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A metamathematical theorem on functions.

By Gaisi TAKEUTI

(Received July 2, 1955)

In our former paper [2], [3], we have introduced a logical system
GLC and a subsystem G'LC of GLC, as generalizations of Gentzen’s
LK (ct. [I]). We have also defined the notion of functions in GLC
in [2]. This paper is most related to where we have dealt with
G'LC without bound functions. We shall introduce in this paper
another logical system called HLC (¢ hierarchical ’ logic calculus) lying
between G'LC and LK (§1). We shall define also ‘functionals’ in
generalization of the notion of functions.

The purpose of the present paper is to prove that the consistent
system under G'LC without bound function or under HLC remains
consistent after ¢adjunction’ of the concept of functionals, under
certain conditions. Our Main Theorem will read as follows:

MAIN THEOREM: Let I') be a system of axioms consistent under
G'LC without bound function or wunder HLC. Suppose I', contains
axioms of equality (See §1 for definition), and let the following sequ-
ences be provable.

I'O.._) V¢l...V¢an1...me5yF((pl,..., Py Xiyeees xm,y)
Fo"’ V¢1"_'V?nvxx'"mevyvz(F(¢1"”: Prs X3ty Xyys y)
/\F(¢17"': Pur X1yt me)l—y————Z) .

Let M be a functional not contained in I, and suppose further, in
case of HLC, that F(«, -, «,,a, -, a,,b) does not contain Y on f-
variables. Then I, and the following axiom are consistent.

V§D1"'V¢nvx1“’vme(¢n’", P X35 Xy M(¢n“', Pus Xyt ety xm)) .

The conclusion of this theorem holds also in LK by theorem 2,
proved in §1.
After some preparations in §1, we shall prove our main theorem
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in §2. In §3 we shall apply this theorem to improve our result in
[4] on the theory of ordinal numbers. It allows us replace an axiom
by a stronger one. In §4 we shall prove the consistency of the
‘theory of linear continuum’.

§ 1. The logical systems.

We shall begin with generalizing ¢ G'LC without bound function?
as follows.

We introduce the functional of type (¢,,---,¢,; m), denoted by M,
K etc., and add the following rule of construction of the term to the
ones given in [3] <¢If H; is a formula with ¢; argument-places for
each j1<s5<w#n) and T,,---,T,, are terms and K is an arbitrary func-
tional of type (¢,---,¢,;m), then K(H,---,H,,T,,---T,) is a term’.

A function (cf. [3]) may be considered as a special case of func-
tional.

In this paper LK is also considered as generalized by introducing
functionals as above. Except in §4, we use only 7, A and VY as
logical symbols. \/, —, — and 3 can be considered as combinations
of these symbols.

DEFINITION of HLC A proof-figure  of G'LC without bound
function is called a proof-figure of HLC, if and only if the following
condition is fulfilled. In an inference VY left on f-variable of the
form

 FH), I'>4
VoF(p), I'—4

is used in PB, then H contains no logical symbol Y on f-variable.

We consider also in HLC the functionals M, K,..- of type (¢,,---,2, ;m)
and construct the forms such as KH,,--,H,, T,,--,T,) with these
functionals. Thereby we shall assume however that H,,.--, H, contain
no logical symbol Y on f-variable.

In the same way as in Gentzen [1], we see the following theorem.

THEOREM 1. If a sequence © is provable in HLC, then S is provable
without cut in HLC.

In LK, the axiom of mathematical induction is expressed as the
system of axioms
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Vz,¥2,-- Y2,V AO) AV YA — Ay +1)—A),

where {x)A(x) runs over all the formulas with an argument-place.
More precisely should be written as {x}A(«, 2, -+, 2,) and zn depends on
A. In this paper, such system of the axioms is denoted simply by

YAV2(AO) A\ Vy(A(y)— A(y+1))—A(x)) .

In the same way, notations such as VYA.--VYA,F(A4,--,A,) will be
used, where the number of argument-places of A; is uniquely deter-
mined by F for each (1 <7i<n).

Then by theorem 1 the following theorem is easily proved.

