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Introduction. In this paper, we mean by a space always a connected
Riemannian space (with a positive definite metric) of class C= and of
dimension #>3. We denote such a space generally with M, and the con-
formal transformation group of M with C(M), the isometry group of M
with I(M). If M’ is another space and C(M)CI(M’), the study of C(M) will
be reduced to that of I(M’). We shall say for brevity that M is conformally
reducible if we can find an M with C(M)CI(M’). Several authors have
shown that spaces satisfying some conditions on the Ricci tensor have the
property C(M)CI(M) or CM)cCI(M), where C(M) means the identity
component of C(M) (see [8]). In §1 of this paper, we shall show that
C(M)CI(M’) holds for a submanifold M’ of M whenever M is not conform-
ally flat. Thus, spaces which are not conformally flat, are conformally
reducible in the sense explained above. This is based on a theorem
(theorem H) essentially due to Hlavaty. From this remark follow very
easily the following known results for example:

I. If an #s-dimensional Riemannian space M (#>4) admits the group
C(M) of conformal transformations with dimensions greater than n(n—1)/2
+7, then M is conformally flat (H. Hiramatu [1].

II. Let p be the natural representation on the tangent space T, of M
at a point peM of the group C,(M) of isotropy of C(M) at p. If p(C,(M))
is not contained in the rotation group of 7, with the induced metric, the
conformal tensor vanishes at p (S. Ishihara and M. Obata, see p. 277).

As another application of theorem H we shall prove that a Riemannian
homogeneous space which is not conformally flat does not admit a conformal
transformation but for an isometry.

In §§2-4, we shall consider conformally flat spaces, to which the
“method of reduction ” is not applicable. If we denote the »-Mobius group
(for definition see below) by M), the contents of §2 may be summarized
by the following three statements:

(1) We have always C(M)cM(n) locally,

(2) C(M)=M(n) locally if and only if M is conformally equivalent with
S™ (S™ means the n-sphere, cf. [4].

(3) If C(M) is transitive, then there exists an open submanifold M
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of S”, such that the universal covering space M of M is conformally equi-
valent with M.

In §§3-4, we determine the structure of M such that dim M> n(n—1)/2
+2. §3 treats the case where C(M) is transitive on M, and §4 the in-
transitive case. Our main results in this respect are theorems 9 and 10.

In this paper, we use the notations and the results of Yano [8] without
special references. The author wishes to express his sincere thanks to
Prof. K. Yano and Mr. M. Obata, for their constant encouragements and
valuable suggestions during the preparation of this paper.

§1. Reduction to the isometry group.

A diffeomorphism ¢ of a Riemannian space M into another Riemannian
space M* is, by definition, conformal, if v preserves the orthogonality, or
equivalently, if there exists a positive scalar f on M such that the length
[[#|| of a tangent vector # at x&M and the length {|dv(«)| of dt(x) enjoy
the relation

{[de(u) |[* =) [[u] -

Moreover if ¢ maps M onto M*, M is said conformally equivalent to M*.
Further if M coincides with M*, t is called a conformal transformation of M.
All the conformal transformations of M form a Lie transformation group
of M. There exists on M a (1, 3)-type tensor field C known as Welyl’s
conformal curvature tensor (in short, the conformal tensor), which is in-
variant under any conformal transformation of M. An infinitesimal con-
formal transformation u is a vector field on M such that £,g=2¢g, i.e. the
Lie derivative of the fundamental tensor g with respect to # is a scalar 2¢
times g. The vector # is a Killing vector if in particular ¢=0. When #
generates a one-parameter group G of transformation of M, in order that
G consists of conformal transformations it is necessary and sufficient that
# is an infinitesimal conformal transformation. The conformal tensor C is
invariant by any infinitesimal conformal transformation #, i.e. £,C=0.
Now we have a theorem essentially due to V. Hlavaty [2], though he did
not allude to conformal transformations.

Tueorem H. If the conformal tensor C does not vanish at any point of a
space M, M is conformally equivalent to a space M* such that the group of
conformal tvansformations on M is naturally isomorphic onto the group of iso-
metries on M*. Further M* does not admit an infinitesimal conformal trans-
formation but for a Killing vector field.

Proor. We define a new metric in M by [|«|/*=|[C|| [[«|, where [|C]| is
the length of C, i.e. '
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” C ] I2:Cabcdcpqrsgapgbqgcrgds .

