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Analytic vector functions of several
complex variables.

By Isao ONO

(Received Aug. 13, 1955)

In this paper, we shall consider a system of & functions, which
we shall call a vector function following Bochner-Martin*), of k&
complex variables. We shall show that various theorems of the
theory of functions of a complex variable can be generalized to the
case of vector functions. In our previous paper in collaboration
with Prof. S. Ozaki, we have established the expansion theorem and
the estimation of derivatives for vector functions in polycylindrical
domains. Now we shall study such functions in more general domains.

In §1, we shall prove the expansion theorem and the residue
theorem, and give a representation of derivatives and coefficients.

In §2, we shall consider bounded vector functions, and generalize
Gutzmer’s inequality, Schur’s estimation of coefficients and Landau-
Dieudonné’s theorem concerning the univalence radius of a hyper-
sphere, etc. The estimation of coefficients was given by E. Peschl
and F. Erwe in the case of systems of functions of a complex
variable. About the univalence radius some results were obtained
by S. Takahashi [4].

In § 3, we shall generalize the argument principle in the case of
a complex variable and obtain a formula giving the number of zero
points of vector functions. The set of zero points of a single function
of several complex variables forms a manifold, but the zero points
of vector functions are in general isolated, so that we can speak of
the number of them.

§ 1. General considerations

1. Distance and norm. We introduce the real coordinates x,, y,,
-y Xp ¥, in the 2k-dimensional Euclidean space and put z;=x;+iy,

*) See Bochner-Martin [1], Chap. VIIIL. §5.
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j=1,...,k and designate the coordinate of any point in the space as
Z1
2

Particularly, we denote by (0) a vector or matrix whose elements

are all zero.
The distance between two points z, z’ is defined by

22|~/ =22

Here and in the following, vectors and matrices marked with the
symbol * denote the transposed conjugate vectors or matrices. The
norm of any matrix A=(a;), (i=1,-,k;j=1,-,n) is defined in the
following two ways: :

[A]=y/Tr. (A% A) =y Za,l

where ¢ and # are both k-tuple vectors. Asis well-known, the former
is the square root of the maximal characteristic value of A*A, and
the latter is that of the sum of the characteristic values of A*A
and so ||A]|<[A]. In particular, we have for the unit matrix E:

E||=1, [El=yn,
but, for any vector z, we have

llzl|=[z]=]z].

2. Awnalyticity. We assume that a complex function fi(z, z)=f(z,,
Zy s 2py 2;) 18 continuous and has the first partial derivatives in a
connected domain of the z-space, and we write symbolically,

0Z; 2

7

a__1(a .a) ga,l(a‘ . 9

Hra‘x.i’_ 0y, oz, 2 \ox 0y;

If f(z,Z) is regular with respect to every variable z;, we have
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o Lo, etk

0z,
If w,(2), -, w,(2) is a system of k regular functions, we call the vector
function
w,(2)
w(z)=
wy(z)

regular with respect to z.
Now we define the powers of a vector z as

2t
i
(1.1) ZP = _.J". Az
nl- "?k !
2%

where (n,---,n,) runs over all the non-negative integers such that
k+n—1
n
--+, 2, are arranged in a certain determined way (e. g., in the lexico-
graphical order) to form a ,H,-tuple vector.
Moreover, we define the #n-th differentiation of a vector function

w(z) with respect to z as

n,+---+n,=n and an(z( )) monomials of degree # in z,,---

drw(z) _ d»
dz dzn X w(z)

on T nl o” o”
_(; C et % 9 ) e,
oz nl--n,! 6z;’1---azzk 0z27%

where aan ’r vy 561 are arranged in the order corresponding to zz,...
zn 27

-+, 22 in and the sign < designates the Kronecker product. Thus

is a matrix of & columns and ,H, rows. Then we have Taylor

expansion by the method used by H. Cartan [6]:
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THEOREM 1. If w(z) is a one-valued and vegular veclor funclion
in a connected domain D of the z-space and a is any fixed point in D,
then w(z) is expanded in the form of the following diagonal power
series :

(1.3) w(z)=w(a)+ Dz _qyy...; 1 EW@ ;g
dz n! dz»

This series is absolutely and uniformly convergent in |z—a|<<7 in lhe
sense of the diagonal series where v is the distance of a from the
boundary of D.

PrROOF. Let #' (' <<#) be any positive number, and we put R=
(r+7)/2r") (R>1). Then w(a+(z—a)t) is regular with respect to a
complex variable ¢ in |[{|< R for |z—a|<<7’. And so by the residue
theorem for the function of a complex variable, we have

(1.4) ""‘z)*-gl—-*g wia+(z—ayt) -4

?
7L J)=R t—1

where the integration is done for each component of w(z).
As 1/(t—1) is equal to an absolutely and uniformly convergent

power series it‘"“, we can interchange the integration with the

n=0

summation in (1.4). Then we have

& 1 dr
w(z)=3 T[W w(a+(z— a)z)Lo
oo k
~Ear e o v
T i R |
n=0 1! | n1+ +np=n n

-n,! 62"1 6Z”k n!l---n,!

Thus the proof is completed.

