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Canonical product for a meromorphic
function in a unit circle.
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1. Canonical product.
Let w(z) be a meromorphic function of finite order p in |z| <1, such
that lim log T'(w, »)/log 1} —p, where T(w, ) is the characteristic
-1 —7¥
function of w(z). Let a¢,(n=1,2,---) be zero points of w(z) in |z| <1,
which are different from 0, then
ST (1= Ja, o+t < oo for any e>0. 1)
We shall define the canonical product P(z), formed with @, as
follows.

If 3 (1—|a,|)<<co, then

P =11 1-1-la,” =ﬁ,“n(an_z)ﬁ, 2)

n=1 —a,z n-1 1—a,z

which is regular and |P(2)|<1 in |z]<<1 and P(a,)=0 (n=1,2,-:).
We define the convergence exponent p of @, as p=0.

If SA—|a,])=oo, then let =0 be such that
n=1 ]

2“(1—|an|)““_s—"~¢/Q ) i(1—|an|)#““<m for any ¢>0. (8)
n=1 . =1

We call ¢ the convergence exponent of a,. By (1),
p=p. _ 4)
Let p=1 be a positive integer, such that

oo

S a-la,hr=co, > (- la, <o 5)

n=1
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If p is not an integer, then p=[un]+1 and if p is an integer, then

p=m, or p=p+1, according as f 1—|a, ) <<oo, or Zw‘,(l—lanl)ﬂ“z co.
n=1 n=1

Hence in any case, p—1 <y, so that by (4),

p—1=p<p. (6)
We define P(z) by
- . -, 1 I-—an P
P@=I] (1— 47151 ) e rme Tk ra oG o
n=1 —a,2

By (6), P(z) is regular in |z|<<1 and P(aq,)=0 (n=1,2,--+).
THEOREM 1. Suppose that > (1—|a,|) = co, then
1_Ianl272#+1+5

log* |P(2)| =203

n=1 1—5,12 ] ’

where €=0, if p=p and 0 <<e <1—(—[1]), if pEp.
PrROOF. We put

_ 1-—|a,l’ 1—|a,l 1 (1—|a,]®\?
,a)=log [1—" i L N R L1 W 1
0 a,)=log 1-a,z + 1—-a,z et b ( 1-a, ) @
then ‘
log" |PAI< | 3 W@@en+ 3 0Ea). @)
Tx—a:}-l Z; Il—a z] 21
In >,
1 ]d ,°lp+1 1 1_la Iz [p+2
z,a,)|< o RN Pl SN a8 H (RO
|2 )= p 1' —a,2 | p+2’ l1-a,z |
1—|a, P’ (1 1—la, |  |1—-]a,) 7, .
<)1 a2 | ( ' 1—a,z +[1—anz1Jr )
_'anlz Ip+1 1 71ﬁ ,1% 2 ) =2’“1:|9‘L2— p+1
<l1 2z (+2+(2)+) 1gz @
If p=p, then
1<b(z,a)|s2\ - "’ ' . 4)
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If p==w, then p—(u+¢)=>0, if 0<<e<1—(p-—[#]), so that

0 a) <2 110 [Pl g 1—|a, [ | |1 |a, | [p=uo
1-a, 1—ag,z 11— a,z
— ntlte —(pte _ +1+e
ol [ ) T o
l—an 2 ] 1-a,z
Hence
2 lu+lte
310z a,)| <23, L '“z' - ©)
where €=0, if p=p and 0 <<e<<1—(p—[n)]), if p=p.
Since log 1—1——'7?1,27[ —log| %@ =2) | <0, we have in >
l1—a,z | —a,2
1 la /! 1[1-|a,[|*?
R (Dza))< 1%l g = =T 1%
(@, ))}1 i ptl%anz
g_ilf{,li"’ 14 1=a@z |, 1—a,z (7
= Tae M ASe ey
<118 g oy oy <oe 11017 )
1-aG,2 | | 1—a,z J
If p=pm, then since 11 1—”2{ <2 in >},
h'an, i
R (D2 a,) <20 L=1%[ 7
E —Q,R ‘
2p!1_|?n12 1 1——an2 < gp+i _1__|_f_221|2 pt1 (8)
| 1—-a,z 1—|a,| 1—a,z

