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In his classical paper $E$ . Cartan proved the important theorem that the
$p- t/\iota B\ell tti*ntlmber$ of a compact symmelric Riemannian manifold $M$ is equal

to tlte number of linearly $\dot{i}ndependcnt$ invariant diferentials of rank $l$ defined
on $M$. Now there exist two kinds of compact symmetric Riemannian $man^{\backslash _{-}}1$

folds. $ T/\iota\ell$ frst class consists of the group-manifolds of simple $C0\prime l^{act}$ Lie

$\delta\sigma roul^{S}$ . The fundamental groups of these manifolds are semi-simple. The

Poincar\’e-polyn.omials of compact simple Lie $groups_{\backslash }$ of four classe were first

determined by R. Brauer. $Pontrja_{*}\sigma in$ investigated the homological pro-

perties of these manifolds and determined their homology basis. $T/\iota e$ second

class of symmetric $Ri\dot{e}mannian$ manifolds are those whose fundamental
.groups are simple. Among the manifolds of these kinds there exist those

which are at the same time algebraic varieties. The Betti numbers and the

correspondingly homology basic of these manifolds were determined by C.

Ehresmann. $($ The manifolds $S(n),$ $C(n),$ $A(n,$ $k))^{1)}$ . In this paper I will

give the complete table of Betti numbers of compact symmetric Riemannian

manifolds by the methode E. Cartan.

Notations.

$R_{n}.$ : $n\backslash $ -dimensional real vector space.
$P_{n}$ : n-dimensional complex vector space.
$k$ : The field of all real numbers, $K$ : Thatofall- complex numbers.
$E$ or $E_{n}$ : n-dimensional, $ident^{\nu}1tymat\dot{r}ix^{-}$ $\delta(ij)$ or $\delta_{ij}$ : $E=\delta(ij)$ .
$I$ or $I_{n}$ : The skew matrix $\Vert_{-E_{n/2}}^{E_{n2}}/\Vert$ , $\epsilon(ij)$ or $\epsilon_{ij}$ : $I=\epsilon(ij)$ .
US$(n),$ $U(n),$ $U\grave{S}l(n),$ $O(n)$ : unitary unimodular group, $\cdot$unitary group,

unitary-symplectic group and real proper orthogonal gro\’up respectively.

(\dagger ) Died June 27, 1948, at the age of twenty-six years. Ile had been a member of

Department of Mathentatics, Nagoya University sinoe 1944.
(1) These are manifolds in which the Betti $nulnbers$ of odd $di\iota 1lensions$ are all zero, see

E. Cartan, Selecta, p. 103; Ehresmann, [3].
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$R(n,$ $ k\rangle$ : The set of all k-dimensional linear subspaces of $R_{n}$ .
$A(n, k).$ : The ’set of all $k$-dimensional lirtear subspaces of $P_{n}$ .
$S(n, k)$ : The set of all k-dimensional linear subspaces of $P_{n}$ invariant

with respect to the operation $x-x^{\wedge}=Ix^{-},$ $(n=2m, k=2k^{\prime})$ .
$S(n)$ : The set of all zero systems $x\rightarrow\gamma=Sx$ such that the skew

matrix $S$ is at the same time orthogonal, $S^{2}=-1$ . $(n=2\cdot m)$ .
$C_{\wedge}(u)$ : The set of all m-dimensional linear $s^{4}\iota\iota bspaces$ of $P_{n}$ such that

$\mathfrak{M}$ A $\mathfrak{M}=0$ , where $\hat{\mathfrak{M}}$ is the transform of $\mathfrak{R}$} by $\chi\rightarrow\chi$ . $(u=2\cdot m)$ .

Part I.
Representacions; Linear invariants.

Chapter I.
The harmonics of the manifold $A^{\succ}(n.)$ .

1. We denote by $A^{+}(n)$ the set of all unimodular unitary matrices
of $n$ dimensions which are at the same $t^{\backslash }ime$ symmetric: $A^{*}=A$ . $A^{+}(r\ell)$

is then a symmetric Riemmanian manifold whose gro $\iota\iota 1$ ) of displacements is
$A\rightarrow T^{*}A\mathcal{I}’$, where $TcUS(n)$ . The identity matrix $E_{n}$ itself is contained
in $A(n)$ . The group of rotations associated with this point is nothing brrt
the real orthogonal group. The automolphism of the group US $(r/)$ as-
sociated with $B$ is thus $\mathcal{I}_{\rightarrow}^{\prime}\overline{\Gamma},\overline{I^{\prime}}’ bei_{I}\grave{1}g$ the complex conjugate of $T$.

2. The generic $|matrix$ $A$ of the manifold $A^{+}(n)$ satisfy the relation
$\overline{A}=A^{-1},$ $A$ is thus a transvection in the sense of E. Cartan. Let us see $i$

that any $AcA^{+}(n)$ can be written in the form
$A=R^{-1}\theta R$ , $RcO(;\iota)$ .

where $\theta=\epsilon_{1}+\ldots\ldots+e_{n},$ $\epsilon_{i}=\exp(2\pi\sqrt{-\iota}\theta_{i})$ . We say that a linear $su^{\backslash }b-$

space $Mc1^{\tau_{n}}$ is a real linear subspace or simply real if it is invariant by
the operation $\chi\rightarrow\chi^{-}$ ( $=t1_{1}e$ complex conjugate of x) which is invariant under
the group $O(n)$ . Any real iinear subspace can be generated by a number
of mutually orthogonal real vectors (the vectors whose components are real).
Now let $\epsilon_{i}$ be an eigenvalue of $A,$ $\chi_{i}$ its corresponding eigenvector:

$Ax_{*}\cdot=\epsilon_{i}x_{i}$ .
By the relation $A^{-1}=\overline{A}$ we obtain $Ax_{i}^{\neg}=e_{l}\overline{x}_{i}$ . The eigenspace of $e_{:}$ is thus
real. We can thus then $/real$ vectors $\chi_{l}$ ......, $x_{n}$ such thalt $x_{i}x_{f}=\grave{0}_{i\prime}$

and
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$A\Vert x_{1}$ , ...’.., $x_{n}\Vert=\Vert x_{1}$ , ......, $x_{n}\Vert\left(\begin{array}{ll}\epsilon_{1} & \sim s.\\ & \epsilon_{n}\end{array}\right)$ , $\epsilon_{1}\cdots\ldots\epsilon_{n}=1$

$\gamma$

We have thus $A=R^{-1}\theta R$ , where $R=\Vert x_{1},$
$\ldots\ldots,$

$x_{n}\Vert,$ $R\epsilon O(n)$ .
3. It may be seen that for any $A\epsilon A^{\dashv}(n)$ there exists $a$

. transvection
$\theta^{\S}$ such thqt $A$ is the transform of $E$ by $\Theta^{*}$ . Indeed, if $A=R^{-\iota}\theta R$ , then
by $puttin^{\backslash }g$ $\theta^{\Sigma^{1}}=R^{-\rceil}\theta^{k}\lrcorner R(\theta^{\underline{!_{\Gamma}}}=e^{\pi v^{\prime}\overline{-1}9_{1}}+\ldots\ldots+\ell^{\pi.-1^{0n}}1\wedge)$ we obtain $A=\theta^{\underline{t}}E$

$(\Theta^{d}*)^{*}$ , and, moreever, $\theta^{\underline{\iota}}$ is a $transvection$ : $\overline{\theta}-=\star(\Theta^{k}-)^{-1}$ .
Let $A+dA$ be a point near A. . We transform $t1_{1}e$ differential $dA$ back

to the point $E$ by the transformation $\Theta^{\S}$ : $\delta\theta=\theta^{-1,-!}-(/fA(i\rightarrow$ . A simple
calculation shows that $\delta\Theta$ can be written as

$\delta\Theta=R^{-1}[\sim\pi-’$ $\delta\Lambda^{y}=(cfA^{\supset})R^{-1}$

So that it can easSly be seen that $\delta\theta$ is an infinitesimal transvection:
$\overline{\delta\theta}=-\delta\theta$ . The $(i, j)$ -elements of this matrix is

$2\pi\sqrt{-1}\delta\theta_{i}$ . $i.\leftarrow-j$ ; $\sum_{i}\delta\theta_{i}=O$

$2\sqrt{-1}s!n\frac{\theta_{i}-\theta_{j}}{2}\delta u_{ij}$ , $i\neq j$

The representation of $A$ in the form $R^{-1}\theta R$ is unique in some neighbonr-
hood and we find as the volume-elemcnt of the manifold $A^{\perp}(n)$ the $foll0\tau v-$

ing expression:

$\omega=\Delta[\omega]d\theta_{1}\ldots\ldots cl\theta_{n-1}$ , $\Delta=_{i<}JI_{j}\sin\frac{\theta_{i}-\theta_{j}}{2}$

$4$. Let $a(ij)$ be the elements of thc generic matrix $AcA^{+}(n)$ ,
$a(ij)=a\mu i)$ . We construct the $\underline{\prime}1^{nantities}$