COROLLARY. The first devivative of w(z) in [Lheorem 1 is expanded
as follows :
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dw@) 1 dw@) 4,

1.5 +
(1.5) dz a1 n!  dz» dz

PrROOF. Because of the uniform continuity of the function

fy= L

2t

dt
w(a+(z—a)l)
SIH-R -1

we easily obtain this expansion by differentiating both sides of (1.4)
with respect to z.

We call a vector function analytic in D when it is expanded in
the series as in Theorem 1 at every point in D.

For various purposes it is sometimes more convenient to use
other definitions of the powers of z and the differentiations with
respect to z as follows:

2t
1.1y 2" = 2 e a2
2%
and
n n ! n n
dz 02! nle-my! 0201027k 0z
or
2t
1 .
(1.1)/’ 2" = . 'ZIL,_'_ VS IREREE Z’;k
n, Ry, .
2

and
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drw(z) _ on o
1.2y it Sl - ee, I xwlz
(1.2) dz» az" T ooz 0z @)

where n,+.-- +n,=n.

Even if we use these definitions, we have the expansion theorems
of the same form as in and its corollary. According to
the definitions (1.1)” and (1.2)”, we have

@), g dw(a) 1 dwa)

dz a2 CTOTT T I g ETOT

and also, in the case of 2=2, we have

) _dulw 1 dwla) (@ 0
dz dz (n—1)! dz» 0 (z—a)»!
where the last matrix (" I(ZBa)n_l
columns, each column consisting of (z—a)”~!, which has » rows, and
a single zero. TUnless otherwise stated, we shall use the definitions
and [1.2).

8. Greews formula. We denote by D a connected domain bounded
by smooth hypersurfaces C,,---,C,, in the z-space. We suppose that
C; is representable by an equation of the form fi(z,2)=0 with a
real-valued function f,. TFor simplicity we shall denote by C the
collection of C,,---,C,, with suitable orientations and by f=0 those
equations f,=0,---,f,,=0. Then we have from Green’s theorem

(1.6) SB(z, Z) af [ dfz‘ (‘;J;)*]'%dszzgpﬁﬁ(zz’fldv, j=1, k,

) has (#-+1) rows and 2

where B(z, Z) is any single or vector function which is continuous and
has the first partial derivatives in D, dS is the surface element on
C and dV is the volume element in D. P.R. Garabedian [8] made
use of this formula in proving the existence of the generalized
Green’s function. Taking the conjugates of both sides of (1.6), we
obtain, because of the arbitrariness of B(z, %), the following formula :

(1.7) S Bz, 2) af ZJ;(ZJ;) ]—%dsznga_Ba@_Zldv, =1, k.

7
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By these formulas we obtain the following fundamental lemma
which is an extension of the following formula for one complex
variable :

S 2ndz =

lzl=»

l 0, for n¥-—-1

2mi, for n= —1.

LEMMA 1. For a spherical hypersurface K: |z|=R, and non-
negalive inlegers n, m,,---, Ny, m,, we have

0, for n,—m)*+---+(m,—m,)*>0,
(1.8) SKZI'“Z{”’---ZZkZZ'deZ R %74 ,

f07’ (nl_m1)2+"' +(nk_mk)2=0 ’

where n,+---+n,=n and o is the area of K, that is, 2mw*R* ' [(k—1)|.
PROOF. As the equation of the boundary of C in (1.6) and (1.7)

. of [df [df \*] 7 . z;

s |zP=R?, - 7[ ( ) ] s equal to =7_. If we denote by D

is |z 0z; Ldz \ dz 15 e R y

the hypersphere |z|<<R, we have from (1.6) and (1.7), respectively,

1.6) B % as—=2( 9B gy,

16) \ B % das=2\ o av

and

1.7) B % as=2( 9B qv 1.k,
(1) SK R SDaz,- ],

Now we denote by P the left side of (1.8).
i) In case n;==m; for some j, by (1.6)’ we have

(1.9) P= RSKz;“é{"l- . °Z;’j_12;”j- SZRRET - _;é; as

= 2m]-RS zZpzm.. . gn;=1zmi=1.. -szZZ'kd V.
j 7
D

Also by (1.7), we have
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» N - Z.
P:RSKzﬁlz{m---Z?jz;"j ‘---z’;kzl’?k . Ié das
(1.10)

=2anS Znzgm...zny= izt 2rzmd V.
D 7 J kk

Accordingly, by and (1.10),
2(mj—nj)RS gmzm...gn;=igmi=t. znzmpd V=) .
D J J k k&

For n;==m, the above integral vanishes and so does P.
ii) In case n;=m;(j=1,---,k), we can first show by the same"
method as used in i) the identity:

S ,zl Izm"‘lzklgnkdszﬁ,n@\,s lzl ,2(n1+1)...lzkl2(nk_1)ds
K n+1Jg
and thys we get

!

!
S |2, |Xmtnp)eei)z, _ |P7e-1dS = ,.(’:,L‘A%'_Zk;‘; "75 |z, [[ornp.. )z, |""e-1dS,
K 1 -1 YK

where the number of variables in the right side has diminished by
one.

