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On the uniform distribution of numbers mod. 1.

By Masatsugu Tsuji

(Received October 6, 1952)

1. Let {x,} (#n=1,2, ) be a sequence of real numbers and put

Let I be an interval in [0, 1] and | I| be its length and #n(/) be the
number of %, (»=1, 2, ---, #) contained in I. If for any I

im0 — 11, (2)

N> oo 7n

then {x,} is called to be uniformly distributed mod. 1.
The following theorems are known.

THEOREM 1 (Weyl)V. The necessary and sufficient condition that
{x,} is wuniformly distributed mod. 1 is that for any R-integrable
Junction f(x) in [0, 1],

limf (x1)+ S (Z S Ax)dx .

N->oo

THEOREM 2 (Weyl)?. The necessary and sufficient condition that
{x,} is uniformly distributed mod. 1 is that for m=0, +£1, +2,

% emexvz' — 0(%) .
THEOREM 3 (van der Corput)®. Let g4(t)=g(t+h)—g(t) (h=1,2, ).

If {g,(n)} is uniformly distrvibuted mod. 1 for any h, then {g(n)} is
uniformly distributed mod. 1.

1), 2). H. Weyl: Uber die Gleichverteilung von Zahlen mod. 1, Math. Ann. 77 (1916).
3) J.G. van der Corput: Diophantische Ungleichungen, I, Zur Gleichverteilung
modulo Eins, Acta Math. 56 (1931).
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THEOREM 4 (Fejér). Let g(t)>>0 be a continuous increasing
function with a continuous derivative g'(t) for 1 <t < o and satisfy
the following conditions :

(i) gt)— o, as t — o,
(ii) £'(¢) — 0 monotonically, as t — «,
(iii) ¢g'(t) — o, as t— oo .
Then {g(n)} is uniformly distributed mod. 1.
We shall give a simple proof of
Proor. By Euler’s summation formula, if we put Py(¢)=[t]—¢+ 1

»

2y 2emevi  (® 2emeni 1 2ememi . p2emehiy __ | " 4 ( 2ematri
e Le dt+ te ) LPl(t) G Yt
:re"""”g“”'dt+ o)+ o(j”g(t)dt) . (1)
1 1
By condition (ii),
j:g'(t)dt=o(n) . (2)

Since by condition (ii) 1/g’(¢) is monotone,

Qar mij” PEmEWi Jp — Zwmij” e mEWDI g'@) dt
' 1 g'@)

:—j:’ez‘mgmi%(_g—’%ﬁ>dt
=0 iy )+ O 3 Gty )t)
=0 o )+ X oy )= oy )= @

by condition (iii).
Hence by (1), (2) and (3)

eg Img(t)t—

e

gl 2mEDi — (1) qed

REMARK. Hence {an’} (@>0, 0<o<C1) and {a(log»n)’}
(>0, ¢ >1) are uniformly distributed mod. 1.

4) Polya-Szego: Aufgaben u. Lehrsitze, I, S. 72, Berlin (1926).
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Let g(t)=at° (>0, ¢ >0) and 4,2=g,)=glt+h)—glt). If &
is not an integer, then if we apply the operation 4, [o]-times,
then o can be reduced to 0 <o <{1. Hence by [Theorem 3, {an°}
(@a>0, ¢ >0) is uniformly distributed mod. 1, if ¢ is not an integer.
If & is an integer and a is irrational, then as is well known, {an°} is
uniformly distributed mod. 1.

{log #} is not uniformly distributed mod. 1 as is seen as follows.
We put g(¢)=log ¢, then as before,

anm"

71 +1
éehmg(v)i:S”lezmg(t)idt_*_ 0(%):‘—*—1— +o(n)7Fo(n) .
v=1 1 2mmi+1

Concerning the distribution of {log n}, cf. Theorem 9.

