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Curvature and relative Betti numbers.
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Many interesting relations between curvature and Betti numbers
in a compact orientable Riemannian space are obtained by S. Bochner,
A. Lichnerowicz and K. Yano (See [1]). We shall generalize these
results to the case of the domain with boundary. Three quadratic
forms related to the curvature tensors of the domain and of the
boundary have an intimate connection with the absolute and relative
Betti numbers of the doman. Our results are the consequences of
the theorems concerning harmonic forms and Betti numbers given
by Conner Duff and Spencer [4]

Let M be an n-dimensional orientable Riemannian manifold of
C~ with positive definite metric ds*=g,,dx'dx’. Let © be an open set

in M with (#—1)-dimensional boundary B of C* and ® be an open
set containing ® and B. We assume that DUDB is compact. Local

coordinates in ® and in B are denoted by #* (¢=1,2,-,n) and »* (A=
2, 3,---,m) respectively. Let N* be the components of the unit con-
travariant outward normal vector to the boundary B and we put
i 0%
out
The local coordinates #° in © and #* in B are both oriented in
positive sense, so that we have

A

v BN X o X0,

where §;.; and o%4 are Kronecker deltas in ® and in B. Let D,

denote the covariant differential operators with respect to the metric
form g;dx'dx’ in ?® and eil,,.in:1/§6il,_,in.

We shall adopt the following notations in accordance with the
previous paper [2]} Let A,, and B, be anti-symmetric covariant
tensors of order p and ¢ defined in D and of C=
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2.1) (*A),-pﬂ...in:}l*! A’ " i

(2.2) Ay =(—1)""P7xAy,,

238)  (AAB)iji, —“1,;17—1— Apa Bya d :J ZZI;ILI Jqq,
@A) (A= S Difh,

@5) (VA =Dh Ay,

(2.6) (LA)HI..%:% bt NYA, .y

(2-7) ( T A)Zg”’p :-Z\Ti1 Ai1i2.~ip 9
(2.8) OA=(AV+vVA)A.

1 A and TA are defined only on the boundary B. Associating the
anti-symmetric covariant tensors A,y and B, with the forms
Ail...,;pdxii - dx» and Bil...iq dx't .- dx'a, the notations A, v and O are

usually denoted by d, —d6 and —A respectively.
Schema: A~d, V——0§ O——A.
As it is easily seen, we have
(3.1) oxA=xA=A,
(3.2) *AA(p) = ( —ll)pV*A(p), OVA(Z,) = ( — 1)1’,& OA(p) y
(3.3) * LAy =(=1PT*Apy - TAp=(—10" LAy,
(3.4) (LT+T1L)A=A,
(3.5) LT1A=TLTA=A,
(3.6) L1LA=TTA=0,
where p'=n—p.
If we put g,,=g,XiXi, g,du'du* is the induced metric in B.
We have at once

) iX1 gk —g¥— NN, N.X;=0

Operators A, v, ¥ and = in B are defined in the same way as in D.
Let I and J denote the following operators:

. iy ip
(5-1) I- Ail...ip—") AilmipXAl bl sz,
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. i\ w2 p
(5.2) f . Ail"'ip —> AiliQ'”ipN 1 sz wee XAP,
—0 by definition if p=0.

Note that JA and JA are anti-symmetric covariant tensors in .
We get the following relations from (1), (2), (8), (4), (6) and similar

formulas for~, %, A and .

dydyd

N XX =X X X;’ °'§’H 25 bY (1) and (4);

Jp+1 In D+

6.2) T1A=0,JTA=0, by (5.2), (2.6), (2.7) and (4);

(6.3) JA=ITA, IA=J1 A, Dy (5.2, (2.6), (2.7) and (4);
(6.4) JA=0 if TA=0, TJA=0if LA=0 by (6.8);

(6.5)  J-A=%IA, xJA=IxA, by (2.1), (2.2), (6.1), [5.1), [5.2) and (8.1);
(6.6) AIA=IrA, VJA=—JvA, by (2.4), (2.5), and (8.2).

Let C;;, for example, be any tensor with mixed indices ¢ and 2
defined on B. We shall define its covariant derivative along B as
follows :

(6.1)

Core p= ac’* — (23X, Cor— (EICoa »

where {#;} and {7} are Christoffel symbols with respect to g;; and
&1, respectively.

It is known that
(7'1) Xi/l;u: _F/luNi’ Ni;A:FAﬂXiM?
(7.2) Fdﬂ:F/M'
(Sometimes F,, defined as above is denoted by —F,,). F,du‘du" is
the second fundamental form of B. If the boundary B is convex
outwards, the form is positive definite.

Let P, @ and K denote the following operators:

(8.1) P: A’Il""lp — Fgl AGAZ...Ap Ao "I—F;p All"}p—la ’
— 0 by definition if p=0,
(8.2) Q: AAL"'Ap’_)F‘(‘;Axl"'Ap ~(Pzél)/h.,.;[p,

(8.3) K: Ail"'ip —_ Ail"'ip; st
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where Azl---zp and Ail.,,ip are tensors in B and in D respectively.
We get at once, from (2.1), (2.2) and (8), the relations

9.1) ¥PA=Q%4, <PA=QA,
9.2) +KA=K+4, KA=K-A.