Repeating this process, we have

. f... !
1.11 S 2, |2, radS—= Ml ml S 2 [ npdS.
A1) § fz, o fzprds= M0 e

From this follows

w2 > Mz ez pmdS— H,{ |2,mdS.
K

Knl+.-.;.nk=n nl!..- k!

As the left side of (1.12) is equal to R w, we obtain
S |2, "dS= R/ H, ,
K

ahd so, substituting this value into the right side of (1.11), we have
the proof of the latter part of Lemma 1.
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THEOREM 2. The expansion of w(z) in Theorem 1 1s unique and

d”du;ia) is expressed as follows:
n !
(1.13) ddu;(na)‘: nI‘EQon S w(2){(z—a)"}*dS.

lz—al=R

ProoOF. Let w(z) be analytic in D and be expanded in a uni-
formly convergent diagonal power series for [z—a|<<7 (r<<R):

(1.14) wi@)=A,+A(z—a)+---+ A (z2—a)y" 4.

From Lemma 1 we easily obtain

S (z—a)"{(z—a)y"}*dS=(0), for ntm,

lz—al=r

and

(z—a)"{(z—a)"}*dS= re E . .
SIz—al=r an an

Multiplying {(z—a)”}* on both sides of and using these results,
we have

A _ 1, S w(z){(z—a)"}*dS.

n 2
rw lz—al=r

This shows that the coefficients are unique, and letting » tend to R,
it is clear that the representation of the derivatives is given as in
the theorem.

§ 2. Bounded vector functions

For a vector function w(z) analytic in a connected domain D, we
call w(z) bounded in D, if there exists a positive constant M, for
which |w(z)|<M in D. For these bounded analytic functions, we
can generalize Gutzmer’s inequality and Schwarz’ lemma' as follows.

THEOREM 8. (Generalized Guizmer’s inequality) Let

(2.1) w(2)=A,+ Az A+t Azt
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be analylic and bounded, and suppose |wz)|<M in |z|<<R, then ithe
two inequalities hold :

R R
2.2 Ar+ B oare. B are..=me,
(2.2) [0]+kH1[1]+ +an[n]+ =
and

R2 R.‘Zn
2.3 AP+ AP+ + 2 AP+ = M2
(2.3) A4, H, 1Al H 114,

PROOF. From the uniform convergence of (2.1), for » (»r <R),

NES w(z)*w(2)dS = ES (z)*A*A,z7dS .

m,n=0

lzl=7» lzl=r

It follows from Theorem 2 that all the terms of the right side
vanish for m==#n and so we have
N—:—igl (z7)*A*A,z"dS .
n=0Jlzl=r

Denoting by a@? (j=1,---, ,H,) the row veector of A, and using
Theorem 2 again, we obtain

(ar)*ar 0
N____igl ]_(zn)* .. zndS
0 (@),
e e rHy - n)_ > ping % L~ rrw 9
B D) =Z T T AR = F T A

On the other hand, it is clear that N<M*’», and so we obtain
(2.2) by »—R. Remarking that [|A4,||<[A,], the validity of (2.3)
follows from (2.2).

From this theorem we have the following results, taking R=1.

COROLLARY 1. Let the function w(z) be analylic in |z|<<1 and
suppose |w(z)| < M, then the inequalities hold:

(2.4) [A1=M, [A1=<v,H,M,
(2-5) HAollgM’ ||An”§-|/;H;M, n=1’2>
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Moreover, the equality sign holds if and only if
wz)=A4,, wi)=A4A,2",

respeclively.

REMARK. If w(z)=z-+(higher powers) and |w(z)|<<1l in |z|<1,
then w(z)=2z, as [A]=, k. This is a special case of H. Cartan’s
uniqueness theorem [7]. But as far as the hypersphere is concerned,
we obtain a sharper result as follows.

COROLLARY 2. If w(z)=A,z+(higher powers) and |w(z)|<<1 in
|z| <1 and [A1=+ k or ||A,|||=+ k, then w(z) is a linear iransfor-
mation.

We shall now estimate the norm of the coefficient matrices of a
bounded vector function.

THEOREM 4. Let w(z) be an analytic vector function in |z2]<<1 and
w(0)=(0) such that |{w(z)| <<1 for |z|<<1. Then the following inequality
holds :

(2.6) aw0) | 4,
dz |-
The equality sign holds, for instance, for w(z)=Uz, where U is a
unitary malrix.
PrOOF. From Schwarz’ lemma for vector functions of several
complex variables [9], we have

lwz) P < |z ).

z -+ (higher powers) into the left side of this

Substituting w(z)= dZ;(O)
z

equality, we get

b

- (g0 40

3 3] 2.
4z z+0(|z|)i§lz!