THEOREM 2. The axioms A,,---, Ay, VAL--VALF'(Al,---, A}),-, VA7
---VA;-;F"(A?,---,A?”) are consistent in LK, if and only if A,---, Ay,
Vol NPLE (@5 PL)yes NP1 P2 (Pt @} ) arve consistent in HLC.

As we have remarked in the intrvoduction, it follows from this
theovem, that our main theorem once proved for HLC will imply the
same conclusion for LK.

Let A and B be two formulas with ¢ argument-places. Then
A=B is an abbreviation of the formula

Vxl"'vx,(A(xu‘“’ x,‘)HB(xn"') X)) .

Let I', be a system of axioms in G'LC without bound functions

or in HLC. ‘I, contains equality axiom’ means that I"; fulfils the
following conditions
1. I, contains VoVxVy(x=y— (@[x]—®[y])) and Vx(x=x)
2. If functional K of type (¢,,---,¢,; m) is contained in I", then I,
contains V¢1V¢nv"]"1v‘l’nvx1 Vxn (¢E\I’/\ /\¢E‘P"‘ K(¢1:"’, P
X150ty xm):K(‘!’n”" ‘l’n’ Xiseeey xm))

Then, from the main theorem follows the following theorem

THEOREM ON FUNCTION. Under the hypothesis of the main theorem
the following axioms arve consistent

r,

Vq)l"'V(anxl"'meF(¢n”'; Pos Xism ooy Xyps M(¢n"" Pus X5y xm)) ’

le“.V¢nv\p‘l"'v\1’nvxl'”vxm(¢)l E‘I’l /\ o /\ q)nE\I’n*_
M(¢1""” Pus X150 xm): M(‘l’u"" ‘["n’ Xyt xm)) .



68 G. TAKEUTI

PrROOF. We set A, as VY@,--- Y@ NV - YX, F (P, y Py Xy ooy X,
M@, @, %,-,%,)). Then we have only to prove that the following
sequence is provable

Ivor Am , EB;;"', anz,ﬁ’n—»M(a!,---, A,y Gy dm)
:M(Bp°“’ Bn) al)"" am)

On the other hand, we have

Ao_"F(an"': an: a, -, am> M(an"'; an’ A,y am))
/\F(Bu“'7 le Ay -ty Ay, M(Bu“'; Bn: Qe am))

and

r, F(an"” a,, - a,, b), Fla,,:--, Q,, a0, a

m?

c)—b=c.

Therefore we have only to prove that the following sequence is
provable

Iy, a=8,"-, a, =g, F(Bu“‘: B Qpyeey A,y b)
"’F(ali"': (2 SN/ ARRTY /) b) ’

which is easily seen.

§ 2. Proof of the main theorem.

In this section, I, and M fulfil the condition of the main theorem
Moreover the functionals except M considered in this section are
assumed as contained in I, .

% -operation

Let @ be a formula or a term. We define @Q* recursively by
the following 1-5. (Q(«,,--,a,,a,--,a,))* is also denoted by
Q*(an"" Ayy Gyymn ey am)' {{xu""xn}A(xu""xn))* is defined by {xn“" xn}
A*(x,y-+y X,).

If Q is a formula, then Q* is a formula.

If @ is a term, then @Q* is a formula with an argument-place.
And in this case, if @* is of the form {x}B(x), @*(X) means B(X).
1. a*is {x}(x=a). ‘

2. If K is a functional other than M, then (K(A,, -+, A4,, Ty, T,)*
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is {x} (Vxl .t me(Ti*(xJ /\ o /\ T:;,(xm)"'x: K(Afy **y A:v Xiseeoy xm)))
3. (M(Al "t An’ TU' ‘% Tm))* is {x} (Vx1 e me(T?(xl) /\ °et /\ T;)fz(xm)"'
F(Af',, A:: xu"'} xm, x)))'
4. (a[Tv"‘y Tn])* is Vx1Vxn(T1¥(x1) /\ ot /\ T:(xn)'—a[xv“': xn]) .
5. (7 A, (AN\B)*, (VxA(x)) and (VeF(®))* are 7 A*, A* \ B*, YxA*(x)
and YoF'*(@) respectively.
PROPOSITION 1. Let T be a term. Then the following sequences
are provable
r, T*(a); T*(b)'_’a:b
and
I — 3x(T*(x)) .

