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On the normal form of cohomology groups.

By Tadao TANNAKA

(Received July 15, 1953)

In a previous note™ I have obtained an extension of the well-known
Hilbert’s norm theorem concerning cyclic fields to the case of abelian
extensions, but only for the case of p-adic number fields as ground
fields. The present investigation started at its first stage to fill up this
lack, but. the problem was quite difficult to overwhelm, and the results
we have obtained have an entirely different meaning.

Instead of the factor sets treated in 1), we take up generally the
cochain of degree n, with finite abelian operator domain.

For the case of #=2, O. Schreier has obtained a normal form for
the factor sets, in his famous research on group extension™ A part
of this result is generalized by Lyndon®! and we shall reproduce the
results by another approach. We then give a more precise normal
form, which is a direct generalization of the fact, that the Galois-
cohomology group of dimension 2 by a cyclic field is isomorphic to
the norm residue class group.

The main principle which governs this paper lies in the concept
of splitting groups, which have slightly weakend property compared
with Artin’s splitting group.

Several parts of our investigation were also obtained by S. Taka-
hashi independently and appeared in a recent number of Tohoku
Mathematical - Journal.™

§1. Throughout this paper we treat the cocycles with values in
an abelian group £ and with an abelian operator domain G. We call
a cocycles to be splitting or bounding, if it is a bounding cocycle.
Then we have the following (weakend) analogy of Artin’s splitting
group, which is known as the reduction theorem.

THEOREM 1. To each cocycle f, we find an extension £2F of 2,
in which f splits.

ProoFr. For the sake of brevity, we shall assume that the dimen-
sion # of f is 3. We have by the assumption
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1) (8,7, 8) f(t, By, 8) f(ct, B, _4
| ’ - f(aB,v,8) f(a, B, v3)
or |

| s [ f(B,7,8)f(a,By,8) \!
(2) - fla, B, %) {f(a,e, 18 f (. 6,5) }
if we put
(3) fa, B, 8)=f(a, B, ¥5).

Now we observe the group 2* of 1-cochain, that is, the group
whose elements are functions with parameter § in G and values in 2.
We identify the element ¢ in 2 to the function ¢® in 2* We also
make G to an operator domain by the convention :

(4) - 87(8)=g(v8) (veG).

By these conventions, the equation (2) becomes the following equality,
which asserts that f splits in 2% as was required:

_ o8, v) cla,By)  _
(5) fa, B, 9)= 2 O205 Bl =(60) (@, 8,7)
( da, B)=f(a, B, §) e 2* ) '

8: coboundary operator

§2. Now, as well known, one can find in every cohomology class
a cocycle which takes the value 1 whenever at least one variable reduces
to 1. We shall call every cocycle or cochain with this property norm-
alized. Furthermore we shall call a cocycle f weakly normal, if it
satisfies the following relation

(6) SlaBy, 2Bz "5 A fBn) =f(a, s, an)pl‘ By BaBn
. f(Bl: Ay Ay a”)ﬂg Ba--jpn

° f(Bh BZ; 12 4 PRl a”)ﬂsmﬁn

.........

.........

° f(Bls /62, /83"", Bn)
for a;eA, BieB.
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We now proceed to the second step and prove the

THEOREM 2. If G=AXx B, then there exists a normalized, weakly
normal cocycle f in every cohomology class.

ProOF. The theorem is obvious if #=0. We shall prove the
theorem, by mathematical induction on #, and suppose we have already
completed the proof for smaller values of #. By theorem 1 the given
cocycle f splits in some extension 2* of £:

(7) f=éc.

It follows then c is a (#—1)-cocycle with values on £*/2, for
s§c=f=1 (mod. £). By the assumption of induction we have an (z—1)-
cochain ¢(yy,--, v»-1) such that

(v Ym ) =71, Vn-1) (8€) (¥, Y1)
(mod. 2),
8) < (181, Aoy Bu-1)=C(ar, a2, Qg Pr-1
(B, Aty -y Alpy)PrPr-1
......... (mod. 2),
so that

C'('Yl,"‘, 'Yn-l)———c(")'l,"', ')’n—l) (3 E) ('}’1,"', 'Yn—l)

b('Yb'“) 'Y»—l)
(b('Yh"': ")I"_]_)G.Q) .

