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Notes on Fourier Analysis (XI):
On the absolute summability of Fourier series.

Gen-ichir\^o SUNOUCHI.

(Received Dec. 10, 1947)

In the present note the author discusses three different problems con-
cerning the absolute Ces\‘aro summqbility of Fourier series. $\cdot$ Firstly we
prove a series theorem and as corgllaries we get some analoga of the ab-
solute convergence theorems of Fourier series (in \S 1). In \S 2 we prove
theorems concerning absolute summability factors. Finally, in \S 3, we prove
a localization theorem of the absolute $snmtilability$ and show that the ana-
logue of the Denjoy-Lusin theorem does not hold in general.

\S 1. Theorem 1. $Jf\sum_{n=1}^{\infty}|n_{\iota}|,$ $t1_{l}c’ n\sum_{n=1}^{\infty}u_{n}/A_{n}^{tr)}$ $(0<\gamma<1)$ is $|C,-\gamma|-$

$ snmm’\tau\delta$le, $l\ell 1/\iota ereA_{n}^{(\zeta)}=\left(\begin{array}{ll}n & +\gamma\\| & n\end{array}\right)$ .
Probf. By $s_{n}^{(\delta)}$ we denote the n-th Ces\‘aro mean of order $\delta(>-1)$

of $th_{\backslash }e$ series $\sum_{n=1}^{\infty}\chi_{n}$ . Then1)

$x^{t_{\iota}-\tau)}\equiv s_{?l}^{t-\tau)}-s_{n-1}^{t-t)}=\frac{1}{\prime rA_{\iota}^{(-\tau)}}\sum_{k=1}^{n}kA;_{\iota-k}^{t-\tau-1)}x_{k}$ .

Putting $x_{n}=u_{n}/A_{n}^{t\tau)}$ , we have .

$|x_{n}^{t-\cdot r}|\leqq\frac{-1}{;r_{1}A_{n}^{t-\cdot\tau)}}\sum_{k=1}^{n-1}A_{n-k}^{t-\tau-1)}k\frac{|l1_{k}|}{A_{n}^{t\tau)}}+|u_{n}|$ ,

$\sum_{n=2}^{aV+1}|x_{n}^{t-\tau)}|\leqq\sum_{p=1}^{N_{\rceil}}\lrcorner\frac{-1}{(p+1)A_{p*1^{)}}^{t-\tau}}\sum_{k=1}^{p}A_{p-k+1}^{(-\tau-1)}\frac{\prime k|u_{k}|}{A_{k}^{t\tau)}}+\sum_{n=2}^{N}|u_{n}|$

$\leqq\sum_{k_{F}1}^{N}\frac{k|}{A}\sum_{pk^{T^{k_{)}}}=k}^{N_{1}}\frac{-A_{p-k+1}^{t-\tau-1)}}{(p+1)A_{p+1}^{(\vee\tau)}}+\sum_{n=2}^{N}|\iota\ell_{7l}|u_{(}\llcorner$

where

$p\underline{>_{=k}^{v}\neg_{|\overline{(}p^{-}+}}-\underline{A}_{1^{p})^{-}}^{(-}\frac{T-1)k+1}{A_{p+1}^{t-\tau)}}=\sum_{i\approx 1}^{*V-k+1}\frac{-A_{i}^{t-\tau-1)}}{(k+i)A_{k+i^{)}}^{t-\tau}}A$

$\leqq\frac{1}{k^{\iota-\tau}}\sum_{i=l}^{R-k+\underline{\tau}}(-A_{i}^{(-\tau-1)})\leqq\frac{1}{k^{1-\cdot r}}\sum_{i=1}^{\infty}(-A^{(-\tau-1)})$ .

