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1. Main theorems.

1. Let $\sum_{i.k=1}^{l}a_{jk}x_{i}x_{k}(n>2)$ be a positive definite quadratic form with
the determinant $D=|a_{j;_{\backslash }},$ $|^{-},>0$ , then

$i.’ 1\geq^{ll_{\lrcorner}}1a_{i/},xx,\backslash i\backslash $
’

$r^{\prime}-$

)

(1)

is the inside of an n.climensional ellipsoid and $V(r)$ be its volume:

$V(7^{\prime})=|-- 1J/^{\pi- l_{\underline{)^{fl}}}}(t^{\prime}I\overline{1)}f_{)}ln^{--}$
(2)

Let $n(r)$ be the number of lattice points contained in (1) and put

$ll(l^{\prime)---V(r)+1^{J}(r)}.$ (3)

Then Landaui) proved that

s2 $(r)=O\left(\begin{array}{l}u\\r^{n-}\prime,!\end{array}\right)$ $(/\iota^{\sim_{Y}},4)$ (4)

and many researches are made concerning the order of $-(1(r)$ by Landau,
Walfisz, Jarnik and $oth_{(}\backslash rs$ . $W_{(}$ . shall prove

$THf\$_{d}^{\backslash }OR1\$_{4}^{\backslash }M1$ . $|_{r^{l^{-}}}^{-\cdot(r_{1})}r_{(/}1(/r=O(1)$ $(/l^{-}-2)$ .

We remark that the integral (liverges, if we put the value of $l\lrcorner(r)$

of (4) in it.
Let $a_{i},$ $k_{i}$ $0$ $(i-1,2, , i’)$ be integers and consider lattice points

( $\backslash \prime 1$ , , $1_{l}^{\prime,)}$ contain( $\backslash d$ in (1), such that
$x_{i}$ $a_{i}$ ( $mo(1k_{i})$ $(i=1,2.\cdot\cdot , n)$ (5)

1) E. $I_{d}$ andau: Zur a $n.\iota lvti_{\backslash (}\cdot 11(Xn/^{\prime}$ } $h|_{(}\rangle$ $nt11eorie$ der $d$efiniten quadratit chen Formen.
Berliner $A|_{\backslash ^{\prime}}ademi_{t^{\backslash }}b(\backslash r. 191_{\backslash }-)$ .
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and $n(r;a, k)$ be the number of such lattice points and put

$n(r;a, k)=k_{1}\cdot\cdot k_{n}1.V(r)+\Omega(r;a, k)$ . (6)

Then

THEOREM 2. $\int_{1}^{r}\underline{\Omega}(r;a_{\iota^{-}},k)r^{n^{-}-}dr=O(1)$ $(n\geqq 2)$ .

2. Let $\mathfrak{a}_{1},\cdots,\mathfrak{a}_{n}$ be $n$ linearly independent vectors in an n.dimen-
sional space $R_{n}$ through the origin $O$ , then they span an n.dimensional
parallelopiped $D_{0}$. Let $G$ be the group of translations, which is gene-
rated by these vectors, then $D_{0}$ is its fundamental domain. Let $Q$ be
a point of $D_{0}$ and $Q^{(\nu)}(\nu^{=}0,1,2,\cdots)$ be its equivalents by $G$ and $n(r, Q)$

be the number of $Q^{(\nu)}$ contained in a sphere $S_{r}$ of radius $r$ about the
origin $O$ and $v(r)$ be the volume of the inside of $S_{r}$ . Then Theorem 1
and 2 can be deduced easily from the following theorem.

THEOREM 3. $\int_{1}^{r}\frac{n(r,Q)}{r^{n-1}}dr=\frac{1}{v(D_{0})}\int_{0}^{r}\frac{v(r)}{r^{n^{-}1}}dr+O(1)$ $(n\geqq 2)$ ,

where $v(D_{0})$ is the volume of $D_{0}$.
To prove Theorem 3, we shall use a potential function on a torus.

First we shall prove its existence.

2. Existence of a potential function on
an $n$-dimensional torus.

1. If we identify the equivalent points of the opposite faces of
$D_{0}$, then we obtain an n-dimensional torus $\Omega$ . A harmonic function
$u(x_{1},\cdots,x_{n})$ on $\Omega$ is, by definition, a harmonic function in the $(x_{1},\cdots, x_{n})-$

space, such that

$\Delta u=\frac{\partial^{2}}{\partial x}u_{1}2^{-}+\cdots+$ $\frac{f^{Q}u}{fx_{n}^{2}}=0$ .