$ a(i_{1}, i_{J} ; J^{\backslash }1’ j_{J})=\Sigma$ \’e $(1^{J})a(i_{1}j_{1})\cdots\ldots a(\iota_{f}j_{f^{\prime}})$ , $(1_{-}\leq f_{-}\leq_{-}rt-1)$

where $\epsilon(P)$ is the sign of the permutation $P:12\ldots f\rightarrow 1^{\prime}2^{\prime}..\cdot f^{\prime}$ and the
sumtnation is extended over all $P$. By means of the generic element of
the group US $(n),$ $ a(\ldots\ldots$ ; ...... $)$ are transformed according to the irre-
ducible representation of the group US $(n)$ of signature (2, $\ldots..’.,$ $2,0,$ $\ldots\ldots$ ,
$0)$ , where 2 appears $f$ times. The quantity

$a_{f}=\sum a(i_{1}$ , ......, $i_{f}$ ; $i_{1}$ , ......, $ff)$.
$\iota_{1}<\ldots\ldots<i_{J}$

stays $inv_{\theta}aria11t$ undcr the group $O(n)$ and we have
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.
$ a_{J^{\backslash }}=\Sigma$ $\epsilon i_{1}\cdots\cdot\cdot\epsilon\iota_{f}^{\prime}$

$i_{1}<\cdots\cdots<i_{f}$

where $\epsilon_{J}$ , ......, $e_{n}$ are the roots of $A$ .
5. We call “ sonal ‘’ a function dcfined.on $A^{+}(n)$ which is invariant

under the group $g$. We see that for any $A$ $tlle$ roots $\epsilon_{r}$, .....,, $\epsilon_{n}$ are.
determined uniquely except their order and the $n-1$ quantities $\zeta l’\cdots\cdots$ ,
$\zeta_{n-1}with^{\sim}$

$\zeta_{f}=\sum\epsilon i_{1}$ , ......, $\epsilon_{i_{J}}$ $(1-\underline{<}.f=<n-1)$

$i_{1}<\cdots\ldots<i_{f}$
$\iota$

constitute a table of basic invariants of the group $g$. Any zonal can thus
be expanded in thc form

$\zeta\sim\sum\Lambda_{a_{1}\cdots\cdots a_{p}}\zeta_{a_{1}}\ldots\ldots a_{p}$

where the right side is a $1i_{11}ear$ combination of the $1llonoInials$

$\zeta^{*}(f_{1}. \ldots\ldots\prime f_{n-1})=(\zeta_{n-1})a_{t}(\zeta_{n-\mathfrak{U}})a_{-}\cdots\ldots.(\zeta_{1})a_{n-1}$

Wc write this $nlOllomial$ as $\zeta^{*}(f_{1}, f_{n-1})$ , where $\zeta\Gamma_{1},$ $f_{n-1}$) is thc
$\underline{2a_{1}}$ $\underline{2a_{n-1}}$

conjugate diagram of $(n-1, \ldots\ldots, n-1,1, ...... 1)$ . We say that the
monomial $\zeta^{*}(f_{1}, f_{n-1})$ is higher thall $\zeta^{*}(f, \ldots\ldots.f_{n-1^{\prime}})$ if and only
if $(f_{1}, f_{n-1})$ is higher than $(f_{1}^{\prime}, f_{n-1^{\prime}})$ in the usual sense.

Thc angles $(\theta_{1}, \ldots\ldots, \theta_{n-1})$ and $(\theta_{1}^{\prime}, \ldots\ldots, \theta_{n-1^{\prime}})$ are said to be homo-
logous if the $(\epsilon_{1}, \ldots\ldots, e_{n})$ and $(e_{1}^{\prime}, \ldots\ldots, \epsilon_{n}^{\prime})$ constructed from $\theta$ and $\theta^{\prime}$

differ only by their order: There exists a polygon $P$ in $(n-1)$ -space of
$(\theta_{1}, \ldots\ldots, \theta_{n-1})$ such that no two points of $P$ are homologous and that for
any $(\theta_{1}, \ldots\ldots, \theta_{n-l})$ there exists a point of $P$ wltich is homologous with
$(\theta)$ ; this $P$ may be defined by

$\theta_{1}=<\theta_{2}\leqq\cdots\ldots=<\theta_{n}$ ; $\theta_{n}-\theta_{1}\leqq 1$ ; $\theta_{1}+\cdots\ldots+\theta_{n}=0$

Two zonals $\zeta,$
$\zeta^{\prime}$ are said to be orthogonal if

$\int_{P}\zeta\overline{\zeta}^{\prime}\Delta d\theta_{1}$

$\prime d\theta_{n-1}=0$

Let $\zeta(f_{1}, f_{n-1})$ be zonals obtained from $\zeta^{*}(f_{1}, \ldots\ldots, \gamma_{n-1})$ by means
of othogonalization. Then

$\zeta(f_{1}, \ldots\ldots, f_{n-1})=\zeta^{*}(f_{1}, f_{n-1})+(ter’ rtS$ lower than
$\zeta^{*}(f_{1}. f_{n-1})_{\backslash })$
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6. We have already seen that $n-1$ quantities $ a(\ldots\ldots$ , ...... $)$ con-
stitute harmonic sets. We -multiply these quantities and construct the
following $representat_{1}^{\backslash }on$ which is also a harmonic $\cdot set$ :

$Z^{*}(f_{1}$ , ......, $f_{n-1})$ : $Z_{n-1}^{a_{1}}$ , ......, $Z_{1}^{a_{n-1}}$ .
This $fe_{1)resentation}$ contains only one irreducible represcntalion of type
$(f_{1}, f_{n-J})$ . This is the irreducible representation of the highest weight
contained in $Z^{*}$ . The components of $Z$ may be written in the form

$A(i_{1}, \ldots\ldots, i_{f_{1}} ; A, f_{fz} ; \ldots\ldots ; k_{1}, \ldots\ldots.k\gamma_{n-1})$

whcre $A$ is skew symmctric ’with respect to the indiccs $i_{\rfloor’ jl},$
$\ldots\ldots,$

$\prime k_{1}$ ;
$i_{2},$

$\ldots\ldots$ ;...... respectively. $A$
’ are $p_{0}ynoi_{c}’\iota 1s$ of $ll(i_{J}$ , $i_{f}$ ; $j_{\underline{y}},$

$\ldots\ldots$ ,
$j_{f})$ and thc components $A$ of $t[ie$ irrcducible representation $Z$ may be .ob-
tained from $A$ by means of a dcfinitc process containing only. symmctrization
and alternation corresponding to thc operator of ’Young operating on $(i_{1}$ ,
...... $*f_{f_{1}}$ ; ) $in_{\backslash }$ this natural ordcr. It can readily be $s\dot{e}en$ that $Z$ admits
a linear invariant with respect to the subgroup $g$. ,Indeed, by using the
fact that $f_{1},$

$;\ldots.,$
$f_{n-J}$ are all even we see that

$\delta(i_{1}i_{2})$ ...... $\delta(j_{1}J2)$ ...... $ A(i_{1}i_{2}\ldots\ldots$ ; $ f\sqrt 2\ldots\ldots$ ;...... $)$

is invariant. This is a linear combinatioif of the monomials $\zeta^{*}(f_{1}^{\prime},$
$\ldots\ldots$ ,

$f_{n-1^{\prime}})$ . The highest term may be obtaincd from $ A(11\ldots\ldots$ ; 22...:.. ;...... $)$

which is equal to $\zeta^{*}(f_{1}, f_{n-1})$ . Thus this invariant is of the form

$\zeta^{\prime}$ $(f_{1}$ , ...... $f_{n-1})=\zeta^{*}(f_{1}$ , ...... $f_{n-1})$

$+(te’\cdot msJ_{\iota}vertl_{l}an\zeta^{*}(f_{1}, ... ..., f_{n-1}).)$

Because $\zeta^{\prime}(f_{1},$ $ f_{\iota-1}\rangle$ are mutually orthogonal, wc see easily that this
coincides with $\zeta(f_{1}, f_{n-1})$ except a constant factor.

7. $t$ By the theory of E. $c_{a1}\tan$ we readily conclude that for any mono-
mial $\zeta^{*}(f_{J}$ , ......, $f_{n-1})$ there exists an uniquely determined irrcducible
harmonic set admitting a linear invariant with respect to the subgroup $g$

which is a polynomial in $\zeta_{1},$ $\zeta_{n-1}$ such that its h\’ighest terms is $\zeta^{*}(f_{1}$ ,

......, $f_{n-1})^{\prime}$ and that any harmonic of the. manifold $A^{+}(n)$ can be $0\dot{b}tained$

in this manner. $\cdot$ We thus have the following
Theorem I. The quantities $Z^{\prime}(fl’ f_{\iota-1})$ constitute a complete liarmo-

$\dot{r}\iota icsct$ of $t/\iota e$ manifold $A^{+}(n)$ . Au $ir\gamma^{\prime}\iota luciblc$ repre\’{s}enlation of $l/:e$ group
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$c_{/}^{r}s(n)$ of signature $\zeta(f_{1}, \ldots\ldots, f_{n-l})$ is coitlained in $a$ $/lc\iota rno\prime l^{\prime}Csct/$)$ft$he
$ma;\iota ifoldA^{+}(n)\triangleleft f$ and only if $f_{1}\equiv f_{\backslash }\underline{)}\equiv\ldots\ldots\equiv 0_{1}mod$ . $2$ .

Chapter II.
The harmonics of the manifold $A(n)$ .