1) This formula is due to Kogbetlianz [6].
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Since. $(1-x)^{Y}=_{i^{\frac{>^{\infty}\neg}{=0}}}A_{i}^{(-\tau-1)}x^{i}$ , and tllell $\sum_{i\simeq 0}^{\infty}A_{i}^{(-\gamma\cdot-1)}=0,we/$ have

$\sum_{?\iota=2}^{N-1}|x_{l}^{(-\tau)}.|\leqq\sum_{k=1}^{N}\frac{k}{k^{r}}|u_{k}|\frac{1}{/b^{1-\tau}}\leqq\sum_{k=1}^{N}|u_{k}|$ ,
$\bullet$

which is the required.
Combining this with the following $theorems^{2)}$ :

(i) If $ f\epsilon$ Lip $a,$ $0<a\leqq 1,$ $\cdot then\sum n^{s-}5(|a_{n,}|+|ljn|)\triangleleft\infty\prime for$ every $\beta<a$ ,

(ii) If $f$ is, in addition, of bounded variation, then $\sum n^{\frac{\beta}{2}(1}a_{n^{\prime}}|+|\delta_{n}|$ ) $<\infty$ ,

(iii) If $f$ Lip \langle $cx,p$), $0<a\leqq 1,1\leqq p\leqq 2$ , then $\Sigma n$‘ $(|a_{n}|+|\delta_{n}|)<\infty$

for every $\gamma<a-1/p$ ,

we get the following corollaries:
Corollary $i$ . If $f(x)\epsilon L_{-}ip\alpha,$

$tl\iota en$ the $F_{0l_{d}^{\prime}}rier$ series of $f(x)$ is $|C_{2}^{1}-\beta|-$

sannmable for $\iota 2\leqq\beta<a$ .
Corollary $\ddot{u}$ . If $f(x)$ Lip $\dot{c}/$

, and is $0\dot{f}$ bounded $\dot{v}$ariation, tlzen $thc$ Fourier
series of $f(x)$ is $|C,-\beta/2|$ -summable for $\beta<\alpha^{3)}$ .

Corollary iii. If $f(x)\epsilon Lip(a,p)$ for $0<a\leqq 1,1\leqq l\leqq 2$ , tlten the
Fourier seritjs $of^{-}f(x)$ is $|C,-\gamma|$-sumnzable for $0<\gamma<\alpha-1/p^{4)}$ .

These are generalizations of theorems.due to Bernstein, Zygmund and

Hardy-Littlewood, respectively.
\S 2. We will begin by stating the theorems.
Theorem 2. If $\{\lambda_{n}\}$ is a $pos\iota^{\backslash }tiv\ell j$ $\delta ou7|d\ell a^{\prime}$ and convex sequence. suck

that the series

(1) $\sum_{n=1}^{\infty}\lambda_{n}/n$

converges, tlzen $\{\lambda_{n}\}$ is a $|C,$ $1|- su$minability factor of the Fourier $seri\prime s$ of an

integrable ftmction.
For example each . of the sequences:

$\{(\log n)^{\leftarrow(l+\delta)}\},$ $\{(\log z\iota)^{-1}(\log_{2^{7l}})^{-(1+\delta)}\},\ldots.\backslash \cdot(\delta>0^{\cdot})$

are the $|C,$ $1|$-summability factors of Fourier series.
Theorem 3. If $\{\lambda_{n}\}$ is a positizie seqnence suclz that series

2) See Zygmund, Trigonometricd series, p. ’143, problem 6.
3) I learned from Mathematical Review that this theorem had already been proved by

K. K. Chen $\lfloor 2$].
4) This is already proved by $Ch()w[3\rceil$ .
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(2) $\sum_{n=1}^{\infty}n(\Delta\lambda_{n})$ ?

and

(3)
$c$

$\sum_{n\Leftrightarrow 1}^{\infty}\lambda_{n}^{2}/n$

converge, then $\{\lambda_{n}\}$ is a $|C,$ $1|$-summabifity factcr of the Fourier srries of
functions in the. $cf-rsH^{p}(p.\geqq 1)$ .

For example

$\{(\log n)^{-ti+\delta)}\},$ $\{(\log n)^{-*}(\log_{2}n)^{-tb+\delta)}\},$
$\ldots\ldots,$

$(\delta>0)$

are $|$ C., 1 -summability factors of functions in $H^{p}(p=>1)$ .
These are generalizations of theorems due to B.N. Prasad [8] $and^{\downarrow}$

Izumi-Kawata [4], [5]. They have proved that the $\{\lambda_{n}\}$ in the theorem is
1the absolute Abel summability factor.