Thus we have another space M* which is identical with M as a manifold
and is conformally equivalent to M. We can readily verify that an arbitrary
conformal transformation on M is an isometry of M%*, the converse being
also true. And the analogous holds for an infinitesimal transformation.

We shall show two applications of this theorem H.

Notations. C(M): the (effective) group of all the conformal transformations

of M.

CH(M): the Lie algebra of C(M).

CI(M): the Lie algebra consisting of the infinitesimal conformal
transformations of M and with the usual bracket product.

[I(M): the Lie algebra of the Killing vectors of M.

C,(M): the subgroup of isotropy of C(M) at a point p= .

CKM): the subalgebra of C'(M) whose vector fields vanish at p.

CL(M): the Lie algebra of C,(M).

Then both CI(M) and C*(M) are subalgebras of C/(M) and we have
CHM)=CM)NCXM). M is said conformally flat, if the conformal tensor C
vanishes everywhere in M.

TueoreMm 1. If M is not conformeally flat, the conformal group C(M) is
isomorphic into the isometry group I(M*) of some space M*.

Proor. Denote by M, the open submanifold of M consisting of the
points of M at which we have C+#0. We shall prove that the conformal
group C(M) of M is isomorphic into C(M,) of M,. M, is invariant by C(M)
and CI(M). A homomorphism of C(M) into C(M,;) is given by the restric-
tion to M, of each conformal transformation on M. The isomorphism (of
abstract groups) is proved with the use of conformal circles which are
invariant by C(M), if we note that, if three near points of a conformal
circle are fixed by a conformal transformation, this leaves the conformal
circle invariant point-wise. A homomorphism of C*(M) into CI(M)) is also
given by restriction. It turns out to be an isomorphism because of the
uniqueness of the solutions of differential equations satisfied by an arbitrary
infinitesimal transformation # (see (2.2) and (24) in §2). This isomorphism
induces that of C%*(M) into C%(M;), hence the local isomorphism of C(M)
into C(M,), which coincides with the above. Now the theorem follows from
theorem H. Q.E.D.

Theorem 1 means that the conformal transformation group of any space
which is not conformally flat can be regarded as a subgroup of the iso-
metry group of a space of the same dimension. Thus it is evident, say,
that M is conformally flat if dim C(M)>n(n—1)/2 by the main theorem in
Yano [9] (In his theorem only conformally flat spaces appear. For the case
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where n=8, see M. Obata [7]). A Lie algebra G* consisting of vector fields
on M and with the bracket product is said #ransitive, if the natural map
(u, x)eGX M—u(x)e T(M) (the tangent bundle of M) has the image T(M).
M is homogeneous (i.e. with a transitive isometry group), if and only if
M is complete and I’(M) is transitive.

Turorem 2. If a space M is not conformally flat and the Killing algebra
(M) is transitive, then M does not admit a conformal transformation (other
than an isometry) nor an infinitesimal one.

Proor. ||C]|| is constant, because we have £,][/C||=0 for each wel'(M)
of connected M and I“‘(M) is transitive. M being conformally non-flat, the
constant |[[C|| is not zero. Thus we can apply theorem H. Since [|C]] is
constant, M and M* in theorem H have the same isometry group and the
same Killing algebra, which must coincide with conformal ones of M* by
virtue of theorem H.

CoroLrary. On a homogeneous Riemannian space M which is not con-
Jormally flat, a conformal transformation is an isomeiry.

This holds more generally for any connected open submanifold of M
mentioned above.

Cororrary. A locally symmetvic space which admits an infinitesimal con-
Jormal tvansformation which is not Killing is a space of constant curvature or
the local product of two spaces of constant curvature. And an analogous holds
for a symmetric space M and a non-isometric conformal transformation of M.

These corollaries were announced in [10]

Tuaeorem 3. Let M be a compact simply conmected Riemannian space. If
a connected Lie group GCC(M) of conformal transformations is trvansitive, then
M is conformally equivalent to a homogeneous space M¥*.

This theorem is an immediate consequence of theorem H in the case
where M is not conformally flat.

The proof of theorem 3. G has a compact subgroup K which is transi-
tive on M (see Montgomery [5]). Since the isotropy subgroup K, at a
point x€M is a compact subgroup of G, the linear isotropy group induced
from K, on the tangent space T, of M at x is an isometry group. Then
there exists a unique metric on M which on 7, coincides with the given
and with respect to which K is an isometry group. Give this metric to
the manifold M, then we get the space M* required.