1. The manifold $A^{-}(n)$ is the set of all skew symmetric unitary uni-
modular matrices: $A^{*}+A=0$ . The group of displacements is $A\rightarrow T^{*}AT$,
$TeUS(n)$ . The skew matrix 1 is containcd in $A^{-}(n)$ and the group of:rotation $g$ with center the point $I$ is.thc group $C/^{\tau}Sp(n)$ consisting of.all
the elements of the group US$(n)$ which arc invariant under the involutive
automorphism $\overline{f^{\prime}}\rightarrow I^{-1}\overline{T}I$. A transvection is an elerncnt of $6^{r}S(/l)$ such that
$\theta^{-1}=1^{-}$ $\overline{\theta}I$. There exists a one to onc correspondcnce between tlic $I^{\lrcorner oints}$

of $A^{-}(n)$ and $thC$ set of transvections $dcscribt$} $d$ by
$A=\theta I$, $\theta=-At$

Let $\theta$ be a transvection. By the same argument as in the case of the
manifold $A^{+}(n)$ it is possible to show that if $\epsilon$ is an eigenvalue of $\theta$ , then
thc corresponding eigenspace is invariant with respect to the operation
$\dot{x}\rightarrow^{\prime}I_{X}^{-}(=\hat{x})$ which is invariant under thc group $USp(n)$ and that $\Theta$ can
be written as

$\theta=l\iota^{y}-1\theta lc^{\supset}$ , A ( $US_{l(Jl)}$ ; $\theta=\theta_{0}+\theta_{0}^{\prime}$

where $\theta_{0}=\epsilon_{1}+\ldots\ldots+\epsilon_{m},$ $e_{i}=eX$[) $(2\pi\sqrt{}-[\theta_{i})$ . Wc call $\epsilon_{l}$ ......, $\epsilon_{m}$ the
roots of $A$ . For given $A,$ $\underline{c}_{\rceil}$ $\epsilon_{n}$ arc dctermined unlquely except their
order and we see that the quantities $\zeta l’\ldots\ldots,$ $\zeta_{m-1}$ with $\zeta_{f}=\Sigma---i_{1}\ldots\ldots,$

$e_{i_{f}}$

$i_{1}<\ldots<i_{f}$

arc fundamental-invariants of $A$ with rcspect to the group.$g$.
2. We now construct the harmonic set of $A^{-}(n)$ corresponding to

the invariant $\zeta_{f}$. Instead of $a(i_{1}i_{2}\ldots.. ; j_{1\dot{J}2}\cdots\cdots)$ of $A^{+}(n)$ we define

$Z_{f}$ : $A(i_{1}\ldots\ldots i_{2f})=\sum_{P}\epsilon(P)Pa(i_{1^{l_{\underline{9}}}})\ldots\ldots a(i_{6-1}i_{S})$ , $(s=2f)$

where $a(ij)$ are the elements of the matrix $A_{t},$ $P$ is the permutation
12... $(2f)\rightarrow 1^{\prime}2^{\prime}\ldots(2f)^{\prime}$ and the summation is extended over all $P$. The
quantities $Z_{f}$ constitute a harmonic set and give an irreducible representa-
tion of signature $(1, 1, \ldots\ldots, 1,0, ...... 0)$ , wherc 1 appears $2f$ times.
We $\times$ -multiply thcsc quantities .and constrqct:
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$Z:Z_{l-1}^{a_{1}}\times\ldots\ldots\times’/\vee 1a_{m-1}$

$Z$ contains only one ,irreducible representation of the highest weight. This
is of signature $(f1$

’ ......, $f_{n-2}),$ $\backslash vhere(f_{1}$ , ......, $\backslash f_{n-\underline{0}})$ is the conjugate of

$(2(\frac{a_{1}}{m-1)}\overline{\cdot\cdot|2(\prime inn}-1), \ldots\ldots,\frac{a,,-\rceil}{2,\ldots\ldots,2})$ . We denote tliis by $Z(f_{1}$ ,
......, $f_{n-}\underline,$). The components of $Z$ are uniquely determined and can be
written as $A(i_{1}i_{2}$ , ...... ; $]1J2’\ldots\ldots$ ; ...... $)$ , $A^{\prime}$ are skcw symmetric rvith
respect to $l_{j},$

$i_{-},,$

$\ldots\ldots$ ; $1^{\rfloor},$ $J-|$ ...... ;...... respectively. The zonale of $A^{-}(n)$

curresponding to $Z$ is

$\epsilon(i_{1}i_{-},)e(i_{3}i_{4})\ldots\ldots$ \’e $(i_{1/2})_{\vee}\epsilon(j_{:s}j_{4})\ldots\ldots Z(i_{1^{f^{\prime}}2}\ldots\ldots$ ; $JJJ2$ ;...... $)$

which is a linear combination of the $m_{1}o$nomials $\zeta_{7’ l}^{a_{\iota_{-1}^{\prime}}}\ldots\ldots\zeta_{1}^{a_{n-1^{\prime}}}’\ldots\ldots$ , the
highcst term being obtained from $A$ (12 $\ldots\ldots$ ; 12...... ;......). We denote
this by $\zeta(f_{1}f_{2}\ldots\ldots)$ . ’

3. We write $\theta$ in the form $\theta=R^{-1}\theta R$ . If we put $\Theta^{d}\star=l\{-1\theta^{*}R$ , where
the angles of $\theta^{1}2$ are just the $1_{1}alves$ of those of $\theta$ , then it can readily be
seen that the point $A=\Theta I$ corresponding to $\theta$ is just the transform of 1
by $\Theta^{2};\rceil$ Let $\theta+d\theta$ be a transvection corresponding to the point $A+dA$
ncar $A$ . We transform $ d\Theta$ back to the point $I$ by the transformation
$\phi$ : $\delta 0-=\theta^{-g}\cdot d\Theta\cdot 0\sim^{-*}$. Then

$\delta\theta=R^{-1}[\theta^{-1}d\theta+(\theta^{*}\delta lf\theta^{-3}-\theta^{-*\#}\sim\grave{o}R\theta-)],$ $\delta R=(dR)R^{-1}$ .

Now the representation of $\theta$ in the form $R^{-l}\theta R$ is not unique. Different
$\Gamma<$ give the same $\Theta$ if they are of the form ($jR$ . For generic $\theta\rho$ must be
of the form ($J=A_{1}+\cdots\ldots+,A_{m}$ , where $A_{i}$ are matrices of the form

$t$

$\Vert_{-}\frac{a}{b}$
$\frac{\delta}{a}$

$\Vert$ , $a\overline{a}+\delta\overline{\delta}=1$

(We arrange the indices in the order 1, $m+1,2,$ $m+2$ , ...‘..., $m,$ $\prime\prime z+m$

$=n)$ . By means of this.uncertainty we can‘ normalize $\delta 0\sim$ such that $ou_{ii}$

$=\delta u_{\iota+i,m+i}=0$ , $(i=1\cdot\grave{2}$ , ......, $m),$ $\delta_{1}/i,m\vdash i=\delta u_{m+i,i}=0,$ $(i=1, 2, m)$ .
$R$ has then a definite sense.’ The $(ij)$ -elements of $th\sigma$ matrix $\delta\Theta$ are

.

$\delta u_{ii}=\delta u_{m+i,\prime\iota+i}=2\pi\sqrt{-1}\delta\theta_{i}$ ; $\sum_{i}^{\dagger}\delta\theta_{:}=0|$
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$\delta u_{m\perp j}=-\delta u_{m+ij}=\sqrt{-1}\sin(\theta_{i}-\theta_{f}/2)\tilde{\omega}$ $(i\neq j)$

$\delta u_{ij}=\delta\sqrt{-1}/2)\omega_{ij}$ $(i\neq f)$

The volume element of the manifold $A^{-}(n)$ is thus

$v=\Delta[u_{j}]d\theta_{1}\ldots\ldots d\theta_{\iota-1},$ .
where

$\Delta=\prod_{i<j}\sin^{4}\frac{\theta_{i}\cdot.-\theta_{j}}{2}$

Theorem 1.2. The quantities $Z(fl$ ’ ......, $f_{n-2})$ constitute a campIete
liarmonic set of $tl\iota e$ manifold $A^{-}(u)$ . Tlie irreducible $relresentation$ of the
group US $(n)$ of signature $(f_{1}, f_{n-1})$ is contained in a ; set of
tlte $ma;ffoIdA^{-}(n)$ if and only if tfie columns of $tl\ell e$ diagram $(f_{1}, f_{n-1})$

are all $e_{J^{\prime}}^{-}cn$ . In $larticuf_{\ell}\iota r,$ $f_{n-1}=0$ .

Chapter III.
The harmonics of the manifold $A(n, k)$ ; $k=<h(=n-k)$ .

1. The manifold $A(n, k)$ is the set of all k-dimensional linear sub-
spaces of $P_{n}$ . Let $\mathfrak{M}$ be an linear subspace of $P_{n}$ which is contained in
$A(n, k)^{\prime}$. $A$ unitary coordinate system $e_{1}$ , ......, $e_{n}$ is said to be as-
sociated with’ $\mathfrak{M}$ if $e_{1},$ $r\cdot..e_{k}\epsilon$ M. With respect to this coordinate system
the group of rotations consist of all transformations of. the form $T_{k}+T_{h}$ .
The involution of the group US $(n)$ associated with $\mathfrak{M}$ is $A\rightarrow JAJ$, where
$]=E_{k}+-E_{\hslash}$ .

