2,((£)??), and denote
by pa(z,& h) an almost-analytic extension of p. Let also k := hln(1/h), p €
[~1/3,1/3] and ¢ € C°(R*"; R), possibly h-dependent, and verifying,

200y = 0 (k= (@lal+(-ala) (8.6)

for any a, 8 € Z%, with,

1
3~ min(p,0) <a <

[SCI )

— max(p, 0). (8.7)

Then, taking u = CkP (with C > 0 constant arbitrary), for u,v € L*(R"), one
has,

(mh™ VT, Pu, kY T,v) = (p(z, & )WV Tu, h V' T,0)
h
+ ﬁ(mlu<£>dh_wTu“H . H<f>dh_wTuvH>, (8.5)
R
with,

Pz, & h) =m(x, &)pa(z — 2kp™ 0.0, € + 20k, 1)

l Opa i Opa
pORex  ORe&

T ho,, [m(w, o( ) (2 — 2k =10, .6 + 22’1«9@@} ,

where we have set 0., = (0 + ipde) /2.
In particular, if p is real-valued, one obtains,

Im (h~¥T, Pu, h=¥T,u)

— k{((Hpt + gy (2, & h)h™ P Tyu, k™Y Tu) + O (h)||(€) D Tyl

;o (89

with,

qd,(x,{;h) = hp Z (85]’8&17)85]'896(1;[}

Jt=1

olalglal-1 . , .
> 0@, Im [(—p 0., 0,i0.,1)°].
s
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PrROOF. We follow the proof of [Ma2, Proposition 3.1] (see also [BoMi,
Theorem 3]), and we do it for d = 0 only (the general case d > 0 can be done
along the same lines and is left to the reader). We have,

I:=(mh VT, Pu,h=¥T,v)
/

2
B (2;2)?1 /qu/hm(%g)p(y;x7’7)u($')1)(2/)d(x',n,y7y’,x,é), (8.10)

where the integral runs over R5", and where we have set,

) p p .

® = 2ky(@, &) +i(y — )i~ Sz —y)’ - Sl —y) +ily -2 (811)
Then we observe that, by construction of p,, for all Y = (y,7) € R*® and X =
(. —2kp=10.,¥(x,£), &+ 2ikd., (2, €)) € C*" (and setting X, := sY + (1 —s)X,
0 <s<1), we have,

1
p0) =) = [ (0 = Re) 5 ()~ e () ) as

— ! _ 8pa . apa
_/0 ((y X) st (X,) + QZImXaX(XS))ds
= (X_Y)'bl(xv§>Y)+Tl(x;€7Y)7 (812)

where b; and r; are C* on R*" and verify,

02000, = O(1 4 k7 —olel=(-aldl),;
(8.13)
(Q)?(Q)?agrl = ﬁ((l —+ kT—a|a\—(1—a)\ﬁ|)| ImX|OO) — ﬁ>(ho<>)7

for all a, B € (Z4)", v € (Z1)*", uniformly on R**, and with 7 := min(1 —a,1 —

a—p,a,a+ p). (The last estimate comes from the fact that |Im X| = €(k'/3).)
In the same way, one also has,

b1($7£,Y) = b1($7£,X) + BZ(xa€7Y)(X - Y) + T2($,§7Y), (814)

with,

0P (X);

b1($7£aX) = 8ReX
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05070y By = /(1 + k7~ leI=(=mIAl), (8.15)
05000 rs = O(h™).

Inserting (8.12) and (8.14) into (8.10), we obtain,

I = {mpa(X)h YTu,h""T,v) + Ry + Ry + Ry (8.16)
with,
_ < ®/h y+a Ipa N7
i = e [ (3 (55 0) ) g (Oute! o)
xm(z,&)d(@",n,y,y', 2, ), (8.17)
_ G o/n y+a’ y+a’ /
o= e | (- (3= (5] )= (B50) e
oy )ym(z,€)d(a’ 0,y y' ,€), (8.18)

where we have set,
/
B = BZ (xaga y—’_Txa 77) y

and,

2 ’
R3 = (2;72)" /eq)/hr (:c,ﬁ, y—;x ,77> u(x )v(y')
x m(z,§)d(z’,n,y,9, x,§), (8.19)

where,
T(xa§7y) = (X - Y) ' T2($7§,Y) + T1($,§7Y).

Then, as in [Ma2], [BoMi], we observe that ® verifies,

p@) = x - (15 %).
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with L := (1/2)(—p~ 10, — i0¢ — 10y, 10, — pde + 2i0,). As a consequence,

!
/N (X (y;x 717)) = hL(e2/M),

and

/ /
<B~ (X— <y4;:17 ,n)),X— (y;x ,n>>e¢/h :h2<B~L,L>e¢/h =: h2Ae®/".