If we put $r=\sqrt{(x_{1}-x}^{0})^{2}\overline{+}\cdots+(x_{n}\overline{-x}_{n}^{0})^{2^{-}}$ , then

$u=\log 1r$ $(n=2)$ , $u=\frac{1}{r^{n^{-}2}}(n\geqq 3)$

are the simplest harmonic functions.
Let $P\in D_{0},$ $QeD_{0}$ and $Q^{(\nu)}$ be the equivalents of $Q$ , then we define the

distance $r=PQ$ by $r=M_{\nu}$ in. $PQ^{(\nu)}$ , thus we define the metric on $\Omega$ .
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We shall prove
THEOREM 4. Let $Q_{1},$ $Q_{2}$ be two points of $\Omega$ , then there exists a

potential function $v(P;Q_{1}, Q_{2})$ on $\Omega$ , which is harmonic, except at $Q_{1},$ $Q_{2}$ ,
where if $n\geqq 3$,

$v(P;Q_{1}, Q_{2})-\frac{1}{PQ_{1}^{n-2}}$ is harmonic and vanishes at $P=Q_{1}$ ,

(i)

$v(P;Q_{1}, Q_{2})+\overline{P}Q_{2}^{1_{\overline{n- 2}}}$ is harmonic and vanishes at $P=Q_{2}$ .
(ii) Let $Q_{2}$ be fixed and $U(Q_{2})$ be its neighbourhood and $Q_{1}$ vary in
$\Omega-U(Q_{2})$ , then there exist constants $\rho>0,$ $K>0$ , which are independent
of $Q_{1}$ , such that if $P$ lies in a $\rho$-neighourhood of $Q_{1}$ , then

$|v(P;Q_{1}, Q_{l})-\frac{1}{PQ_{1}^{n-2}}|\leqq K$ .

A similar relation holds at $Q_{2}$ with $\frac{1}{PQ_{2}^{v-2}}$ instead of $\frac{-1}{PQ_{1}^{n-2}}$ if $Q_{2}$

varies in $\Omega-U(Q_{1})$ .
$Ifn=2$, then $PQ_{1}^{1_{n- 2}}$ ’ $PQ_{2}^{n-2}1$ are replaced by $\log\frac{1}{PQ_{1}},$ $\log\frac{1}{PQ_{2}}$

respedively.
PROOF. We assume that $n\geqq 3$ , the case $n=2$ can be proved

similarly, if we take $\log$ $-$ instead of -

1 1
$PQ$ $PQ^{n-2}$

Let $k$ be a positive integer and $S_{k}(k\geqq k_{0})$ be a sphere of radius –

1
$k$

about $Q_{2}$ and $(S_{k})$ be its inside, where $k_{0}$ is taken so large that $(\overline{S}_{k_{0}})$

does not contain $Q_{1}$ .
We put $\Omega_{k}=\Omega-(\overline{S}_{k})$ . Then by Parreau’s method,2) we can prove

that, there exists a Green’s function $g_{k}(P;Q_{1})$ on $\Omega_{k}$ with $Q_{1}$ as its
pole, such that $g_{k}(P;Q_{1})$ is harmonic on $\Omega_{k}$ , except at $Q_{1}$ , where
$g(P;Q_{1})--- 1$ is harmonic at $P=Q_{1}$ and $g_{k}(P;Q_{1})=0$ on $S_{k}$ .

$PQ_{1}^{n-2}$

We draw about $Q_{1}$ a sphere $\sigma_{0}$ of radius $\rho_{0}$ and a sphere $\sigma_{1}$ of
radius $\rho_{1}(\rho_{0}<\rho_{1})$, where $\rho_{1}$ is taken so small that $\sigma_{1}$ is contained in $\Omega_{k_{0}}$

2) M. Parreau: Sur les moyennes des fonctions harmoniques et analytiques et la
classification des surfaces de Riemann. Th\‘ese. Paris. 1952.
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and let $(\sigma_{0}),$ $(\sigma_{1})$ be the inside of $\sigma_{0},$ $\sigma_{1}$ respectively.
Let

$M_{k}--bIa_{1}xg,_{\iota}I\iota’’(P;Q_{1})$
$(k^{\backslash }-\cdot k_{1I})$ , (1)

then by the maximum principle,

$tl\prime_{\iota}(P)$ $M_{/i}$ $g_{k}(P;Q_{1})$ $0$ in $s^{y_{/}-}(\sigma_{11)}$ .
Since $n_{k_{1}},(P)-l_{k}(P)$ is harmonic in $-(J,_{\backslash f}$ and $tl_{A_{t)}}.(P)$ $0$ on $\sigma_{0}$ , and
$n_{k}(P_{0})=0$ at some point $P_{U}$ on $\sigma_{U},$ $w$ ( have