We will now prove Theorem 2. Since $\{\lambda_{n}\}$ is bounded and $co.nvex^{5)}$ ,

(4) $\{\lambda_{n}\}$ is decreasing,

(5) $n\Delta\lambda_{n}\rightarrow 0$ , as $ n\rightarrow\infty$ ,

(6) $\sum_{n=0}^{\infty}(n+1)\Delta^{\underline{o}}\lambda_{n}<\infty$ .
Let us . put

$f(x)\sim\frac{1}{2}a_{0}+\sum_{n=1}^{\infty}(tt_{n}\cos nx+b_{n}\sin nx)\equiv\sum_{n\leftarrow 0}^{\infty}A_{n}(x)$ ,

$u_{n}^{(1)}(x)\equiv s_{n}^{(1)}(x)-s_{n-1}^{(1)}(x)\equiv\frac{1}{n^{2}}\sum_{k=1}^{n}ku_{k}(x)$ , $u_{k}(x)\equiv\lambda_{k}A_{k}(x)$ .

For the proof of the theorem it is suffcient to prove that the series $\sum_{n=1}^{\infty}u_{n}^{(1)}(x)$

converges almost everywhere. By Abel’s transformation, we have

$\sum_{k=1}^{n}k\lambda_{k}A_{k}(x)=\sum_{k=1}^{n-1}(\sum_{m=1}^{k}rnA_{nt}(x)),\Delta\lambda_{k}+\lambda_{n}\sum_{m=1}^{n}mA_{m}(x)$

$=\sum_{k=I}^{n-1}\{k(s_{k}(x)-s_{h^{J)}}^{t}(x)\Delta\lambda_{k}\}+n(s_{n}(x)-s_{n}^{(1)}(x))\lambda_{n}$

$=P_{n}(x)+Q_{n}(x)$ ,

5) Cf. Zygmund, loc. cit., p. 58.
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say. $\backslash Th^{\prime}en$ ..

$\sum_{n=1}^{\infty}|u_{n}^{(1)}(x)|\leqq\sum_{n=1}^{\infty}\frac{1}{n^{2}}|P_{n}(x)|+\sum_{\mathcal{R}=\iota}^{\infty}\frac{1}{r\iota^{2}}|Q_{n}(x)|$

$=P^{\prime}(x)+Q^{\prime}(x)$ .
Since $\dot{w}e$ have

$\sum_{m=1}^{n_{1}}]s_{7’ l}(x)-s_{m}^{(1)}(x)|=O(r\ell),$ $a.e$ .

by a theorem due to J. Marcinkiewicz [7], we have .
$P^{\prime}(x)=\sum_{n=1}^{\infty}\frac{1}{n^{2}}\sum_{k\Rightarrow 1}^{n-I}/f^{;}|s_{k}(x)-s_{k}^{(1)}(x)|\Delta\lambda_{k}$

$=\sum_{k-1}^{\infty}k|s_{k}(x)-s_{k}^{(l)}(x)|\Delta\lambda_{k}\sum_{n=k}^{\infty}\frac{1}{n^{2}}$

$=\sum_{k=1}^{\infty}|s_{k}(x)-s_{k}^{(1)}(x)|\Delta\lambda_{k}=\lim_{n\rightarrow\infty,\llcorner}\sum_{k=}|_{1}s_{k}-s_{k}^{(1)}|\Delta\lambda_{k}\infty$

$=\lim_{n\rightarrow\infty}\{\sum_{k=1}^{n-1}(\sum_{m=1}^{k}|s_{m}-s_{n}^{(1)},|)\Delta^{2}\lambda_{k}+(\sum_{m=1}^{n}|s_{m}-s_{m}^{(1)}|)\Delta\lambda_{n}\}$

$=\lim_{n-\prime\infty}\{\sum_{k=1}^{n-1}O(k)\Delta^{2}\lambda_{k}+O(n)\cdot\Delta\lambda_{n}\}$

$=O(\sum_{k=1}^{\infty}k\Delta^{2}\lambda_{k})+O(\lim_{n\rightarrow\infty}n.\Delta\lambda_{n})<+\infty$ , $a.e.$ ,

$v$

by (5) and (6).

