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On the Multivalency of Analytic Functions
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(Received March 20, 1949)

The purpose of the present note is to extend NOSHIRO’S theorem1)

(generalization of DEUDONNE’ $S$ $theorem^{2)}$ ) concerning the univalency
of analytic functions to the case of n-valence. First, assuming that
$\varphi(z)=c_{o}+\ldots\ldots,$ $c_{o}\neq 0$ , is regular and $\varphi(z)\subset D^{3)}$ in $|z|<1$ , where $D$ is a
given connected domain, we obtain a general theorem on the multivalency
and the star-shapedness of the function $f(\sim\alpha)\equiv z^{n}\varphi(z)$ , according to K.
NOSHIRO’S method with the aid of KAKEYA’S principle4). Then, we shall
give some consequences of this theorem, taking some special domains as
$D$ , one of which gives a result obtained by Lynn H. LOOMIS5).

Lemma. Suppose that $\varphi(z)=c_{o}+\ldots\ldots,$ $c_{o}\neq 0$ , is regular in $|z|<1$ .
Then $f(z)\equiv\sim r^{n}\varphi(2)$ is n-valent and slarsthaped with respect to the origin for
$|z|<1$ , provided $tf_{l}at$

$\mathfrak{R}(z\frac{f^{\prime}(2)}{f(z)})>0$ . $(|z|<1)$ . (1)

Proof. If $\mathfrak{R}(2\frac{f(z)}{f(z)})>0(|_{\sim}r|<1)$ , then $f(2)$ does not vanish in the

unit circle except at the origin and so there ex.ists a function $/\iota(z)$ which
is regular in $|z|<1$ and satisfies

$f(\sim\theta)\equiv 2^{n}\varphi(z)=[h(2)]^{n}$ .
Consequently

$f(\sim\alpha)=n[h(z)]^{n-1}/l^{\prime}(z)$ , $\sim\frac{f(\sim\alpha)}{f(2)}=n2\frac{h^{\prime}(z)}{h(\sigma)}$ .

By (1) we have

$\mathfrak{R}(z\frac{h^{\prime}(z)}{/\iota(z)})>0$ $(|2|<1)$ . (2)

As is well known, (2) is a sufficient condition in order that a function
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$h(\vee\sim)$ , regular in $|z|<1$ with $h(O)=0,$ $\gamma_{l^{\prime}}(0)\neq 0$ , be univalent and starshaped
with respect to the origin for $|z|<1^{6)}$ . This proves our lemma.

Now we shall consider the n-valency of the function $f(\approx)\equiv z^{n}\varphi(z)$ ,
using NOSHIRO’S method.

Let $\varphi(2)=c_{o}+\ldots\ldots,$ $c_{O^{\overline{\neg}}}0$ , be regular and $\varphi(\prime \mathscr{J})\subset D$ in $|z|<1$ , where
$D$ is a given connected domain. Let us denote by $g(2)$ an arbitrary
branch of a function mapping $D$ conformally on $|z|<1$ , and put

$\frac{1-|g(a.)|^{\underline{o}}=}{|_{6^{\zeta r^{\prime}}}(a)|}(2(a, D)$ (a $\epsilon D$) ;

here the positive quantity $12(a, D)$ depends only on $a$ and $D$ , and neither
on the selection of a mapping function nor on that of a branch $g(\sim\prime\prime)$ of a
mapping function7). Then, applying a theorem of E. LANDAU,8) we
obtain

$|\lrcorner\sim\frac{\varphi^{\prime}(z)}{\varphi(\sim\sim)}|\leqq\frac{|\sim\approx|}{1-|_{\sim}^{\sigma}|^{\underline{o}}}$ . $\frac{\Omega(\varphi(\sim^{\prime}\wedge),D)}{|\varphi(z)|}$ $(|z|<1)^{0)}$ (3)

provided that $\varphi(\approx)$ does not vanish at a point $2(|\approx|<1)$ .
Thus we have the following extension of NOSHIRO’S theorem to the

case of the n-valency:
Theorem 1. Under these assumptions, $f(z)\equiv\approx^{n}\varphi(2)$ is n-valent and

starshaped $’\iota vitfl$ respect to the $ori_{6^{0}}\cdot in$ for $|\sim|<\rho_{n}\leqq 1$ , providcd that

$\frac{|_{\sim}^{r}\cdot|}{1-|2|^{2}}$
. $\frac{\Omega(\varphi(\sim r).D}{|\varphi(0\prime\prime)|}<n$

)
$(|\approx|<\rho_{n})$ . (4)