If we put |z|=# and z=7u for z==0, and divide both sides by 7’
and let » tend to zero, we have

o (d@;(zo) )*ﬁ"(&) ul<1.

dz
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Here, # is an arbitrary k-tuple complex vector whose length is 1,
and so the validity of is assured by the definition of the norm
dw(0)
of T
It is to be noted that the equality sign may hold also for a
function which is not of the form Uz; for example, in the case
of k=2, the equality sign holds for

23
w(z)=—— z, or w(z)=
1 1

2

2

COROLLARY. A mecessary and sufficient condition that a vector
function w(z) salisfying the condilion of (not necessary
w(0)=0) is of the form Uz, wherve U is a unitary matrix, is thal tlhe

l‘wo idenlilzes hOZd:
‘!_;,,A(,,l )__— | | ‘“LLL ) |_—

ProOF. Clearly these conditions are necessary, and so we have
only to show that these are sufficient.

Be hyeeey N

Let the characteristic values of (dw(O) )*dw(O)

dz dz

(A, =---=2,=0). Then from the condition “”:’;Q “:1, we have
4

A =1.
Moreover, from the condition [fl%(o)]:/f we get
z

N+ N,=F.

Accordingly,
A =-=A,=1.
dw(0)

b4
Theorem 3, w(z) is a linear transformation. This. completes the proof,

This shows that - is a unitary matrix and from Corollary 2 of
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THEOREM 5. Let a veclor function w(z) be analylic in |z|<<1 and
suppose |w(z)|<<1, then we have the inequality :

< 1w
1—[zp?

@7 | rae) ®P Hgllr(w(z)) @) @y

where I'(w(z))=1/1—|w(2) PE+{(1—/1—|w(2)]*)/|w(z) w(z)w(z)*.

The equality sign holds for I'(a)(z—a)(l—a*2)™* where a is an
arbitrary point in |z|<<1.

PrOOF. It is easy to see that the transformation

f2)=T(®)(z—b)(1-b*2)"*,  (Ib|<]1)

is a one-to-one and analytic mapping which maps the hypersphere
[z] <<1 onto the hypersphere |f|<<1.
Now, if we put, for any fixed point z in |z|<C1

S(u) =I'(w(2)) {w(u) —w(2)} (1 —w(2)*w(@)} ™",

we have |S(#)|<<1, because of the assumption: |w(x)|<<1 for |«|<<1l.
Accordingly, from Theorem 4, we have

- dS(2(0)) !

(2.8) B

<1

and by simple calculation,

dS(z(0)) _ 1-]zf

2.9
(9) du D v )

I'(w(z)) QZ(Z)‘ re-t,
4

where we notice that det{I'(z)} =(;/1—|z[|*)*! and so, there exists the
inverse of I'(2).

Using the property of the norm: ||AB||<||A]|+||B|| for any
matrices A and B, and ||I'(z)]||=1, we have

r(w(z)) d‘;(z’

¥4
(2.10)

< | ra) 297 re)-|.
! dz 1

Thus we obtain the inequality (2.7) from (2.8), (2.9) and (2.10).
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COROLLARY 1. For the function w(z) in lhe theorem, we have

2.11) !dw(z i 1/“,1,—Iw(z)|
o 1-—|zf

and

2.12 ldwz) | o 1

&1 1{ dz |7 1—|z]

PrROOF. Using the relation:

‘F(w(z)) dz;(z) H dw(z)

/ NI @) I,

and

1 T(w(2))" | =1/y/1—|w(2)|?,

we have (2.11) from Theorem 5, and (2.12) follows from (2.11).
COROLLARY 2. Let w(z)=A,+A,z+--- be analylic in |2|<<1 and
suppose |w(z)|<<1. Then the two inequalilies hold:

IAol_S_lr ”F(AO)A1”§1_|A0’2'

PrOOF. This corollary follows easily, if we put z=(0) in (2.7).

REMARK. In the case of functions of one complex variable, we
have the well-known condition of Schur [10] for the bounded family
of analytic functions, that is;

Let w(z)=c,+c,z+--- be bounded: |w(z)|<1 in |z|<1, then

ICOISI, lCllgl'—ICOIZ, """ .
The inequalities in Corollary 2 correspond to the first two inequalities
of Schur. .
THEOREM 6. If w(z)=z+A,2°+--- is analylic and \w(2)|<<M in
|z) <1, then w(z) is univalent in |z| <<1/2(k+1)M, and the image of the
latter hypersphere contains a univalent hypersphere :

lw|<<1/4(k+1)M.
PrROOF. To prove the first part, it suffices to show

2.18) }%dz‘;(:) —E| <1 for |z|<1/2(k+1)M,
il |
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as this is a sufficient condition for the univalency of analytic func-

tions obtained by S. Takahashi According to the corollary of
Theorem 1, we have

awz) _p_ Z‘,A a ..

dz dz
From the inequality [2.5),
A, <v HM
and also by simple calculation,
d ‘
A et
1 dZ

where r=|z|, and so we have

D E =354,
| dz

‘}~ ; 3 ny/ H Myt

Using Schwarz’ inequality, we get

db;iz)v —FE yng Mg(i nre1) (i nH,r"*)
d n=2 n=2

:Mﬁ{;J_-_l}[;l‘* 4A—k} :
1—7») (1—7)+*!
Hence (2.13) will be obtained in putting »=1/2(k+1)M, and in

noticing M =1 which follows from [2.2), if we can prove the follow-
ing inequality ‘

k(k—1) 1
3! (2k+2)2

(2.14) 2k(k+ 1)[ 1+

}<(2k+2)2( 1 )'”3.