$Q^{f}=\sum_{n=1}^{\infty}\frac{|s_{n}-s_{\iota}^{(1)}|}{n}\lambda_{n^{\prime}}$

$=\lim_{k\rightarrow\infty}\{\sum_{n=1}^{k}(\sum_{m=1}^{n}|s_{m}-s_{m}^{(1)}|)\Delta(\frac{\lambda_{n}}{n})+^{\backslash }\frac{\lambda_{k}}{k}\sum_{m=1}^{k}|s_{m}-s_{m}^{(1)}|\}$

$=\lim_{k\rightarrow\infty}\{\sum_{n=1}^{k}\Delta\lambda_{n}+\sum_{n=1}^{k}\lambda_{n}/r\iota+\lambda_{k}\}$

$<+\tau\infty$ : $a.e.$ ,

by (1) and $\cdot$ (4). $\backslash $ Thus we get the Theorem.
We will now turn to the proof of Theorem 3. By Abel’s transforma-

tion, we have

$n(n+1)u_{n}^{(1)}(x)=\sum_{k=1}^{n_{1}}k\lambda_{k}A_{A}(x)$
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$=\sum_{k=1}^{n-1}(\sum_{m=1}^{k}.\prime\prime\iota A_{m}(x))\Delta\lambda_{k}+\lambda_{n}\sum_{m=1}^{n}mA_{m}(x)$

$.=\sum_{k=1}^{n-1}(k+1)(s_{k}(x)-s_{k^{(1)}}(x)\Delta\lambda_{k}+\lambda_{7},(7l+1)(s_{n}(x)-s_{n}^{(J)}(x))$

$=P_{n}(x)+Q_{n}(x)$ ,

say. Summing up by $\prime l$ we get

$\sum_{n=1}^{\infty}|u_{n}^{(1)}(x)|\leqq\sum_{n-1}^{\infty}\frac{1}{n(n+1)}|P_{n}(x)|+\sum_{n=1}^{\infty}\frac{1}{n(n+t)}|Q_{n}^{-}(x)|-$

$=P(x)+Q^{\prime}(x)$ , .
say. Then

$P(x)\leqq\sum_{n=1}^{\infty}\frac{1}{n(ll+1)}\frac{\iota 1T^{\urcorner_{1}}}{k=1},(k+1)|s_{k}(x)-s_{k}^{(1)}(x)$ $|\Delta\lambda_{k}|$

$\leqq\sum_{k=1}^{\infty}(I_{d}+1)|s_{k}(x)-s_{k}^{\backslash }(J)(x)|.|\Delta\lambda_{k}|\sum_{\iota?-k+1}^{\infty}\frac{1}{;\iota_{1}^{2}}$

$\leqq\dot{\sum_{k=1}^{\infty}}|s_{k}(x)-s_{k}^{(1)}(.x)||\Delta\lambda_{k}|$

$\leqq(\sum_{k=1}^{\infty}\frac{|.;_{k}(x)^{\prime}-s_{k}^{(1)}(x)|^{2}}{k})(\sum_{k=1}^{\infty}k(\Delta\lambda_{k})^{2})\sim$

$<+\infty$ , $a.\dot{e}.$ ,

by (2) and Zygmund’s theorem [10].

$ Q^{\prime}(x)\leqq(,\sum_{n=1}^{\infty}\frac{|s_{n}(x)-s_{?}^{(1)}(x)|^{\underline{o}}}{n})^{\underline{l}}(\sum_{\iota=1}^{\infty}\frac{\mathcal{P}l\lambda_{n}^{2}}{n\underline{)}})<+\infty$ , a.e.,

by (3) and Zygmund’s theorem. Thus we gct Theorem 3.
\S 3. Bosanquet and Kestleman [1] proved that the Fourier series of

integrable functions have $\cdot$ not local property for $|C,$ $1$ . But we can prove
that the Fourier series of functions in $L_{p}(l>1)$

, have the local property
for $|C,$ $1$ . More $pre$cisely we can prove th $e$. following theorem.

Theorem 4. $Iff(x)\epsilon L_{p}(p>\backslash 1)$ and

$(\frac{1}{t}\int_{0}^{t}|\varphi_{x}(u)|^{s_{(fu}})^{1/\$}=O(1/(1og1/t)^{g})$ as $t\rightarrow 0$

wlitre $s>1$ and $\epsilon>1,$ $t/lentl_{l}cFouic$; scries of $f(x)$ is $|C,$ $1$ -summable at
the point $\chi$ .
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For the proof we need a lemma, which is due to Mr. T. Tsuchikura

[9]. For the sahe of completeness we reproduce his proof here.
Lemma. If $f(x)\epsilon L_{p}(l>. 1)$ and

$(\div\int_{0}^{t}|\varphi_{x}\vee(u)|^{s}du)^{1/s}=O(1/(10\dot{g}1/t)^{e})$ as $t\rightarrow 0$ ,

$\dot{w}$here $s>\backslash 1$ and $e>0$ , then

$(\frac{7^{n_{\urcorner_{I}}}}{v=}1\chi’$ , $k>0$ .