${\rm Max}_{\iota^{r_{()}}}I)(n_{k_{t)}}(P)-tl,_{\iota}.(P))^{-}\cdot\cdot\cdot 0$ ,

so that by the maximum principle,
$M_{1^{(}}a_{1}A\backslash l$

”

$(p/A_{(}(P)-ll_{/}(P))$ $0$ , or

${\rm Min}_{\ell t_{k}}(P)\backslash l)\epsilon\sigma_{1}{\rm Max}_{\prime},\iota l_{k_{t}}(P)l_{1|}^{J}$ (2)

Since $n_{k}(P)-\cdot 0$ in $Il_{k}-(\sigma_{()})$ , by Harnack’s theorem, for any compact
domain $J^{(}\rightarrow J\Delta-(\overline{\sigma}_{0})$ $(Q_{-}))$ , which has a positive distance from $a_{0}$ . we
have from (2), if $k^{\backslash }>k_{I}$ ,

$l\iota_{k}(P)=|M_{k}-g_{k}(P;Q_{1})|\backslash K(\lrcorner)$ , $ P\in\lrcorner$ $(k_{-}-\cdot k_{1})$ . (3)

where $k_{1}$ is taken so large than $\lrcorner$ $Jd_{\backslash },_{1}$. and $K(\lrcorner)$ is a constant depend-
ing on $\lrcorner$ only.

Hence
1

$g_{k}(P;Q_{1})-M_{k}-PQi^{l}$ , $|\sim$ const. on $\sigma_{1}(k k_{\downarrow 1})$ . (4)

Sincc the left hand side of (4) is harmonic in $(\sigma_{1})$ , the same relation
holds in $(\sigma_{1})$ , so that if we put

1
$\lim_{1^{J}\rightarrow()_{1}}(g_{k}(P;Q_{1})-PQ_{1}^{\prime l}2)--\gamma_{k}$ , (5)

then $|\gamma_{k}- M_{/k}|<const$ . $(k_{-}>k_{0})$ , hencc by (3),

$|g_{k}(P;Q_{1})-\gamma_{k}|\leq K(\Delta)$ , $ P\in\lrcorner$ , $(k\grave{-}\mathscr{J}k_{2})$ , (6)

where $\Delta$ is any compact domain in s2 $-(Q_{1})-(Q_{2})$ .
Hence we can find $k_{J}\backslash $ , such that

$\lim_{v}(g_{k_{\nu}}\backslash (P;Q_{1})-\gamma_{k_{J}}\backslash )=v(P;Q_{1}, Q_{2})$ (7)
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c.onvergcs uniformly in the wider sense in $S2-(Q_{1})-(Q_{f})$ , so that
$v(P;Q_{1}, Q_{-}))$ is harmonic on $f2$ , except at $Q_{1},$ Q-)

Since

$g_{k}(P;Q_{1})-\gamma_{k}-PQ_{1}^{u- 2}1|\leqq const$ . on $\sigma_{1}(k\geq k_{0})$ ,

the same relation holds in $(\sigma_{1})$ , so that

$|v(P;Q_{1}, Q))-PQ_{1^{l^{- 2}}}^{1,}|\geq const$ . in $(\sigma_{1})$ ,

hence

1
$v(P;Q_{1}, Q_{-}))-PQ_{1^{\iota-)}}|$ is harmonic and vanishes at $Q_{1}$ . (8)

1Next wc shall prove that $v(P;Q_{1}, Q.’)+$ is harmonic at $Q_{-},$ .
$PQ_{\underline{J}^{l}}^{\prime}\underline{J}$

We put
$v_{k}(P)=g_{k}(P;Q_{1})-\gamma_{k}$ , (9)

then sincc $v_{k}(P)$ is harmonic in a ring domain $\lrcorner(k, k_{()})$ , which is
bounded by $S_{h}$ anc $S_{k_{t)}}$ , we have for $P\in\lrcorner(k, k_{0})$ ,

$v_{k}(P)=(l\iota-2)A_{/l}1.|_{s_{/}}(\iota’/\backslash (’\wedge^{\wedge}(;_{/\prime}(r^{n}1\underline{)})-r^{Jp^{-}-}1_{-\prime} \hat{o_{\overline{o}\nu}}v_{k})d_{\sigma_{Q}}$

$-\leftarrow(/l 1_{2)A_{/\iota}}(_{\backslash \prime_{\iota}}(U_{/\backslash }(1^{(}l\neg\neg J(\frac{1}{r^{l}2}1-\swarrow^{\prime l}\rceil. (\prime v\neg_{\wedge}(y\nu^{\prime}\backslash )l_{\sigma_{(\sqrt{}}},$ $ $(10)