Thus, making an integration by parts in (8.17), we obtain,

Ry = h{p1(z, )W Y Tu, kY Tv), (8.20)

with

a0 = "L (o )52 (1))

o, [m(x,é)(iaaffjx(m "'aarfgg(X)ﬂ’

(here 'L stands for the transposed operator of L). In the same way, making two
integrations by parts in (8.18), we obtain,

Ry = K*(h™ YT, u,h" VT ),

where we have set,

/

f(a: ¢ Y+

55 = A (), (s.21)

and,
T, (e, €) = [ X VEIE RODI (10, €, uy) .
In particular, by (8.15) and (8.7), we see that,

02000 f = O (K~ elel=(=miAl), (8.22)
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With the same notations, we also have,
Ry = (h™ YTy mru, hYT,v).

Now, for g € {f, mr}, we observe,

Ty gu(z,§) = [TALOphW (g(x',ﬁ’, ))u(x,{)]

and thus, applying a slight generalization of [Mal, Proposition 3.3.1] to the case
u# 1, we easily obtain,

Ty gu(x, &) = Opy(9)Tu(x, ), (8.23)

where Op,,(g) stands for the semiclassical pseudodifferential operator with symbol,

Q(l‘,x/,f,ﬁl,x*,f*) = g(xaf7 % - 5*,$*>

Here, x* and £* stand for the dual variables of z and £, respectively. Then, writing,
¢($7 é-) - w(xl7 f/) = ((E - .’L'/)¢1 + (6 - §I)¢27

(with ¢; = ¢;(x, 2, &, &'; h) smooth), applying Stokes formula and, in the expres-
sion of h=¥Op,,(§)h¥, performing the change of contour,

R 3 (a%,6%) v (a%,€%) + ik(¢1, d2),
we see that h=¥Op,,(§)h? is an h-admissible operator with symbol,

x+a
2

Gy ($,$l,£,£/,.’b*,£*) ‘= Ya (1’,5, - ’g* - ik¢27‘r* + de)l)a

where g, is an almost-analytic extension of g. Moreover, by (8.6), we see that ¢
and ¢ verify,

s
Oz Og ¢

02 0L (13 = O (k= —otelel+ (=)D,

¢1 = O (k~(atalal+(1-)I5D)

b
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and thus, using (8.15), (8.22), the fact that & > h, and the Calderén-Vaillancourt
theorem (see, e.g., [Mal, Chapter 2, Exercise 15]), we obtain,

|~ 0p,(H)R¥]| = O(k);
|[h=YOp,, (mr)h*|| = 6(h>),
and therefore,
Ry = O(R*k A Y Tyul - R~ T,ol);
Ry = O (™ |h Y Tyul - [~ To]),

so that, by (8.16) and (8.20), (8.8) follows.
To prove (8.9), we first observe, that, by a Taylor expansion, we have,

Da (a: — 2k/f182“1/),§ + QikBZ‘Lw)
= (p— ku 'VepVath — kuVepVet)) (z,€) + ik Hyt (2, §)

|ex]
b Y B e~ 0,0, 0)" + 004,

and thus, in particular (since k*/3 = &(h)),

Im p, (z — 2kp™"0., 0, & + 20k, )

lex]
= ki + Y B € m (-0, 00,007 + O(n).
SN '

(8.24)

Moreover, using (8.6), we also see that,

<1 Opa . Opa

J— J— — 71 3
. 9Rex ZaRe§> (x 2kp= 0,1, & + 211@8%1/))

= u0up(@, €) — i0ep(x, &) + 2k M (2, €)0,, ¢ (x, &) + O(K*/?),

where M is the n X n-matrix-valued function,
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M= —p"2(Vo @ Vo)p+ip~ (Ve @ Vo + Vo @ Ve)p + (Ve @ Ve)p
= (Ve ® Ve)p+ O(k'/3).

(Here, we have used the notation V, ® V¢ = (0x,0¢,)1<j,0<n-)

—2/3

Since applying 0., makes lose at most k , one also easily obtains,

|:<1 Opa o Opa

1 I _
1 dRex ’aReg)(l’ 2kp 10,1, € + 2ik0;, 1)

_ gAgp + 2k " (O, 0,p) 0.5 0t (. €) + O(1),

jil=1

and thus, if p is real-valued, one finds,

l apa o 5‘pa B . .
Imaz”[(uaRex laReg>(I 2kp~10z,1, € + 2ik0., 1))

k n
=3 > 1(0e,0¢,p) (O, 0,0 + O, 0, 00) + O(1)
7 =1
=kp Y (0, 0¢,p) (9r,0¢,9) + O(1). (8.25)
je=1
Then, (8.9) immediately follows from (8.24)—(8.25). O
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