Proof. $(\sum_{v=1}^{n}|s_{v}(x)-f(x)|^{k})^{1/k}=\{\sum_{\nu-1}^{?b}|\frac{1}{\pi}\int_{0}^{\pi}\varphi_{\dot{\chi}}(t)\frac{\sin(\nu+1/2)t}{2\sin t/2}dt|^{k}\}^{1/k}$

$f$

$\leqq\{\sum_{v=1}^{n}\frac{1}{\pi}|\int_{0}^{1/}\varphi^{n_{x}}(t)D_{v}(1)|^{k}\}^{1/k}+\{\sum_{v-1}^{n}|\frac{1}{\pi}\int_{1/}^{1/}\varphi_{n^{x^{\infty}}}^{7b}(t)D_{v}(t)|^{k}\}^{1/k}$

$+\{\sum_{=1}^{n}\frac{\prime_{1}}{\pi}\int_{1/n^{\alpha}}^{\pi}\varphi_{x}(t)D_{v}(t)|^{k}\}^{1/}=^{k}I_{1}’+I_{2}+I_{3}$ ,

say, where $\cdot$ $a(<1^{-})$ will be determined later. Then

$I_{!}^{k}=0\{\sum_{\nu=1}^{n}\nu^{k}(\int_{0}^{1}|^{/n}\varphi_{x}(t)|dt)^{k}\}=0\{n^{k+1}(\frac{l}{n(\log n)^{e}})^{k}\}$

$=O(r\iota/^{\prime}(\log n)^{k8})$ .

By the Hausdorff-Young theorem,

$I_{2}=0[\{\sum_{v=1}^{n}|\int_{1^{1}/^{/}}^{\vee}\varphi_{n^{x}}^{n^{\alpha}}\zeta t)\frac{\sin\nu\prime}{t}dt|^{k}\}^{1/k}]$

$=0\{(\int_{1/n}JJn^{\alpha}|\frac{\varphi_{J}(t)}{t}|^{k}\prime dt)^{1/k^{\prime}}\}$

$\sim$

where $1/k+1/k^{\prime}=i$ . We choose $k$ so large that $k^{\prime}\leqq s$ and $ k^{\prime}\leqq\min$

$(p, 2)$ , then $

$I_{2}=0\{([\Phi_{k^{\prime}}(t)/\iota^{k^{\prime}}]_{1/n}^{1/n^{\alpha}}+\int_{1/^{n}}^{1/_{n}\alpha}\frac{\mathcal{O}_{k^{\prime}}(t)}{l^{k+1}}dt)^{1/k^{\prime}}\}$

.
$=0\{(n^{k^{\prime}-1}/(\log n)^{k^{\prime}5}+\int_{1/h^{\alpha}}^{1/n}\frac{dt1}{t^{k^{\prime}}(\log 1/t)^{k^{\prime}\in}})^{1/k^{\prime}}\}$

$=O\{(n^{k^{\prime}-1}/(\log r\iota)^{k^{\prime}5}+u^{k^{\prime}-1}/(log’\iota)^{k^{\prime}\in})^{1\prime k^{\prime}}\}$

$=O(?l^{1/k}/(\log n)^{\in})$ .
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Similarly we $\cdot$ have

$I_{s}=0\{(\int_{1/n^{\alpha}}^{\alpha}|\frac{\varphi_{x}(t)}{t}|^{k}\acute{d}t)^{1/k^{\prime}}\}=O\{(n^{k^{\prime}\propto\int_{Q}^{*}}|\varphi_{z}(t)|^{k\prime}dt)^{1/k^{\prime}}\}$

which is $O(n^{\alpha})$ for $a<1/k$. Thus we have

$I_{1}+I_{2}+I_{8}=O(\prime l^{1/k}/(\log r\iota)^{e})$ .
.