$v_{k}=v_{k}(Q)$ , $r=PQ$ ,

where $A_{/l}$ is the $al\cdot\llcorner a$ of a unit sphere, $\nu$ is the inner normal and $l\sigma_{Q}$

is the surface elenient.
$Si_{llCC}\grave{l}_{k^{--}}^{--\gamma_{k}}$ on $S_{k}$ ,

$|_{1\backslash _{A}}v_{/}\dot{\backslash }()l\sim^{\neg}(J, (\prime^{\prime l_{-}^{\prime}}])d\sigma_{(I}=-\gamma/\vee|_{\iota_{\rangle}}.h\circ^{(y}\nu\neg-\left(\begin{array}{l}l\\r^{/l-2}\end{array}\right)d\sigma_{Q}=0$ ,

and since

$\int_{b_{k}}.(J\neg\partial^{V}\nu^{k}d_{\sigma}=’\dot{o}\nu$
$(j\neg v_{l_{\vee}}d_{\sigma_{Q}}=(n-2)A_{l}$ ,
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we have

$\int_{s_{k}}\frac{1}{r^{n-2}}$
. $\frac{\partial v_{k}}{\partial\nu}d_{\sigma_{Q}}\rightarrow\frac{(n-2)A_{n}}{PQ_{2}^{n- 2}}$

$(k\rightarrow\infty)$ .

Hence we have from (10), for $Pe^{\prime}(S_{k_{0}})$

$v(P;Q_{1}, Q_{2})=\frac{1}{(n-2)A_{n}}\int_{S_{k_{0}}}(v-\partial\frac{\partial}{\nu}(\frac{1}{r^{n-2}})-\frac{1}{r^{n- 2}}$
. $\partial_{\partial\nu}v_{-)d\sigma_{Q}-\frac{1}{PQ_{2}^{n-2}}}$

so that
1

$v(P;Q_{1}, Q_{2})+\overline{P}Q_{2}^{u^{-}2}$–is harmonic at $Q_{2}$ . (11)

If we put $P=Q_{2}$ in the integral and make $ k_{0}\rightarrow\infty$ , then we see
1than $v(P;Q_{1}, Q_{2})+-$ vanishes at $P=Q_{2}$ .

$PQ_{2}^{n-2}$

Hence the part (i) is proved. The part (ii) can be proved easily

from the above proof.
REMARK. We have taken a partial sequence $k_{\nu}$ in (7), but we

see easily that
$\lim_{k}(g_{k}(P;Q)-\gamma_{k})=v(P;Q_{1}, Q_{2})$

converges uniformly in the wider sense in $\Omega-(Q_{1})-(Q_{2})$ .
2. Let $\mathfrak{a}$ be a vector through a point $Q(\neq Q_{2})$ and $Q_{1}$ be a point

on $\mathfrak{a}$ , such that $ Q\overline{Q}_{1}=\Delta\nu$ , then in
$v(P;Q_{1}, Q_{2})-v(P;Q, Q_{2})$

the singularity at $Q_{2}$ vanishes, so that

$\lim_{\Delta v\rightarrow 0}\frac{v(P;Q_{1},Q_{2})-v(P;Q,Q_{2})}{\Delta\nu}=\frac{\partial v(P;Q,Q_{2})}{\partial\nu}=v_{1}(P;Q)$ (12)

is harmonic on $\Omega$ except at $Q$ , where

$v_{1}(P;Q)-\frac{(n-2)\cos\theta}{r^{n-1}}$ , $r=P^{-}Q$ (13)

is harmonic, $\theta$ being the angle subtained by two vectors $\mathfrak{a}and\rightarrow^{QP_{.}}$

Hence we have
THEOREM 5. There exists a potential function $v_{1}(P;Q)$ on $\Omega$ , which

is harmonic except at $Q$ , where
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$v(P;Q)-\frac{\cos\theta}{r^{n-1}}$ , $r=\overline{QP}$

is harmonic.
By differentiating $v_{1}(P;Q)$ with $Q$ , we obtain a potentlai functionon $\Omega$ with a polar singularity of any order $\geqq n-1$ at $Q$ .

3. Proof of Main theorems.
1. RROOF of THEOREM 3.
We follows the same idea as I have used in the former paper on

Fuchsian groups.3) We assume that $n\geqq 3$ , the case $n=2$ can be proved
similarly.