2k +2
Now the left side of this inequality (2.14) is less than

_ 1 1 _
P—2k(k+1)'1+3!22+g! _ }

—4k(k+1) sinh ; —2.084---k(k+1),
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‘and the right side is larger than

_ ) k+3 (k+3)(k+2) _ (R +3)(k+2)(k+1)
—(2k +2 o) kT <
Q=(2k+2) C2k+2 e 21 (28 +2)* 3f(21e+2)3

Obviously we see P<<Q, and so (2.14) holds.

We are now going to prove the latter part of this theorem.
For |z|=7, we have

|lw(z)| =7— leAnIlrnzr MZVkHr”
Applying Schwarz’ inequality again, we get

S viHrr= " k)
(4 v

=17l a-ry
7 {(k+Q@ . 8(k+Dk(k—1) ,,
=aA—reil 21 4!

And so, the theorem will be proved if we show that this last ex-
pression is not larger than 1/4(k+1)M for r=1/2(k+1)M. To show
this, we shall prove the following inequality in the same way as in
the proof of the first part of this theorem:

3 5
4k(k+1)[ 119 e 619w -
(2.15)

2k+1) 21 (2k+2) 31 (2k+2)*
The left side of (2.15) is equal to

<(2k+2)2[1 _k+1 . (B+Dk (k+1)k(k—1)

4k(k+1)[4+2 sinh ;_-—4 cosh é_ — 212 k(k+1)

and the right side is 251";2 +5%Ie—+2. Accordingly, the inequality"
(2.15) holds.
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COROLLARY. Lelt w(z)=A,z+A,22+--.... be analylic and suppose
|lwi)| <M in |z|<<R and det A ==0. Then w(z) is univalent in
|z) <<R*{2(k+1)|| A7'|| M} and the image of Llhis hypersphere contains
a univalent hypersphere |w|<<R’/{4(k+1)|| A7'||’M}.

PrROOF. From the assumption: det A,3=0, there exists the inverse
A7t of A,. Putting z=Rz' (|2’ |<1), we get

f(2')y=AT'w(R2")|R=2" + (higher powers)

and

|f(z)| = M| A7 I[R.

If we apply for f(z’) anmalytic in |2'| <1, this corollary
is easily obtained ([1I]).

REMARK. The condition det A,==0 is necessary. For, it is a
necessary condition for the univalency of w(z) in the neighborhood
of z=(0) that the Jacobian does not vanish at z2=(0), and the value

of the Jacobian at the point is equal to ‘det dZ(O) 2=]detA, I
! z

Nevertheless, the univalence radii in the above theorem and its
corollary are not best possible. Also we have not yet succeeded
in generalizing to our case Landau-Dieudonné’s theorem on the uni-
valence radius of starlike functions of one complex variable.

§ 3. The number of zero points

We shall introduce the following formula in order to obtain the
identity which designates the number of zero points of vector func-
tions of several complex variables.

Putting B(z, Z)=f£ﬂ P(z,2)(j=1,---, k) in Green’s formula (1.6) of

J
Section 1, where P(z,2) is continuous and has the first and the

second partial derivatives, and summing up, we have

o 1, men L)L) e ] sy

where AP is the Laplacian of P(z, 2).
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As no‘ciced in Section 1, we use the definition of 2z* and drw(z)

dz»

in (1.1Y and [(1.2).

If all the elements of a vector function w(z) vanish at a point
a that is, w(a)*w(a)=0, we call a a zero point of w(z). We shall
obtain some conditions that w(z) has isolated zero points. For this
purpose we first prove the following elementary lemma.

LEMMA 2. For positive integers k (k=2) and n (n=1), we have
the inequality :

ke kf‘{(k—l)(n-l) = kan—k+1 ’

where the H's are the number of homogeneous products taken from k
letters.

PROOF. In the case of k=2, we can easily assure that the equali-
ty holds in the above inequality. For k=38, it suffices to show the

inequality :
k(kn—n)(kn—n—1)--.(kn—n—k+2)
>knkn—1)---(kn—k+2),
that is, | |
(F—1){(k—1)(n—1)+k—2}---{(k—1)(n—1)+1}
>k(n—1)+k—1}kn—1)+k—2}---{k(n—1)+2}.
The left side of the ébove inequality is equal to

(k—1)! {1+ ::; (n~1)H1+Z_:% (nfl)]---[1+(k~1)(n—1)},

and the right side is equal to
k

k

(k—1)! {1+ 2 (n—l)H1+ E (n—1)}..-{1+%(n—1)}.

Using the facts:
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we see that every factor of the left side is not less than the cor-
responding factor of the right side, which concludes the proof.

THEOREM 7. Let a vector function w(z) be analylic in a neigh-
borhood K: |z—a|<r and

(8.2) w(a)=(0), ,‘.@2(“)“ =(0),+-, ,ﬁff?”__(l"l: ),
Z dz»

and the rank of the following matrix be H,,_,,,:
dkn-k+1) d"w(a) o G-
(3:3) Aotk | ggn BT A X(E— @)L,

where the sign < means the Kronecker product. Then w(z) does not
vanish in the suitable neighborhood of a except at a.
ProoOF. Without loss of generality we may put e=(0). It fol-

lows from (3.3) that i'_;w(ll has at least a non-vanishing element in
zn
every row. Using the Weierstrass’ preparation theorem ([1], pp.