We are now in a position to $\check{p}$rove $\cdot$ the theorem. By lemma and
H\"older’s inequality, we have

$\sum_{\nu\simeq 1}^{n}|s_{\nu}(x)-f(x)|=O(Jl/(\log n)^{\epsilon})$ .
$Sin_{\backslash }ce\epsilon>1$ ,

$\sum_{n-1^{\prime}}^{k}|s_{n}(x)-f(x)|/n=\sum_{n=1}^{k-1}(\sum_{\nu=1}^{n}|s_{V}(x)-f(x)|)\Delta\frac{1}{n}+\frac{1}{k}\sum_{n=1}^{k}|s_{n}(x)-f(x)|’$ .
$=\sum_{n\cdot 1}^{k-1}o(\frac{n1}{(1ogn)^{e}n^{2}}+\frac{1}{k}\prime o(\frac{\prime k}{(\log k)^{\epsilon}})$

$=0(\sum_{n\Leftrightarrow 1}^{k}\frac{l}{n(1\circ gn)^{e}})<+\infty$ .

Thus the series $\sum_{n=1}^{\infty}|s_{n}(x)-f(x)|/n$ converges at the point $\chi$. On the other
hand’ we have

$\sum_{n=1}^{\infty}\frac{|s_{n}^{(t)}(x)-f(x)|}{\backslash \prime l}=\sum_{n=1}^{\infty}|-s_{\rceil}-(\frac{x)+s_{2}(x)+\ldots\ldots+s_{n}(x)}{n}-f(x)|\prime^{\prime}n$

$\leqq\sum_{n=1}^{\infty}\ovalbox{\tt\small REJECT}_{\underline{\prime}}^{+|s_{n}(x)-f(x)|}|s_{1}(x)-f(x)|+|s_{2}(x)-f(x)|+’\iota$

$=\sum_{n=1}^{\infty}0(\frac{\prime\iota}{n^{2}(\log n)}\in)=O(\sum_{n=1}^{\infty}\frac{1}{n(1_{0_{b}^{\sigma}}n)^{e}})<+\infty$ .

Hence we have

$\sum_{n=1}^{\infty}|s,(x)-s_{n}^{(1)}(x)|/pl\leqq\frac{7\infty_{\urcorner_{\mathfrak{l}}}}{7l=}l|s_{ll}\cdot(x_{j})-f(x,)|/n+\sum_{n=1}^{\infty}|s_{n}^{(1)}(x)-f(x)|/n<\infty$ .

Thus the series $\sum_{n-1}^{\infty}|s_{n}^{(1)}(x)-s_{\iota-1}^{(1)}(x)|$ converges at $\chi$. .
Theorem 5. $The’\prime e$ exists a funrtion in $L_{q}w/\iota i_{C}\gamma_{l}i\sigma|C,$ $1_{\{}- su\prime\prime nable$ in

$(a, b)$ in $(0,2\pi)$ , but not $|C,$ $1$ -summable alnz$ost$ every$’\iota\ell/herc$ in $tl\iota c$ compl\‘e-
mentary $interz\prime al$.
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This theorem shows that the $|C,$ $1$ $|$ -analogue of the Denjoy-Lusin
theorem does not hold in general.

Proof. After Zygmund [11], there is a function in $L_{2}$ which is not
$|A|- summable\cdot$ . almost $ev^{}\acute{e}rywhere$ . Taking such $f(x)$ we define the functiOn
$\varphi(x)$ by

$\varphi((x)=\{_{f(x),ifx\overline{\epsilon}(a,\delta)}0,if.x\epsilon(a,b)$

.
$\psi(x)=\left\{\begin{array}{l}f(x),ifx\epsilon(a,b),\\0, if x\overline{\epsilon}(a,b).\end{array}\right.$

Then $\varphi(x)$ is the required one. $\cdot$ For, by Theorem 4, Fourier $\backslash se$ries of $\varphi(x)$

is $|C,$ $1|$-summable in $(a, b)$ , but the Fourier series of $f(x)=\varphi(x)+\psi(x)$

is not 1 $A|$ -summable almost everywhere. Since the Fourier series of $\psi(x)$

is $|C,$ $1$ -summable in $(0,2^{\prime}\pi)-(a, \delta),$ $Four_{i}\dot{\prime}er$ series of $\varphi(x)$ is not $|A|-$

summable almost everywhere in $(0,2\pi)-(a, b).$ ( Thus we get the theorem.

Mathematical Institute
T\^ohoku University.
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