Remark. If, moreover, M is conformally flat, M is conformally equi-
valent to the sphere (i.e. the complete simply connected space of positive
constant curvature), according to a more general theorem of Kuiper [4] or
to the corollary of theorem 6 in §2.
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§2. The structure of the Lie algebra C/(M).

Let # be an infinitesimal conformal transformation on M. Putting

L.8=2¢g, .10
we have
Vij”i: £ .} — Rige u®
=0{p;+ 0%y — ¢'grj— Ripg u® 2.2)
where
¢j=aj¢ (2.3)
and
Vidi=LuLj/(n—2) 2.4)
where

Lji = —K:ii+kgji/2(n =1).

Hence, by virtue of the theorem of the unique existence in the theory of
differential equations, # is uniquely determined by the values of u pu’, ¢
and ¢; at a point of M. If » and » are infinitesimal conformal transforma-
tions satisfying £,g2=2¢g and £,g=2yg, then [«,v] belongs to CI(M).
Putting £, &=2xg, we have

[, v’ =u'p 0’ —0Fou’,
Vilu, v = 4 ) o0'— (P 0 st — u( £ {d} — Rl jy v°)
_va(£u{£j}-RZjb ub) ’
X=u"Ye— 0,
2= Watu £ Lia/(n—2)—(F0")d,
~ 0" €y Lia/(n—2) .

These relations give the structure of Lie algebra CY(M), which tells us
various facts. But we are especially interested in conformally flat spaces,
in view of the reduction to the isometry discussed in §1. From now on
we assume that M is conformally flat. For a fixed point p& M, M is then
conformally equivalent to a space M*, and some neighborhood U of p cor-
responds to a neighborhood in A7* which is isometric onto the Euclidean

space. Thus we can suppose {J;}=0 in U, so long as we are concerned
with the structure of C{(M). Hence

-¢ u’ 0
usCl(M)— | —¢; Ou'—0: u evaluated at p (2.5)
0 —¢ ¢
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is an isomorphism of C’(M) into the Lie algebra of the general linear
group GL(n+2) of degree n+2. The wn-Mobius group M(n) is by definition
the subgroup of GL(n+2) consisting of all the linear transformations which

n+1 .
leave invariant the quadratic form ] (x")?—2x'x™*® (with respect to a base).
i=2

The Lie algebra of M(n) is called the n-Mobius algebra M*(n). Now it is
easy to prove

Tueorem 4. For any conformally flat space M, CI(M) (a fortiori CH{(M)) is
isomorphic to a subalgebra of n-Mobius algebra. The correspondence is given by
(2.5).

This theorem enables us to use the matrix calculus in detailed researches
of the structure of C/(M) and so useful in the proofs of the following
theorems.

Remark. A conformally flat space M is covered by open subsets {U;}
such that C*(U,) is isomorphic onto MZ%(n), as Sasaki and later Taub found
(see Yano [&]).

The next theorem might be known (see Kuiper [4]), and only the proof
is new.

Taeorem 5. The sphere S™ is the unique Riemannian space which admits
the Lie algebra of the conformal transformation group isomorvphic to the n-Mobuis
algebra :

CI(SM)=CHS" =M (n).

Proor. Since S™ is of constant curvature, S” is conformally flat. Hence
the system (2.1), (2.2), (2.3) and (2.4) to characterize a u=C*(M) is completely
integrable (cf. the remark above). S” being simply connected, these equa-
tions are globally solvable, i.e. C¥S™) is isomorphic to MZ%(x). The com-
pactness of S™ implies C/(S")=C%(S™). The uniqueness will be proved later.

Taeorem 6. A conformally flat space M which admits a transitive connected
conformal transformation group G has the same (but for the comformal equiva-
lence) universal covering space as an open submanifold of the sphere.

Proor. We can assume M simply connected. For a fixed point pe i,
there is a neighborhood U of p and a conformal diffeomorphism w; of U
onto an open subset of S®, for M is conformally flat. @y induces an iso-
morphism d2 of the Lie algebra G* of G into C*(S™). Note that the isotropby
subalgebra of G corresponds to that of C*(S™) under d£. The universal
covering group G of G operates naturally on M. The kernel z,(G) of the
projection G — G consists of the identity transformation. df defines a homo-
morphism @ of G into C(S™. - The isotropy subgroup ép of G at p is con-
nected, for G and M are simply connected. Thus @, is mapped to the
isotropy subgroup Ci(S™) at g=wy(p). Since nl(G)CCN?p is a normal subgroup
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of G and C(S™) is effective, O(z(G)) is the neutral element of C(S™). There-
fore @ induces a homomorphism £ of G into C(S®), which is a local iso-
morphism just as well as 2. The isotropy group G, of G at p is mapped
by £ into CiS™). Thus £ induces a local diffeomorphism @ of M=G/G,
onto 2(G)/2(Gp)CS" £(G)/2(G,p) is an open subspace of S”, for among the
elements near the neutral element of G only those of G, are mapped into
C,(S™ by £. The restriction @|U of w to U coincides with w,. Hence
is locally conformal, in particular locally diffeomorphic.