Let $D_{0}$ be the n-dimensional parallelopiped, which is spanned by $n$

vectors $\mathfrak{a}_{1},\cdots,$ $0_{n}$ through the origin $O$ . By identifying the opposite faces
of $D_{0}$ , we obtain an n.dimensional torus $\Omega$ and let $v(P;Q, Q_{1})$ be the
potential function on $I2$ , which is defined by Theorem 4.
We put

$u(P;Q, Q_{1})=\frac{1}{(n-2)}v(P;Q, Q_{1})$ , (1)

then $u(P;Q, Q_{1})$ has singularities $\frac{1}{(n-2)}$
.

$\frac{1}{PQ^{n-2}}$ $\frac{-1}{(n-2)}$ .
$\frac{1}{PQ_{1}^{n-2}}$

at $Q$ and $Q_{1}$ respectively.
$u(P;Q, Q_{1})$ is invariant by the $groUPG$ of translations, which is

generated by $\mathfrak{a}_{1},\cdots,$ $\mathfrak{a}_{n}$ .
Let $S_{r}$ be a sphere of radius $r$ about the origin $0$ . We assume that

there are no equivalents $Q^{(\nu)},$ $Q_{1}^{(\nu)}$ of $Q,$ $Q_{1}$ on $S_{1}$ and $S_{R}(R>1)$ . Then
applying Green’s formula:

$\int_{S}(u\frac{\partial v}{\partial\nu}-v\frac{\partial u}{\partial\nu})d_{\sigma}=0$ ,

where $S$ is the boundary, $d_{\sigma}$ the surface element and $\nu$ the inner
normal of $S$, to harmonic functions:

$u(P)=u(P;Q, Q_{1})$ , $v(P)=\frac{1}{r^{n-2}}-\frac{1}{R^{n-2}}$ $r=\overline{O}P$

3) M. Tsuji: Theory of Fuchsian groups. Jap. Journ. Math. 21 (1951).
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for the domain, which is obtained from the ring domain $\Delta=\Delta(1, R)$ :
1 $\backslash r<R$ , by taking off the insides of small spheres about $Q^{(\nu)}\backslash ,$ $Q_{1^{\backslash }}^{t_{J)}}$

contained in $\lrcorner$ and then making the radii of these spheres tend to
zero, we have

$(/lR^{\prime l-1}s_{R}^{lt(P;ti^{\backslash },Q_{1})d\sigma_{P}}-2\underline{)}\}A_{t}\sum_{\nu}(r_{J}^{Jl}1_{-\underline{)}}--R^{1_{l^{-}}}-)$

$-A_{n}\lambda^{\urcorner}\nu(_{\gamma_{J}^{\prime}}.1_{p-}$ . $-R’- 1_{\iota-\cdot)})=(t\iota-2).|_{1\backslash }|n(P;Q, Q_{1})d\sigma_{P}+$ const., (2)

where $A_{n}$ is the area of a unit sphere, $r_{d}\backslash =OQ^{(\nu)},$ $r_{\acute{J}}=OQ_{1}^{(\nu)}$ and $d\sigma_{P}$ is
the surface element and we sum up for all $c_{,t_{\backslash ^{\prime}1}^{(\nu)}}^{\backslash t_{J})},\cdot$ contained in $\Delta$ .

Let $n(r, Q)$ bc the number of $Q^{(\prime}$
) contained in $S,.$ , then

$\sum_{\nu}(r_{\nu^{l}}^{\prime}-1_{- f}R^{1_{l^{-}}}-)=^{I}1_{1\gamma^{J\ell-}}^{R}(1_{-\cdot)}-R^{J^{\underline{\prime y}}}1)d_{l}\iota(r, Q)$

$=|^{-}(r^{n_{\sim^{)}}^{\prime}}1-R^{1_{\iota-}}\sim^{)})’\iota(r, Q)_{-}|_{1}^{J_{t^{J}}}\}(/\iota-2).|_{1}^{R}n_{\gamma^{\gamma_{\iota- 1^{\sqrt{}}}}’}(()$
$lr$

$=(’\iota-2).(1R_{ll(r_{r^{\prime l}}Q_{- 1}})plr|O(1)$ ,

$d_{\sigma_{/)}}$

so that if we put $d_{Co_{I^{J}}}=$ and writing $r$ instead of $R$ , we have
$\Lambda^{Jn}1$

from (2),

$A_{n}^{1}\int_{s_{\gamma}^{l\ell(P;Q,Q_{1})d_{(l)}}}p||_{1}^{\gamma}\iota(\gamma_{\gamma},Q_{1})dr- n=.|_{1}^{r}Jl(r_{r^{Jl}}\prime Q_{I,1})clr+O(1)$ .