If p5=p, then 0 <p+1-+e—p<1, if 0<<e<<1—(#—[x]), so that

2 l_la l2 p+ite ! l—d 2 ’u+1+e-p
(D(z, W) = —a, ;‘1_dnz ]__Ian,z !
_§_21§ ICZ ,2 prire Qutlte=p < Qp+1 1@,_ l_a lz “‘“’”e. 9)
1-- 1—-a,z |

Hence
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z;%w¢ma>ngw“§3V‘ ;z““”* (10)

where ¢=0, if p=p and 0<<e<<1—(p—[p]), if pF=m.
Hence from (2), (6), (10), we have

Ia |2 utrlte

log*]P(z)lng’“Z)1 1 -z

dé A=0, 071, then

LEMMA 1. Let I— S ,
. |1—7eit|in

o[yt ] wren tofue, ] gaeo
PROOF.
do do
IZS L +S L4011, 1
10j=1—r ll_“relo lAH 1—r=l0l=n ll_relﬂll+l 1 ’ ( )

(i) If x>0, then

I.<

o1 S do— 2
Ty

Q-7

[01=1—r

Since [1—7e?—1—2rcos 8+7—(1—7)?+ 47 sin’ 4»2 > (1—7) + @6

(a=const.),

™ de n d9
=92 Y <2 R I
L) i =2)

/l&—l

1—r ((1 r)2+a‘292) 2
2 = dt 1
<t o) e

Hence

0,1 ). @

(ii) If A=0, then I,=O(1) and
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™ de 4 do
I,=2 <2 SN, o SIS
: Slﬁr I 1—7e' , o Sl—r 1/(1 - 7)2 +a’6?

:28;157;,/?%}72_:0 (log lir) )
Hence .
I=-0 (logul-}__;) . ' 3

THEOREM 2. Suppose that Ew(lw |a@,|)=co. Let p* be the order
of P(z), then
pr=p.
Since p<p,
pr=p.

PrROOF. Since by (4) of page 7 w<p*, we have only to prove
that p* < pu.

Let T'(») be the characteristic function of P(z), then since P(z)
is regular in |z|<C1, we have by Theorem 1 and Lemma 1, '

T(r)= .| "log" | Pire) | do+ 0(1)
T Yy

= const. i
=

S?n 14_1; lallz- ',u+l+
1

1—are? €d0+0(1):0(w1ﬁ)’ @

(1 —7)nre

0

where ¢=0, if p=p and ¢>0 is arbitrarily small, if p=g=u, so that
p* <, hence p*=p,

As an application of Theorem 2, we shall prove

THEOREM 8. Let w(z) be a meromorphic function of finite order p in
|2]|<<1, then w(2) can be expressed in the form w(z):-wl(? , wWhere

2
w,(2), w,(2) are regular and of order <p in |z|<1.

PrROOF. Let P(z) be the canonical product, formed with poles
a,==0 of w(z) and w(z) have a pole of the v (=0)-th order at z=0,
then if we put w,(2)=2"P(z), w,(z) is regular and of order <p
in |z| <1, so that w,(z)=w(2) w2(z) is regular and of order <p in
w,(2)

|z} <<1. Hence w(z)=
w,(2)

is the desired decomposition.
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THEOREM 4. Let p>=0 be the convergence exponent of a, and
C,:lz—a,|=Q1—|a,|)** be a circle about a,. If z lies outside of
C,n=1,2,...), then
1 | 1—la, [P [« 1

1 |
—_~ _|<const. log - =|z]<1
P n o4 9 =lz|]<1,

log* -
| P(2) 1—|z| #4 1-a,2

where if i(l—lan|)<w, then p=0, e=0 and if i(l—lann:w, then
n=1 n-=1
=0, if p=p and 0 <<e<1—(n—[n]), if pFp
PROOF. (i) Suppose that 55(1—|a,,]).—_m, then