2. We generalize the notion of uniform distribution mod. 1 as
follows. Let n, >0 be a sequence, which satisfies the following

condition (A): (1) MA,>->n,>>0, (i) %"”:‘”' (1)

Let I be an interval in [0, 1] and @(x) be its characteristic function,
such that @(x)=1 for x eI and @(x)=0 elsewhere. If for any I

limxlq)(El)‘*‘ ot 7\,,,(])(9_67,2:! I|
n>oo X1+ M +);n

, (2)

then we say that {x,;} is {n,}-uniformly distributed mod. 1. The
uniform distribution mod. 1 is a special case, where A,,=1 (=1, 2, ---).

Similarly as Weyl, we can prove the following theorems.

THEOREM 5. The necessary and sufficient condition that {x,} is
{\y}-uniformly distributed mod. 1 is that, for any R-integrable func-
tion f(x) in [0, 1],

H 7\'.7“(5‘-")""'|"7\'n]¢-(5":n).__ 1
tim S+ __jof(x)dx.

THEOREM 6. The necessary and sufficient condition that {x,} is
{Xn}-uniformly distributed mod. 1 is that for m=0, 1, £2, --

n . ”
vaez:tmxvz:0<27\v> .
v=1 v=1
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We shall prove

THEOREM 7. Let {x,} be uniformly distributed mod. 1. If {r,}
satisfies the condition (A), then {x,} is {1, }-uniformly distributed mod. 1.
More generally, let {\,} and {p.} satisfy the condition (A) and
An=Qupin, Where ey =@ > - > a, > 0. If {x,}is {un}-uniformly dis-
tributed mod. 1, then {x,} is {\,}-uniformly distributed mod. 1.

Proor. Let o,=>u,e>”*, then o-,,=o(2,uv> .
r=1

v=1

” R ”n .
S| = S, =| a1+ o=+ + Galou— )
1v=

v=1
=|o@—a)+ - +on-f(@r-1—as)F ona, |
g ' g l(al—az)+ e la'n—l I(an—l‘_an)+, (2] ' a,

=o[(m(@r— @)+ (1 + p)@—a) + - + (w4 - + pp1(@n 1 — @)

+ (- F pa)an)]= 0(%“#“\;) = O(§Xy>. q.e.d.

3. Let an,=n(n), where A(¢) > 0 is a continuous decreasing func-
tion with a continuous derivative A/(¢) for 1 < ¢<C =, such that

ﬁx,~j”x(t)dt—> o (n— ). (1)
v=1 1

We shall prove an analogue of

THEOREM 8. Let g(t) > 0 be a continuous increasing function with
a continuous derivative g'(t) for 1 <t < oo and satisfy the following
conditions :

(i) g()— oo, as t— o, ,

(i) g'(¢) — 0 monotonically, as t— co.

(iii) g'@)/\(t) is monotone for t =1,,

(iv) &jtx(t)dt—» co, as t— o,

AE) 1

Then {g(n)} is {\,}-uniformly distributed mod. 1.

ProoOF. As in the proof of Theorem 4,

ﬁh(y)ezﬂmg(v)i: ‘gfx(t)eZtmg(t)idt_l_ %[(X(n)e%zmg(n)i + x(l)eZ:zmg(l)i)]
v=1
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[P L oeeoiar
="Myt Oar+ 0(1)+ O( [ () +MEe (et
= "M vigr+ 0)+ o "t at)
= [t viarro ["Mt)at).
2 mi| Mt et e it =2memi | ME). gemecoig g )ay

£'(@)

[ 7\((tt)) 9rtmg(t)i]:l__j1 peme i & < 7\((tt))

=o(3)+o{[[ (3 o)

-o{ )+l 3 rom=o( )00

+

Hence

z 2emevyi — pf |7 _
%X(y)e £ -—o(jlx(t)dt>- o(ZxJ s q.e.d.
4. As a special case, we take

at)=1, j ‘\B)dt=log £, (1)
t 1

then conditions (iii), (iv) become :
(iii) ¢g’(¢) is monotone for ¢t =>14,,
(iv) tlogt g'(¢) > o, as t— .
Next we take

1 t
A= s At)dt=log, t, 2)
® tlog tlog, t---log, it f ®) Ex (

where log;, t=1og(log,_;¢). Then conditions (iii), (iv) become :
(iii) ¢logt---log,-it g'(t) is monotone for ¢ =14,
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(iv) tlogt---logpt g'(t) — o, as t — oo,

Hence we have

THEOREM 9. Let g(t) >0 be a continuous increasing function
with a continuous derivative g'(t) for 1 < t< o and satisfy the follow-
ing conditions :

(i) &g(t)—> o, as t > o,

(i) g'(t) = 0 monotonically, as t — o,

(ii1) tg'(t) is monotone for t = t,,

(iv) tlogt g'(t) > oo, as t— <.