Remark. In this theorem “an open submanifold of S™” cannot be
replaced by S™ itself, because a space with a transitive conformal group is
not always complete with respect to the so-called normal conformal con-
nection (nor the Levi-Civita connection) (e. g. the Euclidean space).

Remark. N.H. Kuiper proved that a conformally flat space can “ con-

formally be developped” into S” in a unique way ([4]). Our theorem 6
sharpens his result in the case of transitive conformal group.

Cororrary. A compact simply connected space M which admits « connected
transitive conformal transformation group is conformally equivalent to the sphere,
if M is conformally flat. This was announced at the end of §1.

Proor. By virtue of theorem 6, the compact space is a covering of an
open submanifold V of S™ Hence V is compact and closed in S* Thus
V=8" S" being simply connected, M must coincide with S™

The proof of the uniqueness in theorem 5.

Let M be a Riemannian space with C*(M) isomorphic onto MZ(xn).
Denote by G the neutral component of C(M). Since the Lic algebra G*C
CL(M) is transitive, G is transitive. On account of theorem 6, the universal
covering M of M is conformally equivalent to that of an open submanifold
V of S™ Observing the proof of that theorem, we see that G is locally
isomorphic onto C(V), hence C(V) has the same dimension as M(x) locally
isomorphic to C(S™). From this follows easily V=S" and so M is con-
formally equivalent to S™ We identify these two spaces. The 1-dim.
homotopy group =,(M) of M is a group of isometries of M=S", which is
contained in the centralizer of the neutral component of C(S™). (Note that,
because of dim CE(M)=dim CE(M), CL(]\7I) is induced from CX(M) by the
projection : M—M and CL(]\7[) is thus invariant by =,(M)). Now in order
to complete the proof of theorem 5, it is sufficient to show that the center
of C(S™ reduces to the identity. But this is a direct consequence of the
classical fact in Mobius geometry that for any point peS™ there is a
transformation 7z in the neutral component of C(S™) which fixes just one
point p. (Take as = the so-called elation with center p). (z,(M) must com-
mute with each such 7).
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The isometry group does not contain such a transformation, and the
following theorem holds (see also Obata [7]).

Tuarorem 7. An n-dimensional Riemannian space M which admits the iso-
metry group of dimension n(n+1)/2 is a complete simply connected space of
constant curvature or the projective space, and vice versa, where the projective
P" means the Riemannian space obtained from the sphere S™ naturvally imbedded
in (n+1)-dimensional Fuclidean space by identifying every two points at the ends
of diameters, the metvic being induced in such a way that the projection: S™—
P" is a local isometry.

Proor. It is known that the universal covering space M is a complete
simply connected space of constant curvature. =n,(M) is a transformation
group CI(M') of M contained in the centralizer of the neutral component
of I(M), which holds in an analogous way as in the proof given above of
the uniqueness.

Case 1: M with positive curvature. Then we consider M as the sphere in
the (n+1)-dimensional Euclidean space E™! with center at the origin. The
neutral component of [(ANI) is the special orthogonal group SO(n-1), which
consists of rotations around the origin of E™*'. A transformation in z,(M)
is an isometry of the sphere, and hence this is extended to E™*!, i.e. it
belongs to the orthogonal group O(z). Now the centralizer of SO(x) in
O(n) consists of the identity and the symmetry with respect to the origin.
When M=M, M must therefore be the real projective space.

Case II: M with non-positive curvature. Any two points of M are joined
with just one geodesic. The proof is easier when M has even dimensions.
Then for any fixed point pe M there exists a rotation p around p and which
belongs to the neutral component I (M) of I(M). Hence p does not fix any
point of M except p. Therefore n,(M) reduces to the identity. When M
has odd dimensions, take two rotations p and ¢ in I,(M) such that there is
not any geodesic starting from p which is invariant under p and 0. There
is not any point except p in M which is fixed by p and ¢. Hence =, (M)
={e}, that is M=M. Conversely such M’s and P* admit the isometry
group of dimension n(n-+1)/2, as is easily verified.