PROOF. We prove this by the mathematical induction on the
number of stages to construct 7. If T is a free variable, then the
proposition is clear. Now we consider T is of the form K(A4,:--,
A,T,-,T,) Then by the hypothesis of the induction, the proposi-
tion holds for T,---,T,. Therefore

r,T*@a), T*(b)—a=>b
and
V- NE(TTE) N AT (%) —a=K(Af 25 Ay, X005 %,))
is equivalent to gx,---qx, (T (x) N\ --- NTX(x, ) Na=K(a@F, -+, A%,y X,,))
under I',. Therefore I'y— 3xT*(x) is clear.

PROPOSITION 2. Let A and T be a formula and a term respectively
and M be not contained in A and T. Then the following sequences are

provable
r—A*»-A
and

' —>T*a)—a=T.

PROOF. We prove this by the mathematical ihduction on the
number of stages to construct Aor T. If T is a free variable, then

the proposition is clear. We have now to consider several different
cases.
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1) Let T be of the form K(A4,-, 4, T,-,T,). Then, under I,
the following formula is equivaleht to T*(a):
Vxx' t me(T;L(xl)/\ /\ T;(xm)"—a:K(A;%’ A::z? Xty xm))
and this is equivalent to the following (by the hypothesis of induction)
Vxl"°vxn7(xl :Tl /\ Tt /\xm:Tm'—_a:K(Au'", An7 Xiyeey xm))

and this again clearly to a=T7.

In such cases of ‘continued equivalence’, we shall hereafter simply
when the formulas one after another, in such a way that the equi-
valence of succesive formulas will be clear to the reader.

2) Let A be «[T,--,T,]- Then, holds under I',, the following
continued equivalence:

A*

YV, VX, (THx) N AT x(x,)—alx,, x,,])

Vxl“'vxm(xl :Tl /\ tte /\xm:Tm'—a[xn’xm]) .

A.

3) If Ais 7B, CAB, YxD(x), YeF(@), the proposition is clear.

PROPOSITION 8. The following sequences are provable.

I'— (F(A))*—F *(A*)
and ' —(TA)Y(a)—~T*(A*)(a).

PrOOF. If T(A) and F(A) contain no A, then the proposition is

clear. Now we separate the cases.

1) Let T(A) be K(A,(A),---, A, (A), T, (A, T, A). Then the fol-
lowing continued equivalence holds under 7I7;:
(T(A)*(a)
V&, V2, (T (AN* X)) N\ - AT (A)*(,,)—
a=K((A,(A)*- (A,(A)% X,,:++, X,,))
V-V, (THA*)®) N\ AT (A*)(x,)—
a=K(A (A*),---,A, (A*), %, -, x,))
(by the hypothesis of the induction)
T*(A*)(a).
2) Let T(A) be M(A,(A),---, A,(A),T,A),--,T,(A). Then the fol-
lowing continued equivalence holds under [I7;:
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(T(A)*(a)
V- N, (T (AN*(x) A -+ AT (A)* (%) —

F((Al(A))*77 (An(A))*y Xisteoy X d))
VXY, (THAX) @) N - A TH(A%) () —

F(AT(A*):7 A;(A*), Xise ooy Xy d))
T*(A*)(a).

3) Let F(A) be a[T,(A),--. T, (A)]. Then the following continued
equivalence holds under I7;: ~

(F(A))*
VY, (T(AN*®) N\ N(T o AN* (X)) — Xy, £,])
V2N (TTAN @) N - ANTL(AN ) —alx,, -, %,])
F*(A¥*).
4) The other cases are clear.
PROPOSITION 4. The following sequences are provable :
I',— (A(T)* =V x(T*(x)— A*(x))
and I — (T(TH*(@ =N x(T*x)—(To(x)*(a)) .
PrROOF. We prove this by the mathematical induction on the

number of stages to construct A(T) or T(T). We have to consider
the following several cases.