Now the n-cocycle f'=8c’ satisfies the relation
(9) f/=8c¢,=8c-85¢-8b=8c-8b=f-8b~f(in Q).

On the other hand if we put

(1B, **, Ap_1Bn-1)=C (s, Ay, +*, Ayq)PrPr=1
C/(Bl, gy -, a”_l)ﬂg'"ﬂn_1

..................

c,(/gly BZ;”', Bn—l) ’

we have
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C"(Ql: O,y ap_1)=C(ay, Qzy "y Clno) s

C”(Bl, A,y an-—l):d(ﬂl’ Ay oy an-—l) )

so that

(10) c”(allel) aZBZ,' ty Ky Bn-—]) =C”(a1, Oy, a”_l)p‘ Ba B —1

c,’(ﬂl) aZ,' "y an_l)ﬂs'"ﬂn -1

...............

’

and moreover by (8)

c”(')'h Y25° s ')'n—l) = C,('YD Y2y "7y Vn—l) (mOd' ‘Q) >
and hence

f'=8d'~f'=8c (in 2).

By our assumption of the induction, ¢(yi,-,v.) mod. 2 may be
supposed to be normalized, so that, as is easily seen from the construc-
tion of f”, f'” may be taken as normalized, and as f’’ is weakly normal,
as will be shown in the next §, this proves our assertion.

8§3. In the preceding paragraph we have proved except the point
of which we shall complete the proof in this paragraph, that every
cohomology class contains a normalized weakly normal cocycle. More
precisely we can suppose

where ¢ is a normalized weakly normal cochain, that is
(12) (1B, A+ Ol 1 Bn-1) = {01, Az, ++, Qg )PP P2

C(Bl;’ Qgyt-'y an-—l)ﬁgmﬂn -1

...............

We have left thereby the following result unproved.
THEOREM 3. If we put

f(')’h Y2, "z')’n)z(a C) (71: Y25y '771) ’

where c is a normalized cochain satisfying the relation given in (12),
then f is normalized weakly normal.
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ProOOF. We prove this by induction on 7.
We first prove that the following identity holds, when we regard

8 as a parameter, as was done in §1:
(13) c(alBls' °y an—an—Z; 8) = cfll--- ﬂ”—s(ala Ky, oy Kyy—2, 8)
CBZ."ﬂ”—z(Blv az,' “%y aﬂ—2’ 8)

---------------------------

C(Bb"')ﬁn—b 8) .
Indeed the left-hand side of (13) is

c(ay, gy -y Olyp, at)PrPrPr-ab

C(Bh Oy vy Olyy g, (X)ﬂ“‘ﬂs"'ﬂ"-sﬂ

, C(BI,BZ,"',Bn—ZaB) ’
where aB8=3, and the right-hand side of (13) is, by the definition of
the symbolic power f?(8)=f(v8),
c(a1, Q-+, Qs Br - B —23)
C(Bl.az,"',an—z,ﬁz"'Bn-zs)
C(BlyBZ)”"Bn—ZQS)
=c(aty, Ay ++, Az, )P Pr=2F
C(Bl’ gy oy Oyg, a)ﬂg"‘ﬂn_gﬁ
C(Bly BZ;' : '11871—29 a)B
C(Bh BZ:"':B”—Z:[R) ’

which proves the required identity.
To prove our theorem, put y;=q;8; and §=agB, then by the de-
finition f=8&c¢, we have

f(')'b')’Z" s Yn-1y 8)—_"0(72’" s Yn-1s 8) 6(7172;' : '9')’-}1—1:8)—1'"
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c(Viy' s Yn-2sYn-18) (v, ",'Yn—1)$8
= (Bn-—lc) ('Yl" t ,')’n--1,3) C('Yl" " ,'Yn—l):Fs

or 8,_,c=f-c*®. The formula proved above shows that the cochain
¢, constituted as a function with values in £*, is weakly normal ; hence

by the assumption of induction, we have for f'=38,.,c (this is a func-
tion of §),

f,(fyl’. Ty 7”“1) =fl(ah Axgy" an—l)plmp”,'—1
f,(Bl) a?f"',a”—l)sz."ﬁ”-l
— (f(al, g, -,a”__l) . C(aj, a2,"',an-1)i6)ﬁl"'ﬂﬂ-—1
(f(Bl’az’.“’a"—l) ¢ C(BbaZ;'",au.-l)is)ﬁﬂ"’ﬂn—-x
(f(BI’BZ"“’B”‘I) . 0(61:627"',18-n~1)i6)
=f(a1, Oy s Uiy 61"'6}1—18)
f(Bl,a21'“:an—l) BZB;;—IS) }

.............