Then {g(n)} is {%}-um’formly distributed mod. 1.

If conditions (iii), (iv) be replaced by
(iii) tlogt---logy-1t g'(t) is monotone for t = 1,,
(iv) tlogt---logt g'(t)— o, as t— oo,
then {g(n)} is { —1—'~~v}-uniformly distributed mod. 1.
nlogn---log,_n
Hence if g(t)=at°(log t)’(@_>0, 0< o< 1)— o as t— o, i.e. the first
one of o, o1, which is not zero, is positive, then {g(n)} is {%}-uniformly

distributed mod. 1.

If g(t)=at°(log t)"1:--(log, t)’*(@>0, 0 < o< 1)— o as t— o, i. e. the
first one of o, oy, ---, o, Which is not zero, is positive and other o;
may be=0, then {g(n)} is { 1 }-uniformly distributed

nlogn---log,_n
mod. 1. In [Theorem 11, we shall prove that ¢ may be >1.

5. In order to prove an analogue of we shall first
prove an extension of van der Corput’s lemma by modifying his
proof.

LEMMA. Let u(x) be defined for x=1, 2, .-, n and #u(x) be its
conjugate complex and n, >0 (v=1, 2, --). Then for q=1, 2, ---

” ” 2 /ntg-1 n 1 1 9 2
q 27\.,,14(1/) Ay —_<: 2 et S )"vl u(”)l
v=1 H v=1 v=1 xv 7\‘\;+q—1
q-1n-h 1 1 _
vorl SIS (L e L )u(v)u(v+h)].
k=1 v=1 Ay+h Ayig-1

Proor. We extend the domain of definition of #(x) outside [1, #]
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by putting #(x)=0 for x<1 and x >#». Then

n ntg-1g-1
O Mu@)=2] She-pttlo—p), (1)
y=1 =1 p=0
so that
n+q-1(q-1 n+q-1 n+q-1 1 2
S St (L Epto )
(2)
Hence
q-1 ntq-1
) 750 <" (S o= S —)
v=1 o=1 A,
_1_z+q-1 1 /412! . -1 1 q-14q9-1
A (E B o) =3 (58]
n+q-1 1¢g-1 ntq-1 q-14q-1
3 LES)S 1(2 ) PIRDIED I
Tl A RS T A VN
=37, +2R(S3). (3)
_nHI—l 1 q-1 9 . 2 —”+q_;-1i o 9 )
5= 33 o (Sptslulo—mP) 231 5 (( 33, M utn) )
= 3 1 ;,,,,,,]‘_,_ 2 2
St x+q_l)xx1u<x)l. (4)

If we put o—pu=x, o—v=x+h, h=p—v» (h=1, 2, ---, ¢g—1) in

n+q-1 1 q-1q-1
2,=2 . ( %)) ngxa ~uha—ytt(o— p)i(a— v))

then

5=35" L (S rrcou@+n))

h=1\ o=1 A, ‘x2=0—¢

oo _,l,f,;)u(x)ﬁ(x+h). (5)

x+h Ag+a-1

= 21 ”ihx 7\'x+h(

=1 x=1

By (3), (4) and (5), the lemma is proved.
6. Now we shall prove an analogue of [Theorem 3.
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N
"THEOREM 10. Let {\,} satisfy the condition (A) and further the

condition that ;73”— is a decreasing function of n for k=1, 2,
ntk

Let g,(t)=g(t+h)—gt) (h=1, 2, ---). If {gy(n)} is {\,}-uniformly distri-

buted mod. 1 for any h, then {gn)} is {\,}-uniformly distributed
mod. 1.

