
Journal of the Mathematical Society of Japan Vol. 1, No. :}, Dec. 1949.

A remark on Schottky’s theorem.

MASATSUGU TSUJI.

(Received December 11, 1948.)

Let $ f(2)=a_{0}+a_{1}\sim\sigma+\cdots\ldots$ be regular for 1 $z|<1$ and $f(z)\neq 0,\neq 1$ , then
by the precise form of Schottky’s theorem due to Bohr and Landau,i)

$|_{1}/(\approx)|\leqq\exp\frac{D\log(|a_{0}|+2)}{1-r}(|\sim|=7^{\prime}<1)$ , (1)

where $D$ is a numerical constant.
Since from (1), }$f(\sim)$ } forms a normal family, xve can easily prove that
if $a_{0}\rightarrow 0$ , then $f(\approx)\rightarrow 0$ uniformly in the wider sense in $|\approx|<1$ . But the
right hand side of (1) does not tend to zero for $a_{0}\rightarrow 0$ . Hence it is desirable
to obtain a majorant of $|f(\approx)|$ , which tends to zero for $a_{0}\rightarrow 0$ . We will
now prove the following

Theorem. $|f(\sim)|\leqq\exp(A\log|a_{0}|\cdot(1-,.)+B\frac{1_{0_{b}^{\sigma}}(|a_{0}|+2)}{1-r})$ ,

$’\iota vhereA,$ $B$ are $p_{ositi\prime}t/enum\subset/\prime ica\prime consta//\gamma_{S}$ .
$P/^{\prime}oof$. Let $D_{0}$ be the domain on $\zeta=’\dot{t}+i\gamma$-plane, such that $0<x<1,$ $y>0$ ,

$|\zeta-\frac{1}{2}|>\frac{1}{2}$ and we map $D_{0}$ on the upper half w-plane by $w=\lambda(\zeta)$ ,

such that $\lambda(0)=0,$ $\lambda(1)=1,$ $\lambda(\infty)=\infty$ .
Then $\lambda(\sigma)$ is automorphic with respect to a modular group $G$ , whose funda-
mental domain is $\Delta=D_{0}+D_{0}^{\prime}$ , where $D_{0^{\prime}}$ is the image of $D_{0}$ with respect
to the imaginary axis.
As well known, $w=\lambda(\zeta)$ has a simple pole at $t=0$ , where $t=e^{\pi i\zeta}$ , so that
if $y\geqq\eta(>1)$ ,

$e^{\pi_{2^{b}}}\leqq|_{\iota}^{r}v|\leqq e^{2\pi y}(y\geqq\eta)$ , or (2)

1) H. Bohr und E. Landau: Uber das Verhalten von $\zeta(s)$ und $\zeta x(s)$ in der Nahe der
Geraden $\sigma=1$ . (G6ttinger Nachr, 1910).
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$\frac{\pi}{2}y\leqq\log|w|\leqq 2\pi y$ , (3)

hence the line $ y=\eta$ is mapped on a curve, which lies in a ring donain:

$e^{\frac{\pi}{2}}\eta\leqq|w|\leqq e^{2\pi\eta}$ (4)

Let $\zeta=\nu(w)$ be the inverse functIon of $w=\lambda(\zeta)$ , which is infinitely many
valued. We consider the sbranch of $\nu(\tau v)$ , which lies in $\Delta$ and let $\zeta_{0}=$

$x_{0}+i_{J_{0}^{\prime}}=\nu(a_{0})$ lie in $\Delta$ .
We assume that $|a_{0}|$ is so large that

$|a_{0}|\geqq-es_{\pi\eta}$ , (5)

then $a_{0}$ lies outside the circle $|_{\iota}^{r}\ell;|=e^{?\sigma\iota\eta}$ , so that by (4), $ J_{0}^{\prime}\geqq\eta$ and
hence by (3),

$\frac{\pi}{2}\parallel 0\leqq\log|a_{0}|\leqq 2\pi y_{0}$ . (6)

Since
$\zeta=x+iy=\nu(f(z))=\nu(a_{0})+b_{1}z+\cdots\cdots=\zeta_{0}+\gamma_{J_{1}2+}\ldots$

is regular for $|z|<1$ and $y=\mathfrak{J}(\nu_{f(z))}>0$ , we have

$ y_{0}\frac{1+r}{1-r}\geqq y\geqq$ $y_{0}\frac{1-r}{1+r}(|\approx|=r)$ . (7)

Since by (6)

$y\geqq,\gamma_{0}\frac{1-r}{1+r}\geqq j_{0}^{f}\frac{(1-r)}{2}\geqq\frac{\log|a_{0}|}{4\pi}(1-r)$ , (8)

we have for $0\leqq\gamma\leqq\frac{1}{2}$ ,

$ y\geqq\frac{\log|a_{0}|}{8\pi}-\geqq\eta$ ,

so that by (2), (8),
$|f(z)|\geqq e^{\frac{\pi}{2}}$ $\geqq\exp$

Since

$\frac{1}{f(\approx)}=\frac{1}{a_{0}}+c_{1}z+\cdots\ldots$

satisfies the same condition as $f(z)$ , we have from (9), if $\frac{1}{|a_{0}|}\geqq e^{8}\pi\eta$ or