= (1 1-la, ), rare ey Cran )
P(2)= 1_ n ) —ﬁnz e N a2 1
(2) E 16z 1)
Hence if we put
. 1—a,z (l—la |2 1 (1—|a |2)1’)
¥(z, a,)=1o Ll L N T S | Rt A , 2
(2 a,)=log a(a,—2) 1-a,2 p \1—az ©
then
log'| o | B R EEa)+ | T, Wea)l. ®)
l—ﬁ:z. = 12 11;a:;f< 12
As the proof of theorem 1, we have
. 2 |ut+lte
7@ ae) <2, ’1 '“z' o 4y
where €=0, if p=p and 0<e§1—(y—-[ya]), if p=p.
In >,
R (7 (2 a n))slog?if“ R A ®)
( ) ! l_anz i

If z lies outside of C, :|z—a |=1—]a,|)~**, then in >,

| 1— az - l-azl  _  |1-agz

\__ < < .
a,(a,— la,|(1—|a,|)"+ la, || 1 2az‘<‘” "
!

const. conrsrt
T J1—a.zlrt T 1 —|z))#rd]
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so that
1—a,z | 1
log - < const. log — - FiE N
a,(a,—2) |~ —l z| 12
Since in >, 11— lfl I ngl, we have
| 1—a,z 2
R*(¥ (2, a,)) < const. log 1. i l—lfz" " uﬂﬂ,
. 1_12' \ laanz
so that
DU R (¥(2, a)) < const. log - 1. Z ’_ﬂ MH&, 1 <|z|<1.
- 1—|z] 1—a,z | 2
(6)

Hence by (3), (4), (6), if z lies outside of C, (n=1,2,--+),

—’ < const. log m—lwﬁ S

(ii) Next suppose that i(l—lan|)<oo, then =0 and

1~lanl2

put1te 1
- b
1—a,

log™ e <lzl<1l. (7)

P(2)=TT "1(“ =4 1)
n=1 —_—
- so that
1 1-a,2 l1—-a,:z
log = og |~ T»® log- = “n . 2
P(Z) \—-la, > 1 s —n(an_z) i t 'a§2 1 !‘ . a—n(an'_z) )
l1—a,z| T2 i1—a,z] 2
In 2,
j 1-a,z 1—J|e,*!, 1 —la,|* 1—ja,]
log n !g nl '+ o2 =T 1%l
| a—n(an 2) I ‘ l_a—nz ‘ 2 ’ 1- d 2 o ll_a-nzl
so that
1—-a,2 1-]a,|* l“‘ ¢
log —— == 3
2, log — 2.2 =22, 1azl 3)
If z lies outside of C,:|z—a,|=(1—]a,]?)*, then in >,
1—a,z | |11—a,z| |11—a,z|
log ],:, —nZ_ 1 <log ” . =< log T
(a ) [ Ianl(]-_“lanlz)4 I } ,],Lja”z ‘

|a,
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16 1 1
=lo < const. lo S, <z 1.
% e, N—azf = €1 e 2 =PI
. 1—|a,|” 1 .
Since = in
" \1 sz = 2 ™2
_ | B
i G_ 2| é const. log L Ia I , so that
, —2) 1-—|z| |1 w3
l1—a,z 1—|a, I“’
1o - gconst lo - |
= gla(a—z) g1 2 " 1iaz]’
1 .
o =lz]<1. 4)
2
Hence by (2), (3), (4), if z lies outside of C, (n=1,2,---),
bl 1 S ~}a 1
lo - |<Zconst. lo : ﬂ_., <|z 1. 5
¥ P = Bl jel & 1oap 2 =FSL O

2. Order of the derivative.

Let w(z) be a meromorphic function of order p (=< o) for |z| << oo,
then Whittaker and Valiron® proved that w/(z) is of the same order p.
We shall prove the analogue for a meromorphic function in |z|<<1.
We shall use the following lemmas.

LEMMA 2. Let p=0 be the convergence exponent of a,. Then

Z (1—Ia N =0(1—7)*).

=
r= an

Hence let C,:|z—a,|=(1—|a,|)*" be a circle about a,, then if 1—7,is
small, for any r(r,<v <<1), there exists v'\r <v' < 1’—2|—1 such that the

circle |z|—r’ lies outside of C, (n=1,2,---).