We put $ll$
} -zt, if $n\geq 0$ and $n=0$ , if $n^{\sim}\backslash 0$ , thcn $n=/\iota-(-n)$ , hence

$A^{1_{n}}\cdot\backslash ,.(P;Q, Q_{1})d\omega_{1^{J}}-\}\backslash |_{1}^{r}’\iota(r,Q_{1})drr^{Jl}=A_{l^{1}}^{1}s_{r}cl_{(u_{l^{1}}}$

$||_{1}^{r}n(r^{(f_{\iota_{1}})l\gamma},^{fl-}\dashv O(1).$ (3)

We assumed that there are no $Q^{t_{d})},$ $Q_{1^{\backslash }}^{(\nu)}$ on $S_{1}$ and $S_{R}$ , but we see
easily that (3) holds, if there are $Q^{(\nu)},$ $Q_{\iota^{J)}}$

( on $S_{1}$ and $S_{R}$ , hence (3)

holds in general.
As Nevanlinna, we put
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1 $|$

$\prime\prime\iota(r, Q)--A_{l}.|_{s}/t\{(f^{y}; Q, Q_{1})d\gamma_{l/)})$

$N(r, Q)=.|_{1}^{r}’\iota(\prime^{\prime},Q)_{1}clrY^{\prime}$ (4)

$T(\gamma, (\ell)=/’\iota(\gamma Q)’|- N(\gamma, (j)$ ,

then from $(_{\backslash }3)$ ,

$T(r, Q)$ $A_{u}^{1}\cdot|.\backslash ,$ ( it $(t^{J};Q,$ $Q_{1})$ ) $/_{\omega/)T}.|_{1_{1}}^{\prime}/l(/’,Q_{1_{\downarrow}})dr\gamma^{\prime}\{O(1)$ . (5)

Let $U(Q_{1})$ be a $n\iota^{1}i_{\mathfrak{t}_{\tau}^{Y}}h1$) $OL1^{-11ood}$ of $Q_{1}$ . We consider ( $t_{1}$ as fixed and $Q$

vary in $D_{t^{1}}$ $U$ ( $(f_{I})$ , then $|$ ) $y$ the part (ii) of Theorem 4, the term $O(1)$

in (5) is uniforntly $bot1||(1_{((}1.$ $14_{(I}1(\vee^{\backslash }($ for any $Q,$ $Q_{\mathfrak{l}1}$ in $D_{0}-U(Q_{1})$ , we
have

$\prime 1^{\tau}(/^{\prime}, Q)<T(j^{\prime()}\swarrow^{\}}1|O(1)$ . (6)

Let $cl\iota)_{()}[$ )( $\backslash $ the $\iota^{r}01un1(\iota^{\backslash 1}(\backslash 111t^{t}11\lfloor,$ $th_{(11}$ for any $P\in D_{u}$ ,

$1_{/)_{1\downarrow}}(\int((.)_{1})/\iota^{+}(P;Q, Q_{1})l_{l_{()}^{i}}$ const. ,

so that $t$ rom (1) and (6)

$|_{l)_{\mathfrak{l}}}$

{
$(l_{1^{\prime}}N(r, Q)l\ell_{(.)}\cdot O(1)$

$p_{1_{1}}$ ] $)_{()}$ $U(()))(^{\prime}1’(r, Q_{0})|O(1))$ . (7)

For ($J_{t}l/((f_{1})$ . we put

$T_{1(\prime}\cdot,$ $Q$ ) $\rightarrow A^{1_{l}},.|_{c_{J}}( ;\iota(l^{J};Q_{()}, Q))^{\mathfrak{l}}(/_{(\prime)}l)^{-\ulcorner}N(\prime^{\prime,Q)}, $(8)

then froni (5),
$\prime 1_{1}^{\tau}(r, Q_{1})-\tau_{(/}J(t_{\cup})\{()(1)$ .

If we considcr $-n$ instead of $/l$ . we $11_{C}^{\prime}1Vc$ . similarly as (6),
$’\tau_{1}(r, Q)=T_{1}(r, Q_{1})$ 1 $O(1)$ tor $Q(U(Q_{1})$ , so that

$T_{1}(r, Q)=T(r, Q_{tI})\{O(1)$ , $Q_{t}U(Q_{1})$ . (9)

Since for any $P\epsilon D_{1)}$ ,

$||_{U((J_{1})}(-u(P;Q_{l1_{*}}Q)_{1}^{+}lv_{(J}-$ const. ,

we have from (8), (9)
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$\int_{U(Q_{1})}N(r, Q)dv_{Q}+O(1)=v(U(Q_{1}))(T(r, Q_{0})+O(1))$ . (10)

