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A remark on Schottky’s theorem.

Masatsucu Tsujr.

(Received  December 11, 1948.)

Let f(s) =ay+ay s+ ..-... be regular for |z|<1 and f(2)*0,%1, then
by the precise form of Schottky’s theorem due to Bohr and Landau,”

g (] 2 ,
16)] 5 e PRELE I (i=r<1), (1)
—7 .

where D is a numerical constant.

Since from (1), if(s){ forms a normal family, we can easily prove that
if 2,0, then f(¢)—0 uniformly in the wider sense in |z]<1. But the
right hand side of (1) does not tend to zero for 2,—0. Hence it is desirable
to obtain a majorant of | f(¢) |, which tends to zero for 4,—0. We will
now prove the following

Theorem. |/(z)| < exp (A log|a,|s(1—7) +B log gaol+2) ,

—7r

where A, B are posittve numerical constants.
Progf. Let D, be the domain on =21 +iy-plane, such that o <x <1, >0,

|&— %[>—%— and we map 0, on the upper half w-plane by w=21(¢),

such that 2(0) =0, 2(1) =1, A( o) =ocn.

Then A(S) is ‘automorphic with respect to a modular group G, whose funda-
mental domain is 4=D,+D,/, where 1), is the image of D, with respect
to the imaginary axis.

As well known, =w=4(¢) has a simple pole at f=o0, where #=,""%, so that
if y=y (>1), .

f

e Z|w|< & (J=y), or (2)

1) H. Bohr und E. Landau: Uber das Verhalten von z(s) und ¢x (s) in der Nihe der
Geraden o=1. (Gottinger Nachr, 1910).
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5 7=<log |w| <27 5, (3)
hence the line y=y% is mapped on a curve, which lies in a ring donain:

e < e (4)
Let {=»(w) be the inverse function of w=2A(), which is infinitely many
valued. We consider the branch of v(w), which lies in 4 and let &=
zo+10,=v(a,) lie in 4.
We assume that |a,| is so large that

Clalzetm, - ®

then @, lies outside the circle |zv|=¢"", so that by (4), 7=z and
hence by (3), . , :

“;[— o = log |ay| < 27 g, (6)
Since
C=x4y=v(f(2)) =v(ay) +&; z+...... =L+ b+
is regular for |z |<1 and y=J(Az))>0, we have
14~ 1—»r
: >y > z=r). 7
o2y 2 Y (Bl=0) )
~Since by (6)
— — o l -
Ty, Ao g el gy, (8)
‘ 147 2 47

we have for 0 » g—;— s

so that by (2), (8),
f@I= 0 2 e 1BBUZD <1y (9)

8
- Since
1 1
= Fc 24 ...,
7(2) @
satisfies the same condition as f(2), we have from (9), if 1 = or
v %)

| @, | < o8,
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log i)(l—-r)
= €xp — %8 , Or

o)

OIS exp 28IBLA=D <, < 1y 10)

To obtain the majorant for—;«< r <1, let

M) =Max. £,
147

Vi==— Vo=V , 3=

1 : (an

then by Hadamard’s three clrcles theorem,
log M(r) =log M(r:)=

log 7;—log 7, log M(r,) + log 7,—log 7, log M(r,)

‘ »

log r3—log 7, log »,—log 7,
log =57 log 2
v og 2r
=— " log M(r S log M(r;) . (12
log (1+7) o8 () + log (1+7) og M(r;) . (12)
By (10), (1),
log |a,| D log (|a,|+2)
M(ry<esp — 15— M(r)< exp 147
| T2
—exp 2D log (|a,|4+2) . (13)
1—~»
and there exists a constant 0 <a <1, such that
log 1;r log 2 1
7 og 27
S A— 1—»), —=— <1 (<7 <1).
g A ="0"" g G =t G=7 <D

Since log |a,| <0, we have from (12), (13),

M(r)< exp {.ﬁlii—sl—‘ﬂ(l—r)+ 2D logl—(-‘ra‘)l +2) }

= exp o, log |a] (1—r) +8 —5 (Uel+D) } (F<r <1) (19)

a
= -’-'—‘QD.
% 16 °’ B,
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Since «, <—:—, we have from (10), (14), if | ¢, <%,

@) S exp {o log la| (1—=r) +-L 18 LOlFD Yooty (15)

87 77'11

If |y =78, let y= , then —8mya, 47 log 2=0, so that

og

o log |a| +7 log (|a,] +2)>0,
hence

o log |a|(1—r) + 7198 (@] +2)

1—7r
(1—7) (4 log |ay| +7 log (|a] +2)>0.  (16)
Since by (1), : ' }
17(2)] < exp n.l?_l_Og_i_(J_{loL@_)_,,, (<r<1),
.,

we have from (16),

F@I = exp {a log la|(1—7) + (D+7) I;sir(vao: +2) }

(0<r<1) . (17)
From (15), (17), if we put Ad=a, B=D+r+8, '

@IS exp {4 logla,| (1=r) 4528 LD L (o< 1,

_—7’

which proves the theorem.

Remark. If we apply our theorem on _01“, we have a minorant of

£G&) : ’

~

]

o log (——+2)
/f(z‘)lgexp(A log |a,| (1—#)—B |, | )

1—»

If we change slightly the reasoning, which we have obtained (9), we have
the following Valiron’s theorcm:? 1If |a,| = a,(», ¢), which depends on »
and ¢ (0 <e<1), then '

log |A=) | 2 (1—¢) — =2 log |a,|.

Mathematical Institute, Tokyo University.

1 2) G. Valiron: Le théoréme de Picard et le complément de M. Julia. Jour. de Math.
(1928). .
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