Remark. In the same way a conformal transformation which commutes
with the neutral component of I(}M) is an identity or, if M is of positive
curvature, a “symmetry” in the above sense. This fact will be used later.

§3. Transitive conformal groups of higher dimensions.

The isotropy algebra CL(M) at peM of the conformal transformation
group C(M) is naturally represented on the tangent space 7, of M at p,
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the representation denoted by d is not faithful in general. But we have

Prorosition 8. Let C(M) be a transitive conformal transformation group
of a conformally flat space M. If the Lie algebra CX(M) is not isomorphic to
the n-Mobius algebra, the isotropy subalgebra Cy(M) of C(M) is faithfully repre-
sented on the tangent space naturally.

Proor. Let K% be the kernel of the representation ¢ on the tangent
space. Each element # of KT satisfies

u(p)=0, pu'(p)=0, ¢(p)=0
where ¢ is given by £.2=2¢g on M. Suppose that K% is not trivial and
u+0. We can assume 9,(p)=0;. C(M) being transitive, there exist »(,,
o, 0 ECHM) such that we have v, (p)=0f. From the study of the struc-
ture of CX(M) in §1, we deduce that

1) [u,v4] belongs to the isotropy subalgebra CL(M) and the elements
[u,v4] (B=2,--,n) generate (or, more in detail, [#, v ] and [[%, v ], [#, v ]]
(k,[=2,---,n) span) a subalgebra whose d-image is the Lie algebra O%(x) of
the orthogonal group.

2) w and [[#,vw], #] (k==2,---,n) belong to K* and are linearly inde-
pendent and finally vy (B=1,--,n), [#,v()] and those elements in 1) and 2)
span an (n+1)(n+2)/2 dimensional linear subspace of CZ(M). But this
dimension is equal to that of AMZ(»). Thus CX(M) is isomorphic to MZ(n),
by virtue of theorem 4.

Tueorem 9. If @ space M with dimension n>>4 admits a subgroup G of
C(M) which is transitive and dimension greater than n(n—1)/2-+2, then one of
the following 5 cases occurs (conformal equivalence being neglected) :

1) M is the sphere S™ and G=Mn), hence dim G=n-+1) (n+2)/2,

2) M is the Euclidean space E™ and G=C(M)= the homothetic transfor-

mation group, hence dim G=n(n+1)/2+1,

3) M is S™ or the real projective space and G=I(S™), hence dim G=n(n+1)/2,

4) Mis E" and G=I(E™), hence dim G=n(n+1)/2,

5) M is the hyperbolic space H" and G=I(H"), hence dim G=n(n+1)/2.

In the above, = means local isomorphism.

Remark. H™ is obtained, if in the inner part of the hyper-sphere with
center at the origin and radius r in £™ we define the metric by #23(dx?)?/
[»?—2(x7)?]. Apparently H" is conformally equivalent to the interior of
the hypersphere, but not onto £", because we have C(H™)%&C(E™) by virtue
of theorem 9 above.

The proof of theorem 9 will be completed after several lemmas. First
M is conformally flat, as was remarked before.

Lemmva 3.1. Under the hypothesis in theorem 9, the isotropy subgroup is
locally isomorphic onto the orthogonal group O(n) or the divect product of O(n)
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and a l-parameter group.

Proor. The isotropy subalgebra Ci(M) contains Chi={usCHM): u(p)
=0, ¢(p)=0} and has dimension < dim C%+1. Thus, by proposition 8, we
have dim Cizn(n—1)/2—(n—1). C% can be regarded as a subalgebra of the
Lie algebra O*(n) of O(n). CL generates a connected subgroup C,CO(n).
According to Montgomery and Samelson [7], Cyx is dense in O(n). Further
the inner automorphism of O(n) corresponding to the elements of Cy leave
C% invariant, if they are induced on O*(x). Thus the special orthogonal
group SO(n) leaves CE invariant. Since SO(x) is simple, Ck=0%#x). When
CE(M)#CE, CL(M) is the direct sum of C% and a l-dimensional subalgebra.

We fix a point peM and a coordinate system valid in a neighborhood
U of psuch that CH(U) (DC*(M)) is isomorphic onto M*(n). We can suppose
UcM is flat and the fixed coordinate system is Cartesian. We choose a
base of MZ(n) {é, %, h, E (i, j=1,--,n) i<<j} such that

e uECHT) - u*(ples— i (D)f *+(p)h— @, ()~ B(HODES
is the isomorphism (2.5) of CXU) onto MZ(n), where ¢ satisfies £,g=2¢g.
We shall neglect ¢ (i.e. we shall consider CEM)CCHU)=M%*(n)) in the
sequel. We assume that G is not locally isomorphic to M(xn).