F (BB, Bn-1, )
c(ay, By, An-y Bu-1)*?,
so that we have the equality
S (V1%2 "2 Yn-15 8)
=f(an o, dn-y, '.31""3;:-15)
F(Bra,  any, Bz""ﬂn-ls)
F(B1,B2 3 Bn-1,8) .
Our final goal is to prove the equality of this expression and |
f(ahaz,...,annl’a)sr--sn_ls '

f(Bb Ay oy 0y, a)ﬂg"'ﬁn_l g

------------
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f(BuLB s Bu-1,).
This will truely hold, if we can prove generally
S (B3 8r-1, 0ty ", A1, 3)
=f(Bu*,Br-1s Ay, Ay, ) (k<m),
and f(By,, Bu-1,aR3)

=f(61,---,ﬂ,._1,a)3
f(Bl)"',Bn—bB) ’

but this will follow immediately from the very definition of f, the first
one for instance

f(Bb'":Bk—l: Ap, e ')an-lsaB)
=C(BZ)' : '9612—15 Apy "y Uy, aB)

0(:31,32.‘ "y Bk"l’ Apy s Bpy-q, aB)-l

=C(BZ" ",Bk—-lvaks' sy Cx)f3

C(BIBZ" : "Bk—b Ay sy Xyg—1y a)_ﬂ

............

:f(BI,' . "Bk-b Kpy "y &y, a)ﬁ ’

and our theorem is now proved.
§4. The results of the preceding paragraphs can be generalized
to the case of direct product G=A x BxC or groups with more than

3 direct factors, the proof of which is almost same as for the case
G=A xB. We have for instance

THEOREM 4. For the case of G=A x B x C the theorem 2 rvemains
true, if we understand by weakly normal cochains, those which satisfy
the relation

f(allel'yl’ ) aan'yn) =f(a1’ agyc-, an)(plyl)m(ﬂ”y”)

f(Bl, Agyo e, a")'yl(ﬁa'h)'“(ﬂn?n)

(14)
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f(')’l" o ,Bk) Ty Uyt )yk'.'(ﬁﬂl)m

............

f('YI.- Yo, ,')’n)

where a, B,y denote the elements of A, B and C respectively.

§5. Before going further we shall explain the concept of the
“ strict normality ”’ for the case of 2-cocycles. This will be done most
rapidly, if we utilize the extension group of 2 by G. This is the

group which contains 2 as normal subgroup and with representants
u,(ceG), which satisfy

u =t f(o,7),
u;lzu,=2" (ze @).
If we choose another system of representants v,, defined by
Vag=U,MUg (G=AxB, acA, BeB)

then we see easily that the factor set corresponding to v, is weakly
normal. If we put further

v,lxl...,,rxr = u,,lxl...(,’xr

where G={o,} X --- x {0, } is the canonical decomposition of G into the
cyclic gréups of orders e, -,e,, and 0=<x;<e;, we obtain a more speci-
alized normal cocycle, which we call “strictly normal””. This result
will be generalized in the next lines. One should notice that the above-
mentioned method, employing the group extension, is not applicable for
the case of higher dimensions 7z >3.

§6. From now on we assume that the cocycles in consideration
are always normalized. We shall modify also for convenience, the de-

finition of the ‘ weak normality,” i.e. a cocycle f will be called weakly
normal in the sequel if we have

(15) f(a13171,'“,aan’Yn)zf(ala Qg+ Oln)

’ f((xly Ay y Uy1, Bn)m’z
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instead of (14), which means only that the order {o,},{a2}, -

from now on to be inverted to the order {o,}, -, {02}, {a1}.
We use following abbreviations :

[e*]=1+0+ %+ - +a* T,
M=1+0',+0'?+ +o'fi—1’
4i=1—o0;

[x],-=[ ¥ :l ([ 1: Gauss’ symbol),

and

[%1, X2y s Xpys Y15 Y2y "3 Vg3 ]
(16)

=[x+ %]y [x3+ X4 [0 + 3o b [ Y3+ Y] (1 + 72+ -+

',{0’,-} is

=n).

