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Isoperimetric Inequalities.

Y\^usaku KOMATU.
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1. The most simple isoperimetric problem formulated by Steiner1 may
be stated as follows: Among all rectifable closed Jordan curwes on a plane
$’\iota vi_{l^{*}}h$ assigned length, determine tlte one $w\nearrow\iota i_{C}\gamma_{l}$ maxirni2es the enclosing area.

The solution of th $e$ problem is, as is well known, given by circle; in
other words, if $F$ denotes $t1_{i}e$ area of $a/jy$ (finite) domain bounded by a

rectifable closedJordan curve with $le/lgt/lL$ , then the isoferimetric $ineq?lality$

(1) $4\pi F\leqq L^{\underline{o}}$

alzuays holds, and the equality sign appears when and only zvlien $t1_{l}e$ surround-
ing curve is a circle.

Beside a purely geometrical proof due to Fdler’, an elegant analytical
proof of this fact has been given by Hurwitz3. But Hurwitz, making use
of Fourier series, assumed in his proof the piecewise smoothness of boundary
curves in order to confirm the termwise differentiability of the series. And
then various generalizations and brief proofs of the proposition have been
published by Brunn4, Minkowskib, Carath\’eodory-Study6 and others.

On the other hand, Bieberbach’ has shown an analogous isoperimetric
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inequality:
Amang $a/l$ two-dimensional point sets $’\iota vith$ given diameter, the circular

disc possesses $lke$ largest area; in other words, if $F$ denotes Cbe area (outer
nzeasure) of any point set $ rvit/\iota$ assigned diameter $D$ , then it holds $tI\iota e$ inequality

(2) $4F\leqq\pi D^{2}$ ,

$’\iota vh_{\vee}tre$ the equality sign appears only for $t/le$ circular disc.
This theorem has been generalized by Kubota8 to the case of point

sets of arbitrary dimensions, and a precision has been added in the two-
dimensional case by the method of central symmetrization customary in
the theory of ovals.

This Note presents function-theoretic proofs of the above two theorems,
based on the distortion formulae in the theory of conformal mapping. The
method is closely related to th $e$ one used previously by the autho $r^{q}$ .

2. We begin with the proper isoperimetric inequality (1). Let th $e$

boundary of the given point set $E$ be a clos $ed$ Jordan curve with length
$L$ . We can now suppose, without loss of generality, the set to be a con-
tinuum, i.e. a connected closed set, and denote its outer mapping radius
(capacity or transfinite diameter) by $C$. Then th $e$ complementary domain
of $E$ , laid on complex w-plane, can be mapped conformally and univocally
onto the exterior of the circle with radius $C$ around the origin of the com-
plex $\approx$-plane by a function of the form

(3) $w=g(2)\equiv\sim\alpha+\sum_{n=0}^{\infty}a_{n\sim}\sim^{-n}$ .

Let $F(r)$ denote the area of the finite domain bounded by the image-curve
$I^{v_{r}}$ of the circumference $|2|=r(>C)$ . Then by the method used in the
proof of Bieberbach’s area theorem on schlicht functions, $1veget$

$F(r)=\pi(r^{2}-\sum_{n=1}^{\infty}n|a_{n}|r^{-2n})$ ,

8) T. Kubota, Uber konvexgeschlossene Mannigfaltigkeiten im n-dimensionalen Raume. Sci.
Rep. T\^ohoku Univ. 14 (1925), 85-99.

9) Y. Komatu, Einige Anwendungen der Verzerrungssatze auf Hydrodynamik. Proc. Imp.
Acad. Tokyo 19 (1943), 454-461.
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and consequently

(4) $F=F(C+O)=\pi(C^{\underline{o}}-\sum_{n=1}^{\infty}n|a_{n}|C^{-2n})\leqq\pi C^{2}$ .

The equality sign in the last inequality appears if, and only if, $a_{n}=0$ for
all $n\geqq 1$ , and so $g(2)=z+a_{0}$ and the set $E$ coincides with the circular disc
around the point $w=a_{0}$ .