1) Let T(T) be T itself. In this cases (T (T))*(@) is T*(@) and

(T,(x))*(@) is a=x. Therefore the proposition is clear by proposition
1

2) Let T(T) be K(A(T), -, A (T), T(T)y+,T,(T)): Then the fol-
lowing continued equivalence holds under I';:

(To(T)*(@
V2N, (T ATN* )N+ AT (T))* (%) —
a=K(A,(T)* - (A (T)* %5+, £,))
V&, V2, (NI(T* ()= (T (NG A\ - ANIT*(2)— (T ,(3))*(%,))
—a=K(\Vz(T*(@2)—Af(2)),; - Y2(T*(2)— A, (2)),%X, 5 %))
(by the hypothesis of the induction)

V%, VL, (IYT* (D) AT (0¥ @) A+ A IHT*() AT (9N*(%,)
—a=K(\Vz(T*z)— A} (2)), -, V2T *(2)—A;;(2), X5+, X,,)))
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(by the proposition 1)

VNN ELT* D) AT ON*E) N AT () * (x,)—a=K(V2(T*(2)
—A¥(2)), -, Y2(T*(2)— A, (2)), %,,++, %,,)) (By the proposition 1)

On the other hand, Vx(T*(x)— (T (x))*(a)) is

VX(T*(x) =N % N X, (T (0)*(x) N\ -+ AT (%)) *(%,,,) —

CZ:K(A;*(JC),, A:(x)y Xiveesy xm)) )

so it is equivalent to

VIV X NL (T* D) NAT(IN*ED N - AT (YD *(x,,)—

(Z:K(Alv(y),, A;(J’); Xy xm)) .
Therefore we have only to prove
I, T*b)—> A (d)=\Vz(T*(2)—A}(2))

for each 2z, which is easily proved by proposition 1.

38) Let T(T) be MA,(T), -, A,T), T (T),--, T, (T)). In the same
way as in the case 2), the following continued equivalence holds

under I;:
(To(T)*(@)
V2, Y2 (T (TH*E) N AT AT)*(%,)—
F((AI(T))*’, (An(T))*y xn"” xm’ a))
VN, (VT* D)= (T, (N* @D N\ AVIT*(9)— (T, (¥)*(%,,))

—FNy(T*(3)—A¥(3)y - YT *(3)—A(D), Xy X,y Q)

VIVE - NE(T*) AT AIN* @) N\ - AT (9N * ()

F(VZ(T*(Z)'—A:G(Z),---, VZ(T*(Z)*—A,,(Z)), Xigeots Xpyps a))

VoV N XTI AT (N E) N\ AT 9))* (%) —
F(Afe(y))7 A::(y): Xisooty Xy a))
VIT*(3)—(To(3))*(@)).

4) Let A(T) be «[T(T),--, T,(T)]. Then the following continued

equivalence holds under I';:
(A(T))*
V- VEL(TUTN*EI A -+ ATl TN* (%) — e, £,.])

YV, - N, (NT*( ) — (T (N*EN N - AT *(9)— (T, (9))*(x,))
— a[xu‘ ) xm])
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VIV E N2 (T N (T N* &) N\ AT (9 * (%) =A%y X,])
VITHD) =2 N, (TN E) N - AT (9N * (%) = %50+, X,])
Vy(T*(p)— A*(3)).

5) The other cases are clear.

PROPOSITION 5. Let A, be Vp,--- N, VX, NX, F(Py -, Py Xiarery X,
M@,y P X503 %,)). Then I'y— AY is provable.

PrROOF. We have only to prove that

Ir,—F(a,:--, Ay Qiyrecy Qe M-, A, A,y a)))*.

To show this by the proposition 2 and 4, we have only to prove

I’O—>Vx((M(a1,---, s @yyeeey dn))*(x)'—'F(an”‘; Uy Qyyeovy @, X))
which is clear.

PROPOSITION 6. If I'— 4 is provable, then I',, I'* — 4* is provable,
where I'* means A¥,---, A} provided that I' is A,,---, A,,.

PrROOF. We prove this by the mathematical induction on the
number of inference-figures in the proof-figure to I"—~4. Then, in
case of GL'C without bound function, the proposition is clear by the
propositions 2, 8 and 4. In case of HLC, we have only to prove the
following fact: If A contains no VYV on f-variable, then A* contains
no YV on f-variable. But this is clear by definition.