In the last notation we make the convention, if for instdance 7 is odd

number, the same symbol means

=[x+ 21, [%3+ x4 b [ofr ] [y1+3:L[ L.

An n-cochain f is said to have the standard form (or to be strictly
normal), if it is weakly normal with respect to the decomposition
G={o1} X {03} x---, and moreover satisfies the conditions for 0 <x; e,

0=<y;<er-
(17) flaf, oty 5 a3t a32)
=f(o1, N1, 01, Nby-++5 03y N, gy o= 50 225 1301
or by a simple exafnple
flafs, a32, of*; 03, 032)=f (a1, NV, 01; azy Np)ore #aetaidnsal |
with |
[%1, %3, 235 31, Y2]=[21 + %11 (o] [ 31+ 321

=|:51+—"?-:| (140 +... +af™) [— 1’*—“53-”-2] :
€1 - (%)

By f(oy, Ny, 03; 02, N;) we mean in obvious manner
H f(a'b Ui, o1, 02 0'%) (0§i<e1’ 0§j<€2) .

HhJ
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Now we can state the followng theorem:

THEOREM 5. Every cohomology class contains a cocycle with
standard form. ' S

This is precisely the result announced in the preceding paragraph.
We now proceed to the proof, by mathematical induction on #, and
assume the theorem for smaller dimension than z.

As in the proof of the weak no;mality, we may agree to set

f('Yh Y2 7”)2(8 C) (71)"" ')'n) ’
c=c'-8c(mod. 2),

where ¢’ is strictly normal with respect to the cdeﬁ’icient group £2%/Q.
If we put

c=c' -8c-b (b: (7—1)-cochain with values in .Q) ,
then we have
“ =8¢ -8b~8c (in 2).
Starting from the values a1, Ny, o1y 5 02y N3,y 02y )= (1, Ny, o1, ;
o2, Np, 03,---) and similar formulas as in and we define an
(n—1)-cochain ¢”’. Then ¢” is strictly normal, and ¢’ ~¢’ (mod. £2), so
that
- f~8c" (in 2).

So it remains only to prove the
THEOREM 6. If c is strictly mormal, so is .also its coboundary
f=8c.
ProOOF. The relation which we must prove is
f(o-fl,...’ afn ; o—%’l,...’ o.gm’...)
(17)

_ . . X 3 Ve Vo 3]
. _'f(a'b NI;“'}O'Z, NZ,“':”')[xl TN 2

Both sides of this can be represented in terms of ¢, and then, by
its strict normality, by its “elementary” values oy, Ny, *; a2, Noyoo).
We then compare all the elementary values in both sides. The left-
hand side is equal to

c(a.fz,...’ O'ffl;“') C(O"f1+x2, O'fs,"', o—f,-l;...)"l...

...c(a-rfl,.;.’ ooy, ) clo?, -, afr, P T AAECRTLD LN
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In the following lines we restrict our consideration to the cases
f(af, a%; 0%) and f(af, a?, of; of), for we can see easily that these cover
essentially the general case, as will be seen by the representation (16).

To make the printing easier we shall also use the additive manner
of writing for the group £2*, so we have

f(ot, ot; o8) =c(a?, o5) — c(af*?, o§)+ c(at, ala§) —af c(of, o})
=[b; c]l (a1, a2) —[(@+b)1; c] (a1, 02)
+{claf, o}) +of c(of, 0§)} —a§ c(af, of)
={[6; c]—[(a+d); c]+aila; cl}c(oy, o2)
+{[a, b]—[a, bl a5}c(a1, V),

where (a+b); means the least non-negative residue of ¢+ & mod. e;.
In a similar way we have

[a,b; c1f (o1, Ny; o2)=l[a, b; c] {c(Ny, a2) — a1 Ny, 02) + (o1, Ny o2)
— a2 (o1, Ny}
=[a, b; c] {N1¢(ay, 02) + (a1, NY)— (o, NP},
so that it remains only to prove
[b; c]—[(a+d); cl+oila; c]=[a, b; c]N;
and
[a'b]1(1—0a%)=[a, b; c]x (1—ay).