Lemma 3.2. There exists a real number a such that all a(f*—fHN+E; (4,7
=1,--+,m) belong to C*(M). ‘

Proor. We shall give the proof in two ways. By the second method
we shall quickly prove lemmas 2 and 3 at the same time, with the use of
a theorem on the maximal compact subgroup. It will be found after the
proof of lemma 3. Now we begin with the first proof, in which we shall
not adopt Einstein’s summation convention. The commutator subalgebra of
CE(M) coincides with C% in the proof of lemma 3.1, hence with O¥(»). Thus

CE has the base of the form f} o) fE+E7. For any fixed ¢, and 7, (G, <<j)),
k=1
take any i, and j, such that (7, —i)(G —j)(J,—i)(J1—7)#0 and i, <j,.
Then we have
[k).;:l $uCi i) Ed % bu(inds) o4 Eid]
:Qij(izjz)fil_¢i;(i2j2>fj’"¢j1(i1j1)fi"]“qjj.(i1j1)sz
from the relation
[E/, f¥1=07r'— 8% and [f% r*1=0. 3.1
The right hand side must vanish by virtue of proposition 8 Thus we have

0(i)=0 for Fk=+#i,j 3.2)

or



On conformal transformations of Riemannian spaces 89

L; SN+ ES=di(if) P+, +HE (3.3
From (3.1) and (3.2) we obtain, for i<<j,<<j,,
[§ ou(if ) f*+E, % bx(if) f - E]

=—Ef ¢l ) f 7~ (@) f 7
By virtue of proposition 8 and (3.3), this right hand side is equal to
”"Ejf.'_qun(]'ljz)fj‘—¢ja(j1j2)fj'

and we have
Gi(ij)=9;,(G1dy) and  @y(if)=—¢;,(ji72) (34
Further from the relation
-El-X $u(d1i)f*, Ed+ 2 bS]
=E" ;@) "+ 6,37

follows
$;,(17)=0;,(i1) (3.5)

(3.4) and enable us to conclude that ¢;(ij;)=—¢,,(ij;) is independent of
(i, 7,) such that i<j,.

Lemma 3.3. We can assume that the number a in the preceding lemma is
zero.

Proor. The inner automorphism of M(x) given by exp(—a f} i) induces
i=1

an automorphism of MZ(x) by which a(f*—sf)+E/ is mapped to EJ. (We
can consider that this automorphism of M(#n) corresponds to a change of
coordinates and a conformal change of the metric. But these changes do
not matter for our purpose.)

Now we give the second proof of Lemmas 2 and 3. Let ML be the sub-
algebra {¢,f*+ U/E/} is M*(n). Mk is isomorphic onto the Lie algebra I%(E™)
of the isometry group of the Euclidean space. CiCME is isomorphic to
the subalgebra RL={U;E;’}, which is isomorphic to the rotation algebra of
IXE™).

Hence Ck and RL generate the maximal compact subgroups of the con-
nected group M, generated by M%Z. Therefore C* is transformed onto RZ
by an inner automorphism of M,, according to Malcev-Iwasawa (see [3]).
This automorphism can be extended to M(x) and leaves the isotropy sub-
algebra invariant.

Remark. In the above arguments we have found that in the isometry
group of the #-dimensional Euclidean space there are n(z—1)/2-dimensional
subgroups different from the rotation group and that all such groups which
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do not contain any parallel displacement are compact.

Lemma 34. We can assume that CHM) is spanned by the basis of the
isotropy subalgebra C*(M) and the elements of the form pfi+V(@h-+te, where
p=—-+1 or 0 (independent of i).

Proor. CE(M) contains the elements of the form ¢, ()f*+v(@h+e;, and
E/.

LEY, ealR) S+ r(R)h+er]
:Cj(k)fi_ci(k)fj+ Orj@i— Ori€; -

From this and proposition 8, we conclude that there is a number ¢ such
that c¢;(B)=0;c. When ¢#0, consider an inner automorphism of MZ*(n)
defined by exp(—logv/[c|%). The images of c¢fi+y(Dhte; and E7 are
Ve[ (£ fi4e) ¥ (h and EJ respectively. Replace v/[c| (& fi+e)+y(h by
+ fite @)/ el h.