On main theorem follows now immediately from Propositions 2,
5, 6.

§ 3. An application.

By the theorem 1, the following proposition follows easily from:
our former paper [4]

PROPOSITION 7. The following axioms are consistent in HLC.
Vx(x=x)

0<<w

VaVy(x<<y\Vx=y\y<x)

VaVy7 (x=yN\x<y)

VaVy7 (x<<y Nx<<p)

VaVyVaz(x <<y \y<<z—x<2)

Vx(0<<x\/0=x)

Al S
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8. VaVy(x<<y—x'=y\Vx <y)
9. Ya(x<x)
10. Vayy(x' =y'—x=y)
11. Yx(x<<or— X' <w)
12. VeVaxVy(x=y— (plx]—@[y])
13. VeVx(P[OIA VI PLy]— 2Ly D N\ x<<w—p[x])
14. VeVx(e[0] A Vy(Vu(u <y—e[ul)— el y]—@[x])
15. Vo ,Yu(VxVyVs(@,lx, I\ @[y, sl—x=1)
= XV Y(IS(P.LY, STA S <<u) -y <<x))
16. YugoVe,(VaxVyVs(e,[x, sSIA\A @[y, s]—x=2y)
— 33X <<v A\Vy7 (2., YI\y <)) .
From our main theorem follows now the following theorem.
THEOREM 8. In the proposition 7, the axiom 14 can be replaced by
Yo ((Vx7 ¢[x]—Min(2)p[2] =0) A\ (Fze[x]— @[Min(z)e[2]])
AV x(@[x]—x = Min(z)p[z])) .

§4. A consistency proof of the theory
of linear continuum.

We shall mean here by the ¢theory of linear continuum’ the
theory on real numbers, which contains the concepts =, <<, +, sup,

inf, 1 (@) (n=2,38,4,---), but does not contain the concept of multi-
n

plication. Here ; (a), ; (@),--- meanéz , g"'“ respectively and

;“ (%), :1)) (>k),---are considered as functions.

Formally this theory is characterized by the following axioms
4.1.1-4.1.3.

4.1.1. VYx(x=x)
VaVy(x=y—y=x)
VaVyVz(x=y \y=2—x=2)
Va¥yVz(x=y—x+2=y+2)
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Vx(0+x=x)
VAVY(x+y=y+Xx)
VaVyVz((x+y)+z2=x+(y+2))
VAV y(x=y— —x= —y)
Vx¥yVz((x=y \y>z2—x<2)
VaVyVz(x=y\z <<y—2z <X)
0<1
VaVyx=y\Vx<<y\Vy<x)
VaVy7 (x<<y \x=2)
VaVy7 (x <<y \y <X)
VaVyVz(x <<y \y <<z—x<2)
VXVyVz(x<<y—x+2z<<y-+2)

4.1.2. VYx x=77L(x)+---+» 1 (x)] for each n=2,3,...
” ”

v

n
4.1.3. YA(Vx7 A(x)—sup (x)A(x)=0)
VA(Vx3y(x <y )\ A(¥))+—sup (x)A(x) =0)
VA(FxA®) N\ IV I(A(Y)—y <x)— YV 2(A(%) — x < sup (x)A(x))
AVXVY(A(Y)—y=x)—sup (0)Ax) <y)).

The purpose of this paragraph is to give a consistency proof of
these axioms. Now 4.1.8. may be replaced by the following weaker
axiom 4.1.3’. By our main theorem, the consistency of 4.1.1-4.1.8
follows namely from that of 4.1.1., 4.1.2. and 4.1.3'.

4.1.8. YVA(FxAX) N\ FaVY(A(Y)—y < x)+—
FJAVy(V(y—y<2)AVI(V2(AR)—z2=<9y)—x=<1))).

Hereafter we assume without loss of generality, that every
formula is constructed from logical symbols, free variables, bound

variables, =, <, +, —, - 1 (k) (®=2,38,-.-), 0 and 1. And we denote
n .
4.1.1 and 4.1.2 simply by I',. Then we have the following lemma.