Hence from (7), (10),

$T(r, Q_{0})=\frac{1}{v(D_{0})}\int_{D_{0}}N(r, Q)dv_{Q}+O(1)$

$=\frac{1}{v(D_{0})}\int_{1^{\prime}}\frac{dt}{t^{n-1}}\int_{D_{0}}n(t, Q)dv_{Q}+O(1)$

$=\frac{1}{v(D_{0})}\int_{1}^{r}\frac{v(t)dt}{f^{-1}}+O(1)$ , (11)

where $v(t)$ is the volume of the inside of $S_{t}$ .
Hence from (6), we have

$T(r, Q)=T(r)+O(1)$ , (12)
where

$T(r)=\frac{1}{v(D_{0})}\int_{0}^{r}\frac{v(r)dr}{r^{n-1}}$ . (13)

This is an anlogue of R. Nevanlinna’s first fundamental theorem for
meromorphic functions.

We shall prove that $m(r, Q)=O(1)$ .
Let $r_{1}=r-d,$ $r_{2}=r+d(d>0)$ and $Q^{(\nu)}$ be equivalents of $Q$ and

$U(Q^{(\nu}$‘ $)$ be a neighbourhood of $Q^{(\nu)}$ of radius $d$, then $u^{+}(P;Q, Q_{1})$ is
bounded outside of $U(Q^{(\nu)})(\nu=0,1,2,\cdots)$ , hence

$\int_{S_{r}}u^{+}(P;Q, Q_{1})d\omega_{P}=O(1)+\sum_{\nu}\int_{S_{r}.U(Q^{()’)})}u^{+}(P;Q, Q_{1})d_{\omega_{P}}$ , (14)

where we sum up for all $Q^{(\nu)}$ , contained between $S_{r_{1}}$ and $S_{r_{2}}$ . Now

$\int_{S_{r}.U(Q^{(\nu)})}u^{+}(P;Q, Q_{1})d\sigma_{P}\leqq K(=const.)(\nu=0,1,2,\cdots)$ ,

where $d_{\sigma_{P}}$ is the surface element, so that

$\int_{S.U(Q^{(\nu)_{)}}}u^{+}(P;Q, Q_{1})d\omega_{P}\leqq\frac{K}{r^{n-1}}$ .
Since $n(r_{2}, Q)-n(r_{1}, Q)=O(r^{n-1})$ , we have

$\sum_{\nu}\int_{S_{r}.U(Q^{(\nu)_{)}}}u^{+}(P;Q, Q_{1})d\omega_{P}\leqq\frac{K}{r^{n-1}}(n(r_{2}, Q)-n(r_{1}, Q))=O(1),$ (15)
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so that from (14), (15).

$m(r, Q)--\frac{1}{A_{n}}\int_{\tilde{6}_{f}}u^{s}(P;Q, Q_{1})d_{t\prime)}\Gamma=O(1)$ . $(1 ()\backslash )$

Hence from (12), $N(r, Q)=T(l^{4)}\dashv O_{(}1)$ . or

$\int_{1}\frac{n(\prime^{\prime},,Q)d_{l}}{n1}=\frac{1}{l(D_{0})}.i_{0}^{r}\frac{c’(\prime^{\prime)}\prime}{\prime’ 1- 1}d_{7^{\prime}}\dashv O(1)$ . $(]7)$

We assumed that $Q$ lies outside of $U(Q_{1})$ , but if we consider $-u$

instead of $u$ , we see that (17) holds, if $Q$ lies in $U(Q_{1})$ . Hence (17)

holds for any $Q_{\in}D_{n}$ . Henco our theorem is proved.
2. PROOF of THEOREM 1.
By an orthogonal transformation, we transform

$ i^{\backslash _{k- 1}a_{ik}x_{i}x_{k}}\angle^{\neg}n_{\lrcorner}\nwarrow r^{rc}\cap$ $(])$

into
$\xi^{2}a^{1_{1}}$ $\dashv-\cdots\dashv$ $\xi_{2}^{2}a_{n}^{n}<r^{2}$ (2)

and then by $\xi_{1}=a_{1}X_{1},\cdots,$ $\xi_{n}=a_{n}X_{n}$ , into

$X_{1}^{2}+\cdots+X_{n}^{2}<r^{2}$ . (3)

Let a unit cube: $0\leq x_{1}\leq 1,\cdots,$ $0\leq x_{n}\leq 1$ be transformed into a parall-
1elopiped $D_{0}$ in tbe $(X_{I},\cdots, X_{n})\cdot space$ , then $v(D_{()})=$ The number

$a_{1}\cdots a_{n}$

$n(\gamma)$ of lattice points contained in (1) is equal to the number $n(’’, O)$ of
equivalents of the origin $O$ contained in (3). Let $l^{f}(l^{\prime)}$ be the volume
of (3).

