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On maximum modulus of integral functions.
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Let $D$ be a region on the $z\cdot plane$, which lies in the disc $|z|<R$
$(0<R\leqq+\infty)$ , and whose boundary 1’ lying in $|z|<R$ consists of a
finite or infinite number of analytic curves clustering nowhere in
$|z|<R$. For any $0<r<R$ , we denote by $D_{r}$ the part of $D$ lying
in $|z|<r$. Let $A_{k}(r)(k=1, \cdots n(r))$ be the arcs of $|z|=r<R$ con-
tained in $D$, and $r\cdot\theta_{k}(r)$ be their lengths.

We define a function $\theta(r)$ in $0<r<R$ as follows: if $|z|=r$ is
contained wholly in $D$, then $\theta(r)=+\infty$ , and, otherwise, $\theta(r)=\max_{k}\theta_{k}(r)$ .

Using Carleman’s method1), we shall first prove

THEOREM 1. Suppose that $\theta(r)>0$ for $0<r_{0}<r<R$, and let
$u(z)$ be a harmonic function in $D$, which $is>0$ in $D$ $and=0$ on $\Gamma$ .
We put

$ m(r)=\frac{1}{2\pi}\sum_{k}\int_{A_{k^{(}}r)}[u(re^{i\varphi})]^{2}d\varphi$ $(0<r<R)$

and $ D(r)=\int\int_{D_{r}}[\left(\begin{array}{l}\partial u\\\partial 1og\overline{r}\end{array}\right)+(\frac{\partial u}{\partial\varphi})^{2}]d\log rd\varphi$ .

Then, for any $0<r_{0}<r<R$ ,

$D(r)\geqq D(r_{0})exp$ . $\int_{r_{0}}^{r}\frac{2\pi}{r\theta(r)}dr$

and $m(r)-m(r_{0})\geqq\div D(r_{0})\cdot\int_{r}^{r_{0}}\frac{dt}{t}[exp.\int_{r_{0}}^{t}s^{2\pi}\theta(s)--ds]$ .

Let $f(z)$ be a regular analytic function in $|z|<R\leqq+\infty$ . While

applying Theorem 1 to $u(z)=1o^{+}g|f(z)|$ , we shall obtain some theorems
on the modulus of $f(z)$ .

PROOF OF THEOREM 1. Since $u=0$ on $I^{\gamma}$ , we have, by application
of Green’s formula,
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(1) $\frac{dm(r)}{d\log r}=\frac{1}{\pi}\sum_{k}\urcorner\int_{A_{k}(r)}u\frac{\partial u}{\partial\log r}d\varphi=\frac{1}{\pi}$ . $D(r)>0$ ,

(2) $\frac{d^{2}m(r)}{(d\log r)^{2}}=\frac{1}{\pi}\frac{dD(r)}{d\log r}$

$=\frac{1}{\pi}\sum_{k}\int_{A_{k}(r)}[(\frac{\partial u}{\partial\log r})^{2}+(\frac{\partial u}{\partial\varphi})^{2}]d\varphi>0$ .

By Schwarz’ inequality, we have from (1)

$(\frac{dm(r)}{d\log r})^{2}\leqq 2m(r)\cdot\frac{1}{\pi}\sum_{k}\int_{A_{k^{(}}r})(\frac{\partial u}{\partial\log r})^{2}d\varphi$

(3) or $\frac{1}{\pi}\sum_{k}\int_{A_{k}(r)}(\frac{\partial u}{\partial\log r})^{2}d\varphi\geqq\frac{1}{2m(r)}(\frac{dm(r)}{d\log r})^{2}$.

On the other hand, if $ 0<\theta(r)\leqq 2\pi$ , we have, by Wirtinger’s in-
equality,

$\int_{A_{k}(r)}(\frac{\partial u}{\partial\varphi})^{2}d\varphi\geqq\frac{\pi^{2}}{\theta_{k}(r)^{2}}\int_{A_{k}(r)}u^{2}d\varphi\geqq\frac{\pi^{2}}{\theta(r)^{2}}\int_{A_{k}(r)}u^{2}d\varphi$ ,

so that

(4) $\div\sum_{k}\int_{A_{k^{(}}r)}(\frac{\partial u}{\partial\varphi})^{2}d\varphi\geqq\frac{2\pi^{2}}{\theta(r)^{2}}m(r)$ .
(4) holds also for the case $\theta(r)=+\infty$ .