Proof. Putting

$f(\vee\sim)\equiv\sim\alpha^{\hslash}\varphi(\approx)$ ,

we have

$f^{\prime}(\sim\alpha)=rl2^{n-\rceil}\varphi(r’)+\mathcal{P}^{n}\varphi^{\prime}(z),$
$\approx\frac{f(z)}{f(\approx)}=n+\approx\frac{\varphi^{\prime}(z)}{\varphi(z)}$

Hence, $\mathfrak{R}(\approx\frac{f(\sim\alpha)}{f(z)})>0$ $(|2|<f)_{n})$ whenever

$|\sim\theta\frac{\varphi^{\prime}(\sim)}{\varphi(z)}|<n$ $(|z|<\rho_{n})$ . (5)
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While, by (3) and (4), the inequality (5) is obtained, our theorem is
proved.

Tkeorem 2. $L$et $\varphi(z)=c_{o}+\ldots\ldots,$ $c_{o\neg}^{L}0$ , be $reg^{\sigma_{4}}lar$ and bounded in
$|z|<1$ : $|\varphi(z)|<M$. $T_{1}henf(\sim\alpha)\equiv 2^{n}\varphi(\sim\alpha)$ is $n- vale/\iota t$ and $stars^{\prime}/lapedwitf_{l}$

respect to the origin for $|z|<\rho_{n}\leqq 1$ , if

$|\frac{\varphi(z)}{M}|>\frac{-n(1-r\underline’)+\sqrt{7l^{o}(1^{o}-l^{\prime})^{o}+4r^{2}}}{2_{l’}}|(|z|=r<p_{n})$ . (6)

Proof. Take a circular domain $|z|<M$ as $D$ in the preceding theorem.
Since $g(z)=\frac{z}{M}$ is a mapping function, we see easily that (4) takes the

form

$\frac{r}{1-r}$
$\frac{1-|\frac{\varphi(z)}{j\psi}|^{\underline{o}}}{|\frac{\varphi(z)}{M}|}<’\iota$ $(|z|=r)$ ,

provided that $\varphi(\sim r)$ does not vanish at a point $z(|z|<1)$ . Consequently
we get (6) and the theorem is proved.

The particular case $c_{o}=1$ of Theorem 2 gives $LooMlS$ ’ extension of
$DIEUDONNE^{\prime}S$ theorem to the n-valency:

Theorem 3. (LOOMIS’ theorem). Suppose that $ f(z)=2^{n}+\ldots\ldots\ldots$ is
regular and bounded in $|z|<1$ : $|f(z)|<M$. $\tau/len$

$(a)$ The radius $\rho_{n}$ of $n- val_{\vee}^{\rho}ncc$ and starshapedness of $f(\sim\sim)^{1())}$ is given
$by$

$\rho_{n}=M_{n_{n}^{-\sqrt{\lrcorner M^{2}-1}}},$ $M_{n}\equiv\frac{1}{2}[(1+\frac{1}{n})M+(1-\frac{1}{n})\frac{1}{M}]$ .

$(b)$ $T/\iota e$ modulus $m_{n}$ of n-valence of $f(c\sim^{\ovalbox{\tt\small REJECT}})^{11)}$ is $g\cdot i_{L^{)}}^{r}en$ by

$m_{n}=_{l}\circ_{n\frac{M(1-M\rho_{n})}{1u-\rho_{n}}}^{n}$

$(c)$ These limits $(a)$ and $(b)are$ attained by the function

$f_{0}(z)=\frac{Mz^{n}(1-Mz)}{M-2}$

Proof. Put $c_{O}=1$ or $\varphi(0)=1$ in Theorem 2 and consider the function
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$F(\sim\sim)=\frac{1-M.\frac{\varphi(\alpha)}{\varphi(\sim)1\nu\iota}}{M-\frac{}{M}}$ .

Since $F(2)$ is regular and $|F(z)|<1$ in $|\approx|<1,$ $F(0)=0$ , SCHWARZ’S lemma
gives $|F(2)|\leqq|\alpha|$ , whence

$\frac{1-Mr}{M-r}\leqq|\frac{\varphi(2)}{M}|\leqq\frac{1+Mr}{i\nu 1+r}$ $(|z|=r)$ . (7)

And so by (6) and (7) the radius $\rho_{n}$ of n-valence rnay be calculated
from the inequality:

$\frac{1-Mr}{M-r}>\frac{-n(1-r^{\underline{0}})+\sqrt{}\overline{;\iota^{\underline{o}}(1-r^{\underline{o}})^{\underline{o}}+4r^{3}}}{2r}$ . (8)