Let $\mathfrak{M}_{i}$ be two linear subspaces of $P$, where $\dim\backslash JJl_{I}=m_{1},$ $\dim \mathfrak{M}_{2}=m_{2}$,
$m_{1}\leqq m_{\sim^{1}}$ . Then we can take unitarv,. frames $\chi_{1},$ $\chi_{m_{1}}$ ; $\rho/_{l},$ $y_{n\iota a}$ of
$M_{1}$ and $\mathfrak{M}_{2}$ such that $(x_{i}y_{i})=\cos\theta_{i},$ $(i=1,2\ldots\ldots m_{1})$ , and that all other
$(x\overline{y})$ vanisl]. In fact, let $\mathfrak{M}_{1}^{0},$ $\mathfrak{M}_{2}^{0}$ be linear subspaces of $\mathfrak{M}l$ and $\mathfrak{M}_{2}$ whose
vectors are all perpendicular with $\mathfrak{M}_{2}$ and $\mathfrak{M}_{1}$ respectively. Then the sub-
spaces $\overline{\mathfrak{M}}_{J}=\mathfrak{M}_{1}-\mathfrak{M}_{1}^{0},$ $\overline{{}^{t}J}[2=\mathfrak{R}\}_{2}-\mathfrak{M}_{z}^{0}$ are of the same dimension, say $m$ .
Let $P_{\overline{\mathfrak{M}}_{1}},$

$P_{\overline{\mathfrak{M}}}$. be orthogonal projections on $\overline{\mathfrak{M}}_{1}$ and $\overline{\mathfrak{R}\}}_{\underline{o}}$ respectively. The
operator $l_{\overline{\mathfrak{M}}_{1}}$

)
$;P_{\overline{\mathfrak{M}}}$ leaves invariant the subspace $\overline{\backslash JJ}lJ$

’ and is hermitian in $\overline{\mathfrak{M}}_{1}$.
$\iota$

Let $\chi_{1},$ $\ldots\ldots,$
$\chi_{m}$ be eigenvecto] $s$ of $P_{\overline{\mathfrak{M}}_{1}}P_{\overline{\mathfrak{M}}_{2}}$ in $\overline{\mathfrak{Y}}\mathfrak{i}_{1}$ The projections of

$\chi_{i}$ into $\mathfrak{M}_{2}$ are not zero, and $\dot{i}^{f}$ we denote by $\theta_{i}$ the angle between $\chi_{t}$ and
$P_{\overline{\mathfrak{Y}i}_{-}}.x_{i}=\overline{y}_{i}$ , then $\cos^{2}\theta_{i}$ are eigenvalues of $P_{\overline{\mathfrak{M}}_{1}}P_{\overline{\mathfrak{M}}_{2}}$ in $\mathfrak{M}_{1}$ . The vectors
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$y_{i}=(\cos\theta_{:1_{\overline{\mathcal{Y}}_{i}}^{-l}}$ constitute a certains ffame of $\overline{\mathfrak{M}}_{2}$ and moreover, a $syste\varphi$

of eigenvectors of $P_{\overline{\mathfrak{M}}}.P_{\overline{\mathfrak{M}}_{1}}$ in $\overline{JJ1}_{2}$ . The corresponding eigenvalues are again
$\cos^{2}\theta_{J},$

$\ldots\ldots,$
$\cos^{2}\theta_{m}.-$ If we take in $\mathfrak{M}_{1}^{0}$ and $\mathfrak{M}_{2^{\backslash }}^{0}$ orthogonal frames $\chi_{1+m}$ ,

......, $\chi_{\iota_{1}}$ and $y_{1+7’ l},$ ‘ $\ldots...y_{12}$ arbitrarily, then it can readily be seen that
these vectors satisfy the conditions of the assertion. This can be carried

out by purely elemental geometric device.
2. A transvection is a transformation $\theta$ of US $(n)$ satisfying $J0^{\vee}J=\theta^{-l}$ .

There exists an one to one correspondence $\prime betw,een$ the set of transvections

and the linear subspaces of arbitrary dimensions of the, space $P_{n}$ described

by
$S=\theta J$, $\theta=SJ$

where $S$ denotes the reflexion with rcspect to the subspace gJJJ. The cor-
respondense between $S$ and $M$ may be described as:

$\mathfrak{M}=(x;.2x=(S+1)x.)$ ; $S=2P\Re-1$ .

Let $\backslash JJl_{t},$
$\mathfrak{R}$ be two linear subspaces of $P$ and let $\dim M_{0}=k,$ $\dim$

Eft $=’$ . $T/\iota en$
‘

$ t/l\ell r\ell$ exisis a coordinate system. $e_{1},$ $\ldots\ldots,$
$\ell_{n}associatc^{-}d_{L}^{r}\ell/itl\ell$

$M_{0}(\{e_{1}, \ldots\ldots, e_{k}\}=\mathfrak{M})$ such $t/\iota at$ the fransvection $associat\mathcal{E}d$ with se talee $ tl\iota\ell$

form
$D(\theta_{1})+\cdots\ldots+D(\theta_{k})\dotplus\Vert E_{p}-E_{p}\Vert J$

Suppose first that $k\leqq m<n=/2$ ’ then there exists a system of vectors $\chi_{l}$

....... $x_{k}c\mathfrak{M}_{0},$ $x_{i}x_{j}=\delta_{ij}$ ; $y_{1},$
$y_{m}e\mathfrak{R},$$y_{i}y_{j}=\delta_{if}\backslash $ such that $x_{i}y_{i}=\cos\theta_{i}$ and

that all other $\chi y$ vanish. We take cartesian frame associated with $\mathfrak{M}_{0}$

such that:
$e_{i}=x_{i}(i=1,2, \ldots\ldots, k),$ $y=\cos\theta_{i}e_{i}+\sin\theta_{:}\cdot c_{k+i}$ ,

$e_{2k+1},$ $\ldots\ldots,$
$e_{n\iota}\epsilon \mathfrak{R}$ ,

Then the subspace $\mathfrak{R}$ is generated by $m$ . vectors $which\backslash are$ two rows of the

matrix

$B:\Vert\cos\theta_{1}$

sin $\theta_{1}$

$\cos\theta_{2}$ $\sin\theta_{2}$ ...... $|E_{m-k}$ $ 0\Vert$

whcrc thc index is, arranged in the order 1, $k+1,2,$ $k+2,$ $\ldots\ldots,$
$k,$ $2_{l}b$ ,

$2k+\rfloor,$ $n$ . The reflexion with respect to $\mathfrak{R}$ is $S=2B^{*}8-1$ , and $tlle$
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$cp\dot{r}resp_{0^{11}}ding$ transvection is $\theta=SJ$. The explicite calculation gives the
desired result. The case $\dot{k}>m$ can be treated in analogous manner.

8. Let $M$ be a k-dimensional linear subspace of $P,$ $\theta$ be $th^{}c$ corrcs-
ponding transvection. The reflexion with respect to $\mathfrak{M}$ is then $\Theta J$. Now
we have seen that any $\theta$ associated with $\mathfrak{M},$ $\dim \mathfrak{M}=l$, can be written as

$\theta=R^{-l}\theta R$ , $\theta=D(\theta_{1})+\cdots\ldots+D(\theta_{k})+E_{n-\underline{?}_{k}}$

$w$ . ere $R\overline{\sim-}T_{k+}T_{\hslash}(cg)$ . Consider the transvection $\theta^{\S}$ defined by

$\theta-=R^{-1}(\theta\rightarrow R**, \Theta^{1}-=D(\theta_{1}/2)+\cdots\ldots+D(\theta_{k}/2)+E_{n-2k}$

Thcn the subspacc $\mathfrak{M}$ is the transform of $M_{\cup}=\{e_{1}$ , ....,.. , $c_{k}\}$ by $\Theta^{\underline{\iota}}$ . Indeed,
the rcflection $witi_{1}$ respect to the transform of $\mathfrak{M}_{0}b_{Y}\theta^{f}\sim$ is

$\theta^{\}^{1}}\sim J((\sim J^{I})^{*}=\theta^{\rceil}\sqrt{}(\theta\sim^{\prime})^{*}\nearrow\cdot J=\theta\sim\theta^{\underline{f}}J=\theta J=S!\dagger\cdot$.
Now let $\theta+\swarrow;0\wedge$ be a transvection associated with $\mathfrak{M}+d\mathfrak{R}l^{(}A(n, l^{y})$ near
M. ‘ We transform $ cl\theta$ back to $M_{0}$ by the transformation $\theta^{J}-$ :

$\delta\theta=\theta^{-\}}d\theta\cdot\theta^{-\theta}$.
This shows that $\delta\theta$ is an infinitesimal transvection: $ J\delta\theta J=-\delta\theta$. We $\backslash have$ ,
in the same manner as in $A^{+}$ and $A^{-}$ , as the volume-element between’ two.
zones $(\theta_{1}, \ldots\ldots, \theta_{\lambda}.)$

. and $(\theta_{1}+a\theta_{J}, \ldots\ldots, \theta_{k}+d\theta_{k})$ the following expression;
$\Delta d\theta_{1}\ldots\ldots’\iota^{\prime}\theta_{k}$ ; $\Delta=JI’(\cos\theta_{i}-\cos\theta_{j})^{-\Pi}\sin\theta_{i}\Pi si_{11^{21^{n-\underline{\circ}}k)}}(\theta_{i}/2)$

4. The sonales are functions depending on $k$ arguments $\cos^{2}\theta_{1}/2,$
$\ldots\ldots$ ,

$\cos^{2}\theta_{h}/2$ invariant $\iota\dagger^{r}it11$ rcspect to $\iota\prime 1t1Y$ pcrmutation aniong them and thus
arc expressible by pneaIis of $k$ quantitics

$\zeta_{f}=\Sigma cos^{\underline{\Omega}}(\theta_{t_{1}}\cdot/2)\cdot\cdot,\ldots cc)s^{\underline{o}}(\theta_{i_{f}}./2)$ , $(J\leqq f\leqq k)$

$i_{1}<\ldots\ldots<i_{f}$

Let $p(1_{1}, \ldots\ldots, i_{k})$ be $1^{\supset}1\ddot{u}c1\backslash \cdot er$ coordinates of $A(n, l^{J})$ . Consider $k$

$qua\iota\iota tities/_{\vee 1}^{\prime},$
$\ldots\ldots,$

$Z_{k}$ .
$Z_{f}$ : $\sum_{j}p(i_{1}\ldots\ldots i_{f]l}\ldots..j,/)\overline{p}(\chi_{1}’\ldots\ldots 4_{i_{f}}J^{\prime}l\cdots j,,)$ .