$|a_{0}|\leqq e^{-8\pi\eta}$,
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$|\frac{1}{f(z)}|\geqq\exp\frac{\log|\frac{1}{a_{0}}|(1-r)}{8}$

or

$|f(2)|\leqq\exp\frac{\log|a_{0}|(1-r)}{8}$ $(0\leqq r\leqq\frac{1}{\cdot\cdot 2})$ . (10)

To obtain the majorant $for\frac{1}{2}<r<1$ , let

$M(r)=_{|*|\rightarrow}{\rm Max}_{r}$ . $|f(z)|$ ,

$r_{1}=\frac{1}{2},$ $r_{2}=r,$ $r_{2}=\frac{1+r}{2}$ , (11)

then by Hadamard’s three clrcles th$eorem$ ,

$\log M(r)=\log M(r_{2})\leqq$

$\frac{\log r_{3}-\log r_{2}}{\log r_{3}-\log r_{1}}1ogM(r_{1})+\frac{\log r_{2}-\log r_{1}}{\log r_{3}-\log r_{1}}\log M(r_{3})$

$=\frac{\log\frac{1+r}{2r}}{\log(1+r)}\log M(r_{1})+\frac{1_{0_{t}\sigma}2r}{\log(1+r)}\log M(r_{3})$ (12)

By (10), (1),

$M(r_{1})\leqq e$xp $\frac{\log|a_{0}|}{16}M(r_{3})\leqq\exp\frac{D\log(|a_{0}|+2)}{1-\frac{1+r}{2}}$

$=exp\frac{2D\log(|a_{0}|+2)}{1-r}$ (13)

and there exists a constant $0<a<1$ , such that

$\frac{\log\frac{1+r}{2r}}{\log(1+r)}\geqq a(1-r),$

$\frac{\log 2r}{\log(1+r)}\leqq 1(\frac{1}{2}\leqq r<1)$ .

Since $\log|a_{0}|<0$ , we have from (12), (13),

$M(r)\leqq\exp\{\frac{a\log|a_{0}|}{16}(1-r)+\frac{2D\log(|a_{0}|+2)}{1-r}\}$

$=\exp\{a_{1}\log|a_{0}|(1-r)+\beta_{1}\frac{\log(|a_{0}|+2)}{1-r}\}(\frac{1}{2}\leqq r<1)$ (14)

$a_{1}=\frac{a}{16}$ , $\beta_{1}=2D$ .
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Since $\subset x_{1}<\frac{1}{8}$ , we have from (10), (14), if $|a_{0}|=<e^{-8\pi\eta}$ ,

$|f(z)|\leqq\exp\{a_{1}\log|a_{0}|(1-r)+\frac{\beta_{1}\log(|a_{0}|+2)}{1-r}\}(0\leqq r<1)$ . (15)

If $|a_{0}|\geqq e^{-8\pi\eta},$ . let $\gamma=\frac{8\pi\eta\alpha_{1}}{\log 2}$ , then $-8\pi\eta a_{1}+\gamma\log 2=0$ , so that

$a_{1}\log|a_{0}|+\gamma\log(|a_{0}|+2)>0$ ,
hence

$a_{1}\log|a_{0}|(1-r)+\gamma\frac{\log(|a_{0}|+2)}{1-r}>$

(1–r) ($a_{1}\log|a_{0}|+\gamma\log(|a_{0}|+2)>0$ . (16)
Since by (1),

$|f(z)|\leqq exp\frac{D1_{0_{i\supset}^{\sigma}}(|a_{0}+2)}{}$ $(0\leqq r<1)$ ,
$1-r$

we have from (16),
$|f(z)|\leqq\exp\{(j_{1}\log|a_{0}|(1-r)+\frac{(D+\gamma)1_{0_{\neg}^{\circ}}\cdot(|a_{0}|+2)}{1-r}\}$

$(0\leqq r<1)$ (17)

From (15), (17), if we pnt $A=r/1’ B=D+\gamma+\beta_{1}$ ,

$|f(z)|\leqq\exp\{A\log|a_{0}|(1-r)+B\frac{\log(|a_{0}|+2)}{1-r}\}(0\leqq r<1)$ ,

which proves the theorem.

Remark. If we
$ap_{-}ply$

our theorem on $\frac{1}{f(\approx)}$ we have a minorant of

$f(z)$ :

$|f(z)|\geqq\exp(A\log|a_{o}|(1-r)-B\frac{\log(\frac{1}{|a_{o}|}+2)}{1-r})$ .

If we change slightly the reasoning, which we have obtained (9), we have
the following Valiron’s theorcm:2) If $|a_{o}|\geqq a_{o}(r, \epsilon)$ , which depends on $r$

and $\epsilon(0<\epsilon<1)$ , then

$\log|f(z)|\geqq(1-\epsilon)\frac{1-r}{1+r}\log|a_{o}|$ .

Mathematical Institute, Tokyo University.

2) G. Valiron: Le $th\epsilon_{0}r6me$ de Picard et le compl\’ement de M. Julia. Jour. de Math.
(1928).
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