Next, the length $L(r)$ of the curve $\Gamma_{r}$ has the expression

$L(r)=\int_{I}$ . $ 1=r|g^{\prime}(z)||dz|=\int_{0}^{2\pi}|g^{\prime}(re^{i\theta})|rd\theta$ .

Since the derivative $g^{\prime}(2)$ can vanish nowhere for $|z|>C$, because of the
univalency of $g(z)$ , we can put

$g^{\prime}(z)^{2}=(1-\sum_{n=1}^{\infty}na_{n}z^{-n-1})=1+\sum^{\infty}c_{n^{r^{-n}}}\iota g.$ ,

and hence write, for $r>C$,

$\int_{0}^{2\pi}|g^{\prime}\cdot(re^{:\epsilon})|d\theta=\int_{0}^{2\pi}|g^{\prime}(re^{t\theta})\#|^{2}d\theta$

$=2\pi(1+\sum_{n=2}^{\infty}|c_{n}|^{2}r^{-2n})$ .

Since $g(2)$ , as a mapping function onto Jordan domain, is continuous for $ c\leqq$

$|2|<\infty$ , the real valued function of $z$ :

$G_{n}(z)=\sum_{v=1}^{n}|\frac{1}{z}(g((o_{n}^{\nu_{r}}.)-g(\omega_{n}^{v-1}z))|$

with $\omega_{n}=e^{2\pi i/n}$ is also continuous and subharmonic for $|z|>C$, the point
at infinity being included. Th $e$ function $G_{n}(z)$ attains therefore its maxi-
mum value at some point $z_{n}^{*}$ on the boundary $|z|=C$, i.e. there exists a
point $Z_{n^{\dagger}}^{\succ:}$ with $|z_{n}^{*}|=C$ such that the inequality

$G_{n}(z)\leqq G_{n}(z_{n}^{\star})\leqq\frac{L}{C}$

is valid for any $z$ with $|z|\geqq C$, the last relation being immediate.
Now, for $r>C$, we have
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$\lim_{n\cdot\infty}G_{n}(r)=\int_{0^{\pi}}^{2}|g^{\prime}(re^{i\theta})|d\theta$ ,

and consequently

$L\geqq C\int_{0}^{2\pi}|g^{\prime}(re^{i\theta})|d\theta=2’\sim c(1+\sum_{n=2}^{\infty}|c_{n}|^{2}r^{-\underline{o}_{n}})$ ,

which, for $r\rightarrow C+O$ , implies the evaluation

(5) $L\geqq 2\pi C(1+\sum_{n=-}^{\infty}|c_{n}|^{\underline{o}}C^{-\underline{9}}n)$ .

Here we may add in passing that, for any set of curves, th $e$ length func-
tional of the curve being lower semi-continuous for the strong convergence
(in the sense of Fr\’echet’s $\acute{e}carf^{0}$), we obtain

$L\leqq\varliminf_{r\rightarrow c+0}L(r)=\lim_{r\rightarrow c+0}L(r)$

$=2\pi C(1+\sum_{r=2}^{\infty}|c_{n}|^{2}C^{-\underline{o}_{n}})$ ;

and hence, comparing with (5),

(6) $L=2\pi C(1+\sum^{\infty}|c_{n}|^{2}C^{-n}\underline{o})n=^{\underline{9}}$

Two inequalities (4) and (6) (or merely (5)) lead us to the desired
result (1). The equality sign in (1) can be, as is obvious from the above
procedure, attained only by the circle.

3. We shall proceed to the $P^{loof}$ of the inequality (2), continuing
tousethabvttiWe oe noaons. e can here also suppose $E$ to be a continuum;
moreover, we may restrict ourselves with a convex continuum, since other-
wise we have only to replace $E$ by the smallest convex closed set con-
taining it.

Let $D(r)$ denote the diameter of th $e$ curve $\Gamma_{r}$, then

$D(r)=_{Iz_{1}I=Iz}$$f_{i_{2}n_{I=r}}|g(\sim\sigma_{J})-g(\sim)|\leqq$
I
$zIf\overline{=rin}|g(2)-g(-z)|$ .