These $q\iota^{}.atltities$ constitute harmonic sets of the manifold $A(r;, k)$ . The
zonale of $Z_{f}i_{5}j$ust $\zeta_{f}$ . Any $1l_{\zeta}^{\prime}\iota rmonic$ set of the manif\’Old $A(n, i^{r})$ may
tlrus bc bbtained $fr()111\nearrow_{\vee\lrcorner}^{\prime},$

$\ldots\ldots,$
$\swarrow_{k}$ by incans of $\times- n1ulti_{1^{J}}1ication$ . Let

$\swarrow(\gamma_{1}, \ldots..,f_{k})$ be thc $re\iota$)$rcsct1$ ’ of the highest weight contained in
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$Z_{k}^{a_{1}}\ldots\ldots Z_{1}^{a_{k}}$

where
’

$(f_{1}\ldots..f_{\hslash})$ is the conjugate of
$(l^{\prime}\ldots\ldots k\ldots\ldots 1\ldots\ldots 1_{\backslash })\overline{a_{1}}\overline{a_{k}}$

The zonale ot

$Z(f_{1}, \ldots\ldots,f_{L})$ is
$\zeta(f_{1}\ldots..\prime f_{k})=(\zeta_{k}.)a_{1}\ldots\ldots(\zeta_{1})a_{k}+(t\ell rmslo\tau e’\ell rt/1an\zeta_{k}^{a_{1}}\ldots.\zeta_{1}^{a_{b}})$ .

The representation given by $\ell Z(f_{1}, \ldots\ldots,f_{k})$ is of $signat_{1}ure(h_{1}\ldots.,./l_{n\rightarrow 1})$ :
1

$l_{l_{t}}=f_{i}+f1$ $(i=1,2, \ldots..,k)c$ $l_{l_{i+1}}=\ldots\ldots=h_{n-2k}=fl$ .
$1_{l_{4}}+//n-i+1=2fl$

and we obtain the follosving.
Theorem 1.3. The quantities

. $Z(f_{1}, \ldots\ldots,f_{k})$ $f_{\rceil}\geqq f_{2}\geqq\ldots\ldots\geqq f_{k}\geqq 0$

$r_{\{fith}an,\gamma f_{1},f_{2},$ $\ldots\ldots,f_{A}$. $constitl/l^{j}$ a complete liarmonic $sct$ of tlie manfold
$A(n, l,)$ . $Tl_{l}e$ irreducible ivprcsentation of the group US $(n)$ of $ si_{f}natr/\cdot\ell$

$(h_{1}, \ldots\ldots, /;_{n-1})$ is $co7lt$($\gamma j_{\hat{l}}\ell d$ in a harmonic set of llte $mamf$)[$dA(n, \prime_{L},)$ if
and only if

$/\prime l_{-n-\downarrow=\ldots\ldots=h_{k}+}=h_{\supset}+/1\prime h_{n-k+1}=2J/k+1==A$

Chapter IV.
Some lemmas on linear invariants.

1. Let $1M$ be a compact homogenious manifpld with fundamental group
$G$ , and suppose that $G$ is a Lie group. Let $’\Gamma(G)$ be. an irreducible re-
presentation of $G,$ $\Gamma(g)$ . be the representation of the group ef rotations
$6^{\theta}(\subset G)$ derived from $\Gamma(G)$ . E. Cartan established the following $t1_{1}eorem$ :

$l^{1}(G)\prime s$ contain $ c’ di/\iota$ a /armonic set of the manifold $\mathscr{N}l$ if and only $\iota f$

$l^{\prime}(6^{\prime})co’/tains$ a linear $inva’\cdot iant$. If their exist $h$ linear $inva’\cdot ialiJs$ of $\Gamma(!)\sigma)$ ,
$the/lt/\iota e7^{\prime}e\ell xisishdiff\ell r\ell rlt$ liarmonic sets belong\’ing to $t_{l}\prime^{\prime}e^{\prime}r\ell l^{resentation}\Gamma\backslash G$).
(see I’.. Cartan, [2]).

Now we have constructed in the preceding chapters the harmonic sets
of the manifolds $A$ “, $A^{-}$ by the explicit computation of the zonales. Thus
the problems of finding the irreducible representations of the $group_{\backslash }US(n)$

admitting a $1i_{11}ear$ invariant with respect to its proper subgroups $0(n)$ or
$l/S\langle;l$) are completly solved, (This methode may afford a most ni tural
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approach to this problem.) We have the foliowing:
Theorem 1.4. The representation of the group US$(n)$ of signature

$(f_{1}, \ldots\ldots,f_{n-1})$ admits a linear $in^{l}nariantwit/l$ respect to $tl\iota c$ proper subgroups
$0(n)$ and $USp(\prime l)$ if and only if $\acute{f}l\equiv f_{2}\equiv\ldots\ldots\equiv 0$ mod. 2 for $0(n)$ , and
$g_{1}\equiv g_{2}\equiv_{l}\ldots\ldots\equiv 0$ niod 2 for $USp(n)resprcti^{\prime y_{l}}l_{l^{\prime}},$ $’\iota U/j\ldots\ldots\iota s;/l\ell$

$con_{J}u_{\wedge}^{\gamma}ate$ of $\int_{1},f_{2},$
$\ldots\ldots$ . In $ eacl\iota$ cases $t1_{lp}re$ exists $\theta\prime l$; $one$ $\lim\cdot a$” ‘invariant.

In this chapter I will give a direct verification
$l$

of this fact.
Lemma. Let $P(f_{1}, \ldots\ldots f_{n-1})$ be an irreducible representation of the

real unimodular group $SL(n)$ of signature $(f_{1},f_{\underline{\phi}}, \ldots\ldots)$ . $P(f_{1}\ldots\ldots)$ admits
a linear invariant with respect to its proper subgroup $\backslash 0(n)$ if and only
if all $f_{i}$ are even. Proof. Let $(gJ’ h\sigma_{2}, \ldots\ldots)$ be the conjugate of $(f_{1},f_{\underline{o}}, ..,\ldots)$ .
We take $g=g_{1}$ vectors $\chi_{l},$ $\chi_{\underline{0}}\ldots\ldots$ in $R_{n}$ . The components of $x_{i}$ may be
denoted by. $(x_{i}(1), \ldots\ldots x_{i}(n))$ . The tensors

$\chi_{\lambda}$ : $x(i_{1}, \ldots\ldots, i_{\lambda})=\Sigma\epsilon(P)Px(i_{1})\ldots\ldots x(t_{\lambda})$

are skew symmetric with respect to $i_{1},$

$\ldots\ldots,$
$t_{\lambda}$ and $t1_{1}e$ tensors defined by

$Xffl\times\acute{X}_{g_{\underline{0}}}\times\ldots\ldots\times X_{g_{J}}$ $(f=f_{1})$

or
$x(t_{1}\ldots\ldots i_{A^{r}})=x(i_{1}\ldots\ldots i_{\zeta_{1}})\ldots\ldots x(k_{1}\ldots\ldots k_{g_{f}})$

constitute a basis of the invariant subspace $P(f_{1}, \ldots\ldots.f_{n-1})$ . Now the
quantities $X_{\lambda}$ does not change if we replace the veitrs $\iota_{1},$

$\ldots\ldots,$ $x_{g}$ by

$y_{1}=x_{1},$ $y_{2}=x_{\underline{o}}+\lambda_{21}x_{1},$ $\ldots\ldots,y,/=x,,+\lambda_{g1}x_{1}+\ldots\ldots+\lambda_{gg}x_{g}$

So that we can replace $\chi_{1}\ldots\ldots,$ $\chi_{g}$ by mutually orthogoInal vectors without
changing $X$. Any tensor of signature $(f_{1}, \ldots..,f_{n-l})$ is then a linear com-
bination of the form $X=\Sigma\bigwedge_{\alpha}F_{-\alpha}$ , where $F_{\rightarrow a}^{\backslash }$ are basic vectors of $P(fl )$
which are of the form

$E_{l}=[x_{1}\ldots\ldots x_{g_{1}}][x_{2}\cdots\cdots x_{g_{2}}]\ldots\ldots[x_{1}\cdots\ldots x_{fJ}]$