_ 1) J.M. Whittaker: The order of the derivative of a meromorphic function. Journ.
London Math. Soc. 11 (1936).

G. Valiron: Sur la distribution des valeurs des fonctions méromorphes. Acta
Math. 47 (1926).

M. Tsuji: On the order of the derivative of a meromorphic function. Tohoku
Math. Journ. 3 (1951).

Y. Komatu: The order of the derivative of a meromorphic function. Proc. Japan
Acad. 27 (1951).
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Proor. Let n(r) be the number of @,, such that |ae,| <7 <1, then

L ), 0<e<1.

since 3} (1—|@,|)«""1* <o, we have ”("):0((127)#%

Let 0<<»<<p <1, then

S a-la, e =\"w -ty dnit)

r= Jan\ <p
= @ —p) mp) + (w+-) @) it it

Since (1—p)*™ n(p)=0(1 —p)**)—0, as p—1, we have

rélanKl

> A—-a, )< (M+4)Sl(1 —t)#t p(t) dt

—0 (81(1 _tye dt) —O((— 7)) = O((L—7)?).

LEMMA 8. (Hardy-Littlewood?). Let u(z)=0 be a non-negative
subharmonic function in 12| <1 and 0<a<—;—r—. Let z=¢® be any

1

point of |z|=1 and w(e’ «): |arg (1 —ze %) | <<«, ;2777§|zl<1 be a

sector, whose vertex is at e and put
M@, )= Max u(z).

zew(e'a,a)

Then
S Qn[M(H, a)]*do < Ak, “)Sgn[u(e"")]k de, kE>1,

where Ak, &) is a constant, which depends on k and o only.

Now we shall prove

THEOREM b. Let w(z) be a mevomorphic function of order p (< <) in
|z| <<1 and p' be the ovder of w'(z), then p'=p.

PROOF. (i) First suppose that w(z) is regular in |z|]<<1 and
p<<co and let T(w, ) be its characteristic function. By Nevanlinna’s
theorem?,

2) G.H. Hardy and J. E. Littlewood: A maximal theorem with function-theoretic
applications. Acta Math. 54 (1930).
3) R. Nevanlinna: Eindeutige analytische Funktionen. Berlin (1936) p. 240.
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m (7] = L ("loge [ W06 g
w 27 J, w(re®) |
=0 (log - 1) +O(log T(r))=0<log 1_) , 1)
1—7r 1—
except in a set of intervals J, such that ZS]d(,dJﬂi—)<w, (A>0).
Hence
() o (o) (]
w w

—m (Z'w, 7, m) +Nw, 7, 0)

B
1 —7)ete

A
3

2

w,r,w)+T(w,r)=0( ) , €0, (2)

. /
except in J. If we take A =p +e, then since T(w, r) is an increas-
w

ing function of », we see that (2) holds without exception, hence

t:;g; is of order <p, so that w'(z) is of order < p, hence
Pr=p. 3)
Next we shall prove that p<<p’. Since w'(z) is of order p'<p <<co,
1 2 . 1
_~_\ logtlw' (re®)|d0 =T W', r) +O@1 =O(—4~), o, 4
ZWSO og|w(re?)| @, N +0W=0( i — ), &> @
1
— + -
M(r)—l!@grx log Iw’(z)l—O((l—_;Fm) , €>0. %)
If we put
M7, 6)= Max |w'(te’)], (6)
0=t=r
then

lw(re)| < |w(0)| -+ Sol W (tei®) | dt < |w(0) |+ M(r, 6)

so that
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T(w,r)=- 1S?”log+ lw(re?)|dé +0OQ1) < - 1 SznlogJr M(r, 6) do+0Q)
2 J, 27 J,

= (o " aoer Mz, ) o) e 0@, e>0. @
2 J, ‘

Since logt M(7, 8)= Max logt |w'(te’?)] and log™ |w'(2)]=0 is a non-

I={=r

negative subharmonic function, we have by and (4), (5),

Szﬂ (log™ M(r, 0))'T=d0 < const. SQ" (logt |w'(rei?) |)'T=d6
0 0
=const. Sgnlog“L fw'(re'®) | (logt (w'(re’)|): do
0

< const. gz" log* | (re?) | (M(7) ) dO

const. S

—— (]_ — 1’)5(9/+1+e) K 10g+ l w’(yeiﬂ) |d0 é — Cons,t' _ 1 (8)

. = A —pyertre 1 et
Hence by taking >0 sufficiently small, we have by (7)

T(w, r):O(—(l‘—iTo'?H for any $=0, (9)

hence p<<p/, so that p'=p, if p<<oo. If p’'<<co, then from p=<p/,

we have p<Cco, so that if p=co, then p’'= oo, hence p’=p in general.