Both of these identities are proved by a simple formal computation.
For the case of f(of, ¢?, 0%; of), we have first

f(af, o}, of; of)=c(o?, of; of ) — caf™?, ¢f, of)

+clat, o', of) —clat, of, ofof) + of clof, of, of)

={[0, ; d1—[(a+b), ¢; d1+[a,(b+0); d]

—[a, b; dlof}c(ay, Ny, a2) + (6§—1)[a, b, clc(ay, Ny, 0y)

and on the other hand
(@, b, c; d1f (a1, Ny, 015 02)=[a, b, ¢c; AKX c(Ny, o, 72) — a1V}, a1, 772)

+ c(o1, Nioy, 02)— (a1, Ny, 010%) + 03601, N1, o1) }
=[a, b, ¢; d] 4, (o1, N1, 02)—[a, b, ¢; d] 45 c(o1, Ny, o) s
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and the equality in question will be proved by means of the simple
identity

[b, c]—[(a+b), c]+[a, (b+c)]—La, b]=0

b+c] [(a+b)l+c] [a+(b+c)1] [a+b_l

(Oéa’ b; C<el) .

The last identity is proved without difficulty, if we distinguish all
possible cases b+c=<e, or b+c>>e¢, and so on, accordingly also the
proof of our theorem is completed.

§7. In the preceding paragraphs we have proved the existence of
strictly normal cocycles in each cohomology class. From this fact
there arises naturally the question how we can characterize the “ ele-
mentary ” values f(ay, Ny, o1, 03, N3, 03,-+-) Of a strictly normal cocycle
Jf, or how we can deduce the properties of cocycles from that elementary
values. We consider now this problems.

THEOREM 7. If f is a strictly normal cocycle, then for every set

of natural numbers i,<i,<---<iy and 1, s, e With r+r+--+r
=n+1 we have

or

(18) ( 1)"1 E(Zl, rl)f(o—u’ 111’ s Tios Ma!.”; “')
+( 1)r1+r23(21’ 7’2)f(0-111 ,'-.IL-/; Tiy Mgp'." ’ '“)
71 ra—1

............

+(=1)y vt r ey, ) f (00, Niy,-s 5 3 )=0.
71 ra rk—l

Thereby we have set,

N; (for » even)
e(Z, )= {
—4; (for » odd).

PrROOF. We confine ourselves to give the proof by a special
example :
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0=(8f) (o1, N1, 7, 3, N7)
=(8f) (e1—1, Ny, 01—1,0.—1, Ny)
=(8f) (41, Ny, 41, 43, N;) (4i=0;—1)
=(1—1) (N, 4y, 45, No)—F (41 Ny, 41, 43, N,)
+f(dy, N1 41, 43, No)—f (41, Ny, 41 45, Ny)
+f (43, Ny, 41, 4;Np)— Nof (41, Ny, 4i, a3)
= —f (41, N}, 4143, N;)— N, f(41, Ny, 41, 43)
=— 41 (41, Ny, 43, No)— Nof (4], Ny, 41, 45)
= — 41f (o1, N1, 02, No)— Nof (o1, Ny, 01, 02) g.e.d.

The factor (1—1) in the first term means, the second factor occurs
once with positive sign and once with negative sign:

(8 £) (41, N1+ )=(8f) (o, Ny, )= (8F) (1, Ny,+-°)
={f(NV, 43,--") ="}
—{f(Ny, 43,7+ )—}.

It will be often convenient, to use the abbreviations, such as
Sloyp, My, 0,05, N3)=f(1,1,1,2,2), for which then holds the following
theorem, which is the converse to theorem 7.

THEOREM 8. If a system f(iy, i1, ", toy 85-) (8,<82<---) of elements
in 2 salisfies the same condition (18) as in the theorem 7, then these
elements induce a strictly normal cocycle.

ProoF. We can associate to f(i, %, 2,12, ) a strictly normal
cocycle by the formulas similar to (17) and (15). Then as we have
proved earlier, 8 f is also strictly normal, so that if the elementary
values of & f vanish (and this condition is nothing other than (17) itself)
then also 8 f vanishes identically. ‘ q.e.d.