The vectors $\chi_{l}\ldots\ldots.\chi$, are mutualy orthogonal. The only way of con-
structing orthogonal invariants is the corltraction with respect to $\delta(ij)$ . We
thus obtain as a necessary condition $N=even$ . Any $0$rthogonal invariant
is thus a lin\’ear combination of the terms

$\wedge^{=}\delta(i_{1}i_{2})\ldots\ldots\delta(i_{N-1}i_{N})_{j}x(i_{1^{\prime}}\ldots\ldots i_{\mathscr{O}})$
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If we use the relation $x_{i}x_{j}=0,$ $(i\neq J)$ , then:

$\wedge=\nu\Sigma\wedge_{\alpha}(x_{1}x_{1})^{S_{1}}(x_{2}x_{2})^{S_{2}}\ldots\ldots(x_{g}x_{g})^{S_{g}},$ $2S_{1}=f_{1},$
$\ldots\ldots,$

$2S_{g}=f_{g}$

where $\nu(1^{\prime}2^{\prime}\ldots\ldots N^{\prime})$ is a number depending only on the permutation 12,
$N\rightarrow 1^{\prime}2^{\prime}..\ldots N^{\prime}$ . From which we conclude at once $f=2s,$ $\ldots\ldots$ That

Is, $f_{1},$ $\ldots\ldots,f_{n-1}$ are all even. We also see that only one’ linear ‘ invariant
can exist. Under this condition the required linear invariant is

$\delta(i_{1}i_{2})\delta(i_{3}i_{4})\ldots\ldots\delta(j_{1}j_{2})\cdots\ldots X(i_{1}j_{1}\cdots\cdots$ ; $i_{2}j_{2}$
$\cdots$ ; ......).

This is certainly not identically zero. (Consider. the tensor whose com-
ponents are all zero except $X(12\ldots\ldots g;12\ldots\ldots g; )$ and its homolog).

Lemma. The irreducible representation of the group US $(n)$ of signa-

ture $(f_{1}, ..\ldots,f_{n-1})$ admits a linear invariant with respect to the subgroup
$USp(n)$ if and only if all. $g$ are even.

We take a generic tensor $X$ of $P(f_{1}, \ldots\ldots,f_{n-1})$ in the form

$ X=\Sigma[x_{1}\ldots..x_{n}][x_{1}\ldots\ldots x_{g}]\cdots\ldots$

Any invariant may be obtained by contraction with respect to $\epsilon(i\dot{j})$ . If the

term $[x, \ldots\ldots x][x, \ldots\ldots x]\ldots\ldots$ does not vanish by this contraction, then it

is possible to show that $\chi,$ $\ldots\ldots\chi$ can be taken such that 4

$x_{1+i}=\nu_{1+i},$
$x_{2\perp t}=y_{2+i}+i^{\prime}\sigma_{2+i}\perp\{y_{2},y_{1}, ..,... ,y_{2+i},y_{1+i}\},$ $y_{2+}=1\overline{y}_{1+}$

$(i=0,2, \ldots\ldots)$ .
From this follows at once the required result.

From these lemmas we conclude not only the theorem 1. $4-$ , but also

the following.
Theorem 1.5. The irreducible representation of tlte group $GL(n, K)$ of

signature $(f_{1}, \ldots.,., \gamma_{n})$ admils a linear invariant wzth respect to its proper
snbgroups $0^{+}(n)$ or $Sp(n)$ if $aud^{}$ only if $f_{i}-f_{n}\equiv 0$ mod 2 for $0(n)$ and
$g_{1}\equiv g_{2}\equiv\ldots\ldots\equiv 0$ mod 2 for $Sp(n)$ .

Part II.
The Betti-numbers.

Chapter I.
Formal preperation.

1. We consider. a set $(\Omega)$ of all $(h, k)$ matrices in $k$ or $K$. :
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$\Omega:(w_{i\lambda})$ , $(1 \leqq i\leqq h, 1\leqq\lambda\leqq k)$ .
In $0$ we consider a group I’ isomorphic wwith $GL(k)\times GL(h)$ ;

$\Omega\rightarrow A\Omega B^{*}$ , $A\epsilon GL(k)$ , $B(GL(h)$

The outer products of 1 elements of S2:

$\Gamma_{p}\cdot\omega i_{1}\lambda_{1}\cdots\ldots\omega i_{p}\lambda_{p}$

give a representation bf the group $\Gamma$. Concerning the decomposition of
$\Gamma(p)$ the following fact is known (Ehresmann, [3]) :

$\Gamma(p)$ decoinposes into the irreducible representations according to the
following sheme;

$\Gamma(p)\sim\sum P(f_{1}, \ldots..,f_{k})\times P(..:\ldots g_{h})$ .
where $P(f_{1}, \ldots\ldots,f_{k})$ , is the irrcducible representation of the gro\mbox{\boldmath $\iota$}rp $GL(k)$ of
signature $f_{1},$ $\ldots..,f_{k}$ $(h\geqq f_{1}\geqq f_{2}\geqq\ldots\ldots\geqq f_{k}\geqq 0),$ $P(g_{1}, \ldots\ldots,g_{h})$ is the
irreducible refresemation of the group $GL(h)$ of signature $(g_{l}\ldots\ldots,g_{h}),$ $(k\geqq$

$g_{1}\geqq\ldots\geqq g_{h}\geqq 0$ . Moreover, $(f_{1}, \ldots\ldots f_{k})$ and $(g_{1},\ldots\ldots g_{h})$ are mutually
conjugate. The term of the highest wheight in $P(f_{1}, \ldots..,f_{k}.)\times P(g_{1},$

$\ldots\ldots$ ,
$g_{h})$ is

$F_{0}$ $\omega_{11} \omega_{21}\times\ldots\ldots\times$ .
The components of $P(\ldots\ldots)\times P(\ldots\ldots)$ may be obtained from $\omega_{i_{1}\lambda_{1}}\ldots\ldots\omega i_{p}\lambda_{p}$

by operating the operator of Young according to the definite manner in-
dicated by the leading term. $F_{ti}$ . By the aid of theorem 1. 5. we obtain
the following.

Lemma 1. By descending from $GL(k))\times GL(h)$ to its subgroups $0(k)$

$\times 0(h)$ or $Sp(k)\times Sp(h)$ the representation $P(f_{1}, \ldots\ldots,f_{k})\times P(g_{1}, \ldots\ldots,g_{h})$

adniits a linear invariant if and only if $f_{1}-f_{k}\equiv f_{2}$ $-f_{k}\equiv\ldots\ldots\equiv 0$ mod. $2$ ,
$g_{1}-g_{h}\equiv g_{2}-g_{h}\equiv\ldots\ldots\equiv 0$ mod. $2$ for $0(k)\times 0(- h)$ and $f_{1}\equiv f_{2}\equiv\ldots\ldots\equiv 0$

mod. $2$ , $g_{1}\equiv g_{2}\equiv...\ldots\equiv 0$ mod. $2$ for $Sp(k)\times Sp(h)$ respectively.
2. We denote by $(\Omega)$ the set of all skew symmetric matrices $\Omega$ in

$K$ :
$\Omega=(\omega)$ , $\omega+\omega_{ji}=0,$ $(i,j\ldots\ldots=1,2, \ldots\ldots n)$ .

Consider in $(\Omega)$ the group $\Gamma$ isomorphic with $GL(n)$ : $\Omega\rightarrow A^{*}\Omega A,$ $A\in GL(n)$ .
Concerning the representation given by the outer products $\Gamma(p)$ : $\omega_{i_{1}j_{1}}\times\ldots$
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$\omega\ell_{1)}j_{p}$ the follovfing fact is knownc ([3]):
$1^{\tau}(p)de’ c\theta’ \mathscr{U}^{o}s\ell s$ inio the irreducible representations according to

$\Gamma(p)\sim\Sigma\Gamma(f_{1}, \ldots\ldots,f_{l})$

$\prime \mathcal{L}\mathfrak{c}!he^{J}en>f_{1}>f_{2}>\ldots\ldots>f_{l}>0$ . $p=f_{1}+\cdots\ldots+f_{l}$ . $T/lerepreserlt_{l}\iota tionI^{v}(f_{1},$
$\ldots$

..., $f_{l}$ ) is of signalurc $(f_{1},f_{2}+1, \ldots\ldots,f_{l}+l-1, /l_{1},1_{l}\underline{.,}, \ldots\ldots),$ $(h_{1}$ , ...... $)$ is the
conjugate of $(f_{1}-J+1,f_{2}-l+2, \ldots\ldots,f_{l})$ . $ T/l\ell l_{l}ig/\iota es\iota$ term in $(f_{1}, \ldots.,f_{l})$ is

$\Gamma_{0}^{i}$ : $\omega_{\underline{9}}v_{1}.\times\ldots\ldots\times\omega 1+l\times v_{29}\ldots\ldots\times c\iota!_{2fa+2}\times\ldots\ldots\times\omega\times\ldots\ldots\times w_{ll+f_{l}}$

The components -of $I^{\prime}(f_{J}, \ldots\ldots,f_{l})$ may be obtained from $\Gamma(p)$ by , means
$\iota$ of the $defi\cdot nite$ process indicated by the leading term $F_{0}$ . By $descendi_{1}$)$g$

from $GL(n)$ to its subgroup $Sp(n,)$ this representation admits a linear in-
variant if and only $if$ the’columns of the diagram $(f_{1},f_{2}+1, \ldots\ldots, /l_{1}, /l_{2}, \ldots\ldots)$

$\downarrow$

are all even. Under this condition the. numbers

$x_{1}=f_{1}+f-)j_{2}=f_{:l}+f_{J\downarrow},$
$\ldots..,$

$\prime k_{p}=f_{\Phi\rightarrow}+f_{2p}$ , $(l=2_{l)}\cdot$

$x_{1}=f_{1}+f_{2},$ $l_{\iota^{\prime}\cdot),-}=f_{t}+f_{4},$
$\ldots\ldots,$

$k_{p}=f_{2-1}^{\backslash }+\int\underline{\cdot)}l_{p+1}^{\prime}=f_{2_{l}+1}$ $(l=2p+1)$

are all odd numbers satisfying the condition

1 $\nearrow\vee 1\equiv I_{\iota}*\wedge\equiv\ldots\ldots\equiv 1mod$ . $4$ , and $k_{p+1}=f_{2p+^{\sim}1}=1,1<k_{i}=\leqq 2\prime l$ .
By this fact we readily see the $follo\backslash \#ing$ .