From (2), (3) and (4), we have

$\frac{2}{m(r)}$
. $\frac{d^{2}m(r)}{(d\log r)^{2}}\geqq\frac{1}{m(r)^{2}}(\frac{dm(r)}{d\log r})^{2}+\frac{4\pi^{2}}{\theta(r)^{2}}$

so that, putting $\log r=t$ and $\log m(r)=\lambda(t)$ ,

(5) $(\frac{d\lambda}{dt})^{2}+2\frac{d^{2}\lambda}{dt^{2}}\geqq(\frac{2\pi}{\theta(r)}I^{2}\cdot$

Since

$[\frac{d}{dt}(\log\frac{d}{dt}e^{\lambda})]^{2}=[\frac{d\lambda}{dt}+\frac{\frac{d^{2}\lambda}{dt^{2}}}{\frac{d\lambda}{dt}})^{2}\geqq(\frac{d\lambda}{dt})^{2}+2\frac{d^{2}\lambda}{dt^{2}}$ ,

and since, by (1) and (2),
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$\frac{d}{dt}(\log\frac{d}{dt}e^{\lambda})=\frac{d^{2}m(r)}{(d\log r)^{\underline{9}}}/^{\prime}\overline{d}d\frac{m(r)}{\log r}>0$ ,

we have, from (5),

$\frac{d}{dt}(\log\frac{d}{dt}e^{\lambda})\geqq\frac{2\pi}{\theta(r)}$ .
Hence, by integration, we obtain the mentioned relations.

THEOREM 2. Let $f(z)$ be an integral function, and $D$ be the
domain, where $|f(z)|>1$ . Let $\theta(r)$ be defined as before for the domain
$D$ , and put $M(r)=\max_{1z1=r}|f(z)|$ . Then, for any $0<\alpha<1$ , we have

$\log_{2}M(r)>\pi\int_{r_{0^{\frac{d}{r\theta}}}(}^{\alpha r}\frac{r}{r)}-c(\alpha, r_{0})$ ,

where $0<r_{0}<\alpha r$ and $c(\alpha, r_{0})$ is independent of $r$.
PROOF. We apply Theorem 1 to $u(z)=\log+|f(z)|$ . Since $P(t)$

$=exp.\int_{(}^{t}r_{0^{\frac{2}{s\theta}}}\frac{\pi}{s)}ds$ is an increasing function of $t$, we have, for any

$0<\alpha<1$ ,

$m(r)-m(r_{0})\geqq\frac{1}{\pi}D(r_{0})\cdot\int_{r_{0^{\frac{P(}{t}}}}^{\underline{l)}}rdt\geqq\pi 1D(r_{0})\cdot\int_{\alpha r}^{r}\frac{P(t)}{t}dt$

$\geqq-\pi 1D(r_{0})\cdot P(\alpha r)\int_{\alpha r}^{r}\frac{dt}{t}=\frac{1}{\pi}D(r_{0})\cdot\log\alpha 1_{-\cdot P(\alpha r)}$

SO that

$\log m(r)\geqq\log P(\alpha r)$ -const. $=2\pi\int^{\alpha_{0}r}-d_{\frac{s}{s)}}$ -const.

Hence and since

$\log m(r)=\log[\frac{1}{2\pi}\int_{0}^{2_{ll}}(1o^{+}g|f(re^{i\varphi})|)^{2}d\varphi]\leqq 2\cdot\log_{2}M(r)$ ,

we have the mentioned result.
THEOREM 3. Let $f(z)$ be an integral function of order $\rho$ , then

$\rho\geqq\lim$$r\rightarrow\infty\log r1\int_{r_{0}}^{r}r\theta^{\pi}(r)$ dr.

PROOF. By Theorem 2, we have
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$\frac{\log_{2}M(r)}{\log r}>\frac{\log\alpha r}{\log r}\cdot\frac{1}{\log\alpha r}$ . $\int_{r^{\alpha_{0}r}}\frac{\pi}{r6(r)}dr-o(\frac{1}{\log r})$ ,

SO that

$\rho=\varlimsup_{r\rightarrow\infty}\frac{\log_{2}M(r)}{\log r}\geqq\varlimsup_{r\rightarrow\infty}\frac{1}{\log\alpha r}\int_{r_{0}}^{\alpha r}\frac{\pi}{r\theta(\prime\cdot)}dr$ , q. e. d.