183-190), and a suitable non-singular linear transformation: z=Lz2,
we have

2,(2) 0
w(z(2')) = "
0 :Qk(z’)
(8.4)
17 Hll(zé,“'f Z,;), """ 7H-1 (Z;,"', Z;) z;’n
------------------------------------------ zln_l
ol [OOSR S E
1, H,i(Z;, ttty Z;), """ ’ HZ(ZQ,-", Z;) 1

where the functions H’s are analytic in a neighborhood of z,=---
=2,=0 and

[I;I(O’1O):O, j:1"'°y k7 l=1""7n

and £,z') is analytic and non-vanishing in that neighborhood.
Expanding w(z(z')) with respect to 2/,

w(z2(2')) = (a;;)z2’" + (higher powers),
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and comparing the coefficients on both sides, we have
1+ (higher pozqers), 0

w(z(2') =
' 0 1+ (higher powers)

(@, a\,+(higher powers),:--, aj,an + (higher powers)

.....................................................................

.....................................................................

L Q> Ay, + (higher powers),.--, @y, o + (higher powers)

If we replace 2’ by L~'z, we see that w(z) is equal to the right side
in which the primes are taken away, that is,

a,, + (higher powers),---,a,. an+(higher powers)

85) | e 21— (0) .

---------------------------------------------------------------

a,, + (higher powers),---,ak,anJr(hz'gher powers)

It suffices to show that w(z) vanishes if and only if the vector of
the second factor vanishes.

Now, in this system of equations with respect to the unknowns
2,2, we multiply both sides by the homogeneous products of
order (k—1)(n—1) of these k unknowns. Then we obtain a system
of k«,H, -, €quations. From Lemma 2, we see that this number
is not less than ,H, _,., which is the number of the unknowns in
the new system of equations, where every homogeneous product
2hn-ktl gkn=kz ..., zkn=k*l ig considered as an unknown.

From our assumption follows that the rank of

dkn-k+1)

(3.6) dz(kn=k+1)

((a;;)2" x 2= D=0y = A(a,;)

is ,H,,-p+1+ Therefore the matrix
(8.7 A(a,;+ (higher powers))

obtained from by substituting a,; by corresponding elements in
(3.5), has the same rank ,H,,_,,, in a sufficiently small neighborhood
of z=(0).
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On the other hand, if (3.5) had a solution other than z=(0), then
we could apply Sylvester’s elimination [12] to the above new system
of equations, and would find that the rank of (3.7) is less than
wHyy—pey Which is a contradiction. This concludes the proof.

We call the point @ in Theorem 7 the zero point of the n*th
order.

REMARK. In the case of =2, the condition (3.3) is expressed in
a considerably simpler form. That is;

fizw(q) Qeevenenennnnans 0
dzﬂ B O ............... O

0 dwla)

det 0 dz 0 :f: 0,
0 0 dw(a)
0 dz»
. e s drw(a) c 1.
where this matrix is of the form (2»)x(2#) and B el which is of
zn

the form 2x(n-+1), is situated from the first to (#+1)-th column in
the first two rows, from second to (#+2)-th column in the next two
rows, ete. For instance, in the case of #=2, putting

A 2B C o
w(z)= 2,2, |+ (higher powers),

D 2E F 2
we have
A 2B C 0
D 2E F 0
det =+ 0.
0 A 2B C
0 D 2FE F

LEMMA 8. Let w(z) be analylic in N: |z—a|<<r, where a is a

Sfixed point and det ZZ’ =D(2)x0 i N. Suppose, moreover, w(a)=0.
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iy Im case D(a)==0, we have

(‘(Zl—”z") ‘lw(z) =(2 —a)+ (higher powers),

ii) In case D(a)=0, assume that all the elements of (4;/(z))w(z)
are divisible by D(z) in N, where (4;(2)) is the transposed matrix of

the matrix which consists of the minor determinants of ;Zuf , and also
z

assume the conditions [(3.2) and [(8.83) of Theorem 7. Then we have

(iiu—)) _lw(z) -1 (z—a) + (higher powers)
dz n
where the left side is to be understood in the following sense. From
the assumption (%ﬂ) -lexists in N except for the set S={z: D(z)=0} and
z
for z,& S, lim (d_w) _11,u(z) exists when z tends to z, from outside S.
[(1"1) w(z) | will mean this limit.
dz 220
PROOF. i) In case D(a)=0, D(z) does not vanish in a suitable
neighborhood of @ and so there exists the inverse of f;’i)- and
Z
dw \ ! . .
dz w(z) is analytic there. If we put
(22) we)=f2), that 1s, w@)=% fz),

~ f(2) vanishes if and only if w(z) vanishes.
Now, noticing

w(z)=A(z2—a)+ (higher powers),

adw(z)
dz

= A, +(higher powers),

and

f(z2)=B, + B,(z2—a) + (higher powers),
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where det A,==0, we have
A@z—a)+ =A@+ - )WB,+B(z—a)+--}.