PrROOF. We put u(x)=e 2m8®i then u(x)#(x+ h)=e*"€r®i_ Hence
by the lemma, since | u(x)|=1

Z/nagl E(i b 7ﬁ“>h2

v v+q 1

ron SIS (e b Jeenellos donsy). (1)

A3 VoA Mra-t

Since —{‘“— is a decreasing function of »,
vtk
5, <q0(3n). (2)
By the hypothesis,
2em& (V)i — 2
Zx e2nmEn 0<»E-xx”) (3)
If we put
1 1
s =gl ——F o ),
¢ h( vt+h 7\'wa—l) ( 4 )

then since —™— is a decreasing function of », @, is a decreasing func-

v+k

tion of », so that

vth

. ,1 >e21tmgh(v)z
v+ q-1

eZumgh(v)z 1

=| a1+ afs:—s1)+ -+ 1(Sn-n—Sn-p-1)|
=|s@1—ay)+ -+ Su-p-1(@n-p-1—@y-1) + Sn-pQn-p |

g I S1 l(al_a?.)+ +l Qn-p-1 l(an—h—l—an—h)+| Sn-n | An-n
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=0[(A(@1—a) + (A + o) (@ —a5) + -
F At F N et @rmpo1— @) + M1+ F N 1)) ]

== o(gayxo = o(é}m) . (5)
Hence by (1), (2) and (5)
(| S ) [Z0) < O@) +o(1) as #— oo,
so that
¢ lim( | Shulv)| ) < 0@).
Hence, for ¢ — «, we have
Shwulr)=0( 3 ) aed

7. As an application of we shall prove
THEOREM 11. Let g(t)=at’(log t)" (@ >0, | oy |5F=0) — = as t — oo,
i.e., the first one of o, o, which is not zero, is positive. Then

{gn)} is {n} -uniformly distributed mod. 1.

Let g(t)=at"(log t)"l---(logkt)"k (a > 0, I gy l+ +| ok l -_-‘: 0)"’ co as
t— oo, i.e., the first one of o, oy, -+, o, Which is not zero, is posi-

tive and other o; may be=0. Then {g(n)} is {hlogn llog n}-
- logs—y

uniformly distributed mod. 1.
PrROOF. We have already proved the case 0 < o <1, hence we as-
sume that ¢ =1. Let '

1
— , 1
ME) tlogt---log,_,t (1)

then, for a=1, 2,

Mt) _t+a log(t+a)  log,-i(t+a) ) (2)
AMi+a) t logt log,; t

Al

Since each factor of (2) is a decreasing function of ¢, N7
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decreasing function of #, so that a,=A(x) satisfies the condition of
(Iheorem 10.

4,8(0)=g(t)=g(t+h)—g(t)=3a't"(log t)7i ---(loge £)7k+0(1), (3)

where 0 <o’ <o—1 and 0o(1) > 0 as ¢ — .

We put 4.5, (8)=4dn (45 s, (8)). We consider three cases:

(i) o is not an integer. Then for k=[c¢], 45 ., becomes of the
form (3), where each o' is 0 <{¢' <1 and for one of ¢”’s, 0 <o’ <1. Then,
by Theorem 9, we see easily that the sequence >a'n"'(log n)i---(log, #)°%
is {n,}-uniformly distributed mod. 1. Since the term o(1) has no in-
fluence on the uniform distribution, {Aﬁl...hkg(n)} is {A,}-uniformly

distributed mod. 1. Hence, by {g(n)} is {A,}-uniformly
distributed mod. 1.

(i) o is an integer and the first one of o;, :-:, o, Which is not
zero, is positive. In this case we see similarly {Aﬁl...;,kg(n)} (k=0o) is
{Ax}-uniformly distributed mod. 1. Hence {g(n)} is {A,}-uniformly
distributed mod. 1.

(ili) o is an integer and the first one of oy, ---, o, Which is not
zero, is negative. Then, by [Theorem 4, we see easily that {47}, g(n)}
(k=) is uniformly distributed mod. 1, so that, by {g(n)}
is uniformly distributed mod. 1, a fortiori, {g(n)} is {A.}-uniformly
distributed mod. 1. Hence our theorem is proved.

Mathematical Institute,

Tokyo University.
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