$Multiplyi_{Il}g$ the both sides by $-n(1-\gamma^{\underline{o}})-\sqrt n^{-}(1-\mathscr{J}=)^{2}+4\mathscr{J}$, we have

$\frac{1-Mr}{M-r}[-\prime l(1r^{\underline{o}})-\sqrt{n^{o}(1-r^{\underline{o}})^{o}+4r^{\underline{o}}}]<\frac{-4r^{o}}{2r}$

Hence

$-\frac{p1-r}{1-Mr}>\frac{-n(1-r^{2})-\sqrt{\prime\iota^{\underline{o}}(1-r^{9}\sim)^{\underline{o}}+4r^{2}}}{2r}$ . (9)

Adding (8) and (9), we have

$\frac{1-Mr}{M-r}-\frac{M-r}{1-Mr}>\frac{-ll(1-r^{\underline{o}})}{r}$ .

Namely

$ll>\frac{r(1\mathcal{V}I^{o}\sim-1)}{(M-r)(1-\lrcorner 7\zeta r)}$ , (10)

which is the same as an inequality obtained by LOOMIS. And (10)

reduces, for $r<\frac{1}{yI}$ , to

$r^{\underline{o}}-\lceil(1+\frac{1}{n})x/f+(1-\frac{1}{Jl})\frac{1}{M}]r+1>0$ ,
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which is satisfied (as we see by factoring the left member) if

$r<M_{n_{n|n}^{-\sqrt{M^{2}-1}=\gamma)}},$ $M_{n}\equiv\frac{1}{2}[(1+’\frac{1}{l})M+(1-\frac{1}{n})\frac{1}{M}]$ .

NotIce that $\rho_{n}<\frac{1}{M}$ Using the radius $\rho_{n}$ , we have from (7)

$\lfloor f(2)|=>\frac{M\rho_{n}^{n}(1-M\rho_{n})}{M-\downarrow 0_{n}}=m_{n}$ $(|z|=\rho_{n})$ .

Thus, LOOMIS’ theorem is proved, if we consider the function

$f_{0}(z)=\frac{M_{2^{n}}(1-Mz)}{M-z}$ ,

such that

$f_{0}(\rho_{n})=m_{n},f_{0^{\prime}}(\rho_{n})=\frac{M^{-7l})\rho_{n}^{n-1}}{(M-\downarrow\circ_{n})^{\underline{o}}}[\downarrow 0_{n}^{2}-\{(1+\frac{1}{n})M+(1-\frac{1}{;l})\frac{1}{M}\}\rho_{n}+1]=0$ .

Theorem 4. Let $\varphi(z)$ be regular a$nd\mathfrak{R}(\varphi(z))>0$ for $|z|<1$ . $T/len$ ,
$t/le$ radius $\rho_{n}$ of n-valence and $stars/\iota apedness$ of $f(z)\equiv’\sim\sim^{n}\varphi(2)$ is given $\psi$

$\rho_{n}=\frac{\sqrt{n^{2}+1}-1}{n}$ . Tfiis limit can be altain$ed$ by $t/le$ function

$f_{0}(2)=CZ^{n}\frac{1-2}{1+2}$ , $(c>0)$ .

Proof. Considering a half-plane $D:\mathfrak{R}(2)>0$ and taking a mapping

function $g(\sim r)=\frac{1-z}{1+z}$, we have

$\Omega(a, D)=2\mathfrak{R}(a)$ and $|^{r}\sim\frac{\varphi^{\prime}(z)}{\varphi(z)}|\leqq\frac{2r}{1-r^{\underline{9}}}$
. $\frac{\mathfrak{R}(\varphi(z))}{|\varphi(2)|}<=\frac{2r}{1-r^{\underline{o}}}(|z|=r)$ .

Hence, (4) holds whenever $\frac{2r}{1-r^{2}}<n$ . Finally, this reduces to

$r\iota r^{\underline{9}}+2r-n<0$ ,

which is satisfied $\overline{i}f$

$r<\frac{\sqrt{r^{;^{2}}+1}\nu-1}{n}=\rho_{n}$ .
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Our theorem is proved, if we consider the function

$f_{0}(\approx)=c\approx n\frac{1-2}{1+\approx}$ $(c>0)$ ,

with

$f_{0}^{\prime}(\rho_{n})=\frac{c\rho_{n}^{n-1}}{(1+\rho_{n})^{\underline{o}}}$ $(n-2\rho_{n}-n\rho_{n}^{2})=0$ .