From this we obtain B,=(0) and B,=FE. Thus the first part of this
lemma is proved.

ii) Without loss of generality we may assume for convenience
that a=(0). As (4,(2))w(z) is divisible by D(z), (1/D(2)) (4;}(2))w(z) is
analytic in M. If we denote this function by f(z), we get

(4;5(2))w(z)=D(2)f(2) .

dw

Multiplying - on both sides, we have
74

D@w(x) =D& % fiz),
Z
and so, because of the assumption: D(z)230, we have
(3.8) w(z)= 4”;(;") f(z).
4

It follows from this equality that w(z) vanishes if f(z) vanishes.
On the other hand, w(z) vanishes only at (0) in N from the

dw(z)
dz

conditions of Theorem 7, and the order of w(z) and - with respect

to z are » and n—1, respectively. Accordingly, the order of f(z) is
one. Namely f(z) vanishes only at (0) in M.
Now, if we put
w(2)=A,z" + (higher powers),
dw(z) =A, dz + (higher powers),
dz 2

and

A2)= B,z + (higher powers),

and substituting these into and comparing the terms of the
least order on both sides, we have
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dz»
A 7 T e Bl - 0 .
n\# dz )=

From the condition of Theorem 7, we see that this equality
holds if and only if the second factor of the left side vanishes.
That is,

dz»

2" = " Bz.

Putting B,=(b;;) and remarking that

nzif"l, 0, .................. , 0
n
“_ddz\..: n znl 1 znk, ,,,,,, , nkzﬂl znk-—l ,
¥4
0, ........................ , nzz—l

we have

zk‘—z ; _7] zk+2 n]b]lzl : ] lz;+1 zk'
From this we obtain
nbj]:]., and b]l:O’ j,l:].,"',k;j#l-

This shows that B,=(1/#n)E and thus the latter part of this lemma,
is proved. '

All the assumptions of (ii) of Lemma 3 are satisfied, for instance,
by the function w(z)=A,z”, where A, satisfies and [(3.3) Among
these assumptions it is desirable to weaken the condition that
(4;(2))w(z) is divisible by D(z), but we have not yet succeeded in
ﬁndmg a suitable condition in its place.

THEOREM 8. Let D be a connected domain bozmded by smooth
hypersurfaces C in the z-space of k complex dimensions, where C is
represented by real equations f(z,2Z)=0, and let a vector function w(z)
be single-valued and analytic in D and have the second continuous
partial derivatives with respect to z, z, in the closure of D. And assume,

moreover, that det f@;i;z) = D(2) does not vanish identically in D, and
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that in a neighborhood of a point a where D(a)=0, the assumptions
(ii) of Lemma 3 are salisfied.

Then the number n(0) of zero points of w(z) in D is expressed as
follows :

- L0 e

(3.9)
s, A (G ) e Javs

where Si is the whole area 2m*%/(k—1)! of the wunit spherical hyper-
surface in the 2k-dimensional Euclidean space, o is the complex divection

; df\*[df (df\*~ © :
cosine vector ( dz) az ( dz) ] on C,* A means the Laplacian, and

dS or dV is the surface element on C or the volume element in D,
respectively. Here the zero point of w(z), for which and
hold, is to be counted with the multiplicity n*2

PrOOF. It follows from Theorem 7 and Lemma 3 that the zero

points of w(z) are all isolated and coincide with those of (;flw-)_lw(z).
P4

We denote by a',---,a? the zero points of w(z) in D, whose orders
are n,---, n, respectively. We cut off the hyperspheres |z—a/|<<e
(/=1,...,p) from D and make a new domain D. Applying Green’s

€ .

formula (3.1) for D, and sz(zw)_]w{_zk”, we have
2
aprP P z—a 1
3.10 22 adS— — e« 22 dS= -\ APV,
(819) Sc dz ads ng_all: *dz € S 2 SDE "

where

2| () o ) )

In the second term of the left side we have

*) a is equal to (z—a)/R when D is the hypersphere [z—al<R.
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Q-— P  z—a g
dz €
el e

where dS; is the surface element of the unit spherical hypersurface
in the 2k-dimensional Euclidean space.
Using the fact:

(‘dw;) Tw=_1 (2—a!) + (higher powers)
dz n,

on |z—a'!|=¢, we obtain
Q= {i (z—a') + (higher powers) HJ + (higher powers)
n, nl
«(z—al)e**nike-*dS, ,
and letting ¢e—0, we have Q-—n¥°dS,. :
Accordingly, we see from that > n*?=n(0) is equal to
[

the right side of (3.9). This completes the proof.
REMARK. The above formula corresponds to the following fact
known in the case of k=1:

1/
n(O)—nl(O):lTS W dz — 1,S w, dz,
2m o w 2m Jow

where 7,(0) is the sum of the indices of branch points and 7(0)—#n,(0)

. . e . dw \~! 7%+, .
is the number of distinct zero points. Here ( ) in (3.9) is

w

|
replaced by log jw/w'|.