LEMMA. Let A(a, -, a,) be a formula such that A(0,---,0) does not
contain free variables. Then there exists a formula B(a,,---, a)), which
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does not contain logical symbols other than )\, \/ and such that the
following sequence is provable.

I',—Yx--- Vx,-(A(xl,---, x)—=B(x,,0 0, %))

PrOOF. We shall prove this lemma by the induction on the
number of ¥ and 3 contained in A(a,---, @).

If A(a,--,a;) has no ¥ nor 3, then the lemma is clear. There-
fore we have only to prove the lemma in the case, when A(a,---, a;)
is of the form 3xA (x,a,--,a) and Aa,a,- -, a;) contains no V¥ nor
3 nor 7. Moreover, we may assume that A a,a, -, a) is of the
form Ax(aw Ay a;‘)\/"'\/Aa(aor an'“’ai) and Aj(aoa au"'rai) (.7.:1’"'7 n)
has no logical symbol other than A.

In this circumstance, we see easily

Fa"” Vxl---Vx,-(A(xl,---, xi)'_' ngl(x, Xyseoey x,-) \/ ot \/ axAn(x: Xyt ety xz)) .

Hence we have only to prove that there exist formulas Bja,,: -, @)
(7=1,---,n) which have neither V¥ nor 3, such that the following
sequences are provable for each j(j=1,---, »n)

I’a——> Vxl"'Vx;(ExAj(x; Xiyeey xi)'—‘Bj(xl""y xz)) .

Here A/a,a, -, a) is a combination of formulas of the form T',=T,,
T,<T, by ) alone.

By simple calculation, we see that formulas of the form are
equivalent to some formulas of the form a=S,, a<<S,, S,<<a, S,=S,
or S,<S, under I'", where S, S,,--,S; and S, are terms without a.

By this reduction we can assume, without loss of generality, that
Aj(a, a,--,a;) is a combination of the form

a<S, a=S, a>S by A.

Moreover, if A/(a,a, -, a;) contains a figure of the type a=S,
say a=S,, then the lemma is obvious; Bja, -, a;) is obtained in
combining

S,<S, S§,=S, S,>S by A.
So we may assume that A,a,a, -, a;) is a combination of
a<<S, a>S by NA\-

So we may assume that 3xA(x, @, -, @) is of the form
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XS, \-- NE<S,\x>S"\--- \x=>5").

Let ¢,---,4, be any permutation of 1,---,#; and let j,.--, 7, be any
permutation of 1,--.,m. Then we have the sequence

I' ,— 3xA (x, ay,-+, @) —
(S, ==S,A\S' = =S"\ IxA (%, @+, @)

V(S =<8, \NS/=--=Sim)\ IxA (%, a,y--, @)

Hence we have only to consider the formula

S, <.--<S AS'=--=S")\ gxA(x,a,--+, ) .
This is equivalent to

S, =<---<S,AS'=---=S" )\ gx(x<<S, N\ x> S")

under I°,.
Therefore we may restrict our considerations to the formulas of
the following three types:
Jx(x<<S)
Jx(x>S)
Ju(x<<S,\x>S5,) .
Since the formulas of the first and the second of these types are
equivalent to 0=0 and those of the third type are equivalent to

S,<<S, under I, our lemma is proved.
Now we shall prove that the following sequence is provable

I, —4.1.8
that is, the following sequence is provable
I',, 3xA(x), IRV Y(A(Y)— ¥y <x)
— JH(VY(AW) —y=2) N\YNV2(AR)-2=y)—x=<Y)) .

We first make use of the lemma and then, in the same way as in
the proof of the lemma, transform A(x) to the form B,(x)\/---\/ B,(x),
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where B,(x) (i=1,---,n) is of the form C;\(x<<S!A\x>S?) and C; has
no X. _

Clearly, we have only to prove that the following sequence is
provable for each ¢ (¢=1,---,n);

I, 3xB(x), IxY¥(B{( )~y = x)
— Jx(Vy(Bi(y)—y =) AVy(Vz(Bi(2)—2=<y)—x<y).

Hence we have only to prove that this sequence is provable in
case, when B;(x) is of the form

(x<<S), (x>S) or (x<<SINx>S?).

Since this is clear, the purpose of this paragraph is attained.
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