The proof of theorem 9.

Case 1: CE(M)+0O%m). Ci(M) is spanned by the elements of the form
¢:.f*+h and EJ. By the inner automorphism considered in the proof of
lemma 3.4, the coefficients (k) were not changed. Hence in the present
case we can suppose k)=o), ¥(1)#0. From [E? pfi4-e,l=pf e, we
have %4 in Ci(M). Thus CEH(M) is spanned by E/, & and pff+e;,. From
[%, pft+e)=pf*—e;, we deduce that p=0, because otherwise f*eCH(M), con-
trary to proposition 8 and the assumption. Thus C*) is isomorphic to
CL(E™) and the universal covering M of M is conformally equivalent to the
Euclidean space E™ Identifying M with E™, we can consider n,(M) as a
conformal transformation group which is contained in the centralizer of
the neutral component of C(£™). Refering to the remark at the end of §2,
we conclude that M is conformally equivalent to E™

Case 2: CHM)=0%Yn). From [EJ, pfi+V(Dh+el=pfi+e, and [E/, pft
+ Y (Dhtel=—(pf +e;), we have E/ and pft+e, as the basis of CHM).
Then CX(M) is isomorphic to the Lie algebra of the isometry group of the
elliptic, Euclidean and hyperbolic geometry according as p is —1,0 and +1
respectively. Hence we can prove in the same way as above that M is
conformally equivalent to the Euclidean, hyperbolic, spherical or projective
spaces. Finally we prove that these spaces are not conformally equivalent
to each other. Only the spaces which are homeomorphic are the Euclidean
space E” and the hyperbolic space H". We can prove that C(E™) is not
isomorphic to C(H™) by using the known structure of the isometry groups
of these symmetric spaces.

But here we give another proof. According to Yano and Nagano [11],
for an Einstein space M which is neither the sphere nor the Euclidean
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space, we have CH(M)=IY(M). Thus CHH™)=I*(H™). On the other hand,
evidently CHE™)#I%E™ (E™ admits a [-parameter group of homothetic
transformations). From dim [“(H")=dim I*(E™)=n(n+1)/2, we have C(E™)
#C(H™). Therefore E™ is not conformally equivalent to H™".

§4. Intransitive conformal groups of higher dimensions.

In this section we shall prove the following theorem 10, which, combined
with theorem 9, gives the complete list of the spaces which admit conformal
groups with dimension >n(%—1)/2+2 and the structure of these groups for
n>>D0.

Treorem 10. If a connected Riemannian space M with dimension n>>5
admits an intransitive conformal transformation group GCCM) with dim G>
n(n—1)/2+42, then 1) M is conformally equivalent to the sphere and 2) two cases
are possible: (1) G leaves invaviant just one point and the complementary open
subspace which is conformally equivalent to the FEuclidean space E™ and G is
locally isomorphic to C(E™) or I(E™) and (2) G leaves invariant just one hyper-
sphere operates effectively on the hypersphere and the two open submanifolds
conformally equivalent to the hyperbolic space H™ with C(H™) locally isomorphic
to G.

The rest of this section will be devoted to the proof of this theorem.

LemMma 4.1, If we have GCCM) and dim G>n(n—1)/2+1, each orbit has
dimensions zn—1 or =0.

Proor. M is then conformally flat. If an orbit is of dimension k&, for
a point p of this orbit (=G(p)= the image of p by G), the subspace {u(p);
u=CH(M)} of the tangent space at p is of dimension % and invariant by the
isotropy subalgebra. Hence the observation of the structure of CX(M)
surveyed in § 3 shows us #nr—1)/2+1=dim CHM)=k+k(k—-1)/2+(n—Fk)
X(n—k—1)/24n+1, from which we have k=zn—1 or =0.

LemMma 4.2. If an r-dimensional conformal group GCC(M) of a conformally
fAat space M leaves invariant an (n—1)-dimensional subspace N"'CM, then the
effective group induced on N"7' is of dimension Zr—1.