As for the multiplicity of the zero points satisfying (3.2) and
(3.3), it would seem more natural to count it as n*, whereas we had
to count it as n%-? in the above theorem. The both ways agree for
k=2, but disagree for k> 3.

In order to obtain a formula which gives the number of a-points
of w(z) for any fixed a, it is sufficient to consider w(z)—a in place of
w) in (3.9). It is to be noticed that the formula (8.9) does not
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give the number of zero points of w(z), if the orders of the com-
ponents of w(z) are not equal, because the condition of (ii) of Lemma
3 does not hold. For instance, this occurs with the function:

z2,+2,
w(z) =( ) .
2122

Another difficulty with the above formula is that the term of
the volume integral remains. It depends on the fact that, for an
analytic vector function f(z), |f(z)|"%**? is not in general harmonic
with respect to z, 2, whereas |z|7%*? is harmonic. In this regard we
have the following theorem.

THEOREM 9. The Laplacian of E (Lh: )_lw—%“is always real-valued

|

and vanishes identically if and only if (Cs’;)—lw is equal to a+cUz,

where a is a k-tuple constant vector, ¢ is a constant complex number
and U is a unitary matvix of order k.

PrOOF. If we put ( d";(z)) w(2)=f(z) and f(2)*f(z)=u, we have
from the notation [(1.2),

du _ v df (ywd‘)* (df)],

dz dz’ \dz dz
and

AR RS r LAY
and so

T aworruen|n (& e L[

e

AL CAL AN RIS

The middle matrix k& df—(%g) Tr{ (Z;)*} +E=A in the
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last side being Hermitian, A(z %*!) is real-valued and the Laplacian
vanishes if and only if all the elements of A are zero.
Putting

(L

and taking the determinants on both sides, we have

i |44 | {oe] (41

In case det flL:O, we see that iif_:o, that is,
dz dz

d_w)—l _
(dz w=a.

1

In case deb _‘;f_ 40, ldet »‘y_}? is analytic and we have
2 4

e [ 414 ban

1

r L

Accordingly, féfi det Zfﬁ} s a unitary matrix and so it is con-
z z

stant*), then we can put

af _
L OF

where U is a unitary matrix (%;) and g(z) is an analytic single

function of z. From this we get

of; .
) = . V4 ’ ,l:l,--.,k.
azl u]lg( ) J

Differentiating partially with respect to z,, we have

2
_97. fi_=uj, o8 , for l=Fm,
02,0z, 0z,

¥) For example, see Bochner-Martin pp. 154-156.
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and in the same way we have

ofi _y. 08
020z, ' 0z,
Accordingly,
og og

— = u]m — .

Uj
" oz, 8z,

If we multiply %, on both sides and sum up with respect to j from
1 to &, we have

,a,gfzo, m=1,°",k.
0z,

This shows that g(z) is constant and f;f -=cU. Thus the proof is
2

completed.

The function w(z) which satisfies the conditions of Theorem 9 is
not always linear, since the function A,z” (n>=2) also satisfies it,
but anyway from the above theorem it seems natural to consider
the functions whose Laplacians are positive or negative definite. We
obtain the following theorem corresponding to Jensen’s formula in
the theory of meromorphic functions of a complex variable. In the
case of the systems of functions of a complex variable, the study in
this direction was done by H. and J. Weyl and L. V. Ahlfors
[14].

THEOREM 10. Let w(z) be analytic in a hypersphere |z|<<R(O0<<R
<< +o0) in the z-space of k complex dimensions where w(z) does not
vanish at (0) and satisfy the conditions in and let n(0,7)

-1 !-—-2k+9

denote the number of zero points of w(z) in |z|<<r. If %(-‘Z’%) w‘

is subharmonic or superharmonic in |z|<<R, then the following ine-
qualities hold, respectively :

(3.11) *.(‘szz(fl) Ty 1

‘ SE “1zl=Ri

(s

<2(e-1)) "2 ar,
0
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or,

(3.12) L(flﬂd(éol)'lw(o) -tks2 ] S

s (;dw )“wl “tky

az | v

lz|=R

gZ(k—l)SRﬁi”’) dr,

k-1

where S is the whole area of the unit spherical hypersurface in the
2k-dimensional Euclidean space and dSy is its surface element.

PrOOF. If we put k(zﬂ)—iwy_zw———P, we have from (3.9) in
z |
Theorem 8,
1 dP z 1
0,7)=—— — = e 2 dS+ = APAV .
75 7) (k—1)SES‘Z,=, i v CTee—ns, S,z]=,

Taking the conjugate of both sides and using the fact that the
Laplacian is real-valued, we have

n0, »)= ~@—_—11~)§;Sm=r z—:(‘Zi) *dS+ "Q(E-—Ll)SE‘S APdV .

lzl=7

Summing up these equalities and noticing the relation:

dP  z +z*(dP)*=6P_
dz r r \dz or
we get in the case of AP0, |

op r*-1dSg .

n0, M)zt | o

lzl=r

If we divide this inequality by »*-! and integrate with respect to »
from », to R and let »,—0, we obtain the inequality (3.11). We can
prove (3.12) in the same way as above.

Tokyo University of Education.
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