Since the function

$g(z)-g(-\approx)=2\sigma.\sim 7n-1$

10) M. Fr\’echet, Sur l’ecart de deux courbes et sur les courbes limites. Trans. Amer. Math.
Soc. 6 (1905), 435449.
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is regular analytic for $ C<|z|<\infty$ , it follows

$2=[\frac{d}{d_{2}}(g(z)-g(-\sim))]^{z=\infty}=\frac{1}{2\pi i}\int_{1zI=r>C}(g(2)-g(-z))\frac{\ell k}{2^{\underline{o}}}$ ,

integration in the right side bcing taken in the negative sense around 2
$=\infty$ . It follows that

$2\leqq\frac{1}{2\pi}\int_{0}^{2\pi}|g(re^{i\theta})-g(-re^{i\theta})|\frac{d\theta}{r}=<\frac{D(r)}{r},$ .

and hence, for $r\rightarrow C+O$ ,

(7) $2C\leqq D$ .
The last inequality is nothing but a result due to Landau and Toeplitz” ;
it can also be shown that the equality in (7) occurs only for $g(\sim r)=z+a_{0}$.
From both relations (4) and (7) we obtain th $e$ desired result (2). That the
equality sign there can appear only when $E$ (in general, th $e$ closure of $E$)
is a circular disc, is immediately recognized from $\cdot$ the procedure of above
mentioned proof.

4. The relatIon (4), combined with (6) and (7), yields

(8) $ L^{2}-4\pi F=4\pi^{2}C^{2}(2+\sum_{n=2}^{\infty}|c_{n}|^{2}C^{-2n})\sum_{n\Rightarrow 2}|c_{n}|^{2}C^{-2n}+4\pi^{2}\sum_{n=1}^{\infty}7l|a_{n}|^{2}C^{-2n}\infty$ ,

(9) $\pi D^{2}-4F\geqq 4^{\sim}\sum_{n=1}^{\infty}n|a_{n}|^{\underline{o}}C^{-2n}$ ,

$re$spectively. Hence we shall obtain a sort of precision for corresponding
inequalities, whenever an evaluation from below for absolute value of ex-
pansion coefficients. $\{a_{n}\}_{n=1}^{\infty}$ , $\{c_{n}\}_{n\Rightarrow 2}^{\infty}$ is found with aid of geometrical quan-
tities associated with the set $E$ . To give an example, we shall now turn
our attension to the breadth $\Delta$ of $E$ , defined as the minimum of widths of
parallel strips containing $E$ in its interior.

We suppose, without loss of generality, $E$ to be put in such a position
that the direction of a narrowest parallel strip containing $E$ is parallel to
the real axis of the w-plane. Now, the domain $|_{\sim}r|>C$ is mapped univocal-
ly by the function

(10) $\zeta_{\sim}=\alpha+C^{\underline{o}}z^{-l}$

11) E. Landau $u$ . O. Toeplitz, Uber die gr\"osste $Sc^{\backslash }1_{1}wankung$ einer analytischen Funktion
in einem Kreise. Arch. $f$ . Math. $u$ . Phys (3) 11 (1906), 302–307.
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onto the whole $\zeta$-plane cut along the segment $\mathfrak{F}^{\zeta=0},$ $-2C\leqq \mathfrak{R}_{\backslash ^{\prime}=}/<2C$. Let
the function

(11) $w=f(\zeta)\equiv\zeta+\sum_{n=0}^{\infty}b_{n}\zeta^{-n}$

map this slit domain onto the complementary domain of $E$ conformally and
univocally. The relations (3), (10) and (11) imply

$ g(2)=f(\approx+C^{2}\approx^{-1})=2+\delta_{0}+(C^{2}+b_{1})\sim^{-1}+\ldots$

by virtue of the uniqueness of mapping function, and hence, in particular,
$a_{1}=C^{-}+b_{1}$ . We may combine this relation with the right side of (9), but
we will now combine it rather with the relation (4) from which (9) is
derived. With abbreviation $\beta=\mathfrak{R}b_{1}$ , it follows from (4) the inequality

(12)
$\frac{F}{\pi}\leqq C^{2}-\frac{|a_{1}|^{2}}{C^{2}}=C^{2}-\frac{|C^{2}+b_{1}|^{2}}{C^{2}}$

$=-2\mathfrak{R}b_{1}-\frac{|b_{1}|^{\underline{o}}}{C^{9}\sim}\leqq-2\beta-\frac{\beta^{2}}{C^{2}}$ .