§8. If n=2, all possible #», 7, -, 7, with »+»r+ --+7r=n+1=3
are

3;1,2;2,1 and 1,1,1

so that reduces to
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4;f(,19)=0,

Alf(j,j)—Njf(i,j)zo ’

4G, B)—4;F (i, )+ 4G, 7)=0,  G<i<k).

These are precisely those formulas to be found in Schreier’s ex-
tension theory.

Similar formulas for =3 are

( N.f(,i,i)=0
4,1, 3,)— 4,1, §,7)=0
N;f(G,7,7)+ N;fG,4,7)=0
4, G, 1,7)— 4,1 G, i, 9)=0
(20) j 4Gy ky B)— 4,1, k, k) + Nif G, 7, kB)=0
4;£(G, 3, B)—N;f (G, 3, k)— £ (3,3, 5)=0
Nif G, 7, B)+ 4,£ G, i, k)~ £, 4,5)=0
4if (G, by D)= 451G, ky )+ a6 f (G, 4, 1) — 4, G, 5, B)=0
A\ | (<j<k<).

§9. We now prove two theorems, which are easily deduced from
our preceding investigations. '
THEOREM 9. If K/k is an abelian field with the Galois group
G={o,} X {0z}, then every element of K with wrelative norm 1 can be
represented in the form f(oy, 03)/f (03 o) with a suitable cocycle f.
ProoF. By the relations (19) of Schreier we have

4:f(i,9)=0 (i=1,2)
@1 L ase,2-Nra,21=0
le(l, 2)+ AZf(l, 1)=0 ’
the last relation in (19) being meaningless under our assumption.
Let now A be an element of K with norm 1. Then the norm
Ny(A) can be represented in the form, additively written, —4, B, with

4,B=0 by Hilbert’s norm theorem, and by the same reason we have
a representation of the form ‘

(19)
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If we put

B=f(1,1), B,=f(2,2), A=f(1,2),
we have our theorem for

A=f(1,2)—f(2,1) (f(2,1)=0).

THEOREM 10. Under the same assumption as in the preceding
theorem, we have the isomorphism

Hy(K*, G)X N(K{)NNAK7)/N(K*).

Thereby K; (=1, 2) denote the fields corresponding to the subgroups
{a;} of G, and K*, K{ and K% mean multiplicative groups of non-zero
elements in K, K; and K, respectively.

Proor. The formulas (20) reduce to

N;f(i,i,1)=0 (=1, 2)
41/(1,1,1)—4,(1,2,2)=0
Nf(1,2,2)+N:f(1,1,2)=0
4,f(1,1,2)—4,f(1,1,1)=0.
By virtue of Hilbert’s norm theorem we have
(23) fi,i,i)=4;8 (1=1,2).
If we put g(i,7)=g; and g(1, 2)=0 and comstruct the coboundary
of the strictly normal cochain generated by these values, we have
(8 8) (o1, Ny, o1)=4,8(1, 1)
(8 8) (o1, Ny, 03) =4, £(1,1) + N1 2(1,2)=2,£(1, 1)
(8 8) (a1, 03, N2)=4,8(2, 2)— N, £(1, 2)=4,£(2, 2)
(8 8) (02 Ny, 03)=4,8(2, 2) , .
so that f'=f—8&g satisfies the conditions
f'G,i,1)=0 (:=1,2),
4,'(1,2,2)=0 (i.e. £71,2,2)eKy) ,
Mf(1,2,2)+Nf'(1,1, 2)=0,
411'(1,1,2)=0 (ie f1(1,1,2)ekK),

(22)
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We now make correspond to the cohomology class containing f, the
class

N.f'(1,2,2) (=—Nef"(1,1,2)) mod. N(K*)
in the factor group N(KT)~N(K$)/N(K*). It remains only to prove
the isomorphism property of this mapping. Let us assume
Mf'(1,2,2)=NA (AeK).
Then we have by Hilbert’s norm theorem
| (1,2, 2)=4B,+N;A ,
and likewise from the equality
—N,f'(1,1,2)=NA
we have

f1,1,2)=4,B—N,A.
If we put ‘

g’(l, 2)=—A, g2'(1,1)=B;,, g'2,2)=8B,,
then we have

f~f'=8g,
and this proves our assertion.
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