From Theorem 3, we obtain the following
THEOREM 4. Let $f(z)$ be an integral function of finite order $\rho$ ,

and, for any $K>0$ , let $\theta(r)=\theta(r, K)$ be defined as before for the domain
where $|f(z)|>K$. Then,

$\varlimsup_{r\rightarrow\infty}\theta(r, K)\geqq\frac{\pi}{\rho}$

If $\rho<1/2$ , the above inequality means that there exists a sequence
of circumferences $|z|=r_{n}$ , on each of which $|f(z)_{1}^{1}>K$.

PROOF. Suppose that, for a $ 0<K<+\infty$ and for a $k(>\rho)$ ,
$\theta(r, K)\leqq\pi/k$ would hold for any $ r_{0}<r<+\infty$ . Then, by Theorem
3 applied to $f(z)/K$, we should have

$\rho\geqq\varlimsup_{r\rightarrow\infty}\frac{1}{\log r}\int_{r_{0}}^{r}\frac{\pi}{r\cdot\frac{\pi}{k}}dr=k>\rho$

,

which is a contradiction.
By Theorem 4, we can state
THEOREM 5. Let $f(z)$ be an integral function of finite order $\rho<k$ ,

and $K_{n}\rightarrow\infty be$ a sequenoe of positive numbers. Then, there exists a
sequence of czrcles $C_{n}$ : $|z|=r_{n}\rightarrow\infty$ , such that each $C_{n}$ has an arc of
length $>\frac{\pi}{k}$

. $r_{l}$, on which $|f(z)|>K_{n}$ .
Next, let $f(z)$ be an integral function of order $\rho<1/2$ . Then, the

set of points $z$ , where $|f(z)|<1$ , consists of an infinite number of
bounded closed domains (islands) $D_{n}(n=1,\cdots)$ . Let $\lambda_{n},$ $\rho_{n}$ be respectively
the greatest and the least distance between $D_{n}$ and the origin $z=0$ .
Then,

THEOREM 6. (H. $Mi11oux^{2)}$).

$\varlimsup_{n\rightarrow\infty}\frac{\log\lambda_{n}}{\log\rho_{n}}\leqq\frac{1}{1-2\rho}$ .
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PROOF. By Theorem 3, we have

$\rho\geqq\lim_{n\rightarrow\infty}1o^{\frac{1}{g}}r\int_{r}^{r_{0}}\frac{\pi}{r\theta(r)}dr\geqq\varlimsup_{n\rightarrow\infty}\frac{1}{\log\lambda}\int_{\rho_{n^{n}}\overline{r}\theta^{\frac{\pi}{(}}r)}^{\lambda}dr$

$\geqq\lim_{n\rightarrow\infty}\frac{1}{\log\lambda n}- 2^{-}1\int_{\rho_{n^{n}}}^{\lambda}d_{r}r=21$ $-2\underline{1}\lim_{n\rightarrow\infty}\frac{\log}{\log}\lambda^{n}\underline{\rho_{n}}$ .

Hence the result.
Finally we shall prove
THEOREM 7. Let $f(z)$ be regular in $|z|<1$ , and let $\theta(r)$ be defined

as before for the domain $D$ , where $|f(z)|>1$ . If $\lim\underline{\theta(r)}<2\pi$,
$’\rightarrow\infty 1-r$

then, either $|f(z)|<1$ in $|z|<1$ or

$\lim_{r\rightarrow\infty}\log_{2}M(r)/\log 1-r1>0$ .

PROOF. If $\theta(r)\equiv 0$ , we have $|f(z)|<1$ in $|z|<1$ . Otherwise, we
have $\theta(r)>0$ for $r_{0}<r<1$ . Then, by the assumption, there exists a
positive number $\delta$ , such that

$0<_{\backslash }^{\prime}\theta(r)\leqq 1^{2_{\frac{\pi}{+}}}\delta^{-}(1-r)$ for $r_{0}<r_{1}<r<1$ .
Then, by a simple calculation, we have

$\log[\int_{r_{1}}^{r}d_{t}texp.\int_{r_{1}^{-}S}^{t}\frac{ds}{\theta(s)}]\geqq\delta\cdot\log^{1}-- 1-r-O(1)$ .

Hence, by Theorem 1 applied to $\log+|f(z)$ , we obtain

2. $\log_{2}M(r)\geqq\log m(r)\geqq\delta\cdot\log-\llcorner_{-o(1)}$ ,
$1-r$

SO that
$\frac{\lim}{\prime\rightarrow\infty}\log_{2}M(r)/\log-\frac{1}{1-r}\geqq\frac{\delta}{2}>0$ , $q.e$ . $d$ .
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