Lemma II. By Ulecending from $GL(n)$ to $is$ subgroup $Sp(n)$ the
representation $\Gamma(f_{1}\ldots..f_{l})$ admits $B_{v}$ linear invariants. $B_{p}$ is the coefficients
of the $Po1\}^{r}nomia1$ .

$ P(\sim\sim)\equiv(1+z)(1+z^{r})\ldots\ldots(1+z^{4V+l})\vee$ $ r\iota=2\nu$

Let $(-Q)_{0}$ be thg set of all skew symmetric matrices in $K$ satisfying
the relation $\sum\epsilon_{j}\omega=0$ . This relation is invariant with respect to the group
$S_{-}\nearrow(r\iota)$ and we have the

Lemma II’. By descending from $GL(n)$ to its subgroup $S_{l(n)}$ the
number of linear invariants contained in the product : $(l)$ : $\omega i_{1}j_{1}\times\cdots\ldots\times\omega i_{p}j_{p}$

is the $coc^{f}ficient$ of $\approx^{p}$ in the polynomial

$P_{0}(g)\equiv(1+z^{5})(1+z^{9})\ldots\ldots(1+z^{4V-s})$ . $ n=2\nu$

Proof. Consider the invariant decomposition of $\iota u_{ij}$ , where $\omega_{if}$ are the
elements of the generic matrix of (S2):



106 H. $I\backslash VAM\backslash $OTO. $\backslash $

1 $1$

$ttJ_{if}=\omega_{ij}^{0}+\omega_{ij}^{\prime}$ , $ cv_{\acute{i}j}=\epsilon_{ij}\omega$ , $\omega=_{u}--\Sigma\epsilon_{a^{\gamma}},\omega_{al_{J}}$ .

The product $\Gamma(p)$ is

$wi_{1}j_{1}\cdots\cdots \mathcal{O}\grave{\iota}_{p}j_{p}^{0_{J}}=tJij_{1}\cdots\cdots t\iota h_{p}^{0}j_{p}+p[tv_{t_{1}j_{1};\omega ij_{0}.\cdots..v_{pJp}^{0_{j}}]}^{10_{\underline{0}}}$

The two terms in the right side of this equation are unitary orthogonal, so
$th_{0}at$ if we denote by $P,$

$P_{l}^{0},$ $P_{0}^{1}$ the vector spaces spanned by $\omega\iota_{1}j_{1}\cdots\ldots wi_{p}j_{p}$ ,
$\omega i_{1}j_{1}\cdots\ldots wi_{p}j_{p}0$ and $[\omega i_{1}j_{1}\omega i_{\underline{o}}j_{0}\sim\cdots\cdots]$ respectively, then $I^{)}=P^{0}+P^{1}$ . . Let
$\chi,$

$\chi^{0},$ $\chi^{1}$ be the characters of the group $St(n)induC_{\backslash }ed$ in A $P^{0}$ , $P^{1}$ . Then
$\chi=\chi^{0}+\chi^{1}$ . By integrating over the $\llcorner nitary$ restricted $gro\iota$)$pSp(n)$ we have

$\int\chi=\int\chi^{0}+\int\chi^{1}$ .

The le $ft$ side of this $eq\iota$]$ation$ indicates the number of linear invariants con-
tained in $l^{7}(p)$ , say $B_{p}$ . The first term of the right

‘

side indicates the
required nt mber, say $B_{J}^{0},$ . It is $e_{-}\dot{a}sy$ to see that the second term of the
right side is just $B_{p-1}^{0}$ . Thus we see $B_{p}=1_{\dot{J}_{y}},+l\supset_{p-I}^{\mathfrak{v}}$ . $B_{p}$ is thus the coe-
fficient of the Polynomial $l^{y}(\sim\leftrightarrow)/(1+\approx)$ .

The adjoint group of the group $OL(n)$ is just $J2\rightarrow A^{*}.I2A$ , where $ A\epsilon$

$OL(n)$ . The rcpresentation $f^{7}(f_{1}, \ldots\ldots,f_{l})$ admits a lincar invariant with
respect to this group if and anly if the numbers $f_{1},\gamma_{\tau!}+1,$ $\ldots\ldots,f_{l}+l-1;ll_{1}$ ,
$/l_{2},$

$\ldots\ldots$ are all congraent with each other. We havt thus as in the case
of lemma II the

$ Tlo/cm\Pi$. $Tl_{l}c$ Poirtcar\v{c} $l^{3}olynomial$ of tfic $g_{J^{\prime}}onpOL(n)$ is

$P(\sim\alpha)\equiv(1+z^{?})(1+\epsilon^{7})\cdots\ldots(1+\rho\mathcal{V}-1)$ $\backslash n=2\nu+1$ .
$I^{)}(\epsilon\cdot)\equiv_{1}(1+\sim^{8})(1+\approx)\cdots\ldots(1+\sim^{4v-0}r)(1+z^{2\nu-1})$ $ n=2\nu$.

3. In this paragraph $(_{r^{(}}2)$ is the set of all symmetric matrices in $\dot{K}$.

Sl: $(\omega_{if})$ ; $i_{J}\ldots\ldots=1,2,$
$\ldots\ldots,$

$n$ , $cv_{ij}=\omega_{ji}$

The outer product

$\Gamma(p):\omega i_{1}j_{1}\cdots\cdots\omega i_{pJp}$

decomposes according to the following sheme:

$\Gamma(p)\sim\sum I^{1}(f_{1}, \ldots\ldots,f_{l})$ $n+1>f_{1}>f_{2}>\ldots\ldots>f_{l}>0$ .
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$I(f_{1}, \ldots..,f_{l})$ is the irreducible representation of the group $GL(\prime l)$ of signa-

ture $(f_{1}+1, \ldots\ldots,f_{l}+l, h_{J}, \ldots\ldots, \gamma_{l_{n-l}})$ , where $\gamma_{l_{1}}\ldots\ldots,$ $l_{l_{n-l}}$ is the conjugate
of $(f_{1}-1, f_{2}-l-1, \ldots\ldots,f_{l}-1)$ . The highest term in $(f_{1}, \ldots\ldots,f_{l})$ is

$\omega_{11}\times\cdots\cdots\times\omega_{1}J1\times\omega\S_{2}\times\cdots\cdots\omega_{f_{l}\sim.+1^{\prime}}0\times\ldots\ldots\times\omega_{u^{\times\cdots\cdots\times Ol}f\iota+l-1}$

By theorem 1. 5 we have $\dot{\mathfrak{t}}he$ following
Lemma III. By descending from $GL(n)$ to its subgroup $0(n)$ the

representation $\Gamma(l)$ admits $B_{p}$ linear invariants, where $B_{p}$ is the coefficient
of

$P(s)\equiv(1+_{\sim}\alpha)(1+d)\cdots\ldots(1+\circ^{4\nu-})(1+s^{2\nu})$ for $\prime l=2\nu$ .
, $P(\sim^{\prime}’)\overline{\overline{--}}(1+z)(1+s^{5}),\ldots..(1+z^{4\nu+1})$ for $n=2\nu+1$ .

Let (12) be the set of $a1\downarrow$ symmetric matrices in $K$ satisfying the’ rela-
tion $\sum v_{0j}=0$ which is invariant $\iota inder$ the group $OL(f:)$ . By using the

invariant decomposition $\omega_{if}=\omega_{ij}^{0}+cv_{ij}^{\prime}$ , where $nv_{\acute{i}j}=\delta_{ij}\Sigma v_{aa}$ , we have in

the same way as in Lemma II’ the followin
$Lem\iota na$ III’. The Polynomial $P_{0}(Z)$ corresponding to $w_{tj}^{0}$ is $g$iven by

1)$0(v\sim)\equiv P(z)/(1+z)$ , where $P(s)$ is the Polynomial of Le.mma $III\backslash \cdot$

The adjoint group of the group $USp(n)$ can be reduced to the form
$y_{\rightarrow A^{*(}JA}A\epsilon USp(n)$ . The representation $1^{7}(f_{1}, \ldots\ldots,f_{l})$ admits a linear
invariant with respect to this subgroup if and only if the. columns of the
diagram $(f_{1}+1, f_{2}+2. \ldots\ldots,f_{\ell}+l, h_{1}, \ldots., h_{n-l})$ are even. We thus see
that the numbers $l_{\vee l}^{J}=f_{1}+f_{\sim^{)}},$ $k_{\underline{?}}=f_{2}+f_{:},,$ $\ldots\ldots$ are all odd numbers such that
$A_{1}^{\prime}\equiv/_{2}\equiv\ldots\ldots\equiv-1mod 4;2n>k_{i}\geqq 3$ , and we have the following

Theorem III. The Poincar\’e Polynomial of the group $Sp(n)$ is

$l^{J}(\sim’)\equiv(1+\sim\sim^{3})(1+z)\cdots\ldots(1.+s^{\triangleleft\nu-1})$ .