We may add here in passing that it also follows particularly the inequality

(13) $\beta\leqq-\frac{F}{\pi}/(1+\sqrt{1-\frac{F}{\pi C^{2}}})\leqq-\frac{F}{2\pi}$ ,

which is a precision of a de Possel’s inequality” $\beta\leqq 0$ .
Let now $\Delta(r)$ denote the breadth in the direction of imaginary axis

of the image curve of the ellipse

(14) $\zeta=re^{i\theta}+C^{2}(re^{i\theta})^{-1}$ , $ 0\leqq\theta<2\pi$ $(r<C)$

by the mapping (3), then

$\Delta(r)=_{\downarrow 1}$$f_{in_{|z_{2}|}}\approx|=\Leftrightarrow r$
$\mathfrak{F}(f(2_{I}+C^{o}\sim\approx 1^{-1})-f(\sim r_{2}+C^{2}z_{2}^{-1}))$

$\geqq_{I\approx 1}f\overline{i_{=}n_{r}}\mathfrak{F}(f(2+C^{2}z^{-1})-f(z\rightarrow+C_{e}^{2_{\overline{\sim}}-1}))$ .

Hence the coefficient

12) R. de Possel, Zum Parallelschlitztheorem unendlich vielfach zusammenhangender Gebiete.
Nachr. Ges. Wiss. Gottingen (1931), 192-202.
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$\gamma_{r_{1}}=\frac{1}{2\pi i}\int_{1e|=r}f(\zeta)d\zeta=\frac{1}{2\pi i}\int_{(z)=r,yz>0}\sim f(\zeta)f-(\overline{\zeta})_{\backslash }d\zeta$

in the $ex_{1}oansion$ (11) has the real part $\beta$ satisfying

$\beta=\frac{1}{2\pi}\mathfrak{F}\int_{IzI=r}(f(\zeta)-f(\overline{\zeta}))d\zeta$

$\geqq-\frac{1}{2\pi}(\Delta(r)2(r+.\frac{C^{2}}{\gamma})+D(r)2(r-\frac{C^{2}}{r}))$ .

Remembering (7), we obtain, for $r\rightarrow C+O$ ,

(15) $\beta\geqq-\frac{2C}{\pi}\Delta\geq-\frac{1}{\pi}D\Delta$ .

$A$gain using (7), it follows from (12)

$\frac{F}{\pi}\leqq-2\beta-\frac{\beta^{2}}{C^{2}}\leqq-2\beta-\frac{4\beta^{2}}{D^{2}}=\frac{1}{4}D^{2}-(\frac{D}{2}+\frac{2\beta}{D})^{2}$

Finally we reach, by (15), the result: $ 1f\pi D\geqq 4\Delta$ , then the inrquality

(16) $\pi D^{2}-4F>\frac{1}{\pi}(\pi D-4\Delta)^{2}$

is valid, the equality sign, as is easily seen, being excluded.
But the last result (16) is not precise enough. In fact, Kubota13 has

already proved the sharp inequality

(17) $F\leqq\frac{1}{2}\Delta\sqrt{D^{2}-\Delta^{\underline{o}}}+\frac{1}{2}D^{2}\arcsin\frac{\Delta}{D}$

and the equality sign here occurs when (the closure of) $E$ is the part com-
mon to a circular disc with diameter $D$ and a parallel strip with breadth
$\Delta$ laid symmetrically with respect to the center of that circle.

Mathematical Institute, Faculty of Science,
Tokyo University.

13) T. Kubota, Einige Ungleichheitsbeziehungen uber Eilinien und Eiflachen. Sci. Rep.
T\^ohoku Univ. 12 (1923), 45-65.
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