Theorem 5. Let $\varphi(z)=c_{o}+\ldots\ldots be$ regular and $0<|\varphi(z)|<M$ for
$|\sim|<1$ . $T/\ell enf(\approx)\equiv\approx^{n}\varphi(z)$ is n-valent and starshaped willi respect to $t/le$

origin for $|\approx|<\rho_{n}<1$ , if

$|\frac{\varphi(\approx)}{M}|>e^{-\frac{\prime l(1-r^{0}\cdot)}{2r}}$ $(|z|=r)$ . (11)

Proof. Considering a pricked (punktiert) circular domain $D$ :
$0<|\approx|<zV1$, and taking a mapping function

$ g(z)=1-\log_{\overline{M}}1+\log\frac{\approx}{\lrcorner M}\sim$

we $see$ that

$\frac{2r}{1-r^{\sim}?}\log|\frac{M}{\varphi(z\sim)}|<n$ $(|\approx|=r)$ .

The theorem is thus proved.
Theorem 6. Let $ f(\sim\sigma)=\sim \mathscr{J}+\ldots\ldots$ be regular for $|_{\sim}^{\sigma}|<1$ and $0<|f(2)|$

$<M$ for $0<|\approx|<1$ . Tlen
$(a)$ The radius $\rho_{n}$ of n-vatence and $starshap\ell dness$ of$f(z)$ is given

$by$

$\rho_{n^{=}}\frac{1o_{t}^{\sigma}e^{n}\mathscr{N}I-\sqrt{(\log e^{n}M)^{2}-\prime l^{o}}}{\prime\prime}$

$(b)$ $T/\iota e$ modulus $m_{n}$ of n-valence of $f(z)$ is given by

$rn_{n}=[\frac{\log e^{n_{A}}M-\sqrt{(\log e^{n}M)^{\underline{o}}-\prime l^{2}}}{n}]^{n}\cdot M^{-\frac{2\prime l}{\log^{\psi}\lrcorner I+\sqrt{(2r\iota+\log_{4}\Psi)\log\Lambda l}}}$
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\langle $c$) These limits $(a)$ and $(b)$ are attained by $ th^{\beta}\vee$ function

$f_{0}(\sim\alpha)=2^{n}\cdot M\frac{2e^{t\theta}z}{1pi\theta}$

Proof. Put $c_{o}=1$ in Theorem 5 and consider the $f_{t^{1}}nction$

$F(\sim r)=\frac{\log\frac{\varphi(2)}{M}-\log\frac{1}{M}}{\log\frac{\varphi(z)}{M}+\log\frac{1}{\lrcorner M}}$ ,

taking a branch of $\log 2$ such that $\log 1=0$ . Then the following inequali-
ties result from SCHWARZ’S lemma:

$M^{-\frac{1+r}{1-r}}\leqq|\frac{\varphi(z)}{M}|=<M^{-\frac{1-r}{1+r}}$ $(|2|=r<1)$ . (12)

So by (11) and (12) the radius $p_{n}$ of n-valence and starshapedness is
calculated from the inequality:

’

$e^{-\frac{n(1-r\underline{)}}{2r}}<M^{-\frac{1+r}{1-r}}$

,

or

$ n>\frac{- 2r}{(1-r)^{2}}\log$ na
Hence

$nr-2(\log e^{n}M)\cdot r+n>0$ ,

$r<\frac{\log e^{n}M-\sqrt{(\log e^{n}M)^{2}-n^{2}}}{l}=\rho_{n}$ .

And from (12)

$V(\approx)|_{=}>\rho_{n}^{n}\cdot M^{-\frac{2\rho n}{1-\rho_{n}}}=\prime n_{n}$

$(|2|=\rho_{n})$ .
Our theorem is proved, if we consider the function
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$f_{0}(2)=r^{n}\sim\cdot M\frac{2_{-}^{\prime i\theta}z}{1+e^{i\theta}z}$

with

$|f_{0}(-p_{n}e^{-i\theta})|=\rho_{n}^{n}\cdot M^{-\frac{2\rho_{n}}{1-\rho_{n}}}=rn_{n},$ $|f_{0}^{\prime}(-\rho_{n}e^{-i0})|=\rho_{n}^{n-1}\cdot M^{-\frac{2\rho_{n}}{1-\rho_{n}}}$ .

$|r\iota-\frac{2\rho_{n}}{(1-\rho_{n})^{2}}\log M|=0$ .