Chapter II.
The determination of Betti-numbers.

1. $R(n, k)$ Infinitesimal $tra\grave{\iota}lsvection$ is

$\delta 0-$ : $\left(-S^{*} & S\right)$ , $S=(\omega_{i\lambda})$, $1\leqq i\leqq J_{l}$ , $1\leqq\lambda\leqq k$ .

The adjoint transformation is $S\rightarrow T_{k^{*}}ST_{h}$ , where $T_{k}eO(k),$ $T_{h}\epsilon O(h)$ .
( $T/lt$ case of lemma $I.$ )
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$S(n, k)$ . Infinitesimal transvection is of the same form as $R(n, k)$ but

$S=(-\frac{A}{B}\frac{B}{A})$ , $A=(w_{i\lambda})$ , $B=(\tilde{\omega}_{l\lambda})$ , $1\leqq i\leqq k/2$ , $1\leqq\lambda=<k/2$ .

.This is also reduced to the case of lcmma $I$, because the adjoint transforrra-
tions are defined by $S\rightarrow T_{k^{*}}ST_{h}$ , where $T_{h},$ $T_{h}$ are unitary symplectic.

$A(n, k)$ . The adjoint transformations are $S\rightarrow T_{k^{*}}ST_{h}$ , where $T_{k},$ $T_{h}$ are
unitary. Tlis case was treated $r_{\nu}E/\iota rcsmann$ .

By lemma. I we obtain the following
Tkeorem IV Tlnj p-xh Betti-numbcr of $thc$ manifolds $R(n, k),$ $S(\prime l, l^{\prime})$ ,

$A(n, k)$ are
$R(n, k)$ : $T/\ell c$ number of partitions $l=f_{1}+\cdots\cdots+f_{k}$ such that $f_{i}-f_{k}$ ,

$g_{i}-g_{h}$ are all even, where $(g_{1},g_{2}\cdots\cdot g_{h})$ is the conjugate of $(f_{1},f_{\underline{9}} f_{k})$ .
$S(n, k)$ : $B_{p}=0$ if $l\neq 4s$ . For $l\neq 4sB_{p}$ is equal to the numbcr of

$par^{a}titions$ of $s$ in $k/2$ non negat\’ive intcrgcrs less than $0j^{\prime}$ equal to $/l/^{/2}$ : $S=$

$f_{1}+\cdots\ldots+f_{k/2},$ $h/2=>f_{1}=^{f_{2}}>=>\ldots\ldots\geqq f_{k/2}\geqq 0$ .
$A(’\ell, k)$ : $B_{p}=0$ if $p\neq 2s$ . For $l=2sB_{p}$ is cqnal to th $e$ numbcr of

partitions of $s$ in ke non $7qegalive$ intcgcrs lcss $tl_{l}anh+1$ .
2. The adjoint transformations of the manifolds $A^{A},$ $A^{-},$ $S,$ $C$ are

$A^{+}(n)$ : $\Omega\rightarrow T^{*}12T,$ $TeO(r\iota)$ , where $\Omega=(\iota\prime J_{ij}),$
$\omega_{ij}=\omega_{ji},$

$\Sigma\omega_{ii}=0$ .
$A^{-}(n)$ : $J2\rightarrow T^{*}I2T,$ $T\epsilon USp(n)$ , where $12=(\omega_{ij}),$ $\omega_{ij}+\omega_{ji}=0$ , and

$\Sigma\epsilon_{ij}cu_{ij}=0$ (The cases of lemma $I1I^{J}$ and lcmma $II^{\prime}$ respectively.)
$S(\eta)$ : $\Omega\rightarrow U\Omega U^{*},$ $\Omega+\Omega^{*}=0$ ; $U\epsilon U(n/2)$ ,

$C(n)$ : $\Omega\rightarrow U\Omega U^{*},$ $\Omega=\Omega^{*};$ $U\epsilon U(u/2)$ ,
(The cases treated by $ El_{J^{\prime}}csmam\iota$).

By lemma II and III we obtain the following
$Tli\ell^{p_{J^{\prime}\ell 2}}$ V. $T/ze$ Poincar\’e PolynomiaJs of the $mani_{J}foldsA^{+},$ $A^{-},$ $S_{J}$. $C$ are

$A^{+}(n)$ : $(1+z^{5})(1+\sim\sim^{9})\cdots\ldots(1+0^{\prime}’\dot{4}\nu_{\backslash }+1)$ , $n=2\nu+1$

$(1+\beta\nu^{r})(1+\approx^{9})\cdot:\ldots.(1+\sim\sim^{4V-3})(1+\mathscr{S}^{v}),$ $ r\iota=2\nu$ .
$A^{-}(n)$ : $(+\sim^{p^{r}})(1+\approx^{\eta})\ldots\ldots(1+\approx^{4\nu-?})$

$S(7l)$ : $(1+z^{2})(1+z^{1})\cdots\ldots(1+\sim\sim^{2(\nu-J)})$ .

$C(rl)$ : $(1+z^{2})(1+\approx^{4})\cdots\ldots(1+\approx^{o_{n}}\sim)$ .

3. We denote by $\tilde{A}^{+}(n),\tilde{A}^{-}(n)$ the set of all symmettic or skew
symmetric unitary matrices. These are also symmetric Riemannian mani-
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folds and the Betti nurnbers of these manifolds can be determined in the

same manner as above by $\vee the$ aid of lemmas II and III:.
Tlicorc$m$ VI. $T/\iota\ell loi$ncar\’e polynomials of $ th\ell$ mamfolds $\tilde{A}^{+}(.n),\tilde{A}^{-}(n)$

can be $repres\ell nted$ as $P(z)=P_{0}(\sim)/(1+_{\sim}\nu),$ whtjre $P_{0}(\sim\alpha)$ are the Poincare poly-

nomials of $A^{+}(n)$ a$ndA^{-}(n)$ respectively.
4. The adjoint transformations of the group $GL(n)$ are

$J2\rightarrow A^{-1}qA$ , $I2=(\omega_{i}^{j})$

consider the outer product $\Gamma(l)$ : $v_{i_{1}}^{i_{1}}\cdots\ldots\omega_{i_{p}^{j_{p}}}$ . We operate the operator

of Young corresponding to the partition $(f_{1}, \ldots\ldots,f_{n})$ to the $indice_{5}$

$i_{1},$ $i_{2},$

$\ldots\ldots,$
$i_{p}$ . . The result is riot zerro if and only if $n\geqq f_{1}$ . With respect

to the indices $j_{1},$ $\ldots\ldots j_{p}$ this quantity gives the irreducible representation
of signature $(-g_{n}, \ldots\ldots, -g_{1})$ . Thus $\Gamma(p)decom_{1}\grave,oses$ as lr(p)\sim \Sigma $ P(f_{1}\cdot$

$’’\geqq f1\geqq\cdots\cdots\geqq fn\geqq 0$

$f_{n})\times l^{J}(-s^{\sigma}n’ , -6^{0}1)$ . By the lemma stated in Ehresmann, 3 we see
that $J^{\supset}(f_{1}, \ldots\ldots,f_{n})\times P(-g_{n}, ,..,.., -\delta\sigma_{1})$ admits a linear invariant if and

only if the diagram $(f_{1}.f_{-})\cdots\cdots,f_{n})$ is self-conjugate. By examining the

property of the $self-COt1^{}jugate$ diagram we readily see the following
Tlworcm I. $\Gamma’/\iota e$ Poincar\’e polynomicals of the groups $GL(n)$ and $SL(n)$

are
$(1+\sim)(,1+\sim/\sim^{S})\cdots\ldots(1+z^{2n-1})$

and
$(1+z^{j})(1+\sigma^{b})\cdots\ldots(1+\approx^{o_{n-1}}\sim)$ .

Remark. After all ( the discussions given above it remains finally to
show that the invariants given above does not vanish identically. But this
can easily bc carried out by means of the leading term $F$. Consider, for
example the case of the group $GL(n)$ . The leading term of $\cdot$ the repre-
sentation $P(f_{1}, \ldots\ldots,f_{n}) P(-f_{n}, \ldots\ldots, -f_{1})$ is

$\{r_{1}^{1}\omega_{1}^{o}\sim\ldots\ldots w_{1}^{J_{1}}$

$F_{0}$ : $\times cv_{-}^{1}v_{2}^{3}\cdots\ldots\omega_{f}^{fz}$ $(f_{1}=g_{1}, .)$

$\times\omega_{J1}^{1}\omega_{g_{2}}^{2}\cdots\cdots$

Consider the infinitesimal matrix $I2$ in which all $c!/i$ are zero except those
appearing in $F_{0}$ . The only non vanishing term is $F_{0}$ and this gives at ,the
same time the value of the corresponding invariant.
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Nagoya University.
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