(ii) Next suppose that w(z) has poles in |z|<<1 and first suppose that

p< co. Then by w(e)= ), where w,(2), w,z) are re-
w,(z

2

gular and of order <p in |z|<1. S“ince by (i), wi(z), wy(z) are of

order <p, we have from w’(z):yﬁ(z) w,(2) — w,(2) Wy(2)
(wy(2))*

pPr=p. 1)

Next we shall prove that p<<p’. Let ¢,50 be poles of w'(z) and

P(z) be the canonical product, formed with @, then by [Theorem 2,
P(z) is of order < p’ and

’

gy~ @3) ”
WE= oy =0, 2)

where Q(z) is regular and of order <p’ in |z|<<1.
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Let #=0 be the convergence exponent of @, and C,:|z—a,|
=1 —|a,)*™ be a circle about a,, then by Lemma 2, for any small
1—7, there exists », and »(r <7,<<#<C1), such that the circles |z|=7,
and |z|=7 lie outside of C, (n=1,2,-.-).

We take off the insides of C,, which lie in 7,<<|z|<<# from
7y<|z|<<7 and let D be the remaining part. Then D consists of a
finite number of connected domains. If 1-7, is small, then there
exists a connected one 4 among them, which contains the circles
|z|=7, and |z|=7 on its boundary I'. Let L(r, 7, 6) be the segment
z=te(r, <t <v). We modify L(r, 7,6) into L*(», 7, 6) as follows.

If L(r,, 7, 0) does not meet {C,}, then we put L*(»,,»,60)=L(»,, 7, 6).
If L(r, 7,6) meets {C,}, then the part of L(, 7,8), which lies in 4
consists of an odd number of segments: z, z, -, 2,, 2,,.,, Where 2z, =t ¢
(ry=t,<<t, <<---<t,,;,=7). There exists an arc «, of I', which con-
nects z, to z, and there exists an arc «, of I", which connects z, to
z, and similarly we define «,, «,, .-, then

L¥(7y, #,0)=2,2,+ 0, +2,2,+ Ay -+ 2, 2, -+ + 25, Zgppis » (3)

L*(r,,7,0) lies outside of C,(n=1,2,--) and connects z,=—7,? to
zZ=vre" so that

wiret) | < |wire+\ w@)])dz]
~ Q@
= 0y | + L. dz
el SL*(ro.r,ﬂ){ 2’P(2) I
T ey S I S eI
<iwrens V10PN |y | 1251

hence

Sznlog*‘ |w(re?) | dé < S:nlog+(s ” |Q2) Idzl) do

L¥(ro,7,

_FS%IOg*(S 1 f|dz|)d0+0(1):1+11+0(1). )
0 L>l<(r¢,,r,l9)1 ZVP(Z) I

We shall prove that if 17, is sufficiently small, then L*(», 7, 0) is
contained in a Stolz domain w(e"”, g ): larg(l —ze~i%)| < g , Whose

vertex is at e,
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Let ¢=L*(», 7,0) and suppose that {=«,. Since (1—]|a,|?)#" is the
radius of C, and by Lemma 2, > (1—|a,)*"=0(1A-[})?), we

Q!CJ--—léJanw<} )
see that the diameter of «, is O((1-—-|¢])?), so that if 1 —», is small,

¢ lies in w(@”’, g ), hence L*(», 7,0) is contained in w(ef”, 7"-).