Lastly, we consider as a further application of Theorem 1 a ring-
domain $D:m<|z|<M$, which can be mapped on $|z|<1$ by a function

$g(2)=(e-1)i\frac{\pi}{2}\frac{1cg\frac{z}{\overline{\prime/l}11r}}{\log\sqrt{\frac{11f}{\prime l}\prime}}$

:

$(e+1)i\frac{\pi}{2}\cdot\frac{\log\frac{z}{\sqrt{\prime nM}}}{1cg\sqrt{\frac{M}{m}}}$

.

In this case a discussion similar as above gives

$\frac{2}{\pi}$ . $\frac{l^{\prime}}{1-;\sim^{o}}(\log\frac{M}{;l})\cos\frac{\pi\log\frac{\varphi(2)}{\sqrt{mM}}}{\log\frac{M}{m}}<n$ $(|z|=r’)$ .

And we obtain
Theorem 7. Let $\varphi(2)$ be regutar and $m<|\varphi(2)|<Mfor|z|<1$ . Then

$f(z)\equiv\approx^{n}\varphi(\sim)$ is n-valent and starsltaped for $|z|<\rho_{n}<1$ if

$\cos\frac{\pi}{2}\frac{\log\frac{|\varphi(z)|^{2}}{mM}}{\log\frac{M}{m}}<\frac{r\ell\pi}{2}\cdot\frac{\frac{l-r}{r}}{\log\frac{M}{;l}}$ $(|2|=r)$ .

Remark. Putting $n=1$ in Theorem 3, we get $DIEUDONNF^{\prime}’ S$

theorem since $M_{n}=M$ and further, putting $n=1$ in all results of this
paper, NOSHIRO’S results. $LooMlS$ theorem (see Theorem 3) can be
enunciated, with a slight modification, as follows: Let $ f(z)=c_{o}z^{n}+\ldots\ldots$ ,
$|c_{o}|$ given and $\neq 0$ , be regular $a\kappa d|f(z)|<M(M>|c_{o}|R^{n})$ for $|z|<R$ .
$T/len$ the radius $\rho_{n}$ of n-valence and starshapedness of-f$(z)$ and the modulus
$m_{n}$ are given by
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$\rho_{n}=R\sigma$ and $m_{n}=\frac{M\sigma^{n}(|c_{0}|R^{n}-M\sigma)}{M-|c_{0}|R^{n}\sigma}$

respect.vely, where

$\sigma\equiv M_{n_{n}^{-\sqrt{M^{2}-1}}},$ $M_{n}\frac{=1}{2}[(1+j\frac{1}{l})\frac{M}{|c_{o}|R^{n}}+(1-\frac{1}{n})\frac{|c_{o}|R^{n}}{M}]^{1^{\underline{\varphi}})}$

It seems to me very difficult to generalize this theorem to the case
where $p$ initial coefficients $c_{0}c_{1},\ldots\ldots,$ $c_{p-1}(c^{o}=^{\backslash }\tau 0)$ are given. We can
treat the case where only two initial coefficients $c_{o},$ $c_{1}(c_{o\wedge}^{r}0)$ are given,
by means of the same method as in \S IV of NOSHIRO’S paper, but we
shall refrain from entering into this case.

January 1949.
Mathematical Institute,

Nagoya University.

NOTES
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248-358.

3) We mean by $\varphi(z)\subset D$ that the set of values taken by $\varphi(z)$ in $|z|<1$ belongs to the domain $D$ .
4) S. Kakeya, On the zero-poins of a limited function, Sci. Rep. of Tokyo Bunrika

Daigaku, Section A, I, No. 14 (1931), pp. 159-165.
5) L. H. Loomis, The radius and modulus of $n$-valence for analyitc functions whose first

$n-1$ derivatives vanish at a point, Bull. Amer. Math. Soc. vol. 46, No. 6 (1940), pp. 496-561.
6) A. Kobori, \"Uber die notwendige und hinreichende Bedingung daf\"ur, dass eine Potenzreihe

den Kreisbereich auf den schlichten sternigen bzw. konvexen Bereich abbildet, Mem. Coll. Sci. Kyoto
Imp. Univ. (A) 15 (1932) pp. 279-291.

7) See 1), foot-notes at p. 90.
8) See 4), p. 161.
9) See 1), p. 91.

10) The radius of $n$-valence of the function $f(z)$ means the radius of the largest circle
within which $f(z)$ assumes no value more than $n$ times, and assumes at least one value $n$ times.

11) The modulus of $n$-valence of $f(z)$ means the radius of the largest circle whose in-
terior is covered exactly $n$ times by the map under $f(z)$ of $|z|<\rho$ where $\rho$ is the above radius of
$n$-valence.

12) Cf. Corollary 1 of 5).
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