$v(r)$Since - $-=a_{1}\cdots a_{n}v(r)=V(r)$, where $V(r)$ is the volume of (1), we
$v(D_{0})$

have by Theorem 3,

$\int_{1^{\frac{n}{r}}}^{(r)_{dr=}}rn^{-}-1\int_{1}^{r}n(r,O)_{dr=}r^{n- 1}\overline{v}(D_{0}\overline{)}0r^{n- 1}1v(r)dr+O(1)=.|_{1}^{r}V,(r)drn- 1+O(1)$ ,

or
$\mathfrak{s}_{1^{-}r^{n- 1}}^{r_{\Omega(r)}}dr=O(1)$ . (4)

Hence Theorem 1 is proved.
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Similarly we can prove $\prime I^{\backslash }h_{t}\cdot orem2$ .
$\Gamma\backslash ^{)}1:\backslash IAP_{\backslash }K$ . Let $\lambda$ $1$ . $tll(\backslash n\dagger)y(1)$ for any $/^{\prime}$

$\rceil$ ,

$!^{\Lambda r},-lj_{t|},(l^{\prime})\gamma(t_{l^{\prime}}$ $CO_{1}1st$ . . (5)

If $--(/’)$ is ot constant sign in $;,$
$,$

$,\backslash l\cdot|$ , then considering $inf|_{--}(’(r)|$ we
$St^{\backslash e}$ that th($ 1l(\backslash (_{-}^{\prime}\backslash ists7(\prime\prime$ 7 $\backslash 1^{\prime)}$ , such that

$|-(\tau)|$ $- con\backslash \backslash 1.-\prime\prime$ (6)

Now $|_{l^{\prime},\lambda}’\prime 1$ can be divided into a finit $(n\iota[|]\tau I)({}^{t}1^{\cdot}$ of disjoint intervals,
in each of which $--\sqrt j(\prime\prime)$ is cont $i_{11t1()t_{\backslash }b^{\backslash }}(\prime tlltl(1_{(}\backslash (ll(\backslash a\sin q$ , .so that, if $--’(,’)$

changes its $si_{\neg}\sigma n$ in $|\gamma,$ $\lambda/^{\prime}$ , $tll(nt|A\backslash \backslash \backslash i\backslash t^{\backslash }ts^{\backslash }- s\backslash $ uch that $--()(\overline{/})$ $0$ or in
one of the intervals $|/^{\prime},$ $ 1\backslash /\cdot$ $|\lambda j^{\prime},$ $\backslash /^{\prime}|,--$

(} $(/^{\prime})|(\backslash ^{\backslash }0^{f}$ constant $si_{L^{r_{11}}},$ $h_{(nc(}\backslash \backslash $

there exists $\tau$ , which sat $i_{h}\backslash \ulcorner_{1(}s^{\backslash }(())$ . I $f_{(1_{1((}^{\backslash }}\cdot\cdot\iota\backslash ($ $1_{1^{\prime}}.\iota\iota^{\gamma}($

TI [ $[]ORI:\downarrow\backslash 1(\grave{)}.$ $I,\neg 0/\cdot c//’\iota;/^{\prime}$ 1, $th_{(}\cdot/’((,|^{\prime}/\backslash \cdot t\backslash \cdot T(/^{\prime}$
$T$

$\lambda l^{\prime)},$ $\backslash \backslash ^{\backslash }nc/$, that
$|_{--()}^{\sqrt{})}\overline{\prime}$ $(()n\backslash \backslash ^{\backslash }t7^{i\prime}$ (// $-’))$ .

IIence if $n-2,$ $|_{-}C_{-}J(-)$ (onst. ,
$lV()1^{-\backslash }(\cap\rceil\gamma\iota^{-}1_{\backslash }$ that in Landau’s esti-

mation S2 $(,I)-$ $()$ $(\prime^{J}‘‘ -\prime\prime|)\prime l)$

, $/$ ;
$-)l$

$/l-:)$ .
$/\iota\}1$

$M^{J}\iota tl\iota\iota^{\backslash }1\mathfrak{n}atic^{r}\iota 1Int.s\backslash $ { it ut e, Tokyo $1Jni_{V(1_{\backslash }^{t_{\backslash }^{\backslash }}}Yity$ .


	On lattice points in an ...
	1. Main theorems.
	THEOREM 2. ...
	THEOREM 3. ...

	2. Existence of a potential ...
	THEOREM 4. ...

	3. Proof of Main theorems.