Let 2/ =7'e?, ' = 7’;1 . Since L*(r,7,0) is contained in w(e”’, T ),

we see easily that L*(»,, 7, 6) is contained in a Stolz domain w(Z’, : g ),

which is bounded by two lines through z/, making an angle g with
the radius of the circle |z|=7', through z'.
Let w,o(z', ,g) be the part of w(z', T ) which is contained in

7,<|z|<<#’ and put

M(r', 0)=Max |Q(2)]. ®)

zew (z’, 7")
Yo 3

Then by Lemma 3,

SQn(log*“ M, 6))<d6 < const. S (log" | Q(r'e?) |)+df, e=0.
0 0

Hence
2 .
1=S 10g+(g Q) |? |dzl) degconst.g log* M, 6) d8
0 Lk (r0,7,0) .
_g_COIlSt. (Sgn(log1’ M(r/, 9))1+Ed9) I—il:gM
0 .

< const. (Szﬂ(logJr | Q(7'e'%) | )1+Ed0)14i5 . (6)

From this, we have as in (i),

I:O( (1¥i/)p,+8 );:O( (11)‘”6 ) for any 8=>0.  (7)

Next we shall evaluate II. Let z be any point on L*(r,7,0) and
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first suppose that z=«,. Let z, be one of two end points of «,
which lies on L(r,, 7, 6), then as proved above, the diameter of «, is
o1 -1z, so that |z—z,|=0(1—]2,)?), hence from

3,2, 1|—|z2—2,| <|a,2—1]|<1@,2,~1|+|z—2,] and |1-4,2,]=1—|z,1,
we have '

11-a,2,11-0(Q—-|z ) =l1-a.2|<[1-aG,:2]| 1+0(1—|z]).

Hence if 1—|z| is small,

NS B ®
ll——a-nzl ll_—dnzy|
Since as easily be proved, »~--J_—~h < -fﬁ__z«—fﬁ, we have
[1—a,z,| |1—a,re’|
N L — ©
|1—a,z| 1—a,re?|
If zcz,2,+2,2,+---, then -,'/-1- ‘lé 2 grllia?—r‘eif’ so that (9) holds

for any z&L*(7,, 7, 6).
Since by if z lies outside of C,:|z—a,|=(1—|a,])*"
(n:]-’ 2,"')'

1 1 v 1—la,|* #te 1
logt T = < t.log— Rl R <l|z|<1 (10
OB" ppy Seostlog o2y e 0 g =IRISTAD

and L*(r, 7, 0) lies outside of C, (n=1,2,---), if we put

M(r, 0) = Max 10g+ - 1“E ’ (11)
ze L (70,7,0) zyP(z) |

then from (9), [(10), we have

1 S 1—|a,|* #tite
M(r, 6)< . R D Bl bt LA ) 12
(7, 0) < const. log 1, EI 1—arer | 12)
so that by Lemma 1,
2 J 1 12 2
II:S log+(g 1 ‘|dz|)do_gzg Mz, 6) do
0 Lxtrore)| 2°P(2) 0
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const. log - 17- . 1

1y e HETEED

=

{ (13)
2
const. (Iog 11) , if pu+e=0.

Since p<p’, we have by 4), (7), (18),

m(w, 7, )= %Shlog* |w(re®)|d6= O (_(1%)”—6) for any §>0.
. _

Hence if the circle |z|=7 lies outside of C, (=1, 2,.--),

T(w, r)=m(w, 7, o) + N(w, 7, o) < m(w, 7, o)+ NW', 7, o)

m(w, 7, o)+T W, r)=0 (Fi—)ﬂ?) . 14)

By for any 7(r,<7r<<1), there exists #»/ (rgr’ gl"éﬁl ,
such that the circle |z|=7' lies outside of C, (n=1,2,:--), so that for

any 7 (07 <1),

Tw, r) < Tw, )= O ’(”1’*—7”)7’:"—) —0 (Tr’)«??f) for any 5=0.

Hence p<<p’, so that p’=p, if p<<co. We can prove as in (i), that
p'=co, if p=oo, hence p’'=p in general.
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	Canonical product for ...
	1. Canonical product.
	THEOREM 1. ...
	THEOREM 2. ...
	THEOREM 3. ...
	THEOREM 4. ...

	2. Order of the derivative.
	THEOREM 5. ...