Proor. Putting GE={ucC(M); u=0 on N"'}. We have to show dim
G'<1. Take an arbitrary point p on N*! and a normal coordinate system
(x*) valid in a neighborhood which is assumed to be flat without loss of
generality and such that N"!' satisfies dx'=0 at p. If u=G%, we have not
only #'(p)=0 but 9,u'=0 (1=i<n, 2<a<n), in particular 9,4*(p)=0. From
£.8=2¢g which means 9;u'+08;4'=2¢0;, we conclude ¢(p)=0, hence 0,4'(p)
=0 and Ou*=—0,u'=0 at p. Thus all the components 0,° vanish at p.
Since ¢=0 holds on N"!, we have 9,4(p)=0 2=a=#n). Therefore we have
dim G%=1 (see theorem 4).
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Proposttion 11. Assume that a family @ of hypersurfaces is defined in a
neighborhood U of a point p in a space M by a gradient vector field which does
not vanish in U.

1) If a conformal transformation t of M leaves invariant the point p and
each hypersurface €O, then the differential dr is an isometry of the tangent
space at p.

2) Analogously, if an infinitesimal conformal tvansformation u (£.,8€=29g)
leaves invariant p and each hypersurface in @, then we have u(p)=0.

Proor. 1) The trajectory 7 of the normal vectors of @ which passes
through p is invariant by r, for ¢ preserves the orthogonality and fixes p.
7 has just one point common with each hypersurface €® near p. Hence r
is left invariant point-wise by 7, which implies that the normal vector of
the hypersurface at p is invariant by z. Therefore r induced on the tangent
space is an isometry.

2) Denote by v the function defined near p in terms of which @ is
given by Y= const. From £.p.¥V=p;£.¥=0, we obtain (p,¥)p.u*=0 at p.
Hence we get at p

STl =7 V)P stta) 7"V =0.
v (p) being non-zero, we conclude that ¢(p)=0. Now we prove theorem
10. By the assumption of intransitivity and lemma 4.1 we have only to
investigate following two cases:

(A) All the orbits are of dimension =#—1, and there exists an (n—1)-

dimensional orbit.

(B) There exists a zero-dimensional orbit.

Case (A). There exists an n-dimensional orbit O®, because otherwise, due to
lemma 4.2 and proposition 11, the orbits are conformally equivalent to (n—1)-
dimensional spaces with an isometry group of dimensions > #n(%—1)/2, which
is never possible. The #n-dimensional orbit O™ is an open subspace of M,
and hence 0" is not compact. By virtue of theorem 9, each connected
component OF of O" is conformally equivalent to the Euclidean or hyper-
bolic space, and dim G=n(n+1)/2 or n(rn+1)/2+1. Its boundary is an (#—1)-
dimensional orbit O"! on which G induces an xn(n-+1)/2-dimensional con-
formal group, by virtue of theorem 9 and lemma 4.2. Thus O*! is com-
formally equivalent to the sphere, and G induced on O"! is locally iso-
morphic to M(rn—1). If Op is comformally equivalent to the Euclidean space,
then IZ(E™) must be isomorphic to MZ(n—1). But this is impossible, for the
former has an n-dimensional ideal (corresponding to the parallel displace-
ments) and the latter not (in fact the latter is simple as the Lie algebra
of a Lorentz group). Consider a coordinate system as in the proof of lemma
4.2 near a point peO™ ! (N™! replaced by 0" !). Since G* induced on O"!
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is isomorphic to M%*(n—1), there exists a #=G% such that 9,#'(p)=0 and
0,0(p)=0; (j=1,--,m). Then we have 0,0,u'(p)=0,6(p)+0 and 0,0,u4'(p)
=0,0,4(p)=0 from [2.2) Hence u#'+0 at every point (near p) on some curve
with a tangent vector (1,1,0,--,0) at p. Considering the freedom in the
choice of our coordinates, we conclude that GZ¥ is transitive on a neigh-
borhood of U of p minus UNO™'. Hence there is an n-dimensional orbit
‘O™ such that O*UO*'U’O" forms a neighborhood of O""!. Repeating the
above arguments, we find that also each connected component ‘O" is con-
formally equivalent to the hyperbolic space H™ and, in particular, homeo-
morphic to the Euclidean space £”. Hence O"UO™'U’0O" is homeomorphic
to the sphere and is an open submanifold which is invariant by G. There-
fore we have M=0"UO*'J’0" (When O" is not connected, we have O"='0").
Case (B). Let p be a point in M invariant by G. Theorem 4 and the
assumption on the dimension of G enable us to conclude that G=I(E™) or
C(E™ (locally). (Note that an isotropy subalgebra CHS™) is isomorphic to
CI(E™). A neighborhood of p minus p is contained in an z-dimensional
orbit O® which is conformally equivalent to the Euclidean space, and so
O"U{p} is homeomorphic to the sphere which implies O"U{p}=M.

University of Tokyo.
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