If a tensor T pii™ip is anti-symmetric with respect to the
indices ¢,---,%, and satisfies T%iphip=T7"1"0p* "%, we shall call it
double anti-symmetric tensor. Put

4T B)*p—-p— Theiphty A, . B Jpzle}}—T 2 Av B,
1f
il ghiip
T7J tprdyd =

gl gholp

b

we shall put (4,7, B)=(4, B), which is equal to A% B, ., . The
quadratic form (A4, T, A) of any anti-symmetric tensor A, of order
p is denoted by [T,] for simplicity. Similar notations can be
defined in B.

Let P and @ be two double anti-symmetric tensors in B with
components

ey “Hp #1/12"'111,

(10.1) Pyl =F% 00 e+ 0

ul "ty 1M

Apmhy o ?

=0 by definition if p=0,

(10.2) Qier,” =20y —~ Py
We get easily from (8) and (10)

(11.1) (IA, P, IB)=(IA, PIB),
(11.2) (J4,Q,JB)=(JA,QJB).

If A,y is harmonic, that is, DA=(aAVv+vAa)A=0, it is known
that

121) A= L T4,

JEURE » I iy,

jlmjp - jlmjp 1 ’17‘2 ' x 1 1 tl( kd I‘p ’“1"'2 7
(12-2) I‘ilmip ——6161""01) [G—l)i' 6 i, z p R +—~2 - 7(;;5)‘! 6 1127,3 g, ;0 R thzJ b

1y y.
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=0 by definition if p=0,

J

=R, by definition if p=1,

where R*,=R*, and R,; are the components of the curvature tensor

of ® [1].
It follows from (12.1) that, for harmonic tensor,

A8 A A Ndo=\| At Ay o (| A oA cd

S ava, e (4 A

holds, where dp>0 is the n-dimensional volume element of D and
do>0 is the (#—1)-dimensional surface element of B.
On the other hand, we get from (4) and (b)

(14.1) (IA, TA)=(A,B)—(TA, TB),

(14.2) (JA,JB)=(4,B)— (LA, LB).

Hence

(14.3) (IA, IBy=(A, B) if TA=0 or TB=0,
(14.4) (JA,JB)=(A, B) if 1. A=0 or 1L B=0.

Calculating vIA and AJA straightforward, we get
(15.1) JEKA=IVA—VIA—QJA,

(15.2) IKA=JrA+nrJA—PIA,
by (2.4), (2.5), (4), (8), (6) and (7.1}

Under the conditions 0A=0in ® and L A= 1 vVA=0 in B, multi-

-plying JA on both sides of and making use of (6.4),
and (14.4), we get

(A, KA) :Ailmip Ailmip; st
= _(]A’ QJA) = _(]Ay Q’JA) .
And similarly, under the condition 0A=0, TA=TAA=0, we have
(A, KA)=—(IA, P, IA).
It follows from (13) that
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[ 454, o §74,Q 740+ § (4, T, Avto=0,

[§ Ava, o+ § a4, P14+ (§ (4, T, Ado=0,

or denoting Ail-"i,,;s simply by DA, we have

(16.1) SS@(DA, DA)dy+ §@% (JA, @ JA)dy + SS@(A, T, A)dp=0
| if 0A=0, 1A= 1vA=0,
(16.2) S SQ(DA, DAY+ Laﬁ%(m, P, IA)do + S S@(A, T, A)dy =0

if 0A=0, TA=TAA=0.

Since the first term of (16) is non-negative, we get

(17.1) 3§(1A,Q,1A)da+gg (A, T, A)dp <0, if DA=0, 1 A= 1vA=0,
B D

(17.2) 5E(1A, P, IA)da+SS (A, T, Adv<0, if DA=0, TA=TAA=0.
B D

If the quadratic forms [Q,_,)]=(B, @, B) of anti-symmetric tensor
Bg,_,, in B and [T,,]=(C, T, C) of anti-symmetric tensor Cg,, in D are
positive definite respectively at every point of B and D, A, in (17.1)
must be zero. Hence the equation 0A=0 in ® with boundary condi-
tion 1t A=1vA=0 in B has only the trivial solution, that is, the
relative Betti number of ® is zero. Similar property holds for the
equation 0A=0 in ® with boundary condition TA=7T2AA=0 in B

Restating the conditions at the beginning of this paper, we get
the following theorem and corollaries under the conditions that fke
Riemannian manifold I with positive definite metric is ovientable, the

closure of the open set D is compact and contained in an open set D, and
all structures considered ave of C=.

THEOREM. If the quadratic forms [T,)] and [Q.-,] are positive
definite respectively at every point of the open set D and the boundary B,
the p-th relative Betti number of O is zero for n—1=p=1.

If the quadratic forms [T,] and [P,] are positive definite respectively
at every point of D and B, the p-th absolute Betti number of D is zero
for n—1=p=1.
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If B is convex outwards, the second fundamental form F; du*du”
is positive definite and accordingly [Q-,] and [P,] are all positive
definite for n—1>p>1. Hence we have

COROLLARY 1. If B is comvex outwards and the quadratic form
[Tyl is positive definite, the p-th absolute and relative Betti numbers of
D are zero for n—1=p=1.

We get also the following corollaries.

COROLLARY 2. IR is assumed to be Euclidean.

If the quadratic form [Q -] is positive definite, the p-th relative
Betti number of D is zero for n—1=p=>1.

If the quadratic form [P,] is positive definite, the p-th absolute Belti
number of D is zero for n—1=p=>1.

COROLLARY 8. If MM is Euclidean and B is convex outwards, all the
D-th absolute and velative Betti numbers of D ave zero for n—1=p=>1.

Department of general Education,
University of Kyoto.
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